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Í�Ë�Ì�ÕNËwß7ûÖÏ«ÔkÌyÑyÏ«ÑyßNÑyÏÓÒEÔkÌ/ÒEÔ�Ñ�ý'ÒEÎyÑdËwÜ�ËwÔ(Ñ�Í�ÒEÔ�ÑyÎyÏ«ÚNßkÛ���×ÙØ�ÎdÛeØQ×«ÏÓÌUØQÑyÏÓÒEÔ ÕNË�Í�ËwÑ�ØQÎyÑyÏÓÍw×ÓËLÈvã�Ë�ÐNÎdË��
Ü�ÏÓËwÎ�ØQßNÑdËwßNÎCØ�×ÙØQÎyèIËwÜ�ËwÔ�Ñ�ÐNÎdÒQùkÑdÛ=ÕNË�×ÙØ�èIÛwÔkÛwÎdÒLÌyÏ«ÑdÛ=ËwÑ-ÕNË�Ì-Í�ÒEÔkÌdËwÏ«×ÓÌså ØQÑyíkÛwÜÝØQÑyÏÓÞ�ßkË�ÌCØ�ò*ÏÓÌdÛ�Ì
ÕNË�ï�È�*�ÎUØQÔ�ò*Ï«×«×ÓË�×ÓÒEÎdÌ=ÕNË�ÌdÒEÔ�ÌyÑUØQèIË�Ð:ÒLÌyÑ �tÕNÒ*ÍwÑdÒEÎUØQ×]È

à7È�� Æ �k½�Ä3Â�Ä��:»$ÄoÆ+¾kÁ
�*ÒEÏ«Ñ

E
ßNÔkË¯Í�ÒEßNÎyÚ�Ë¸Ëw×«×«Ï«ÐNÑyÏÓÞ�ßkË¯ÕNÛgùkÔNÏÓË¸ÌdßNÎ

Q
È �(ßNÐNÐ:ÒLÌdÒEÔkÌ Ð:ÒEßNÎ²ÌyÏ«Ü�ÐN×«Ï}ùSËwÎ Þ�ßkË¸ÌdÒEÔ

Í�ÒEÔkÕ7ßkÍwÑdËwßNÎ
N
Ë�ÌyÑ�ÌUØQÔkÌ�ý]ØEÍwÑdËwßNÎdÌ�ÍeØQÎyÎdÛ�Ì�ËwÑ=Í�ÒEÔkÌyÏÓÕNÛwÎdÒEÔkÌ=×�
zËwÔkÌUËwÜ�ÚN×ÓË

D := {d ∈ Z∗
−, µ

(d) = , d ≡ ν mod N, (ν, N) = }
ÕNË�Õ7ÏÓÌdÍwÎyÏ«Ü�Ï«ÔSØQÔ�ÑdÌ[È�á�ÒEßNÎ

d
ÕkØQÔkÌ D ��ÔkÒEÑdÒEÔkÌ

Hd
×ÓË�Í�ÒEÎyÐkÌ�ÕNË�Íw×ÙØEÌdÌdË�ÕNË�î�Ï«×«Ú�ËwÎyÑ�Õ7ß Í�ÒEÎyÐkÌ

Þ(ßSØEÕ7ÎUØQÑyÏÓÞ�ßkË�Ï«ÜÝØQèLÏ«ÔSØQÏ«ÎdË
Kd := Q(

√
d)
ËwÑ�ÌUÒEßNòIËwÔkÒEÔkÌ �]ÔkÒEßkÌ�Þ�ßkË

Gd :=
*�ØQ×

(Hd|Kd)
Ë�ÌyÑ

ÏÓÌdÒEÜ�ÒEÎyÐNíkË ØQß èLÎdÒEßNÐ�Ë¯ÕNË¸Íw×ÙØEÌUÌdË�Ì�ÕNË
Kd
ÕNË¸ÍeØQÎdÕ7Ï«ÔSØQ×/×ÓË¸ÔkÒEÜ�ÚNÎdË ÕNË¯Íw×ÙØEÌdÌdË�Ì

hd
È7�*ÒEÏ«Ñ

X0(N)
×ÙØ�Í�ÒEßNÎyÚ�Ë�Ü�Ò*Õ7ßN×ÙØQÏ«ÎdË�ÕNË�ÔNÏ«òIËeØQß

N
Íw×ÙØEÌdÌyÏ}ùvØQÔ�Ñ�×ÓË�Ì=ÐSØQÏ«ÎdË�Ì�ÕNË�Í�ÒEßNÎyÚ�Ë�Ì�Ëw×«×«Ï«ÐNÑyÏÓÞ�ßkË�Ì

(E1, E2)
ÎdËw×«ÏÓÛ�Ë�Ì�ÐSØQÎ�ßNÔkË�ÏÓÌUÒEèIÛwÔNÏÓË
Íwé*Íw×«ÏÓÞ(ßkË�ÕNË ÕNËwèLÎdÛ

N
È \�ÔkË�ÕNË�ÌdÍwÎyÏ«ÐNÑyÏÓÒEÔ ØQÔSØQ×«é(ÑyÏÓÞ(ßkË

ÌyßNÎ
C
ÕNË�Í�ËwÑyÑdË�Í�ÒEßNÎyÚ:Ë�Ë�ÌyÑ�ÕNÒEÔNÔkÛ�Ë�ÐSØQÎ�×ÓË�Þ(ßkÒEÑyÏÓËwÔ�ÑYÕ7ß�ÕNËwÜ�Ï��]ÐN×ÙØQÔ�ÕNË�á$ÒEÏ«ÔkÍeØQÎdÛ�Í�ÒEÜ�ÐN×ÓÛwÑdÛ

H ∪ (Q ∪ {∞}) ÐSØQÎ=×�
aØEÍwÑyÏÓÒEÔÖÐSØQÎ=íkÒEÜ�ÒEèLÎUØQÐNíNÏÓË�Ì�Õ7ßÖèLÎdÒEßNÐ�Ë�ÕNË�Í�ÒEÔNèLÎyßkËwÔkÍ�Ë Γ0(N)
È

�����'W]T	X[T���W���� ��� \�Ô ¨7�E¥?�S­1�(�����U�"!E���g�/�����S¥o¬Q�d¤E�
N
��­1�����E¥Ù��¦w�g¥o©�¥?�v¤E�S­

d
Ë�ÌyÑ$ßNÔ�Í�ÒEßNÐN×ÓË

ÒEÎdÕNÒEÔNÔkÛ
(E1, E2)

ÕNË�Í�ÒEßNÎyÚ:Ë�ÌYËw×«×«Ï«ÐNÑyÏÓÞ(ßkË�ÌYÜ�ßNÔNÏ1Õ 
 ßNÔkË�ÏÓÌdÒEèIÛwÔNÏÓË�Íwé7Íw×«ÏÓÞ(ßkË�ÕNË�ÕNËwèLÎdÛ
N
ÑdËw×

Þ(ßkË
E1
ËwÑ
E2
ØQÏÓËwÔ(Ñ�Ü�ßN×«ÑyÏ«ÐN×«ÏÓÍeØQÑyÏÓÒEÔ¯Í�ÒEÜ�ÐN×ÓËgûNË�ÐSØQÎ=×�
aØQÔNÔkËeØQßÖÕNË�Ì�ËwÔ�ÑyÏÓËwÎdÌ Od

ÕNË
Kd
È

# Ï}û7ÒEÔkÌ�ßNÔkË�ý3ÒEÏÓÌ�Ð�ÒEßNÎ�ÑdÒEßNÑdË/ßNÔkË/ÎUØEÍwÏ«ÔkË�ÍeØQÎyÎdÛ�Ë
sd
ÕNË
d
Ü�Ò(Õ7ßN×ÓÒ

4N
ËwÑYÕNÛ�ÌyÏ«èLÔkÒEÔkÌ=ÐSØQÎ

nd
×�
 ÏÓÕNÛeØQ×1ËwÔ�ÑyÏÓËwÎ�ÐNÎyÏ«Ü�Ï«ÑyÏ}ýsÕNË/ÔkÒEÎyÜ�Ë

N
ÌyßNÏ«òLØQÔ�Ñ �

nd:=

(
N,

sd +
√
d



)
.

$
sd
ùNûNÛ
��×�
zËwÔkÌdËwÜ�ÚN×ÓË
ÕNË�Ì�Ð:ÒEÏ«Ô�ÑdÌ�ÕNË î�Ë�ËwèLÔkËwÎ�ÕNË²ÔNÏ«òIËeØQß

N
ËwÑ�ÕNË²Õ7ÏÓÌdÍwÎyÏ«Ü�Ï«ÔSØQÔ(Ñ

d
Ë�ÌyÑ

ËwÔÖÚNÏ %yË�ÍwÑyÏÓÒEÔ¯ØeòIË�Í�×ÓË�èLÎdÒEßNÐ�Ë�ÕNË�Íw×ÙØEÌdÌdË�Ì�ÕNË
Kd
ØQß¸ÌdËwÔkÌ�ÌyßNÏ«òEØQÔ(Ñ �vÌyÏ

[a]
Ë�ÌyÑ�×�
zÛw×ÓÛwÜ�ËwÔ�Ñ/Õ7ß

èLÎdÒEßNÐ:Ë�ÕNË�Íw×ÙØEÌUÌdË�ÌsÕNË
Kd
ØEÌdÌdÒ*ÍwÏÓÛ)��×�
 ÏÓÕNÛeØQ×�ËwÔ�ÑyÏÓËwÎ�ÐNÎyÏ«Ü�Ï«ÑyÏ}ý

a

ÕNË Od
ØQ×ÓÒEÎdÌ

(C/a,C/and
−1)Ë�ÌyÑCßNÔÝÐ:ÒEÏ«Ô�Ñ�ÕNË�î�Ë�ËwèLÔkËwÎCÕNË�ÔNÏ«òIËeØQß

N
ËwÑ�ÕNË�Õ7ÏÓÌdÍwÎyÏ«Ü�Ï«ÔSØQÔ(Ñ

d
È(ã1Ë=Ð:ÒEÏ«Ô�Ñ�Õ7ß²ÕNËwÜ�Ï��]ÐN×ÙØQÔ
ÕNË

á$ÒEÏ«ÔkÍeØQÎdÛ�Ü�Ò*Õ7ßN×ÓÒ
Γ0(N)

Í�ÒEÎyÎdË�ÌyÐ:ÒEÔkÕkØQÔ�Ñ+��Í�Ë�Ð:ÒEÏ«Ô�Ñ=ÕNË�î�Ë�ËwèLÔkËwÎ�Ë�ÌyÑ=ÕNÒEÔNÔkÛ�ÐSØQÎ −B+
√
d

2AÜ�Ò*Õ7ßN×ÓÒ
Γ0(N)

Ò'&
(A,B,C)

Ë�ÌyÑ1×ÙØ�ý3ÒEÎyÜ�Ë�Þ(ßSØEÕ7ÎUØQÑyÏÓÞ(ßkËCÕNËsÕ7ÏÓÌUÍwÎGÏ«Ü�Ï«ÔSØQÔ(Ñ
d
Í�ÒEÎyÎdË�ÌyÐ:ÒEÔkÕkØQÔ�Ñ�

[a]
ËwÑ=Ò'&

N | A ËwÑ B ≡ sd mod 2N
È

�����'W]T	X[T���W(�
���
� \�Ô ¨7�L¥o�S­��������d�"!E���w�²�����k¥o¬E�y¤E�
N
��­����²�E¥Ù��¦w�g¥o©�¥?�v¤E�S­

d
�^�*�

E
Ë�ÌdÑ

×�
 Ï«ÜÝØQèIË�ÐSØQÎC×ÙØ�ÐSØQÎUØQÜ�ÛwÑyÎyÏÓÌUØQÑyÏÓÒEÔ
Ü�Ò*Õ7ßN×ÙØQÏ«ÎdË
ΦN,E : X0(N) → E

Õ 
 ßNÔ Ð:ÒEÏ«Ô�ÑYÕNË=×ÙØ�ý'ÒEÎyÜ�Ë

(E1, E2) = (C/a,C/and
−1),

Ò'&
a

Ë�ÌyÑ=ßNÔ
ÏÓÕNÛeØQ×�ÕNË�×�
aØQÔNÔkËeØQßÖÕNË�Ì=ËwÔ(ÑyÏÓËwÎdÌ Od
ÕNË

Kd
È

��ÒEÑdÒEÔkÌ�á
d = ΦN,E ((E1, E2))

�1Í�Ë�Ð:ÒEÏ«Ô�Ñ�ÔkËÝÕNÛwÐ:ËwÔkÕ Þ(ßkË�ÕNË�×ÙØÖÍw×ÙØEÌdÌdË²ÕNË
a

ÕkØQÔkÌ�×ÓË
èLÎdÒEßNÐ:Ë�ÕNË�Íw×ÙØEÌdÌdË�Ì�ÕNË

Kd � ßNÔkË=ý3ÒEÏÓÌ E ËwÑ d ùNûNÛ�Ì�$gÈ	��ÒEÑdÒEÔkÌ�Ûwè�ØQ×ÓËwÜ�ËwÔ�Ñ7��Î d =
��Î

Hd|Kd(
á
d)
È

ã�Ë�Ì�Ð�ÒEÏ«Ô(ÑdÌ=ÕNË�î�Ë�ËwèLÔkËwÎ�ÌdÒEÔ�Ñ�ÕNÛgùkÔNÏÓÌ�ÌyßNÎ
E(Hd)

ËwÑ�ÌdÒEÔ(ÑYÐ�ËwÎyÜ�ßNÑdÛ�Ì�ÐSØQÎ
Gd �! *�Î#"%$gÈ

�(Ï
R
Ë�ÌdÑsßNÔ²Í�ÒEÎyÐkÌCÕNË=ÔkÒEÜ�ÚNÎdË�ÌYØQ×ÓÒEÎdÌ

ĥR(P )
ÕNÛ�ÌyÏ«èLÔkË�×ÙØ�íSØQßNÑdËwßNÎCÕNË���ÛwÎdÒEÔ����$ØQÑdË � Í�ÒEÜ�Ü�ËÕNÛgùkÔNÏÓË�ÕkØQÔkÌ  �(Ï�"2�(ó+/9/9/gÈað $sÐNÎyÏÓÌdË�ÌyßNÎ R Õ7ß
Ð�ÒEÏ«Ô(Ñ P ��Í�Ò*ÒEÎdÕNÒEÔNÔkÛ�Ë�Ì�ÕkØQÔkÌ

R
È*)�Ô�ÎUØQÐNÐ:Ëw×«×ÓË
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 õkõ
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Þ(ßkË�ÌyÏ

S
Ë�ÌyÑ/ßNÔkË�Ëgû*ÑdËwÔkÌyÏÓÒEÔ ÕNË�ÕNËwèLÎdÛ�ùkÔNÏsÕNË

R
ØQ×ÓÒEÎdÌ

ĥS(P ) = [S : R]ĥR(P )
È�ã1Ë�ÚNßNÑ

ÕNË�Í�ËwÑ�ØQÎyÑyÏÓÍw×ÓË�Ë�ÌyÑ/Õ 
zÛwÑyßkÕ7ÏÓËwÎ�×ÙØ²òEØQ×ÓËwßNÎ�ËwÔ Ü�ÒeéIËwÔNÔkË
��ÌdßNÎ�×ÓË�Ì
d
ÕkØQÔkÌ D ÕNË�Ì�ÕNËwß7û¯ÒEÚ�%yËwÑdÌ

ÌyßNÏ«òLØQÔ�ÑdÌ �
� ĥHd(

á
d)
�7íSØQßNÑdËwßNÎ�ÕNË ��ÛwÎdÒEÔ����$ØQÑdË�ÌyßNÎ

Hd
Õ 
 ßNÔ�Þ(ßkËw×ÓÍ�ÒEÔkÞ(ßkË�ÕNË�Ì

hd
Ð:ÒEÏ«Ô�ÑdÌ=ÕNË�î�Ë�Ë��

èLÔkËwÎ�ÕNÛgùkÔNÏÓÌÖÍwÏ��tÕNË�ÌdÌyßkÌeÈYá-ßNÏÓÌUÞ�ßkË
ĥHd

Ë�ÌyÑ�Ï«Ô(òEØQÎyÏÙØQÔ(ÑdË ÌdÒEßkÌ
×�
aØEÍwÑyÏÓÒEÔ�ÕNË
Gd

�YÍ�ËwÑyÑdË
íSØQßNÑdËwßNÎ�Ë�ÌyÑYÏ«ÔkÕNÛwÐ�ËwÔkÕkØQÔ(ÑdË�Õ7ß
Ð:ÒEÏ«Ô�Ñ�ÍdíkÒEÏÓÌyÏ �

� ĥKd(
��Î
d)
�IíSØQßNÑdËwßNÎYÕNËP��ÛwÎdÒEÔ����$ØQÑdË�ÕNË�×ÙØ�ÑyÎUØEÍ�Ë�ÌyßNÎ

Kd
Õ 
 ßNÔ Þ(ßkËw×ÓÍ�ÒEÔkÞ�ßkË�ÕNË�Ì�Ð�ÒEÏ«Ô(ÑdÌ

ÕNË�î�Ë�ËwèLÔkËwÎ�á
d
ÕNÛgùkÔNÏÓÌ�ÍwÏ��tÕNË�ÌdÌyßkÌ[È

ü Èzî�È�*�ÎdÒLÌdÌ�ËwÑ�É�È�,:ØQèLÏÓËwÎ �! *�Î�,:Ø@"%$YÒEÔ�Ñ�ÎdËw×«ÏÓÛ ĥHd(
á
d)

��×ÙØ�òLØQ×ÓËwßNÎ�ÕNË�×ÙØ�ÕNÛwÎyÏ«òIÛ�Ë�ËwÔ
1
ÕNË

×ÙØ
ÌdÛwÎyÏÓËÝÕNËÝÉ�Ï«ÎyÏÓÍdíN×ÓËwÑ�ÒEÚNÑdËwÔ�ßkË ËwÔ Ë��:Ë�ÍwÑyßSØQÔ(Ñ�×ÓË�ÐNÎdÒ*Õ7ßNÏ«Ñ�ÕNË�×ÙØ ý'ÒEÔkÍwÑyÏÓÒEÔ
L
ÕNËÝÉ�Ï«ÎyÏÓÍUíN×ÓËwÑ

ØEÌdÌdÒ*ÍwÏÓÛ�Ë�ØQß�ÍeØQÎUØEÍwÑ*�wÎdË�ÐNÎyÏ«Ü�Ï«ÑyÏ}ý1ÎdÛ�Ëw×
χd(m) :=

(
d

m

) ÕNË�Í�ÒEÔkÕ7ßkÍwÑdËwßNÎ |d| Õ7ß Í�ÒEÎyÐkÌ Kd � ×ÓË
ÍeØQÎUØEÍwÑ*�wÎdË�ÕNË��/ÎdÒEÔkË�Í��IËwÎ�Õ7ß²Í�ÒEÎyÐkÌ $$ÐSØQÎ�×ÙØ�Í�ÒEÔ�òIÒE×«ßNÑyÏÓÒEÔ�ÕNË�ú�ØQÔ��*Ï«Ô��<�*Ëw×«Ú:ËwÎyè�ÕNË

L(E|Q, s)Ø�òIË�Í�×ÙØ�ý'ÒEÔkÍwÑyÏÓÒEÔ��eËwÑUØ ∑
n>1 rd(n)n−s

ÕNË/×ÙØ�Íw×ÙØEÌdÌdË�ÕNË�ÌYÏÓÕNÛeØQß7û�ÐNÎyÏ«ÔkÍwÏ«ÐSØQß7û�ÕNË
Kd
Í�
zË�ÌyÑ ��A�tÕ7Ï«ÎdË

Ld(E, s) :=




∑

m>1
(m,N)=1

χd(m)

m2s−1


×


∑

n>1

anrd(n)

ns


� à7È«Ç[$

Ò'&�Ð:ÒEßNÎ=ÑdÒEßNÑ�ËwÔ(ÑyÏÓËwÎ�ÔSØQÑyßNÎdËw×1ÔkÒEÔ��]Ô(ßN×
n
�
rd(n)

ÕNÛ�ÌdÏ«èLÔkË�×ÓË�ÔkÒEÜ�ÚNÎdË�Õ 
 ÏÓÕNÛeØQß7û
ÐNÎyÏ«ÔkÍwÏ«ÐSØQß7û
ÕNË

Kd
ÕNË�ÔkÒEÎyÜ�Ë

n
È

�
	 � � R��VOQM ��� � �'ü Èzî�ÈB*�ÎdÒLÌdÌ �tÉ�È ,:ØQèLÏÓËwÎ � Çeð ë�
 $#$ ���S¥ E �^�w­1�*����¦d�E�*��ªU���g�?��¥r¨�­'¥3®w�N����´��s�k¥]��^�*�
Q
�w­
d
�^�w­���¤E�N� D ¤E�}�L�U�

L′
d(E, 1) =

2ΩE,N

u2
√
−d

ĥHd(
á
d),� à7Èaà $

L′(E|Kd, 1) =
2ΩE,N

u2
√
−d

ĥKd(
��Î
d)� à7Èaâ $

���
L(E|Kd, s)

�^�g­=�}¤��w�E��¦�­'¥'�L�
L
�(�
E
�g�(���Ó��¦d�L�]¨S�

Kd
§
2u
�^�w­Y�Ó���v�L©�ªw�y�Ý�����y¤I¦w¥?���^�

�����y� �*�k¥?­t´����
Kd
�w­

ΩE,N = Im(ω1ω̄2)
�^�g­Y�Ó��¬Q�E���*©Ý� ¦d�E©�¨v�Ó�y¶�� ���

E � ¦v� �^�w­������G�E¥?�y�Ý�Ó��I�E�kªg�Ó�������y� ¤E¥?�y���1� �*��¨7¤L�G¤E�?�Ó´g�}��!E�G¤L©�©Ý�����E�v��¤E©Ý�g�S­]¤E�1���
E(C) � ¹

��ÒEßkÌYÎUØQÐNÐ�Ëw×ÓÒEÔkÌ=ùkÔSØQ×ÓËwÜ�ËwÔ�Ñ�×ÙØ�ÎdËw×ÙØQÑyÏÓÒEÔÖÛwò*ÏÓÕNËwÔ�ÑdË

ĥKd(
��Î
d) = ĥHd(

á
d) +

∑

σ∈Gd\{Id}
<
á
d,
á σ
d >Hd

ËwÔ�ÑyÎdË�ÔkÒLÌ�ÕNËwß7û¸ÒEÚ�%yËwÑdÌ�Õ 
zÛwÑyßkÕNË � < ·, · >Hd

ÕNÛ�ÌyÏ«èLÔkË�×ÙØ�ý3ÒEÎyÜ�Ë�ÚNÏ«×«Ï«ÔkÛeØQÏ«ÎdË�ÕNË ��ÛwÎdÒEÔ����$ØQÑdË
ÌyßNÎ

Hd
$gÈ*ã�Ë�ÑyÎdÒEÏÓÌyÏK�wÜ�Ë/ÑdËwÎyÜ�Ë�ÎdËwÐNÎdÛ�ÌdËwÔ�ÑdË/×�
aØQÔNèL×ÓË�ý3ÒEÎyÜ�Û�ÐSØQÎ�×ÓË�Ì�Ð:ÒEÏ«Ô�ÑdÌYÕNË/î�Ë�ËwèLÔkËwÎ�ËwÔ(ÑyÎdË

Ëwß7û
ËwÑ=Ï«×�ÌdËwÎUØ�Ï«Ô(ÑdÛwÎdË�ÌdÌUØQÔ�Ñ�ÕNË/×�
aØQÔSØQ×«é*ÌUËwÎ � òIÒEÏ«Î=ÐSØQÎUØQèLÎUØQÐNíkË ê $gÈ
â7È�� ¾kÁ�Ã+Æ�»+ÿ:¾kÁ

â7È«ÇLÈ � T%Y�M MVW�������S M*� /q×�Ë�ÌyÑYÏÓÍwÏ+ÔkÛ�Í�Ë�ÌdÌUØQÏ«ÎdË�ÕNË�ÎUØQÏÓÌdÒEÔNÔkËwÎ�ÌdËw×ÓÒEÔ
×ÓË�ÎUØQÔNè�ÕNË�×ÙØ�Í�ÒEßNÎyÚ�Ë
E
È

ì-Ô�Ë��+ËwÑ��QÌUÒEÏ«Ñ
L(E|Q, s) :=

∑
n>1 ann

−s ÌUØ�ÌdÛwÎyÏÓË L ÌyßNÎ Q ÕNÛgùkÔNÏÓËYØ�ÐNÎyÏÓÒEÎyÏNÌyßNÎ <(s) > 3
2

È



� ���võ���� � �����
	Y÷(õ 
 õ ��� �
� � ���/÷ 
���� õ�� � � � ��� �
� � � �

�*Ëw×ÓÒEÔ ×ÓË�Ì�ÑyÎUØ�òLØQß7û¯ÕNË�ï�È�� Ï«×ÓË�Ì/ËwÑ/ÕNË�ú�È��$Ø�é*×ÓÒEÎ �! � Ï "-ËwÑ  ��Ø�� Ï="%$ �vÏ«×$Ëgû7ÏÓÌyÑdË�ßNÔkË�ý3ÒEÎyÜ�ËÐNÎyÏ«Ü�Ï«ÑyÏ«òIË�ÍwßkÌdÐNÏÓÕkØQ×ÓË
f
ÕNË/ÔNÏ«òIËeØQß

N
�SÕNË/Ð�ÒEÏÓÕNÌ

2
ËwÑ=ÕNË�ÍeØQÎUØEÍwÑ*�wÎdË�ÑyÎyÏ«ò*ÏÙØQ×+ÑdËw×«×ÓË�Þ�ßkË

L(E|Q, s) = L(f, s)
ÌyßNÎ <(s) > 3

2

È+á6ØQÎ�Í�ÒEÔkÌdÛ�Þ(ßkËwÔ�Ñ��
L(E|Q, s) ØEÕ7Ü�ËwÑ�ßNÔ ÐNÎdÒE×ÓÒEÔNèIËwÜ�ËwÔ�Ñ�íkÒE×ÓÒEÜ�ÒEÎyÐNíkË � CËwÑ�ÌUØQÑyÏÓÌyý3ØQÏ«ÑY×�
zÛ�Þ(ßSØQÑyÏÓÒEÔ
ý3ÒEÔkÍwÑyÏÓÒEÔNÔkËw×«×ÓË

(√
N

2π

)s
Γ (s)L(E|Q, s) = ω

(√
N

2π

)2−s

Γ (2 − s)L(E|Q, 2 − s)

Ò'&
ω = ±1

Ë�ÌyÑ�ßNÔkË/òEØQ×ÓËwßNÎ=ÐNÎdÒEÐNÎdË�Õ 
zï�Ñ �(Ï«Ô��tã�ËwíNÔkËwÎ/ÕNË
f
ÈNÉ/ÛgùkÔNÏÓÌdÌdÒEÔkÌYÐ:ÒEßNÎ=ÑdÒEßNÑ�Õ7ÏÓÌdÍwÎyÏ��

Ü�Ï«ÔSØQÔ�Ñ
d
ÕkØQÔkÌ D ×ÙØ�ý3ÒEÔ�ÑyÏÓÒEÔ L ÕNË E ÌyßNÎ Q

ÑdÒEÎdÕ7ßkË�ÐSØQÎ
χd
ÌyßNÎ <(s) > 3

2

ÐSØQÎ

L(E|Q × χd, s) :=
∑

n>1

anχd(n)

ns
.

L(E|Q ×χd, s)
ØEÕ7Ü�ËwÑYßNÔ
ÐNÎdÒE×ÓÒEÔNèIËwÜ�ËwÔ�Ñ�íkÒE×ÓÒEÜ�ÒEÎyÐNíkË �

C
ËwÑ=ÌUØQÑyÏÓÌGý]ØQÏ«Ñ�×�
zÛ�Þ(ßSØQÑyÏÓÒEÔ�ý3ÒEÔkÍ��

ÑyÏÓÒEÔNÔkËw×«×ÓË
(
|d|

√
N

2π

)s
Γ (s)L(E|Q × χd, s) = ωd

(
|d|

√
N

2π

)2−s

Γ (2 − s)L(E|Q × χd, 2 − s)

Ò'&
ωd := ωχd(−N) = −ω � òIÒEÏ«Î  /10 ��Ò "%$gÈNï�òIË�Í�Í�Ë�ÌYÔkÒEÑUØQÑyÏÓÒEÔkÌ��k×ÙØ�ý3ØEÍwÑdÒEÎyÏÓÌ^ØQÑyÏÓÒEÔ

� â7È«Ç[$ L(E|Kd, s) = L(E|Q, s)L(E|Q × χd, s)
Ë�ÌyÑYòLØQ×«ÏÓÕNË � òIÒEÏ«Î  É�Ø."%$�Õ 
zÒ'&

L′(E|Kd, 1) = L′(E|Q, 1)L(E|Q × χd, 1) + L(E|Q, 1)L′(E|Q × χd, 1).
ï�Ï«ÔkÌyÏ �$×�
zÛwÑyßkÕNË�ÕNË ×ÙØÖíSØQßNÑdËwßNÎ²ÕNË�Ì�ÑyÎUØEÍ�Ë�Ì�ÕNË�Ì�Ð�ÒEÏ«Ô(ÑdÌ�ÕNË
î�Ë�ËwèLÔkËwÎ�ËwÔ Ü�Ò[éIËwÔNÔkË�ÌyßNÎ�×ÓË�Ì
Õ7ÏÓÌdÍwÎyÏ«Ü�Ï«ÔSØQÔ(ÑdÌ

d
ÕkØQÔkÌ D Ë�ÌdÑ²ÎUØQÜ�ËwÔkÛ�Ë � ×�
zÛwÑyßkÕNË¯ÕNË¸×ÙØ òEØQ×ÓËwßNÎ
ØQß Ð�ÒEÏ«Ô(Ñ�ÍwÎyÏ«ÑyÏÓÞ(ßkË¯ÕNË�Ìý3ÒEÔkÍwÑyÏÓÒEÔkÌ

L
ÑdÒEÎdÕ7ßkË�Ì/×ÓÒEÎdÌdÞ(ßkË

E
Ë�ÌyÑ�ÕNË�ÎUØQÔNè
ØQÔSØQ×«é*ÑyÏÓÞ�ßkË

1
ËwÑ���×�
zÛwÑyßkÕNË�ÕNË�Ì/ÕNÛwÎyÏ«òIÛ�Ë�Ì�ØQß

Ð:ÒEÏ«Ô�Ñ�ÍwÎyÏ«ÑyÏÓÞ(ßkË�ÕNË�Ì�ý3ÒEÔkÍwÑyÏÓÒEÔkÌ
L
ÑdÒEÎdÕ7ßkË�Ì/×ÓÒEÎdÌdÞ(ßkË

E
Ë�ÌdÑ/ÕNË�ÎUØQÔNè�ØQÔSØQ×«é*ÑyÏÓÞ�ßkË

0
ÍeØQÎ�ØQ×ÓÒEÎdÌ

ω = +1
È

â7Èaà7È�� ��� R�� MBY
	�M R ��W�� ��W � ��
 X[T�����M
0
� ú�ØQÐNÐ�Ëw×ÓÒEÔkÌ�×ÓË�ÑyíkÛ�ÒEÎ*�wÜ�Ë�ÒEÚNÑdËwÔ(ß¸ÐSØQÎ/î�È /20�ØA�

ÔNÏÓË�Í�ÕkØQÔkÌ  /10 "tÈNï�òEØQÔ(Ñ�Í�Ëw×ÙØ(�*ùNûNÒEÔkÌ=ßNÔkË�ý3ÒEÏÓÌYÐ�ÒEßNÎ�ÑdÒEßNÑdË�ÌY×ÓË�Ì=ÕNËwß7û
ÔkÒEÑUØQÑyÏÓÒEÔkÌ
� â7Èaà $ γ(4N) := #{d mod 4N, d ≡ ν2 mod 4N, (ν, 4N) = 1},
ËwÑ

� â7Èaâ $ cN :=
3γ(4N)

π2N

∏

p∈P
p|2N

(
1 − 1

p2

)−1

.

�
	 � � R��VOQM�� � ��� �S¥
E
�*����¦d�E�*��ªU���g�?��¥r¨�­'¥3®w�k���G¤I­'¥'�E�S���g�?�«������¦U�E�v�E�N¦�­t�g�*�

N
�w¤L�N�k�w¤�¦�­t�g�*�U�

¦d¤E�g�d´^���w­/�����G¤E��!¯¤L�v¤E�� E­'¥3®w�k�
0
�w­
F
�^�w­��*���=�w�L�v¦�­'¥3�E� ��¥o�U��� ���^�[¨I¨7�E�w­�¦U�E©�¨7¤I¦�­��I¤E�k�

R+
��­�����©��E ��g�k�:�/�w­'�^¥3¦�­t�g©Ý�g�S­�¨7�Q�g¥?­'¥?¬Q��¤E�«�E�^�
∑

d∈D
L′(E|Q × χd, 1)F

( |d|
Y

)
= αNY log Y + βNY + Oε

(
N

23
14

+εY
13
14

+ε
)



� �������	��
 õkõ
���(õ ���������	���
¨7�E�*��­]�L�*­

ε > 0
���

� â7È äP$ αN := cNL(1)

∫ +∞

0
F (t)dt 6= 0

�w­

βN := cN

∫ +∞

0
F (t)

(
L′(1) + L(1)

(
log

(√
Nt

2π

)
− γ

))
dt

¤E¬Q�d¦

L(s) :=
L
( �v Q© 2E, 2s

)

ζ(N)(4s− 2)



∏

p∈P
p|N

(
1 − ap

ps

)−1(
1 − ap2

p2s

)

P(s)

�w­

� â7È ê $ P(s) :=
∏

p∈P
p-2N

(
1

1 + 1/p
+

(
1

1 + p

)(
1 + p2−4s − (a2

p − 2p)p−2s

1 + p1−2s

))
.

	NMPO ��R�����M � � ��� É�ØQÔkÌ  /203"2�Q×ÙØ�ý3ÒEÔkÍwÑyÏÓÒEÔ L Ë�ÌyÑ-ÕNÛgùkÔNÏÓË�ÐSØQÎ$×ÙØ�ÌdÛwÎyÏÓËYÕNË�É�Ï«ÎyÏÓÍdíN×ÓËwÑsÌdßNÏ«òEØQÔ(ÑdË
L(s) =

∑

n=k`2
k|N∞

(`,N)=1

bn
ns

Ø�òIË�Í
bn := an

∏

p∈P
p|n
p-2N

(
1 +

1

p

)−1

Ð:ÒEßNÎ=ÑdÒEßNÑ�ËwÔ�ÑyÏÓËwÎ�ÔSØQÑyßNÎdËw×1ÔkÒEÔ��]Ô�ßN×
n
ÈNæ�Ëw×«×ÓË��tÍwÏ�Ð�ËwßNÑ=ÌUË/ÎdÛ�Û�ÍwÎyÏ«ÎdË�ÌdÒEßkÌY×ÙØ�ý3ÒEÎyÜ�Ë

L(s) =
∏

p∈P
p|N

(
1 − ap

ps

)−1 ∏

p∈P
p-2N

(
1 +

(
1 +

1

p

)−1
( ∞∑

i=1

ap2i

p2is

))
∏

p∈P
p|(2,N−1)

(
1 +

∞∑

i=1

ap2i

p2is

)

Í�Ë�Þ(ßNÏkÐ:ËwÎyÜ�ËwÑ�ÕNË=ÎdËwÑyÎdÒEßNòIËwÎC×�
zËgû*ÐNÎdË�ÌUÌyÏÓÒEÔ²ÕNË
L
ÕNÒEÔNÔkÛ�Ë�ÕkØQÔkÌC×ÓËYÑyíkÛ�ÒEÎ*�wÜ�Ë�ËwÔ�ý'ÒEÔkÍwÑyÏÓÒEÔ Õ7ß

ÍeØQÎyÎdÛ�Ìdé(Ü�ÛwÑyÎyÏÓÞ(ßkË�ÕNË
E
ËwÑ�Õ7ß¸ÐNÎdÒ(Õ7ßNÏ«Ñ�ì-ßN×ÓÛwÎyÏÓËwÔ P È(�(Ï«èLÔSØQ×ÓÒEÔkÌ�Þ�ßkË�×�
 íkÒE×ÓÒEÜ�ÒEÎyÐNíNÏÓË�ÕNË�×ÙØý3ÒEÔkÍwÑyÏÓÒEÔ

L
( �(é*Ü 2E, s

) ÕkØQÔkÌ�ÑdÒEßNÑ�×ÓË�ÐN×ÙØQÔ Í�ÒEÜ�ÐN×ÓËgûNË�Ø²ÛwÑdÛ�ÐNÎdÒEßNòIÛ�Ë�ÐSØQÎ �(íNÏ«Ü�ßNÎUØ�ÕkØQÔkÌ
 �(í�"-ËwÑ�Þ(ßkË�×ÓË�ÐNÎdÒ*Õ7ßNÏ«Ñ�ì-ßN×ÓÛwÎyÏÓËwÔ P(s)

Ë�ÌyÑ�ØQÚkÌdÒE×«ßNÜ�ËwÔ�Ñ�Í�ÒEÔ(òIËwÎyèIËeØQÔ�Ñ�ÌyßNÎ <(s) > 3
4

ËwÑ/é
ÕNÛgùkÔNÏ«Ñ=ßNÔkË/ý3ÒEÔkÍwÑyÏÓÒEÔ�íkÒE×ÓÒEÜ�ÒEÎyÐNíkËLÈ
	NMPO ��R�����M �����
� ã1Ø/òLØQ×ÓËwßNÎCÕNËY×ÙØ/ý'ÒEÔkÍwÑyÏÓÒEÔ

L
( �(é*Ü 2E, s

) ØQßÝÚ�ÒEÎdÕ�ÕNË�×ÙØ/ÚSØQÔkÕNË�ÍwÎyÏ«ÑyÏÓÞ(ßkË
Ë�ÌyÑ�ÎdËw×«ÏÓÛ�Ë²ØQß ÕNËwèLÎdÛ ÕNË�×ÙØ�ÐSØQÎUØQÜ�ÛwÑyÎyÏÓÌUØQÑyÏÓÒEÔ Ü�Ò(Õ7ßN×ÙØQÏ«ÎdË

ΦN,E : X0(N) → E
ÕNË

E � ÍgýGÈ � Ø@" � Ç��UÇ[$#$�ÐSØQÎ-×ÙØ�ý'ÒEÎyÜ�ßN×ÓËYÌyßNÏ«òLØQÔ�ÑdË=ØQÔSØQ×ÓÒEèLßkË)��Í�Ëw×«×ÓËYÕ7ß�ÔkÒEÜ�ÚNÎdË=ÕNËYÍw×ÙØEÌUÌdË�Ì6ÕNËYÉ�Ï«ÎyÏÓÍUíN×ÓËwÑ
L
( �(é(Ü 2E, 2

)

πΩE,N
=

ÕNËwè
(ΦN,E)

NcE(N)2Ò'&
cE(N)

Ë�ÌyÑ�×ÙØ
Γ0(N)

�tÍ�ÒEÔkÌyÑUØQÔ(ÑdËÖÕNË
å ØQÔNÏ«Ô ÕNË
E
Þ(ßNÏ=Ë�ÌyÑ�ßNÔ ËwÔ�ÑyÏÓËwÎÝÎdËw×ÙØQÑyÏ}ý/ßNÔNÏ}ý3ÒEÎ �

Ü�ÛwÜ�ËwÔ�ÑÝÚ�ÒEÎyÔkÛ �! ìsÕ("%$gÈ /mÍwÏ ��ÒEÔ ßNÑyÏ«×«ÏÓÌdË�×ÓËÝý]ØQÏ«Ñ�Þ(ßkË N Ë�ÌyÑ�ÌUØQÔkÌ�ý3ØEÍwÑdËwßNÎdÌ�ÍeØQÎyÎdÛ�Ì �¯ÕNËwß7ûÎdËwÐNÎyÏÓÌdË�Ì �



� ���võ���� � �����
	Y÷(õ 
 õ ��� �
� � ���/÷ 
���� õ�� � � � ��� �
� � � �

� ×ÓË�Ì-ý'ÒEÔkÍwÑyÏÓÒEÔkÌ L Õ7ßÝÍeØQÎyÎdÛ=Ìdé(Ü�ÛwÑyÎyÏÓÞ(ßkË=ÕNË E Ü�ÒEÑyÏ«ò(ÏÓÞ(ßkË=ËwÑCØQÔSØQ×«é*ÑyÏÓÞ(ßkË=Í�ÒEÏ«ÔkÍwÏÓÕNËwÔ�Ñ�ÍeØQÎÏ«×1Ô 
 é
Ø�ÐSØEÌ�ÕNË�ÑdËwÎyÜ�Ë�Ì�Í�ÒEÎyÎdË�ÍwÑyÏ}ý3Ì�ËwÔÖ×ÓË�Ì�ÔkÒEÜ�ÚNÎdË�Ì�ÐNÎdËwÜ�ÏÓËwÎdÌ�ÕNÒEÔ(Ñ�×ÓË�ÍeØQÎyÎdÛ�Õ7Ï«ò*ÏÓÌdË�×ÓË
Í�ÒEÔkÕ7ßkÍwÑdËwßNÎ

N
�

� ×ÓÒEÎdÌUÞ�ßkË E Ë�ÌyÑYßNÔkË�Í�ÒEßNÎyÚ:Ë�ÕNË��ÀËwÏ«× X0(N)
�3ý3ÒEÎyÑdË�ËwÑ

N
Ë�ÌyÑ�Ï«Ü�ÐSØQÏ«Î��N×ÙØ�Í�ÒEÔkÌyÑUØQÔ�ÑdË�ÕNË

å ØQÔNÏ«Ô òLØQßNÑ ±1
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{
4
3

�^¥
N
�^�g­C¥?©�¨N¤E¥o�^§

1
�g¥o���E�

�w­

P̃(s) :=
∏

p∈P
p-2N

(
1 +

(
1 +

1

p

)−1

(p4s−2 − 1)−1

)
.

	NMPO ��R�����M � � ��� $ Í�ÒEÔkÕ7ßkÍwÑdËwßNÎ
N
ùNû7Û
�QÏ«×7ÌdËwÜ�ÚN×ÓËYÞ(ßkË�×�
zÒEÔ�ÒEÚNÑyÏÓËwÔNÔkË�ßNÔ�ÕNÛwòIËw×ÓÒEÐNÐ:ËwÜ�ËwÔ�Ñ

ØEÌyé*Ü�ÐNÑdÒEÑyÏÓÞ�ßkËÝÕ7ß ÐNÎdËwÜ�ÏÓËwÎ�Ü�ÒEÜ�ËwÔ�Ñ�ÐSØQÎ�ÎUØQÐNÐ�ÒEÎyÑ �
Y

� ßNÔÀÌdËwßN×-ÑdËwÎyÜ�Ë�ËwÑ�ÔkÒEÔ ��ÕNËwß7û
ÑdËwÎyÜ�Ë�Ì�Í�ÒEÜ�Ü�Ë�ÕkØQÔkÌ=×ÓË ��íkÛ�ÒEÎ*�wÜ�Ë�â7È«Ç�ÕNË�î�È�/10�ØQÔNÏÓË�ÍLÈ:æ�ËwÐ�ËwÔkÕkØQÔ(Ñ��S×ÓË�Ì�ÎdÛ�ÌyßN×«ÑUØQÑdÌ=Ô(ßNÜ�Û��
ÎyÏÓÞ(ßkË�Ì�ÕNÛ�ÍwÎyÏ«ÑdÌ/ÕkØQÔkÌ�×ÙØ�ÕNËwÎyÔNÏK�wÎdË�ÐSØQÎyÑyÏÓË�Õ7ßÖÐSØQÎUØQèLÎUØQÐNíkË ê ËwÑ�ÔkÒEÑyÎdË�Ï«Ô(ÑyßNÏ«ÑyÏÓÒEÔ ØQÔSØQ×«é(ÑyÏÓÞ(ßkËÔkÒEßkÌ=Ð:ËwÎyÜ�ËwÑyÑdËwÔ�Ñ�ÕNË�Í�ÒEÔ'%GË�ÍwÑyßNÎdËwÎ�Þ�ßkË

Error = oε(NY ).
á$ÒEßNÎ�Ð:ÒEßNòIÒEÏ«Î�ÐNÎdÒEßNòIËwÎ�Í�Ëw×ÙØ(�+Ï«×6ý]ØQßkÕ7ÎUØQÏ«Ñ�ÔkÒEÑUØQÜ�Ü�ËwÔ�Ñ �wÑyÎdË�ËwÔÀÜ�Ë�ÌyßNÎdËÝÕNË�ÕNÛwÑdËwÎyÜ�Ï«ÔkËwÎ�×ÓË
Í�ÒEÜ�Ð:ÒEÎyÑdËwÜ�ËwÔ�Ñ�ØEÌyé(Ü�ÐNÑdÒEÑyÏÓÞ(ßkË�ÕNË/Ü�Ò[éIËwÔNÔkË�Ì�ÕNË�×ÙØ�ý3ÒEÎyÜ�Ë

∑

16u6U
16v6V

∑

d∈D
au,vχd(u)rd(v)F

( |d|
Y

)

Ð:ÒEßNÎ�ÑdÒEßkÌ�ÔkÒEÜ�ÚNÎdË�Ì�ÎdÛ�Ëw×ÓÌ�ÌyÑyÎyÏÓÍwÑdËwÜ�ËwÔ(Ñ�Ð:ÒLÌyÏ«ÑyÏ}ý3Ì
U
�
V
ËwÑ�ÑdÒEßNÑdË²ÌyßNÏ«ÑdËÝÕNË�ÔkÒEÜ�ÚNÎdË�Ì�Í�ÒEÜ �

ÐN×ÓËgûNË�Ì
(au,v)16u6U

16v6V
� ÌdË�ÎdËwÐ:ÒEÎyÑdËwÎÝÛwè�ØQ×ÓËwÜ�ËwÔ�Ñ ËwÔ ÐSØQèIËÖàQäP$gÈ-ã�Ë�Ì²ØQßNÑdËwßNÎdÌ�ÐNÎdÒ %GËwÑyÑdËwÔ(Ñ²ÕNË
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Ì 
 Ï«Ô(ÑdÛwÎdË�ÌdÌdËwÎ/ÕkØQÔkÌ�ßNÔ Ø�òIËwÔNÏ«Î�ÐNÎdÒ(ÍUíkË ��Í�Ë�Ñté*Ð�Ë�ÕNË�Ü�Ò[éIËwÔNÔkË�Ì�Þ�ßNÏ1ÌUÒEÔ�Ñ/ËwÔÖÎdÛeØQ×«Ï«ÑdÛ�ßNÔ¯ÍeØEÌ
ÐSØQÎyÑyÏÓÍwßN×«ÏÓËwÎ�ÕNËÝÞ(ßSØQÔ�ÑyÏ«ÑdÛ�Ì�Ú:ËeØQßkÍ�ÒEßNÐ ÐN×«ßkÌ�èIÛwÔkÛwÎUØQ×ÓË�Ì[È$ìsÔ ÒEßNÑyÎdË
�$Ï«×�ÔkËÝý]ØQÏ«Ñ�ØQßkÍwßNÔ ÕNÒEßNÑdË
Þ(ßkË�×ÙØÝÕNÛwÐ�ËwÔkÕkØQÔkÍ�Ë�ËwÔ

N
ÕkØQÔkÌ Oε

(
N

15
4

+εY
19
20

+ε
) Ð�ËwßNÑ �wÑyÎdË�ØQÜ�Ûw×«ÏÓÒEÎdÛ�Ë�ËwÔ¯ÛwÑUØQÔ�Ñ/ÐN×«ßkÌ

ÌdÒEÏ«èLÔkËwß7û
ÜÝØQÏÓÌYßNÔkË�ÍwÎdÒEÏÓÌUÌUØQÔkÍ�Ë�ØQß
ÐN×«ßkÌ=Ð:ÒE×«é*ÔkÒEÜ�ÏÙØQ×ÓË�ËwÔ�×ÓË�Í�ÒEÔkÕ7ßkÍwÑdËwßNÎ�ÔkÒEßkÌ�Ìyß���ÑeÈ
��R@M �	� M 	 ��X 	 � ��R �PO M � � ��� ü Èzî�ÈL*�ÎdÒLÌdÌ�ËwÑ�É�ÈL,:ØQèLÏÓËwÎ �! */Î�,:Ø@"%$�ÒEÔ�Ñ�ÐNÎdÒEßNòIÛ�Þ(ßkË�×ÙØÌdÛwÎyÏÓË¸ÕNË�É�Ï«ÎyÏÓÍdíN×ÓËwÑ

Ld(E, s)
ÕNÛgùkÔNÏÓË¸Ø ÐNÎyÏÓÒEÎyÏ�ÌyßNÎ <(s) > 3

2

ØEÕ7Ü�ËwÑ²ßNÔ ÐNÎdÒE×ÓÒEÔNèIËwÜ�ËwÔ(Ñ
íkÒE×ÓÒEÜ�ÒEÎyÐNíkË �

C
ËwÑ=ÌUØQÑyÏÓÌGý]ØQÏÓÌUØQÏ«ÑY×�
zÛ�Þ�ßSØQÑyÏÓÒEÔ�ý'ÒEÔkÍwÑyÏÓÒEÔNÔkËw×«×ÓË

∀s ∈ C, Λd(E, s) = −χd(N)Λd(E, 2 − s)

Ò'&
Λd(E, s) := (N |d|)s ((2π)−sΓ(s))

2
Ld(E, s)

Ë�ÌdÑ-×ÙØ�ÌUÛwÎyÏÓËYÕNË�É�Ï«ÎyÏÓÍUíN×ÓËwÑ�Í�ÒEÜ�ÐN×ÓÛwÑdÛ�ËLÈ�ú�Ë��
ÜÝØQÎdÞ(ßkÒEÔkÌ�Þ(ßkË�Í�ÒEÜ�Ü�Ë

d
Ë�ÌyÑ=ßNÔ¸ÍeØQÎyÎdÛ�Ü�Ò*Õ7ßN×ÓÒ

N
�N×ÓË�ÌyÏ«èLÔkË�ÕNË�×�
zÛ�Þ�ßSØQÑyÏÓÒEÔ¸ý3ÒEÔkÍwÑyÏÓÒEÔNÔkËw×«×ÓË

òLØQßNÑ −1
Õ 
zÒ'&

Ld(E, 1) = 0
È$æ�Ë�ÍwÏ�òLØ�ÔkÒEßkÌ�Ð:ËwÎyÜ�ËwÑyÑyÎdËÝÕ 
zËgû7ÐNÎyÏ«Ü�ËwÎ

L′
d(E, 1)

ËwÔÀÑdËwÎyÜ�Ë
ÕNË�ÕNËwß7ûÖÌUÒEÜ�Ü�Ë�Ì�Í�ÒEÔ�òIËwÎyèIËeØQÔ(Ñ�Ëgû*Ð:ÒEÔkËwÔ�ÑyÏÓËw×«×ÓËwÜ�ËwÔ(Ñ/ò(Ï«ÑdË�ËwÔ¯ÌyßNÏ«òLØQÔ�Ñ�ßNÔkË�ÐNÎdÒ(Í�Û�Õ7ßNÎdË�ØQÔSØA�
×«é*ÑyÏÓÞ�ßkË�ÕNÛ�ÌUÒEÎyÜÝØQÏÓÌ�Íw×ÙØEÌdÌyÏÓÞ(ßkË � Í�ÒEÔ7ý3ËwÎ ��íkÛ�ÒEÎ*�wÜ�Ë ê Èaâ7È�ÕNË  /10 ��Ò
"sÐ�ÒEßNÎ�ÐN×«ßkÌ�ÕNË�ÕNÛwÑUØQÏ«×ÓÌ�$gÈá$ÒEßNÎ

X > 0
�7Ð:ÒLÌdÒEÔkÌ

V (X) :=
1

2iπ

∫

(3/4)
Γ(s)2X−sds,

ËwÑ

Ad(E,X) :=


iπ

∫

(/)
Ld(E, s+ )Γ (s)

(
X

π

)s
ds.

ã�Ë ÕNÛwòIËw×ÓÒEÐNÐ�ËwÜ�ËwÔ(Ñ ÕNË
Ld(E, s)

ËwÔ ÌdÛwÎyÏÓËÀÕNË É�Ï«ÎyÏÓÍUíN×ÓËwÑ ØQÚkÌUÒE×«ßNÜ�ËwÔ�Ñ Í�ÒEÔ�òIËwÎyèIËwÔ�ÑdË ÌyßNÎ
<(s) > 3

2

ØEÌdÌdßNÎdË�Þ�ßkË

Ad(E,X) =
∞∑

n=

anrd(n)

n

∑

(m,N)=

χd(m)


m
V

(
πnm

X

)
.

)�Ô ÕNÛwÐN×ÙØEÍ�ËÝ×ÙØ�×«Ï«èLÔkËÝÕ 
 Ï«Ô(ÑdÛwèLÎUØQÑyÏÓÒEÔ %GßkÌdÞ(ß 
 � <(s) = −3/4
ÍwÎdÒEÏÓÌUØQÔ(Ñ�ßNÔÀßNÔNÏÓÞ(ßkË�Ð:ÒE×ÓË�ËwÔ

s = 0
ÕNËÝÎdÛ�ÌyÏÓÕ7ß Ûwè�ØQ× �

L′
d(E, 1)

ÐNßNÏÓÌ�ÒEÔ ÎdËwò(ÏÓËwÔ(Ñ�ËwÔ
s = 3/4

ÐSØQÎ�×ÓËÝÍUíSØQÔNèIËwÜ�ËwÔ�Ñ�ÕNË
òLØQÎyÏÙØQÚN×ÓË�Ì

s 7→ −s ÈNã�
zÛ�Þ(ßSØQÑyÏÓÒEÔ
ý3ÒEÔkÍwÑyÏÓÒEÔNÔkËw×«×ÓË�ËwÔ(ÑyÎUØ��ÓÔkË�ØQ×ÓÒEÎdÌ�Þ(ßkË

L′
d(E, 1) = Ad(E,X)+Ad

(
E,

(Nd)

X

)
,

ËwÑ�ËwÔ
ÐSØQÎyÑyÏÓÍwßN×«ÏÓËwÎ�Þ�ßkË
L′
d(E, 1) = 2Ad(E, |d|N).

ü ÒEÎyÔkÒEÔkÌ V (X)
Ð:ÒEßNÎ

X > 0
ÕNË�×ÙØ�ÜÝØQÔNÏK�wÎdË�ÌyßNÏ«òLØQÔ�ÑdË �

V (X) =
1

2iπ

∫ ∞

u=0

e−u

u

∫ ∞

v=0
e−v

(∫

(3/4)

(uv
X

)s 1

s
ds

)
dvdu

�
∫ ∞

0

e−(u+X/u)

u
du

� X−1/4 exp
(
−2

√
X
)� äkÈaà $



R � �������	��
 õkõ
���(õ ���������	���
ËwÑ�ËwÔ�ý]ØQÏ«Ñ

XjV (j)(X) �j X
−1/4 exp

(
−2

√
X
) Ð�ÒEßNÎYÑdÒEßNÑ�ËwÔ�ÑyÏÓËwÎ�ÔSØQÑyßNÎdËw×

j
Èká$ÒLÌdÒEÔkÌ

SN (Y ) :=
∑

d∈D
L′
d(E, 1)F

( |d|
Y

)
.

æ�ÒEÜ�Ü�Ë
d
Ë�ÌyÑ=ÕkØQÔkÌ D �

d
Ë�ÌdÑ=ßNÔ�ÍeØQÎyÎdÛ�Ü�Ò*Õ7ßN×ÓÒ

4
ËwÑ�Ë�ÌdÑYÐNÎdËwÜ�ÏÓËwÎ6�

4
ÕNÒEÔkÍ

d
Ë�ÌyÑ=Í�ÒEÔNèLÎyß

�
1
Ü�Ò*Õ7ßN×ÓÒ

4
Èkï�Ï«ÔkÌyÏ � Od = Z + 1+

√
d

2 Z
ËwÑYßNÔÖÍeØQ×ÓÍwßN×�Ûw×ÓÛwÜ�ËwÔ�ÑUØQÏ«ÎdË�Ü�ÒEÔ(ÑyÎdË�Þ(ßkË

rd(n) = #
{
(u, v) ∈ (N∗ × Z) ∪ ({0} × N) , u2 + |d|v2 = 4n

}
.

)�Ô�ÒEÚkÌUËwÎyòIË�Þ(ßkË�ÌyÏ
n
Ë�ÌdÑ1ßNÔ�ÍeØQÎyÎdÛ�ØQ×ÓÒEÎdÌ

(2
√
n, 0)
Ë�ÌyÑ�ßNÔkËCÌdÒE×«ßNÑyÏÓÒEÔ�ÕNËs×�
zÛ�Þ(ßSØQÑyÏÓÒEÔ�ÍwÏ��tÕNË�ÌdÌyßkÌ

ØQ×ÓÒEÎdÌ�Þ(ß 
 Ï«×+Ô 
zËgû7ÏÓÌyÑdË�ÐSØEÌ=ÕNË�ÌdÒE×«ßNÑyÏÓÒEÔkÌ�ÕNË�×ÙØ�ý3ÒEÎyÜ�Ë
(0, ∗) Í�Ë�Þ�ßNÏ�ÐNÎdÒEßNòIË�Þ�ßkË

rd(n) = 1+#
{
v ∈ Z∗, |d|v2 = 4n

}
+#

{
(u, v) ∈ (N∗ × Z∗) , u2 + |d|v2 = 4n

}
:= 1+r′d(n)

ËwÑ�Þ(ßkË
∑

d∈D
Y�|d|�Y

rd(n) > # {d ∈ D, Y � |d| � Y } ∼Y→+∞ CY

Ð:ÒEßNÎCßNÔkË�Í�ÒEÔkÌyÑUØQÔ�ÑdË�ØQÚkÌdÒE×«ßkË
C > 0

È��(Ï
n
Ô 
zË�ÌyÑ�ÐSØEÌ�ßNÔ�ÍeØQÎyÎdÛ�ØQ×ÓÒEÎdÌ

rd(n) = r′d(n)
È*É/ØQÔkÌ

ÍdíSØEÍwßNÔ ÕNË�Ì�ÍeØEÌ[��ÌdÏ
(u, v)

Ë�ÌyÑ/ßNÔkË�ÌUÒE×«ßNÑyÏÓÒEÔ Í�ÒEÔ(ÑyÎyÏ«ÚNßSØQÔ�ÑZ�
r′d(n)

Ð�ÒEßNÎ/ßNÔ
d
Ï«Ô7ý3ÛwÎyÏÓËwßNÎ��

Y
ÕkØQÔkÌ D ØQ×ÓÒEÎdÌ u 6 2

√
n
ËwÑ � ÍdíSØEÞ(ßkË�ÑdËw×

u
Í�ÒEÎyÎdË�ÌyÐ:ÒEÔkÕÀØQß ÐN×«ßkÌ�ÕNËwß7û Í�ÒEßNÐN×ÓË�Ì

(d, v)� ÍeØQÎ d Ë�ÌyÑ=ÌyßNÐNÐ:ÒLÌdÛ�ÌUØQÔkÌ�ý]ØEÍwÑdËwßNÎdÌ=ÍeØQÎyÎdÛ�Ì�$�Õ 
zÒ'&

� äkÈaâ $ ∑

d∈D
Y�|d|�Y

r′d(n) 6 4
√
n.

)�ÔÖÛ�ÍwÎyÏ«Ñ�ØQ×ÓÒEÎdÌ �
SN (Y ) := TP1 + Err1

Ò'&

TP1 := 2
∑

n>1

an2

n2

∑

(m,N)=1

1

m

∑

d∈D
χd(m)V

(
4π2n2m2

N |d|

)
F

( |d|
Y

)

ËwÑ

� äkÈ äP$ Err1 := 2
∑

d∈D

∑

n>1

anr
′
d(n)

n

∑

(m,N)=1

1

m
χd(m)V

(
4π2nm2

N |d|

)
F

( |d|
Y

)
.

�6Y X[T O �(X[T�� W 	 � X�MBR OQM 	��=MBR@R@M ��R
Err1

� É/Û�Í�ÒEßNÐ:ÒEÔkÌ
Err1
ÕNË�×ÙØ�ý3Ø���ÒEÔÖÌdßNÏ«òEØQÔ(ÑdË �

Err1 = 2
∑

(m,N)=1

∑

16n6
NY ψ(NY )

m2

· · · + 2
∑

(m,N)=1

∑

n>NY ψ(NY )

m2

· · · := Error + Err3

Ð:ÒEßNÎ�ÑdÒEßNÑdË²ý3ÒEÔkÍwÑyÏÓÒEÔ
ψ
Ð:ÒLÌyÏ«ÑyÏ«òIË²ËwÑ�ÑdËwÔkÕkØQÔ�Ñ�òIËwÎdÌ

0
ËwÔ

+∞ È�ã�Ë�Ì�Ë�ÌyÑyÏ«ÜÝØQÑyÏÓÒEÔkÌ � äkÈaà $�ËwÑ� äkÈaâ $YØEÌdÌdßNÎdËwÔ�Ñ�Þ(ßkË
Error � (NY )1/4

∑

16m6
√
NY ψ(NY )

1

m3/2

∑

16n6
NY ψ(NY )

m2

|an|
n

3
4

exp

(
−4π

m√
NY

√
n

)
.

� )�f�`G\^f�h]T�x�P$`GPmZ3Z]P6X[h]PGfQcwP ~ TPi
x[lGT3_apgnQPqhtR�urR���fERUneZ]_zZ]l$x � \���X�h]\dce_rPmneZ:u�RC`G\gn�Z3h]_abQf[Z]_r\^n�X[h]_anQ`G_aXERUuaP6PmZ

Erri
fQn�Z]Pqh]WYP6x � Pmh3h]Pmf�hy�
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ã�
 Ï«ÔkÛwè�ØQ×«Ï«ÑdÛ�ÕNË�æ�ØQßkÍdí(é �<�*ÍUíB0�ØQÎ ��ËwÔ(ÑyÎUØ��ÓÔkË�Þ�ßkË�×ÓË�ÍeØQÎyÎdÛ/ÕNË�×ÙØ�ÌdÒEÜ�Ü�Ë/ËwÔ
n
Ë�ÌyÑCÚ:ÒEÎyÔkÛ�ÐSØQÎ




∑

16n6
NY ψ(NY )

m2

a2
n

n2







∑

16n6
NY ψ(NY )

m2

√
n exp

(
−8π

m√
NY

√
n

)

 .

ã1Ø²ÐNÎdËwÜ�ÏK�wÎdË�ÌdÒEÜ�Ü�Ë�Ë�ÌyÑ�Ë�ÌyÑyÏ«Ü�Û�Ë�ÐSØQÎ O (log (NY ψ(NY )))
ØQ×ÓÒEÎdÌ�Þ�ßkË�×ÙØ ÕNËwß7û*ÏK�wÜ�Ë�Ë�ÌyÑ

ÑyÎyÏ«ò*ÏÙØQ×ÓËwÜ�ËwÔ�Ñ�Ï«Ô7ý3ÛwÎyÏÓËwßNÎdË �
∫ NY ψ(NY )

m2

1

√
t exp

(
−8π

m√
NY

√
t

)
dt�

(
NY ψ(NY )

m2

) 3
2

.

ï�Ï«ÔkÌyÏ ��ÒEÔ Ø ÐNÎdÒEßNòIÛ Þ(ßkË
Error � NY (ψ(NY ))

3
4 (log (NY ψ(NY )))

1
2
È�É/Ë¯×ÙØ Ü��wÜ�Ë

ÜÝØQÔNÏK�wÎdË
�

Err3 � (NY )1/4
∑

m>1

1

m3/2




∑

n>
NY ψ(NY )

m2

a2
n

n2+ε




1
2



∑

n>
NY ψ(NY )

m2

n
1
2
+ε exp

(
−8π

m√
NY

√
n

)



1
2

Ð:ÒEßNÎ=ÑdÒEßNÑ
ε > 0
È�\�ÔkË/Ï«Ô�ÑdÛwèLÎUØQÑyÏÓÒEÔ¯ÐSØQÎYÐSØQÎyÑyÏÓË�Ì�ØEÌUÌyßNÎdË�Þ�ßkË
Err3 � (NY )1+ε(ψ(NY ))

1
2
+ε exp

(
−1

2

√
ψ(NY )

)

ËwÑ/ÒEÔ¸ÍdíkÒEÏÓÌdÏ«Ñ/ØQ×ÓÒEÎdÌ
ψ(x) := (log x)a

ØeòIË�Í
2ε < a < 2

3

ÕNË�ÌdÒEÎyÑdË�Þ(ßkË
Err3 = o(Error)

ËwÑ
Þ(ßkË

Error � (NY )(log (NY ))
3a
4

+ 1
2 = o((NY ) log (NY ))

È
� � W�X�R T�� � X[T�� W 	 � X�MBR OQM �]R@T W�SBT�� � �

TP1

� É/ÛwÑdËwÎyÜ�Ï«ÔkÒEÔkÌY×ÓË�Í�ÒEÜ�Ð:ÒEÎyÑdËwÜ�ËwÔ�Ñ�ØEÌyé*Ü�ÐNÑdÒ4�
ÑyÏÓÞ(ßkË�ÕNË

TP1
ËwÔÖØQÐNÐN×«ÏÓÞ�ßSØQÔ(Ñ�ßNÔkË�Ü�ÛwÑyíkÒ*ÕNË�ÕNÛwòIËw×ÓÒEÐNÐ:Û�Ë�ÕkØQÔkÌ  /103"L�� ×ÙØ�Í�ÒEÔkÕ7Ï«ÑyÏÓÒEÔ d ÌUØQÔkÌ�ý]ØEÍwÑdËwßNÎdÌ-ÍeØQÎyÎdÛ�Ì-Ë�ÌyÑ-ÌyßNÐNÐNÎyÏ«Ü�Û�ËYËwÔ�Ï«Ô�ÑyÎdÒ*Õ7ßNÏÓÌUØQÔ�Ñ ∑a2|d µ(a)

ÐNßNÏÓÌ
×ÙØ�ÌdÒEÜ�Ü�Ë�Ë�ÌyÑ-Í�ÒEßNÐ:Û�Ë�ÌdËw×ÓÒEÔ�×ÙØ�ÑUØQÏ«×«×ÓËYÕNË�Ì6Õ7Ï«ò*ÏÓÌdËwßNÎdÌ

a
ÕNË
d � a 6 A ËwÑ a > A

$�ÌUØEÍUíSØQÔ�Ñ
Þ(ßkË/×�
zÒEÔÖÎdËwò*ÏÓËwÔ�Ñ+��ÕNË�Ì�Õ7ÏÓÌdÍwÎyÏ«Ü�Ï«ÔSØQÔ(ÑdÌ/ÌUØQÔkÌ�ý]ØEÍwÑdËwßNÎdÌ�ÍeØQÎyÎdÛ�Ì�ÕkØQÔkÌ�×ÓË�ÍeØEÌ�ÕNË�Ì�èLÎUØQÔkÕNÌ
Õ7Ï«ò*ÏÓÌdËwßNÎdÌ��

� Ð:ÒEßNÎ�ÑdÒEßNÑ�ËwÔ�ÑyÏÓËwÎ m = m1m
2
2

ØeòIË�Í
(m1m2, N) = 1

ËwÑ
m1
ÌUØQÔkÌ�ý3ØEÍwÑdËwßNÎdÌ�ÍeØQÎyÎdÛ�Ì��

ÎdËwÜÝØQÎdÞ(ßkÒEÔkÌ�Þ(ßkË
χd(m) = χd(m1)

ÌyÏ
(m2, d) = 1 � ËwÑ 0

ÌyÏ«ÔkÒEÔ $�ÐNßNÏÓÌ�Þ(ßkË ×ÓË²ÕNÛ��
òIËw×ÓÒEÐNÐ:ËwÜ�ËwÔ�Ñ�ÕNË # ÒEßNÎyÏÓËwÎ�Õ7ß¸ÍeØQÎUØEÍwÑ*�wÎdË

χ.(m1)
ËwÔ
ÑdËwÎyÜ�Ë�ÕNË�ÍeØQÎUØEÍwÑ*�wÎdË�Ì�ØEÕNÕ7Ï«ÑyÏ}ý'Ì�ÕNË

Ü�Ò*Õ7ßN×ÓË
m1
Ì 
zÛ�ÍwÎyÏ«Ñ

χd(m1) =
εm1√
m1

∑

06|r|<m1
2

χNr(m1)e

(
Nrd

m1

)

Ò'&
N
Ë�ÌyÑ�×�
 Ï«Ô�òIËwÎdÌUË�ÕNË

N
Ü�Ò(Õ7ßN×ÓÒ

m1
ËwÑ
εm1

Ë�ÌyÑ�×ÓË�ÌdÏ«èLÔkË�ÕNË�×ÙØ ÌdÒEÜ�Ü�Ë�ÕNË *�ØQßkÌdÌ
ÕNË

χ.(m1)
È

ã1Ø�Í�ÒEÔ(ÑyÎyÏ«ÚNßNÑyÏÓÒEÔ¸ÐNÎyÏ«ÔkÍwÏ«ÐSØQ×ÓË�ÐNÎdÒeò*ÏÓËwÔ�Ñ/ØQ×ÓÒEÎdÌ�Õ7ß
ÑdËwÎyÜ�Ë
r = 0

Ð:ÒEßNÎY×ÓË�Þ�ßkËw×
χ0(m1)

òLØQßNÑ
0ÌyÏ

m1 > 1
ËwÑ

1
ÌyÏ«ÔkÒEÔ�ÈSì-Ô�ÎdÛ�ÌyßNÜ�Û
�

TP1 = TP2 + Err4 + Err5



R � �������	��
 õkõ
���(õ ���������	���
Ò'&

TP2 := 2
∑

n61

an2

n2

∑

a6A
(a,4N)=1

µ(a)
∑

(m2 ,aN)=1

1

m2
2

∑

q|m2

µ(q)
∑

qd∈D′

(d,m2)=1

V

(
4π2n2m4

2

Na2|d|q

)
F

(
a2|d|q
Y

)
,

Err5 := 2
∑

n61

an2

n2

∑

(b,4N)=1

∑

a|b
a>A

µ(a)
∑

(m,N)=1

1

m

∑

d∈D
χb2d(m)V

(
4π2n2m2

Nb2|d|

)
F

(
b2|d|
Y

)

ËwÑ

Err4 := 2
∑

n61

an2

n2

∑

a6A
(a,4N)=1

µ(a)
∑

m=m1m2
2

(m,aN)=1

µ2(m1)

m

∑

q|m2

µ(q)
∑

qd∈D′

(d,m2)=1

εm1√
m1

∑

16|r|<m1
2

χNrq(m1)e

(
Nrd

m1

)
V

(
4π2n2m2

Na2|d|q

)
F

(
a2|d|q
Y

)

Ø�òIË�Í
D′ := {d ∈ Z∗

−, d ≡ ν mod N, (ν, N) = }.
�6Y X[T O �(X[T�� W 	 � X�MBR OQM 	 �=MBR@R.M � R

Err5
� á$ÒEßNÎ/Í�ÒEÜ�Ü�ËwÔkÍ�ËwÎ���×�
 Ï«ÔkÛwè�ØQ×«Ï«ÑdÛ�ÕNË�î��E×ÓÕNËwÎ�Ï«Ü �

ÐN×«ÏÓÞ(ßkË�Þ�ßkË

Err5 �
∑

n�(NY )
1
2

|an2 |
n2

∑

b>1
a|b
a>A



∑

d∈D
|d|� Y

b2

1




3
4


∑

d∈D
|d|� Y

b2

χb2d(m)

∣∣∣∣∣∣∣∣∣

∑

m�
“

NY

n2

” 1
2

1

m

∣∣∣∣∣∣∣∣∣

4


1
4

Õ 
zÒ'&�ÑyÎyÏ«ò*ÏÙØQ×ÓËwÜ�ËwÔ�Ñ

Err5 � Y
3
4

∑

n�(NY )
1
2

|an2 |
n2

∑

b>1
a|b
a>A

1

b
3
2



∑

d∈D
|d|� Y

b2

χb2d(m)

∣∣∣∣∣∣∣∣∣

∑

m�
“

NY

n2

” 1
2

1

m

∣∣∣∣∣∣∣∣∣

2


1
2

.

ã�
 Ï«ÔkÛwè�ØQ×«Ï«ÑdÛ�Õ7ß�èLÎUØQÔkÕ�ÍwÎyÏ«ÚN×ÓË �! zü Ò "%$CÐ:ÒEßNÎ=×ÓË�Ì=ÍeØQÎUØEÍwÑ*�wÎdË�Ì�ÎdÛ�Ëw×ÓÌ�ØEÌdÌyßNÎdË�ØQ×ÓÒEÎdÌ�Þ�ßkË

Err5 �ε
Y

5
4
+ε

A
3
2

+
N

1
4
+εY 1+ε

A
1
2

Ð:ÒEßNÎ=ÑdÒEßNÑ
ε > 0
È

�6Y X[T O �(X[T�� W 	 �&X�MPR@O M 	 �=MBR@R.M � R
Err4

� á$ÒLÌdÒEÔkÌ
∆ := inf

(
1
2 ,

a2q
Y 1−ε

) Ð�ÒEßNÎ$ÑdÒEßNÑ�ÔkÒEÜ�ÚNÎdË
ÎdÛ�Ëw×

ε > 0
ËwÑ�ÕNÛ�Í�ÒEßNÐ�ÒEÔkÌ

Err4
ÌdËw×ÓÒEÔÖÞ(ßkË/×ÙØ�ÌdÒEÜ�ÜÝØQÑyÏÓÒEÔ¸ËwÔ

r
Ë�ÌyÑYÎdË�ÌyÑyÎdËwÏ«Ô(ÑdË�ÐSØQÎ

1 6 |r| < ∆m1  Err6,

∆m1 6 |r| < m1

2
 Err7.



� ���võ���� � �����
	Y÷(õ 
 õ ��� �
� � ���/÷ 
���� õ�� � � � ��� �
� � � R �

)�Ô Ë�ÌyÑyÏ«Ü�Ë
Err7
ËwÔÀÚ:ÒEÎyÔSØQÔ�Ñ�×ÙØ
ÌdÒEÜ�Ü�Ë�ÌyßNÎ�×ÓË�Ì�Õ7ÏÓÌdÍwÎyÏ«Ü�Ï«ÔSØQÔ�ÑdÌ�èLÎ��EÍ�Ë²ØQß ×ÓËwÜ�Ü�Ë à�ÐSØQèIË

â �Eà�ÕNË  /10 "�ÐNßNÏÓÌYÑyÎyÏ«ò*ÏÙØQ×ÓËwÜ�ËwÔ�Ñ�×ÙØ�ÌdÒEÜ�Ü�Ë�ËwÔ n ËwÑ m Í�Ë�Þ(ßNÏ�ËwÔ�ÑyÎUØQÏ«ÔkË�Þ�ßkË
Err7 �ε γ(4N)Y εN

5
4
+ε inf (A, Y

1−ε
2 )

Y ε− 1
4

+ γ(4N)Y εN
5
4
+ε A

3

Y
3
4Ò'&

γ(4N)
Ë�ÌyÑ�×ÓË�ÍeØQÎdÕ7Ï«ÔSØQ×-ÕNË�×�
zËwÔkÌdËwÜ�ÚN×ÓË�ÕNË�Ì/Íw×ÙØEÌdÌdË�Ì�Õ 
zÛ�Þ(ßNÏ«òEØQ×ÓËwÔkÍ�Ë�ÕNË D′ Ü�Ò*Õ7ßN×ÓÒ 4N

È
)�ÔÖË�ÌyÑyÏ«Ü�Ë

Err6
ÕNË�ý]Ø���ÒEÔ�ÑyÎyÏ«ò(ÏÙØQ×ÓË�ÐSØQÎ

Err6 �ε N
3
8
+εY

1
2
+εA

3
2 .

� � W�X�R T�� � X[T�� W 	 � X�MBR OQM ��R T W SPT � � �
TP2

� /qÔ�ÑdÛwÎdË�ÌUÌdÒEÔkÌ �]ÔkÒEßkÌYØQß�ÑdËwÎyÜ�Ë�ÐNÎyÏ«ÔkÍwÏ«ÐSØQ×
TP2ËwÑYÐN×«ßkÌ�ÐNÎdÛ�ÍwÏÓÌdÛwÜ�ËwÔ(Ñ ��×ÙØ�ÌUÒEÜ�Ü�Ë�ÌyßNÎ�×ÓË�ÌYÕ7ÏÓÌdÍwÎyÏ«Ü�Ï«ÔSØQÔ�ÑdÌ�Ï«Ô�ÑdËwÎyòIËwÔSØQÔ�Ñ�ÕkØQÔkÌYÍ�ËwÑyÑdË�ÌdÒEÜ�Ü�ËLÈ

á$ÒEßNÎ�Í�Ëw×ÙØ(�NÒEÔ�ÔkÒEÑdË D′(4N)
×�
zËwÔkÌdËwÜ�ÚN×ÓË�ÕNË�Ì=Íw×ÙØEÌdÌdË�ÌYÕ 
zÛ�Þ(ßNÏ«òLØQ×ÓËwÔkÍ�Ë�ÕNË D′ Ü�Ò*Õ7ßN×ÓÒ 4N

ËwÑ
ÒEÔÖÌdË�ÌUÒEßNò(ÏÓËwÔ(Ñ�Þ�ßkË

#D′(4N) = γ(4N)
ÈSã1Ø�ý3ÒEÎyÜ�ßN×ÓË�ÕNË�á�ÒEÏÓÌUÌdÒEÔ¯ØEÌdÌdßNÎdË�Þ�ßkË

∑

qd∈D′

V

(
4π2n2m4

2

Na2|d|q

)
F

(
a2|d|q
Y

)
=

Y

4Na2q

∑

[d0]∈D′(4N)

∑

`∈Z

×
∫

R
V


 4π2n2m4

2

NY
∣∣∣a2qd0Y + t

∣∣∣


F

(∣∣∣∣
a2qd0

Y
+ t

∣∣∣∣
)
e

(
Y `

4Na2q
t

)
dt.

)�Ô�ÏÓÌdÒE×ÓË=ØQ×ÓÒEÎdÌ�×ÓË�ÑdËwÎyÜ�Ë
` = 0

ËwÑsÒEÔÝË��:Ë�ÍwÑyßkË�ÕNËwß7û�Ï«Ô(ÑdÛwèLÎUØQÑyÏÓÒEÔkÌ�ÐSØQÎsÐSØQÎyÑyÏÓË�Ì�Ð�ÒEßNÎsÍUíSØEÞ�ßkË
ÑdËwÎyÜ�Ë

` 6= 0
Ø�ùkÔ ÕNË�ÎdËwÔkÕ7ÎdË�ØQÚkÌdÒE×«ßNÜ�ËwÔ�Ñ�Í�ÒEÔ(òIËwÎyèIËwÔ�ÑdËÝ×ÙØÝÌdÛwÎyÏÓË�ËwÔ

` � Ï«×6ÔkË�ÎdË�ÌyÑdË�ÐSØEÌ/ÕNËÑdËwÎyÜ�Ë�Ì�ËwÔ(ÑyÎdË�ÍwÎdÒ*ÍdíkËwÑdÌ�ÍeØQÎ
F
Ë�ÌyÑ)��ÌyßNÐNÐ:ÒEÎyÑ=Í�ÒEÜ�ÐSØEÍwÑ�$gÈ
)�ÔÖÒEÚNÑyÏÓËwÔ(Ñ�ØQ×ÓÒEÎdÌ

TP2 =
γ(4N)Y

2N

∫ +∞

0
F (t)



∑

n>1

an2

n2

∑

a6A
(a,4N)=1

µ(a)

a2

∑

(m2 ,aN)=1

1

m2
2

∑

q|m2

µ(q)

q
V

(
4π2n2m4

2

NY t

)

dt

+ O
(
N

5
4 γ(4N)A3

Y
3
4

)

# Ï«ÔSØQ×ÓËwÜ�ËwÔ�Ñ��
TP2 = cNY

∫ +∞

0
F (t)B(NY t)dt+ O

(
N

1
4γ(4N)Y

5
4

A
+
N

5
4 γ(4N)A3

Y
3
4

)

Ø�òIË�Í
B(X) =

∑

n>

an

n

∑

(m,N)=1

bm2

m2
V

(
4π2n2m4

X

)

ËwÑ

bm =
∏

p∈P
p|m
p6=2

(
1 +

1

p

)−1

.

ì-Ô�ÎdËwòIËwÔSØQÔ(Ñ6��×ÙØ�ÕNÛgùkÔNÏ«ÑyÏÓÒEÔ¸Ï«Ô�ÑdÛwèLÎUØQ×ÓË�ÕNË�×ÙØ�ý'ÒEÔkÍwÑyÏÓÒEÔ
V
�kÒEÔ
ÎdËwÜÝØQÎdÞ(ßkË�Þ(ßkË

B(X) =
1

2iπ

∫

(3/4)
Γ(s)2X−sL(s+ 1)ds



R � �������	��
 õkõ
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ËwÑsÞ(ßkËC×ÓË�ÐNÎdÒ*Õ7ßNÏ«Ñsì-ßN×ÓÛwÎyÏÓËwÔ�Ï«Ô(ÑdËwÎyòIËwÔSØQÔ�Ñ�ÕkØQÔkÌ6×ÙØ�ý'ÒEÔkÍwÑyÏÓÒEÔ

L
Ë�ÌyÑsØQÚkÌdÒE×«ßNÜ�ËwÔ�Ñ�Í�ÒEÔ(òIËwÎyèIËeØQÔ�Ñ

ÌyßNÎ <(s) > 3
4

ËwÑ/éÖÕNÛgùkÔNÏ«Ñ�ßNÔkË�ý3ÒEÔkÍwÑyÏÓÒEÔ íkÒE×ÓÒEÜ�ÒEÎyÐNíkËLÈ�ì-Ô ÕNÛ�ÍeØQ×ÙØQÔ�Ñ�×ÓË�Í�ÒEÔ(ÑdÒEßNÎ %mßkÌUÞ�ß 
 �
(
−1

4 + ε
) Ð�ÒEßNÎ=ÑdÒEßNÑ

ε > 0
�kÒEÔ
ÔkË�ÍwÎdÒEÏÓÌdË�Þ(ß 
 ßNÔ�Ð �E×ÓË�ËwÔ

s = 0
Í�Ë�Þ�ßNÏ+ÐNÎdÒEßNòIË�Þ�ßkË

B(X) = −2(γ + log (2π))L(1) + L′(1) + L(1) log (X) + Oε

((
N

X

) 1
4
+ε
)
.

��T�� ��W M X S�	 � T�� 	�MPY � ��R ��O �BX�R.MPY � )�ÔÖØ�ÐNÎdÒEßNòIÛ�Þ(ßkË

SN (Y ) = α̃NY log Y + β̃NY + Oε

(
NY (log (NY ))

1
2
+ε
)

+ Err

Ò'&

Err �ε (NY )ε

(
Y

5
4

A
3
2

+
N

1
4Y

A
1
2

+
N

9
4 inf (A, Y

1−ε
2 )

Y ε− 1
4

+
N

9
4A3

Y
3
4

+N
3
8Y

1
2
+εA

3
2 +

N
5
4Y

5
4

A

)

ËwÑ�ÒEÔ�ÍUíkÒEÏÓÌyÏ«Ñ�ØQ×ÓÒEÎdÌ
A := N

1
2Y

3
10

− 2ε
5
Í�Ë�Þ(ßNÏ1ØEÍdíF�wòIË�×ÙØ�ÐNÎdËwßNòIËLÈ

�ï�ÐNÐN×«ÏÓÞ�ßkÒEÔkÌ�ùkÔSØQ×ÓËwÜ�ËwÔ(Ñ=×ÙØ�ý'ÒEÎyÜ�ßN×ÓË�ÕNË�*�ÎdÒLÌUÌ �-,:ØQèLÏÓËwÎ � à7Èaà $CÐ�ÒEßNÎ�ÒEÚNÑdËwÔNÏ«ÎYßNÔkË/Ë�ÌyÑyÏ«ÜÝØQÑyÏÓÒEÔØEÌyé*Ü�ÐNÑdÒEÑyÏÓÞ�ßkË²ÕNË�×ÙØ�íSØQßNÑdËwßNÎ�ËwÔ Ü�ÒeéIËwÔNÔkË ÕNË�Ì�Ð:ÒEÏ«Ô�ÑdÌ�ÕNËÝî�Ë�ËwèLÔkËwÎ�ÕNËÝ×ÙØ
Ü��wÜ�Ë�ý3ÒEÎyÜ�Ë
Þ(ßkË�Í�Ëw×«×ÓË�Þ�ßkË�×�
zÒEÔÖØ�òLØQÏ«Ñ�ÒEÚNÑdËwÔ�ßkË�Ð�ÒEßNÎ=×ÓË�Ì=ÑyÎUØEÍ�Ë�ÌeÈ
� ��R � ������T%R.M � ���
� �v¥

E
�^�g­��(���Ö¦d�E�*��ªU� �g�o��¥r¨�­'¥'®��N���G¤I­'¥'�E�S���g�?�«�Ö���Ö¦U�E�v�E�N¦�­t�g�*�

N
�w¤E�k�
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∏

p∈P
p|N

(
1 − 1

p2

)−1

¤E¬Q�d¦

Q(N) :=
∏

p∈P
p-2N

(
1 +

(
1 +

1

p

)−1

(p2 − 1)−1

)
×
{
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3
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Y Error = oε
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ÐSØQÎ²×ÓËwßNÎ�Ëgû7ÐNÎdË�ÌdÌyÏÓÒEÔ ÒEÔ Ð:ËwßNÑ

ÎdÛ�Û�ÍwÎyÏ«ÎdË

C ÷ =



(

8

π3cE(N)2

)
Q(N)

∏

p∈P
p|N

(
1 − 1

p2

)−2



γ(4N)

N2

ÕNËwè
(φN,E).

ï�Ï«ÔkÌyÏ �eÍ�ÒEÔ�ÑyÎUØQÏ«ÎdËwÜ�ËwÔ(ÑL�Y×ÙØYÍ�ÒEÔkÌdÑUØQÔ�ÑdË
C õLö Ï«Ô(ÑdËwÎyòIËwÔSØQÔ�Ñ6×ÓÒEÎdÌdÞ(ßkËs×�
zÒEÔ�Í�ÒEÔkÌdÏÓÕ��wÎdËs×ÓË�Ì�ÑyÎUØEÍ�Ë�Ì[�.�Í�ÒEÔkÕ7ßkÍwÑdËwßNÎ-ùNûNÛ

C ÷ ÔkË�ÕNÛwÐ:ËwÔkÕ�Þ�ßkË�Õ7ß�ÕNËwèLÎdÛYÕNË�×ÙØ�ÐSØQÎUØQÜ�ÛwÑyÎyÏÓÌ^ØQÑyÏÓÒEÔ�Ü�Ò(Õ7ßN×ÙØQÏ«ÎdË
�EÐNßNÏÓÌdÞ(ßkË×ÓË�ÐNÎdÒ(Õ7ßNÏ«Ñ Q(N)
ÔkË�ÕNÛwÐ:ËwÔkÕ¸Þ(ßkË�ÕNË

N
Èvá$ØQÎ�Í�ÒEÔ(ÑyÎdË
�v×ÓÒEÎdÌUÞ�ßkË�×�
zÒEÔ¸òLØQÎyÏÓË�×ÓË�Í�ÒEÔkÕ7ßkÍwÑdËwßNÎ��

Ï«×+Ô 
 é Ø�ÐN×«ßkÌYßNÔkË�ÕNÛwÐ:ËwÔkÕkØQÔkÍ�Ë�Õ7Ï«ÎdË�ÍwÑdË�ÌyßNÎ�×ÓË/ÕNËwèLÎdÛLÈ�/q×+Ë�ÌyÑYÍw×ÙØQÏ«Î=Þ�ßkË Q(N) > 
�7Õ 
aØQßNÑyÎdË

ÐSØQÎyÑ

Q(N) <




∏

p

(
+



p

)
<



ζ().

ã�Ë�ÐNÎdÒ(Õ7ßNÏ«Ñ/ì-ßN×ÓËwÎyÏÓËwÔ Q(N)
Ë�ÌyÑ�ÕNÒEÔkÍ�Í�ÒEÜ�ÐNÎyÏÓÌ/ËwÔ�ÑyÎdË

1
ËwÑ

2
��ËwÑ�Ï«×�%yÒEßkË�ßNÔ¯ÎdËw×ÙØQÑyÏ«òIËwÜ�ËwÔ�Ñ

ý]ØQÏ«ÚN×ÓË�Î��E×ÓË�ÕkØQÔkÌY×�
zËgû7ÐNÎdË�ÌdÌyÏÓÒEÔÖÕNË
C ÷ È�)�ÔÖØ�ØQÏ«ÔkÌyÏ

1 6
∏

p|N

(
1 − 1

p2

)−2

Q(N) 6



ζ() < .

ã�Ë ÑdËwÎyÜ�Ë ÐNÎyÏ«ÔkÍwÏ«ÐSØQ× ��Õ7ß Ü�ÒEÏ«ÔkÌ¯ÌyÏ�×�
zÒEÔ Ì 
 Ï«Ô�ÑdÛwÎdË�ÌdÌUË � ÕNË�ÌÖòEØQ×ÓËwßNÎdÌ ØEÌyé*Ü�ÐNÑdÒEÑyÏÓÞ�ßkË�Ì¯Õ7ß
Í�ÒEÔkÕ7ßkÍwÑdËwßNÎ�ÒEß²Õ7ßÝÕNËwèLÎdÛ�ÕNË=×ÙØ/ÐSØQÎUØQÜ�ÛwÑyÎyÏÓÌUØQÑyÏÓÒEÔ�Ü�Ò*Õ7ßN×ÙØQÏ«ÎdË
��Ë�ÌyÑCÕNÒEÔkÍ γ(4N)
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ÕNËwè
(φN,E)
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γ(4N) � N
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ÑyÎdÒEÏÓÌ-Í�ÒEÔkÌyÑUØQÔ(ÑdË�Ì
C

(0)õLö � C(1)õLö ËwÑ C ÷ ÎdÛwèLÏÓÌdÌUØQÔ�Ñ-×ÓË�Í�ÒEÜ�Ð:ÒEÎyÑdËwÜ�ËwÔ�Ñ�ËwÔ�Ü�Ò[éIËwÔNÔkË=ÕNË�Ì$íSØQßNÑdËwßNÎdÌÕNË�Ì�Ð�ÒEÏ«Ô(ÑdÌ�ÕNËÝî�Ë�ËwèLÔkËwÎ�ËwÑ�ÕNË�×ÓËwßNÎdÌ�ÑyÎUØEÍ�Ë�Ì � ÌdËw×ÓÒEÔ ×ÓË�Ì�Í�ÒEÎdÒE×«×ÙØQÏ«ÎdË�Ì�â7Èaà(��â7È ä¯ËwÑ�äkÈaà $/Ð:ÒEßNÎÑdÒEßNÑdË�Ì�×ÓË�Ì�Í�ÒEßNÎyÚ:Ë�Ì�Ëw×«×«Ï«ÐNÑyÏÓÞ(ßkË�Ì�ÕNË�Í�ÒEÔkÕ7ßkÍwÑdËwßNÎ�ÌUØQÔkÌ/ý]ØEÍwÑdËwßNÎdÌ�ÍeØQÎyÎdÛ�Ì�ËwÑ�Ï«Ô7ý3ÛwÎyÏÓËwßNÎ �
100
È

ã�Ë�Ì�òLØQ×ÓËwßNÎdÌYÕNË
C õLö ËwÑYÕNË C ÷ ÒEÔ�Ñ=ÛwÑdÛ�Ü�ßN×«ÑyÏ«ÐN×«ÏÓÛ�Ë�Ì�ÐSØQÎ 103 Ð:ÒEßNÎYßNÔkË�Ü�ËwÏ«×«×ÓËwßNÎdË/×«ÏÓÌyÏ«ÚNÏ«×«Ï«ÑdÛLÈ
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ã�Ë�ÎUØQÐNÐ�ÒEÎyÑ/ËwÔ�ÑyÎdË�×ÙØ²Í�ÒEÔkÌyÑUØQÔ�ÑdË�èIÒEßNòIËwÎyÔSØQÔ�Ñ/×ÓË�Í�ÒEÜ�Ð�ÒEÎyÑdËwÜ�ËwÔ(Ñ�ÕNË�Ì�íSØQßNÑdËwßNÎdÌ/ÕNË�Ì�Ð�ÒEÏ«Ô(ÑdÌ

æ�ÒEßNÎyÚ:Ë ú�ØQÔNè
C õLö × 103 C ÷ × 103 C ÷ /C õLö

11 − 1 0 3.33 17.0 5.11

14 − 1 0 1.07 6.39 5.92

15 − 1 0 0.904 4.40 4.87

17 − 1 0 3.21 11.3 3.52

19 − 1 0 3.10 10.2 3.29

21 − 1 0 1.21 3.28 2.71

26 − 1 0 1.80 7.29 4.03

26 − 2 0 5.00 7.29 1.45

30 − 1 0 0.621 2.20 3.54

33 − 1 0 2.48 6.56 2.64

34 − 1 0 5.11 5.67 1.10

35 − 1 0 1.95 4.29 2.19

37 − 1 1 1.86 10.7 5.75

37 − 2 0 5.64 10.7 1.90

38 − 1 0 4.70 15.3 3.25

38 − 2 0 5.09 5.10 1.00

39 − 1 0 1.54 3.75 2.43

42 − 1 0 2.30 3.28 1.42

43 − 1 1 1.90 9.27 4.87

46 − 1 0 3.16 10.6 3.36

51 − 1 0 2.12 2.91 1.37

53 − 1 1 1.87 7.55 4.02

55 − 1 0 2.33 2.85 1.22

57 − 1 1 0.923 5.24 5.68

57 − 2 0 3.83 3.93 1.02

57 − 3 0 8.24 15.7 1.90

æ�ÒEßNÎyÚ�Ë ú�ØQÔNè
C õLö C ÷ C ÷ /C õLö

58 − 1 1 1.14 6.80 5.91

58 − 2 0 9.47 6.80 0.718

61 − 1 1 1.97 6.58 3.33

62 − 1 0 4.85 3.18 0.657

65 − 1 1 0.593 2.44 4.12

66 − 1 0 1.01 2.18 2.15

66 − 2 0 2.01 2.18 1.08

66 − 3 0 25.2 10.9 0.433

67 − 1 0 12.4 15.0 1.20

69 − 1 0 2.40 2.18 0.909

70 − 1 0 2.49 2.14 0.861

73 − 1 0 6.90 8.27 1.19

77 − 1 1 1.24 4.26 3.42

77 − 2 0 15.4 21.3 1.37

77 − 3 0 5.20 6.39 1.23

78 − 1 0 4.47 18.7 4.18

79 − 1 1 1.97 5.10 2.58

82 − 1 1 1.15 4.85 4.19

83 − 1 1 1.93 4.85 2.51

85 − 1 0 3.00 3.80 1.26

89 − 1 1 1.90 4.53 2.37

89 − 2 0 10.5 11.3 1.07

91 − 1 1 1.09 3.65 3.34

91 − 2 1 2.03 3.65 1.79

94 − 1 0 4.11 2.12 0.516
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 ßNÔkË�Í�ÒEßNÎyÚ:Ë�Ëw×«×«Ï«ÐNÑyÏÓÞ(ßkË�ÕNË�ÎUØQÔNè
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 ßNÔ ý]ØEÍwÑdËwßNÎ
log Y

ÌdËw×ÓÒEÔ ×ÓË�Ì�Í�ÒEÎdÒE×«×ÙØQÏ«ÎdË�Ì�â7È ä¸ËwÑ�äkÈaà7È]/t×�Ë�ÌdÑ
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ÕNË
1.5
ËwÔ(ò(Ï«ÎdÒEÔ

ËwÑ�Í�Ë�ÎUØQÐNÐ:ÒEÎyÑCÑdËwÔkÕ ��ÕNÛ�ÍwÎdÒ �ÓÑyÎdËLÈ(/t×vÔ 
 é²Ø�ÕNÒEÔkÍ�ÐSØEÌ�ÕNË�ÎUØQÏÓÌdÒEÔ�Ø�ÐNÎyÏÓÒEÎyÏ:ÕNË�ÍwÎdÒEÏ«ÎdË�Þ�ß 
 Ï«×:ÌdÒEÏ«Ñ
ÐN×«ßkÌ�ÌUÒEßNòIËwÔ�Ñ=ÐN×«ßkÌYèLÎUØQÔkÕ¸ÒEß
Ð�ËwÑyÏ«Ñ�Þ�ßkË

1
È



� ���võ���� � �����
	Y÷(õ 
 õ ��� �
� � ���/÷ 
���� õ�� � � � ��� �
� � � ��R
ê È«ÇLÈaà7È�� ­'�N���=¨v���(� �s�����E�
�G¤g¨I¨7�E�w­ C � /C(0)��
 ¹ á$ÒEßNÎ�ÛwÑyßkÕ7ÏÓËwÎ�×ÓË/ÎUØQÐNÐ:ÒEÎyÑ

C ÷
C

(0)õLö
=

Q(N)

P()
L(E, 1)−1

∏

p|N

(
1 − ap

p

)(
1 −

ap2

p2

)−1

,

ÒEÔ�ÔkÛwèL×«Ï«èIË�×ÓË�Î��E×ÓË�ÕNË Q(N)

P()

�NÞ(ßNÏ�Ë�ÌyÑ=ÕNË�ÑdÒEßNÑdË�ý3Ø���ÒEÔ
Ú:ÒEÎyÔkÛLÈkï�Ï«ÔkÌyÏ �7×ÙØ�ÑUØQÏ«×«×ÓË�ÕNË

γE = L(E, 1)−1
∏

p|N

(
1 +

ap
p

)−1

ÐSØQÎ=ÎUØQÐNÐ:ÒEÎyÑ �
1
ÎdË ���wÑdË�Ë�ÌdÌUËwÔ�ÑyÏÓËw×«×ÓËwÜ�ËwÔ�Ñ�×ÓË�ÌyÏ«èLÔkË�Õ7ß
ÑdËwÎyÜ�Ë

∑

σ∈Gd\{Id}
< P,P σ >Hd .

á-×«ßkÌ
γE
ÌdËwÎUØÖÐ�ËwÑyÏ«Ñ��1ÐN×«ßkÌ�Í�Ë²ÐNÎdÒ*Õ7ßNÏ«Ñ�ÌdÍeØQ×ÙØQÏ«ÎdË ÌdËwÎUØÖèLÎUØQÔkÕ ��ËwÑ��$ÕNË²ÜÝØQÔNÏK�wÎdËÝÏ«ÜÝØQèIÛ�Ë
�6ÒEÔ

Ð:ÒEßNÎyÎUØQÏ«Ñ�Õ7Ï«ÎdË Þ�ßkËÝ×ÓË�Ì�Ð:ÒEÏ«Ô�ÑdÌ�ÕNË î�Ë�ËwèLÔkËwÎ�ÌdÒEÔ(Ñ�Ë�ÌdÌdËwÔ(ÑyÏÓËw×«×ÓËwÜ�ËwÔ�Ñ�ÎdË�ÌdÌUËwÎdÛ�Ì�ØQßNÑdÒEßNÎ�Õ 
 ßNÔkË
Ü��wÜ�Ë�Õ7Ï«ÎdË�ÍwÑyÏÓÒEÔ �SØQ×ÓÒEÎdÌ�Þ�ßkË�ÌyÏ

γE
Ë�ÌyÑYèLÎUØQÔkÕ
ÕNËwòEØQÔ(Ñ

1
�kÍ�ËwÑyÑdË�ÌdÒEÜ�Ü�Ë�Ë�ÌdÑ�ÔkÛwè�ØQÑyÏ«òIË�ËwÑY×ÓË�Ì

Ð:ÒEÏ«Ô�ÑdÌ=ÌdÒEÔ(Ñ�Û�Íw×ÙØQÑdÛ�Ì=ÕkØQÔkÌY×�
zË�ÌdÐSØEÍ�Ë �
hd
Õ7Ï«Ü�ËwÔkÌyÏÓÒEÔkÌ[È�)�Ô�Ì 
aØQÑyÑdËwÔkÕ�ÕNÒEÔkÍ
�7ÐSØQÎ�ËgûNËwÜ�ÐN×ÓË
���

Í�Ë�Þ(ßkË�×ÙØ íSØQßNÑdËwßNÎ�ÕNË�Ì/ÑyÎUØEÍ�Ë�Ì � ËwÔ Ü�Ò[éIËwÔNÔkË[$�ÌdÒEÏ«Ñ�ÌdßNÐ�ÛwÎyÏÓËwßNÎdË ��Í�Ëw×«×ÓË�ÕNË�Ì�Ð�ÒEÏ«Ô(ÑdÌ�ÌyßNÎ�×ÙØÍ�ÒEßNÎyÚ:Ë
58 ü � γE = 0.67

$ �kÍ�Ë�Þ�ßNÏ:Ë�ÌyÑ�Ï«×«×«ßkÌyÑyÎdÛ�ÐSØQÎ�×ÙØ�ùkèLßNÎdË ê È7á6ØQÎ=Í�ÒEÔ�ÑyÎdË
�NÕkØQÔkÌ�×ÓË/ÍeØEÌ�ÕNË×ÙØ�Í�ÒEßNÎyÚ:Ë
37 ü�� γE = 1.34

$ �k×ÓË�Ì=Ð�ÒEÏ«Ô(ÑdÌ=ÌdÒEÔ�Ñ�ÐN×«ßkÌ=èLÎdÒLÌ � ùkèLßNÎdË 
 $gÈ
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ĥHd
( # d))

H�Ä%I J%$�J �*ÒEÜ�Ü�Ë�ÕNË�ÌYíSØQßNÑdËwßNÎdÌ�ÕNË�Ì�ÑyÎUØEÍ�Ë�Ì=ËwÑ�ÕNË�ÌYÐ:ÒEÏ«Ô�ÑdÌ�ÌyßNÎY×ÙØ�Í�ÒEßNÎyÚ:Ë
58 ü È
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ĥKd
( � � d)

ĥHd
( � d))

H�Ä%I J � J �*ÒEÜ�Ü�Ë�ÕNË�ÌYíSØQßNÑdËwßNÎdÌ�ÕNË�Ì�ÑyÎUØEÍ�Ë�Ì=ËwÑ�ÕNË�ÌYÐ:ÒEÏ«Ô�ÑdÌ�ÌyßNÎY×ÙØ�Í�ÒEßNÎyÚ:Ë
37 ü È

ê Èaà7È 	 �BY � �UX �(X�Y M � � �PR@T O MPW�X � � � � ��ÒEßkÌ1ØeòIÒEÔkÌ1Ë��+Ë�ÍwÑyßkÛsÕNË6ÔkÒEÜ�ÚNÎdËwß7û�ÍeØQ×ÓÍwßN×ÓÌ�ÕNË6Ð�ÒEÏ«Ô(ÑdÌ
ÕNË/î�Ë�ËwèLÔkËwÎYËwÑ�ÕNË�×ÓËwßNÎdÌCíSØQßNÑdËwßNÎdÌ�ÌyßNÎ�Õ7Ï��+ÛwÎdËwÔ�ÑdË�ÌYÍ�ÒEßNÎyÚ:Ë�Ì�����×�
aØQÏÓÕNË�ÕNË�Ì�×ÓÒEèLÏÓÍwÏÓËw×ÓÌYå ØQèLÜÝØ
ËwÑYá$ØQÎyÏ]ÈNå ØQèLÜÝØ�Ø�Ð�ËwÎyÜ�ÏÓÌ�ÕNË/ÍeØQ×ÓÍwßN×ÓËwÎY×ÓË�Ì�Ð�ÒEÏ«Ô(ÑdÌ��7ÒEß ×ÓË�Ì�ÑyÎUØEÍ�Ë�Ì��NËwß7û �]Ü��wÜ�Ë�Ì � ÌyßNÏ«òLØQÔ�Ñ�×ÙØÜ�ÛwÑyíkÒ*ÕNË�ÕNË�ÍeØQ×ÓÍwßN×�Ëgû7Ð:ÒLÌdÛ�Ë/ÕkØQÔkÌ  É/Ø */Î#"%$ �NØQ×ÓÒEÎdÌYÞ�ßkË/á6ØQÎyÏ1Ì 
zË�ÌyÑ=Ø�òIÛwÎdÛ/ÐN×«ßkÌ�ÎUØQÐNÏÓÕNË/Ð:ÒEßNÎ×ÓË�ÍeØQ×ÓÍwßN×sÕ7Ï«ÎdË�ÍwÑ�ÕNË�×ÙØ�ÌdÛwÎyÏÓË

L
Ï«Ô(ÑdËwÎyòIËwÔSØQÔ�Ñ�ÕkØQÔkÌ�×ÙØ²ý'ÒEÎyÜ�ßN×ÓË�ÕNË *�ÎdÒLÌdÌ �-,:ØQèLÏÓËwÎeÈ )�ÔÀÌ 
zË�ÌyÑ

Í�ÒEÔkÍ�ËwÔ�ÑyÎdÛ�ÌyßNÎ�ÕNË�Ì�Í�ÒEßNÎyÚ:Ë�Ì�ÕNË�Ð�ËwÑyÏ«ÑdÌ�Í�ÒEÔkÕ7ßkÍwÑdËwßNÎdÌ � N < 200
$ �vÍeØQÎ�×ÓË�Ì�ØQ×«èIÒEÎyÏ«ÑyíNÜ�Ë�Ì/ÒEÔ�Ñ

ßNÔkË�Í�ÒEÜ�ÐN×ÓËgû*Ï«ÑdÛ�ËwÔ O(N2)
È(��ÒEßkÌ�ÐNÎdÛ�ÌUËwÔ�ÑdÒEÔkÌ/ÏÓÍwÏ-Í�ËwÎyÑUØQÏ«ÔkÌ�ÕNË�Ì�ÎdÛ�ÌyßN×«ÑUØQÑdÌ�ÒEÚNÑdËwÔ�ßkÌ���Ð:ÒEßNÎ

Ï«×«×«ßkÌyÑyÎdËwÎ=ÔkÒEÑyÎdË�ÑyíkÛ�ÒEÎ*�wÜ�ËLÈ

ê Èaà7È«ÇLÈ ±-�E©�¨7¤L�G¤E¥o�w�L� �g�S­'�d�Ý�«�g��¬�¤L�«�g�*�^� �y¶^¨N´g�g¥?©��w�S­]¤E�Ó� ��­�­?�7´y�L�^¥3®w�k�²�(� C � ¹ ��ÒEßkÌ�Í�ÒEÜ �Ü�ËwÔ ��ÒEÔkÌsÐSØQÎsÍ�ÒEÜ�ÐSØQÎdËwÎC×ÓË�Ì-òLØQ×ÓËwßNÎdÌsËgû*Ð:ÛwÎyÏ«Ü�ËwÔ�ÑUØQ×ÓË�ÌCÕNË
C ÷ ��×ÙØ�òLØQ×ÓËwßNÎ-ÑyíkÛ�ÒEÎyÏÓÞ(ßkË=ÕNÒEÔNÔkÛ�ËÕkØQÔkÌ�×ÙØ�ÌdË�ÍwÑyÏÓÒEÔ ÐNÎdÛ�Í�Û�ÕNËwÔ�ÑdËLÈ1ï�Ï«ÔkÌyÏ �:Ð:ÒEßNÎ�ÍdíSØEÞ(ßkË�Í�ÒEßNÎyÚ�ËÝÕNË�Í�ÒEÔkÕ7ßkÍwÑdËwßNÎ�ÌUØQÔkÌ�ý]ØEÍwÑdËwßNÎdÌ

ÍeØQÎyÎdÛ�Ì=ÐN×«ßkÌ=Ð�ËwÑyÏ«Ñ�Þ(ßkË
100

�SÒEÔÖØ�ÎdËwÐNÎdÛ�ÌdËwÔ(ÑdÛ�×ÓË�ÎUØQÐNÐ:ÒEÎyÑ�ËwÔ�ÑyÎdË�×ÙØ�òEØQ×ÓËwßNÎ�Ëgû*Ð:ÛwÎyÏ«Ü�ËwÔ�ÑUØQ×ÓË
C !#"%$÷ (Y ) :=

1

Y 3/2 log Y

∑

d∈D
|d|6Y

ĥHd(
á
d)

Ð:ÒEßNÎ�Þ(ßkËw×ÓÞ�ßkË�Ì�òLØQ×ÓËwßNÎdÌ�ÕNË
Y
ËwÑ�×ÙØ�òEØQ×ÓËwßNÎ�ÑyíkÛ�ÒEÎyÏÓÞ�ßkË ÕkØQÔkÌ�×ÓË�ÑUØQÚN×ÓËeØQß à7È1ï�Ï«ÔkÌyÏ �1Ü��wÜ�Ë

Ð:ÒEßNÎ�ÕNË�Ì�Õ7ÏÓÌdÍwÎyÏ«Ü�Ï«ÔSØQÔ(ÑdÌ=ØEÌdÌdË ��èLÎUØQÔkÕNÌ � 2 · 104 $ �(×ÙØ�Í�ÒEÔkÌyÑUØQÔ�ÑdË/Ëgû7Ð�ÛwÎyÏ«Ü�ËwÔ(ÑUØQ×ÓË�Ë�ÌyÑCÌdÒEßNòIËwÔ(Ñ
ÕNË/×�
zÒEÎdÕ7ÎdË�ÕNË

75%
ÕNË/×ÙØ�Í�ÒEÔkÌyÑUØQÔ(ÑdË�ÑyíkÛ�ÒEÎyÏÓÞ(ßkËLÈ�)�Ô¸Ø�ÎdËwÐNÎdÛ�ÌdËwÔ(ÑdÛ�ÐN×«ßkÌyÏÓËwßNÎdÌYòLØQ×ÓËwßNÎdÌ=ÕNË

YÐ:ÒEßNÎ=ÚNÏÓËwÔ�Ü�ÒEÔ�ÑyÎdËwÎ�Þ�ßkË�Í�Ë/ÎUØQÐNÐ:ÒEÎyÑ�ØQßNèLÜ�ËwÔ(ÑdË�ÑdÒEßNÑdËgý3ÒEÏÓÌ��7ÜÝØQÏÓÌ=ÑyÎ*��Ì=×ÓËwÔ�ÑdËwÜ�ËwÔ�ÑeÈ



� ���võ���� � �����
	Y÷(õ 
 õ ��� �
� � ���/÷ 
���� õ�� � � � ��� �
� � � � �
����� ö�� ! 6000 13000 20000

11 − 1 0.716 0.738 0.750

14 − 1 0.707 0.736 0.742

15 − 1 0.703 0.723 0.740

17 − 1 0.735 0.753 0.764

19 − 1 0.718 0.737 0.748

21 − 1 0.700 0.731 0.742

26 − 1 0.714 0.730 0.744

26 − 2 0.682 0.702 0.717

30 − 1 0.687 0.703 0.722

33 − 1 0.697 0.725 0.736

34 − 1 0.707 0.724 0.735

35 − 1 0.749 0.764 0.774

37 − 1 0.661 0.689 0.704

37 − 2 0.805 0.820 0.830

38 − 1 0.760 0.775 0.784

38 − 2 0.702 0.722 0.733

39 − 1 0.713 0.720 0.738

����� ö�� ! 6000 13000 20000

42 − 1 0.683 0.722 0.735

43 − 1 0.678 0.699 0.714

46 − 1 0.699 0.720 0.729

51 − 1 0.711 0.719 0.737

53 − 1 0.690 0.716 0.725

55 − 1 0.818 0.821 0.825

57 − 1 0.680 0.695 0.705

57 − 2 0.774 0.780 0.785

57 − 3 0.727 0.738 0.745

58 − 1 0.663 0.687 0.703

58 − 2 0.808 0.818 0.828

61 − 1 0.735 0.752 0.770

62 − 1 0.832 0.835 0.847

65 − 1 0.752 0.756 0.766

66 − 1 0.752 0.773 0.785

66 − 2 0.693 0.719 0.734

66 − 3 0.671 0.699 0.714

����� ö�� ! 6000 13000 20000

67 − 1 0.725 0.753 0.763

69 − 1 0.795 0.797 0.807

70 − 1 0.762 0.774 0.785

73 − 1 0.803 0.822 0.834

77 − 1 0.709 0.738 0.752

77 − 2 0.767 0.791 0.802

77 − 3 0.770 0.795 0.806

78 − 1 0.722 0.722 0.742

79 − 1 0.794 0.823 0.827

82 − 1 0.731 0.754 0.763

83 − 1 0.786 0.799 0.811

85 − 1 0.808 0.820 0.826

89 − 1 0.823 0.838 0.844

89 − 2 0.800 0.817 0.824

91 − 1 0.738 0.748 0.754

91 − 2 0.766 0.772 0.778

94 − 1 0.996 0.980 0.974º�»$¼�J ��J ú�ØQÐNÐ:ÒEÎyÑCËwÔ(ÑyÎdË�òLØQ×ÓËwßNÎ�Ëgû7Ð:ÛwÎyÏ«Ü�ËwÔ�ÑUØQ×ÓË
C ! " $÷ (Y )

ËwÑCòEØQ×ÓËwßNÎ�ÑyíkÛ�Ò4�
ÎyÏÓÞ�ßkË

C ÷ È

ê Èaà7Èaà7È�� ­'�N���1¨����(� �s�:�C�(�^��¦d�L�(�eªd�^� 37 � �w­ 37 µ/¹ ��ÒEßkÌ�ØQ×«×ÓÒEÔkÌ�ÛwÑyßkÕ7ÏÓËwÎ�ÐN×«ßkÌ�ËwÔ�ÐNÎdÒQý'ÒEÔkÕNËwßNÎ×ÓË�Ì�Í�ÒEßNÎyÚ�Ë�Ì
37
ï�ËwÑ

37 ü Èkæ�Ë�Ì�ÕNËwß7û²Í�ÒEßNÎyÚ�Ë�ÌYÌUÒEÔ�Ñ�Ï«Ô�ÑdÛwÎdË�ÌdÌ^ØQÔ�ÑdË�ÌYÐ:ÒEßNÎCÐN×«ßkÌdÏÓËwßNÎdÌ�ÎUØQÏÓÌdÒEÔkÌ+�Ëw×«×ÓË�Ì-ÒEÔ�Ñ-Ü��wÜ�ËYÕNËwèLÎdÛYËwÑ-Ü��wÜ�Ë�Í�ÒEÔkÕ7ßkÍwÑdËwßNÎ��IÕNÒEÔkÍYÕNËwò*ÎUØQÏÓËwÔ�Ñ�Ø�òIÒEÏ«Î-Ü��wÜ�Ë
C ÷ ÈEã1Ø/Í�ÒEßNÎyÚ:Ë

37 ü Ë�ÌyÑ�ÕNË�ÎUØQÔNè 0
ØQ×ÓÒEÎdÌ�Þ(ßkË�×ÙØ

37
ï Ë�ÌyÑ�×ÙØ�Í�ÒEßNÎyÚ:Ë/ÕNË�ÎUØQÔNè

1
ÕNË�ÐN×«ßkÌ�Ð�ËwÑyÏ«Ñ�Í�ÒEÔkÕ7ßkÍwÑdËwßNÎeÈ
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∑
d∈D
|d|6Y

ĥHd
( � d)

37 �
37 �

0.0107 · Y
3/2

· log Y

H�Ä%I J���J î/ØQßNÑdËwßNÎ�ÕNË�ÌYÐ:ÒEÏ«Ô�ÑdÌ�ËwÔ�Ü�ÒeéIËwÔNÔkË�ÌyßNÎY×ÓË�Ì=Í�ÒEßNÎyÚ:Ë�Ì
37
ï�ËwÑ

37 ü È
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 õkõ
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ã1Ø�ùkèLßNÎdË ��ÎdËwÐNÎdÛ�ÌdËwÔ(ÑdË�×ÓË�Ì�ÌdÒEÜ�Ü�Ë�Ì�ÕNË�Ì�íSØQßNÑdËwßNÎdÌ�ÕNË�Ì�Ð�ÒEÏ«Ô(ÑdÌ�ÌyßNÎ�×ÓË�Ì�Í�ÒEßNÎyÚ:Ë�Ì

37
ï ËwÑ

37 ü Í�ÒEÜ�ÐSØQÎdÛ�Ë�Ì � ×ÙØ
òEØQ×ÓËwßNÎ�ÑyíkÛ�ÒEÎyÏÓÞ(ßkË�ÕNÒEÔNÔkÛ�Ë�ÐSØQÎ�×ÓË�Í�ÒEÎdÒE×«×ÙØQÏ«ÎdË�äkÈaà7È1æ�ÒEÔ(ÑyÎUØQÏ«ÎdËwÜ�ËwÔ�Ñ �Í�Ë/Þ�ßkË�×�
zÒEÔ�Ø�òLØQÏ«Ñ�Ð�ÒEßNÎ�×ÓË�Ì�íSØQßNÑdËwßNÎdÌ=ÕNË�Ì�ÑyÎUØEÍ�Ë�Ì��7ÏÓÍwÏ:×ÓË�Ì�Í�ÒEßNÎyÚ�Ë�Ì�ÔkË/ÌdË�ÌyßNÐNÐ:ËwÎyÐ�ÒLÌUËwÔ�Ñ�ÐSØEÌ
Õ7ß�ÑdÒEßNÑ��kÍ�Ë�Þ(ßNÏ�ÛwÑUØQÏ«Ñ=ÐNÎdÛwò*ÏÓÌyÏ«ÚN×ÓË�ÛwÑUØQÔ(Ñ�ÕNÒEÔNÔkÛ�×ÓË/ÑUØQÚN×ÓËeØQß¯ÍwÏ��tÕNË�ÌdÌyßkÌeÈ

)�Ô
Ø�ËwÔ ÐSØQÎyÑyÏÓÍwßN×«ÏÓËwÎ�×�
 Ï«Ü�ÐNÎdË�ÌUÌyÏÓÒEÔ Þ(ßkË�×ÙØ�Í�ÒEßNÎyÚ:Ë
37
ï Ë�ÌyÑCÔkËwÑyÑdËwÜ�ËwÔ�Ñ=ËwÔ��tÕNË�ÌdÌUÒEßkÌCÕNË�×ÙØ
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Ü�ÒeéIËwÔNÔkËLÈ�æ�ËwÐ�ËwÔkÕkØQÔ(Ñ��
ßNÔkË�ØQÔSØQ×«é7ÌdË-ÐN×«ßkÌ:ùkÔkË�ÕNË-×ÙØYÕ7Ï��+ÛwÎdËwÔkÍ�ËsËwÔ�ÑyÎdËCÍ�Ë�Ì�ÕNËwß7û�Í�ÒEßNÎyÚ�Ë�Ì+Ü�ÒEÔ(ÑyÎdË�Þ(ß 
zËw×«×ÓËsÌdËwÜ�ÚN×ÓË!�wÑyÎdË
ËwÔ
Y 3/2 ËwÑ$ÕNÒEÔkÍ�Þ(ßkË�×ÓË�Ì6ÕNËwß7û�Í�ÒEßNÎyÚ:Ë�Ì6ÌdËwÜ�ÚN×ÓËwÔ(ÑsÌdËsÎUØQÐNÐNÎdÒ*ÍdíkËwÎL��ßNÔkËCò(Ï«ÑdË�ÌdÌUËCÕNË 1/ log YÕNËY×ÙØ/Í�ÒEßNÎyÚ:ËYÑyíkÛ�ÒEÎyÏÓÞ(ßkË=Õ 
zÛ�Þ�ßSØQÑyÏÓÒEÔ

Y 7→ 0.0107Y
3
2 log Y

Í�Ë�Þ�ß 
 Ï«×kË�ÌyÑ-ÜÝØQ×«íkËwßNÎdËwßkÌUËwÜ�ËwÔ�Ñ
Õ7Ï �ÝÍwÏ«×ÓË Õ 
zÒEÚkÌdËwÎyòIËwÎ
ÕkØQÔkÌ ×�
zÛ�ÍdíkËw×«×ÓË ÕNË¯Õ7ÏÓÌdÍwÎyÏ«Ü�Ï«ÔSØQÔ�ÑdÌ�ÎdËwÐNÎdÛ�ÌdËwÔ�ÑdÛ�ËLÈ=ï�ßNÑyÎdËwÜ�ËwÔ�Ñ
Õ7Ï«Ñ���ÒEÔ
ÕNËwò*Ï«ÔkË�Ô�ßNÜ�ÛwÎyÏÓÞ(ßkËwÜ�ËwÔ�Ñ/ÌyßNÎY×ÓË�Ì�Í�ÒEßNÎyÚ:Ë�Ì

37
ï�ËwÑ

37 ü Þ�ßkË
∑

d∈D
|d|6Y

ĥHd(
á
d) = C ÷ Y 3

2 log Y

(
1 + ON,E

(
1

log Y

))
.

�*Ëw×ÓÒEÔ�×ÓË�Í�ÒEÎdÒE×«×ÙØQÏ«ÎdË�äkÈaà�ËwÑ=×ÙØ�ÐNÎdËwßNòIË�Õ7ß�ÑyíkÛ�ÒEÎ*�wÜ�Ë�äkÈ«Ç
�NÒEÔ¸Ø
∑

d∈D
|d|6Y

ĥHd(
á
d) = C ÷ Y 3

2 log Y + C ′÷ Y 3
2 +

1

3ΩE,N
Y

1
2 Error + ON,ε

(
Y

29
20

+ε
)
,

= C ÷ Y 3
2 log Y

(
1 +

C ′÷
C ÷

1

log Y
+

1

3ΩE,NC ÷
Error

Y log Y
+ ON,ε

(
Y − 1

20
+ε
))

Ò'&
Error

Ë�ÌdÑ�ÕNÛgùkÔNÏCËwÔ � äkÈ äP$�ËwÑ�Ð:ÒEßNÎ�ÑdÒEßNÑ ε > 0
È�ã�
aØQÔSØQ×«é*ÌUË�Ô�ßNÜ�ÛwÎyÏÓÞ(ßkË ÌyßNèLèN�wÎdËÝÕNÒEÔkÍ

Þ(ßkË�×ÓË�ÑdËwÎyÜ�Ë
C ÷ Y 3/2 ÕkØQÔkÌ/×ÓË�ÕNÛwòIËw×ÓÒEÐNÐ�ËwÜ�ËwÔ(Ñ�Õ7ßÀÍ�ÒEÎdÒE×«×ÙØQÏ«ÎdË�äkÈaà Ë�ÌyÑ/ÔkÒEÔ Ô�ßN×sËwÑ/Ü��wÜ�Ë

ÕNË�×�
zÒEÎdÕ7ÎdË�Õ7ß�ÑdËwÎyÜ�Ë�ÐNÎyÏ«ÔkÍwÏ«ÐSØQ×�Ð�ÒEßNÎ�ÕNË�Ì=Ð:ËwÑyÏ«ÑdÌ�Õ7ÏÓÌdÍwÎyÏ«Ü�Ï«ÔSØQÔ(ÑdÌeÈ:æ�Ë�ÍwÏ$ÌyßNèLèN�wÎdË�Ûwè�ØQ×ÓËwÜ�ËwÔ(Ñ
Þ(ßkË

�3ê È«Ç[$ Error = oε(NY ).

ásÎdÒEßNòIËwÎ²Í�Ëw×ÙØ ÔkÛ�Í�Ë�ÌUÌyÏ«ÑdËÖÕNËÖÐ�ÒEßNòIÒEÏ«Î Ë�ÌyÑyÏ«Ü�ËwÎÝ×ÓË�ÌÝÜ�ÒeéIËwÔNÔkË�Ì Ü�ËwÔ�ÑyÏÓÒEÔNÔkÛ�Ë�Ì
ÕkØQÔkÌÝ×ÙØ ÎdË��
ÜÝØQÎdÞ(ßkË�äkÈ«ÇLÈkÉ/ÒEÔNÔkÒEÔkÌ=ßNÔkË�ØQßNÑyÎdË %mßkÌyÑyÏ}ùSÍeØQÑyÏÓÒEÔÖÔ�ßNÜ�ÛwÎyÏÓÞ(ßkË�ÕNË/ÔkÒLÌYÏ«Ô(ÑyßNÏ«ÑyÏÓÒEÔkÌeÈSá$ÒLÌdÒEÔkÌ

δ(Y ) :=
1

Y 3/2

∑

d∈D
|d|6Y

(
ĥHd,37 � (

á
d) − ĥHd,37 � (

á
d)
)
.

ã�Ë�ÑUØQÚN×ÓËeØQß²â�ÕNÒEÔNÔkË�×ÙØ�òLØQ×ÓËwßNÎ-ÕNË
δ(Y )
Ð�ÒEßNÎ6ÐN×«ßkÌyÏÓËwßNÎdÌ-òLØQ×ÓËwßNÎdÌ-ÕNË

Y
ÈEï�Ï«ÔkÌyÏ �

δ(Y )
ÕNÛ�ÍwÎdÒ �ÓÑ

Y 2 · 104 4 · 104 6 · 104 8 · 104 10 · 104

δ(Y ) 0.01337 0.01329 0.01328 0.01326 0.01324ºC»�¼�J � J ó�ØQ×ÓËwßNÎdÌ=Ô�ßNÜ�ÛwÎyÏÓÞ(ßkË�Ì�ÕNË
δ(Y )
È

ÑyÎ*��Ì=×ÓÛwèN�wÎdËwÜ�ËwÔ(Ñ�ØeòIË�Í
Y
ËwÑ=ÌUËwÜ�ÚN×ÓË�ÌdË�ÌdÑUØQÚNÏ«×«ÏÓÌdËwÎeÈ�)�ÔÖÕNËwò*Ï«ÔkË�ØQ×ÓÒEÎdÌ=Þ(ßkË

δ(Y ) = DE + oN,E(1)
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δ(Y ) = (C ÷ ,37 � − C ÷ ,37 � ) +
1

3Y

(
Error37 �
Ω37 � ,37

− Error37 �
Ω37 � ,37
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+ ON,ε

(
Y − 1

20
+ε
)
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C ′′÷ Y 1

2 Err1
ÍeØQÎ=ÌyÏ«ÔkÒEÔ

δ(Y )
ÑdËwÔkÕ7ÎUØQÏ«Ñ�ÐN×«ßkÌ=ò(Ï«ÑdË�òIËwÎdÌ

0
È

� �����kÆ+¾F�1ÿ�¾SÁ
! )�b�#$u #ç)�bQbLPmT=)�� ~ #$uauaWY\�.+� %������ J	�QJ/;�
 $ EG :�J/L B $�:<"9?��C$

 $ 0  /L483L��QJ/?�� E $6; :�J/?��<@6$6; $<E�E 8 � "98��<?4$6;

57J�
/?QEG /8��C$6; ~ 2�\^WYXL\gT3_zZ]_a\�,/RUZ]O(� ' -�� % ��� '�������� ~ +����U8�+����[�
! ��\ # ��\gWCbQ_aPmh]_�.�� %���$����C /L�
 : ��8K@ E $�
& /LA; EG "!	2$#CJ��68K$&% L� /E '/"98��<?4$(
 $6;�)>J/57@ �C$6; ~ )�T'Z]lmh]_aT]��fQP '*�� '��&)+���q�
! 2vh # 2vh]PGWY\gnQR-,[� .+� %
. E�E 8 � "98K: D�?/�10/$ �! #"  ~ x�_aT3XL\gn�_rb�uaP �32�4�4�57698�8+:�:�:�;�<$=�4�2?>@;�A?B�4�4�;9=�C@;ED�F?8

5/G�H/>�B�A/=JI�8�K�G�C�8�L�4+5?8�MJ=�4�=J8JNPO�Q�RJS�;�2�4�<�I��
! >-R # >-RUh]WY\^n�9�� %UT  #"98KJ/L� /E/�QJ/83L4"9;!J/L 57J�
#?AEG +�!$<E�E 8 � "989: :<?��10/$6; ~ 2:�+,�;�cw\^uÓ� ' - 'V� +/-/-/OJ�q�
! >-Rw"�h # >-RUh]WY\^n�9�� ~ "�h]PGPGn�W7� %U. E3E 8 � "98K:�:<?��	0/$6;! #LU
 : EG /;�;FH($<EX
/;,JZY[��$C �E@�<?4 �
��C /"989:(H($<EX
/;�MF /E �&J��683"32 5 ;

 /LU
�$	0 8�
 $6L :6$ ~ .k�[X��E,/RdZ]O(�]\�\U� +#-�-&+�� ~ �&)y8�.�.e�
! >6P # >6PGurR^f�nERGV�2�� %?^ J���51$6; 57J�
#?AEG #8���$6;,$6"F8�L$0# ���8K /LA"9;_
 $>:�J/?��<@6$6;>$<E�E 8 � "98E�<? $6;`
J#�HFL48 $6; ;�?/�

Q ~ Z]O?aGT3Px�P�x[\�`mZ]\^htRdZ ~ #�nQ_acwPmh]T3_zZ]l���\Uhtx�PyRUf��Ö%
� +#-�-�+�� ~ x[_aT3XL\gnQ_ab�urP �b2�4�4�5c6Z8�8Jd+e�M�;�D�A$dPf$g�I�hJBPAjij;kL�H�8
l MJGJI�=PD�A/=�h�8e�

! .vx # .vx[_a�[O�\UcgPGn���� %nm L "32A$ 0  /L483LP:�J/LA;�"  /L4"9;�JZY 57J�
/?QEG ���$<E�E 8 �4"98K:�:<?��10/$6; ~ _rn %o�68�"32 51$6"98K:o%�E � $ @ �  /8K:
p $CJ/51$6"E�1' �Ó5*Pm�[PGu ~ '*������� ~ Pyx[_aZ]PGx�b�V�"C�*cgRUn�x�Pqh�"$PmPmh ~rq �74$\^h3Z ~ R^nEx
,��k;�Z]PGPGneb�h]_anQ� ~ +�.y8k��� ~Wkh]\^p^hy�I,/RdZ]O(�$���e�E��\^T'Z]\gn ~ ,/) % ��_zh]�eO�s^f�T3Pmh���\gT'Z]\^n ~ '���� 'g�

! "�h # "�h]\gT3T���� 9C� %jt!$�$��/LN$	�_u J/8�L4"9;!J#L
X0(N) ~ ,�\ex[fQurRUh q \Uh]WYT ~ PyxI�E0s� )���0$RUnQ�e_an ~ 96R^uaT'Z]Pyx�Wkh]PGT3T

� '����#OJ� ~ �&)d8�' -&.e�
! "�h � R�# "�h]\gT3TC��� 9C� ~ � R^p^_aPmh�>C� ~ � $	��8�0# /"98v0/$6; JZYw�cxK; $	��8 $6;  /L�
 "32A$ 24$68y�*2 ">JZYzt�$�$��/L�$	�w�QJ#8�L4"9; ~ %onecwPGn�Zy�,/RUZ]O(��{?|}� '*������� ~ +/+�.y89��+/-e�
! %o|$# %o|+RUnQ_aPG`v9C� ~ m(L "32A$ J+�~
 $	� JZYc0# /L48�; 2 83L��>JZY 57J�
#?AEG +�

L
x Y6? L :<"98KJ/L4;( /"N"324$ : �68�"989:� /EP�QJ#8�L4" ~ ,��U5:O�lG\^hy�j$\gWCb�h]PGT:��\^htx[PyR^f[���n� '*���/-�� ~ ���&.y89��)�.��

! %o|�@�\ #ç%o|+RUnQ_aPG`C9C� ~ @$\y|+RUuaT3�[_S.+� %@% L� �E '#"98K: L4? 5 @6$	� "324$CJ��1' ~ Wkh]\dce_rx�PGn�`GP�0s� %q� ~ 2�\guaua\e��fQ_afQW XQfQb�ua_r`GRU8Z]_r\^nQT��Ó)�WYPqh]_r`GR^n�,/RUZ]OQPmW=RUZ]_a`yR^u7;[\�`G_aPmZoV$�`� +/-�-#OJ�q�
! ,/R # ,/R^nQ_an(,�� ~ u  +�C &@�J�E 8K:`�QJ#8�L4"9;  /LU
V�*$6"  _Y6? L :<"98KJ/L4; JZY�57J�
/?QEG �� :<?/�10/$6; ~ %?{GcL�I)1�gR^x��Ej$R^f���;Q;�;[0;[Pmhy�Q,/RUZy������� '*�&)/+�� ~ '*�U8k���e�
! ,�f # ,�f�h3Z?V-,�� 0�� ~�� J/? L�
/;UY J+� :�J/L�����?4$6L�:�$��$�68�57$6; ~ Wkh]\�`g�^;�V[WYXL\gTG�PWkf�h]P�,/RUZ]O������n� '�������� ~ ' )�)y8�'*�&+��
! 57R+��_ # 57RGV�ua\Uh�0s� ~ �
_auaPGT:)s� % T 8�LJ��x "32A$�J+��$6"98K:����CJ1�A$	�6"98 $6;,JZY�:�$	��"  /8�LVt!$C:1�&$> �E � $ @ �C #; ~ )1nQn��g\Ui7,/RdZ]O(�$� +��' OA'�.�.����Q./)�+e�
! ;[O # ;[OQ_aWCf�htR�"C� ~ m(L "324$ 2AJ�EGJ/5 J��k�Q2�' JZY1 :�$	��"  /8�L �>8v�68K:�2 E $6"�;<$	�68K$6; ~ Wkh]\�`^�N&(\^nEx[\gn�,/RdZ]O(�N;[\�`g�� \U� '���)�.�� ~ )��d8k���[�
! ;[_ # ;[_auacwPmh]W=R^n
,�� 9C� ~ !	24$  ���8�"32 51$6"989: JZY $<E�E 8 � "989:�:<?��10/$6; ~ "�htR^x�fQRUZ]P�5*Pm�eZ]Ts_anÝ,/RUZ]OQPmW=RUZ]_a`GT�\��U� ~;[X�h]_an�pgPmh38Ù<SPmh]urR^p ~ ��Pqh]ur_an ~ '������e�
! ��R�# ��RUZ]�e_anQT�,�� ~ D�J/5`� ? "98�LJ� "324$ 5 J�
/?QEG ���
 $�����$�$ JZY  #L $<E�E 8 � "98K: :<?��10/$ ~ .k�[XLPmh]_aWYPGn�Zy�s,/RdZ]O(�\�\U� +/-/-&+��q�
! �
_ # �
_aurPmT�)s� % 0 J�
/?QEG �� $<E�E 8 � "98K: :<?/�10/$6;  /L�

^�$	��57 #"P� ; EG /;�" "32A$�J+��$65 ~ )�nQn���\UiC,/RUZ]O��[� +��P'<OA' ~O�O��d8�.�. '^�



� � �������	��
 õkõ
���(õ ���������	���
� ¹���¥'¦U�L­3­]¤\�ÔNÏ«òIËwÎdÌyÏ«ÑdÛ�ÕNË�å¸ÒEÔ(ÑyÎdÛeØQ× �kÉ/ÛwÐSØQÎyÑdËwÜ�ËwÔ�Ñ�ÕNË�å ØQÑyíkÛwÜÝØQÑyÏÓÞ(ßkË�Ì�ËwÑ=ÕNË �(ÑUØQÑyÏÓÌyÑyÏÓÞ(ßkË
�væ�á 
 Çeà ëÌyßkÍ�Í�æ�ËwÔ(ÑyÎdË��]ó�Ï«×«×ÓË
�vå¸ÒEÔ(ÑyÎdÛeØQ×6ñ�æ î/âIæ â � �V�væ�ØQÔSØEÕkØ �kÎyÏÓÍ�ÒEÑyÑUØ���Õ7Ü�ÌeÈ ßNÜ�ÒEÔ�ÑyÎdËeØQ×]ÈzÍeØ
�-¹ � ¥3�E¥3¦g¡
øsÍ�ÒE×ÓËP��ÒEÎyÜÝØQ×ÓË �(ßNÐ:ÛwÎyÏÓËwßNÎdË
��ä ê ÎyßkË�Õ 
^\�×«Ü&� � ê����Lê á$ØQÎyÏÓÌ[� # ÎUØQÔkÍ�Ë �*ÑyíkÒEÜÝØEÌeÈ ò*ÏÓÕ7ÏÓÍ�����ËwÔkÌeÈ ý'Î


