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A NOTE ON THE GROTHENDIECK RING
OF THE SYMMETRIC GROUP

CEDRIC BONNAFE

ABSTRACT. Let p be a prime number and let n be a non-zero natural number.
We compute the descending Loewy series of the algebra Ry /pRn, where Ry
denotes the ring of virtual ordinary characters of the symmetric group &,.

Let p be a prime number and let n be a non-zero natural number. Let F, be the
finite field with p elements and let &,, be the symmetric group of degree n. Let R,
denote the ring of virtual ordinary characters of the symmetric group &,, and let
R, = F, ®z Ry, = Ry /pRy. The aim of this paper is to determine the descending
Loewy series of the F,-algebra R, (see Theorem A). In particular, we deduce that
the Loewy length of R,, is [n/p] + 1 (see Corollary B). Here, if z is a real number,
[z] denotes the unique r € Z such that r <z <7+ 1.

Let us introduce some notation. If ¢ € R,, we denote by @ its image in R,,.
The radical of R,, is denoted by Rad Rn. If X and Y are two subspaces of R,,, we
denote by XY the subspace of R,, generated by the elements of the form xy, with
reXandyeY.

Compositions, partitions. A composition is a finite sequence A = (A1,...,\) of
non-zero natural numbers. We set |A\| = A\; + -+ + A, and we say that A is a com-
position of |A|. The \;’s are called the parts of A. If moreover Ay > Ao > ... 2 A,
we say that A is a partition of |A|. The set of compositions (resp. partitions) of n is
denoted by Comp(n) (resp. Part(n)). We denote by A the partition of n obtained
from A by reordering its parts. So Part(n) C Comp(n) and Comp(n) — Part(n),
A \is surjective. If 1 < i < n, we denote by r;(\) the number of occurences of 4

as a part of \. We set
TN =" [—] .
-1 P
Recall that A is called p-regular (resp. p-singular) if and only if 7,(A) = 0 (resp.
mp(A) = 1). Note also that m,(\) € {0,1,2,...,[n/p]} and that m,(\) = m,(N).
Finally, if ¢ > 0, we set

Part\” (n) = {\ € Part(n) | 7,()) > i}.

Young subgroups. For 1<i<n—1,let s; = (i,i+1) € &,. Let S, =
{51,82,...,8n-1}. Then (&,,S5,) is a Coxeter group. We denote by ¢ : &, — N
the associated length function. If A = (A1,...,\;) € Comp(n), we set

Sy={si |VI<j<r i# M+ -+ N}

Let &) =< S\ >. Then (S,,S5)) is a Coxeter group: it is a standard parabolic
subgroup of &,, which is canonically isomorphic to Gy, x --- x &,,.. Note that

(1) G and &, are conjugate in &, if and only if A= Q.
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2 C. BONNAFE

We write A C p if 6y C &, and we write A < p if &, is contained in a subgroup
of &,, conjugate to &,. Then C is an order on Comp(n) and < is a preorder on
Comp(n) which becomes an order when restricted to Part(n).

Let Xy ={w € 6, |V e 6, l(wr)>={Ll(w)}. Then X, is a cross-section of
S,/6x. Now, let Ny = Ng, (6,) and W(A) = NyNX,. Then W () is a subgroup
of Ny and Ny = W()) x &,. Note that
(2) W()\) ~ 67«1()\) X - X GTn()\).

Recall that, for a finite group G, the p-rank of G is the maximal rank of an el-
ementary abelian p-subgroup of G. For instance, [n/p] is the p-rank of &,. So

(3) 7p(A) is the p-rank of W(X).
If A\, u € Comp(n), we set
X =X0)"'NnX,.

Then X, is a cross-section of 6,\&,,/&,,. Moreover, if d € X}, there exists a
unique composition v of n such that &) N dGM = G,. This composition will be
denoted by AN % or by un A

The ring R,. If A\ € Comp(n), we denote by 1, the trivial character of &, and
we set @) = Indg;‘ 1. Then, by 7 we have ) = 5. We recall the following
well-known old result of Frobenius:

(4) (©x)rePart(n) 18 a Z-basis of R,.

Moreover, by the Mackey formula for tensor product of induced characters, we have

(5) AU Y A= Y s
deX deX

Let us give another form of [5) If d € X, we define Ay : Ny NN, — Ny x N,,,
w— (w,d"wd). Let Ay : Ny NN, — W(A) x W(u) be the composition of Ay
with the canonical projection Ny x N, — W (A) x W(p). Then the kernel of Aq
is ©ynay, S0 Ag induces an injective morphism Ag: W p,d) — W(A) x W(p),
where W(A, p1,d) = (Nx N N,) /S na,. Now, W(A) x W () acts on 63\6,/6,
and the stabilizer of G5d&,, in W (\) x W (u) is Ag(W (A, i, d)). Moreover, if d’ is an
element of X, such that §,d&,, and 6,d'S,, are in the same (W (X) x W ())-orbit,
then &yna;, and &4, are conjugate in N). Therefore,

v O
© PRe= 2 W] P
Ap

where Xﬁ\u denotes a cross-section of /\f,\\Gn//\/H contained in X .

The descending Loewy series of R,. We can now state the main results of
this paper.

THEOREM A. Ifi > 0, we have (Rad ﬁn)l = <) F,ox-
)\GPartgp)(n)

COROLLARY B. The Loewy length of R, is [n/p] + 1.

Corollary B follows immediately from Theorem A. The end of this paper is
devoted to the proof of Theorem A.
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Proof of Theorem A. Let 7?55) = &) F,x. Note that
A€Part!?) (n)

0 =RP/PHD c RUn/PD ... c RD c RO = R,,.
Let us first prove the following fact:

() Ifi, j >0, then RORY < RUFI),

Proof of (&%). Let A and p be two compositions of n such that m,(\) >4 and
mp(1) = j. Let d € X{ , be such that p does not divide W By @ we
: i WX, 1, d) ’
only need to prove that this implies that m,(A N 44) > i+ j. But our assumption
on d means that Ag(W (X, pu,d)) contains a Sylow p-subgroup of W(\) x W (p).
In particular, the p-rank of W (A, i, d) is greater than or equal to the p-rank of
W(A) x W(u). By [3], this means that the p-rank of W (A, u,d) is > i+ j. Since
W (X, i,d) is a subgroup of W (AN %u), we get that the p-rank of W (AN 9u) is
> i+ j. In other words, again by [3), we have m,(AN 9u) > i+ j, as desired. [

By (), R is an ideal of R, and, if i > 1, then R is a nilpotent ideal of R,,.
Therefore, 7@511) c RadR,,. In fact:

() RadR, = RV,
Proof of ({). First, note that Rad R, consists of the nilpotent elements of R,

because R, is commutative. Now, let  be a nilpotent element of R,,. Write ¢ =
2 xePart(n) @xPx and let Ag € Part(n) be maximal (for the order < on Part(n)) such
that ay, # 0. Then, by [6), the coefficient of ¢y, in ¢" is equal to af [W(Xo)[" 1.
Therefore, since ¢ is nilpotent and ay, # 0, we get that p divides |IW(Ao)|, so that
Ao € Partgp ) (n) (by [3)). Consequently, ¢ — ay,@», is nilpotent and we can repeat

the argument to find finally that ¢ € 72511). (]

We shall now establish a special case of (or [6)]). We need some notation.
If o = (a1,...,q) is a composition of n’ and 3 = (81, ...,03s) is a composition of
n”, let o U 8 denote the composition of n’ + n” equal to (a1,...,a:,B1,...,05:).
If 1<j<n and if 0<k <[n/j], we denote by v(n,j, k) the composition (n —
ik, 4,4, ..,7) of n, where j is repeated k times (if n = jk, then the part n — jk is
omitted). If A € Comp(n), we set
M) ={0}U{l <j<n|pdoesnot divide r;j(\)},
m(\) = max M(\),
JA) ={0yu{1<j<n|rA)=p}
3(A) = min J(\)
and Jm(A) = (j(A), m(})).
Let I ={0,1,...,[n/p]}. Then jm(X\) € I x I. Let us now introduce an order <
on I x I. If (4,m), (j/,m’) are two elements of I x I, we write (j,m) < (j/,m’) if
one of the following two conditions is satisfied:
(a) j <j"
(b) j =4 and m >m’.
Now, let ¢ > 1 and let A € Partgﬁ)l (n). Let (j,m) = jm()\). Then A\ = a U wp,
where « is a partition of n —m — jp and vy = v(m+ jp, j,p). Let A=all (m+jp).
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Then 7,(A) = i (indeed, 7 yjp(A) = 1+ 7mpjp(@) = 1+ rpijp(A) and, by the
maximality of m, we have that p divides ry,4;,(\)) and

©) Pu(njp)Pi € Pr+ ( @ Fp%)-
,uGPartEi)l (n)
Jm(p)=<(j,m)

Proof of (V). Let v = v(n,j,p). Since mp(A) = ¢ + 1> 2, there exists j/ €
{1,2,...,[n/p]} such that r;(A) > p. Then j' > j (by definition of j), so n > 2pj.
In particular, n — pj > j, so W(v) >~ &,. Now, if m’ > m, then rp/ (@) = rm (N),
o

() Vm' >m, rp(a) =0 mod p.
Also

(@) V1#£m+jp, n(\) =)
and

() Tm-‘rjp(j‘) = 'm+jp (o) + 1.

Now, keep the notation of [6]. We may, and we will, assume that 1 € X /- First,
note that ¥ N A = a L1 and that the image of A, in W(r) x W(X) is equal to
W(v) x W(a). But, by (¥), (©”) and (©"), the index of W(a) in W(\) is =1
mod p. Thus, by , we have

o (W)W
G5 =P+ P, 2B, s
oy WA
W (v)].|W (A
Now, let d be an element of X 5 such that p does not divide M =24
WA d)

and such that jm(v N %)) = jm()\). Tt is sufficient to show that d € N, N5. Write
a = (a1,...,a;). Then

v X =(ny,...,nmno)UjM U P,

where ng, > 0 and jO is a composition of j with at most r + 1 parts. Since p does
not divide x4, the image of A, N N5 in W (v) contains a Sylow p-subgroup of
W(v) ~ &,. Let w € N, N 9Nj5 be such that its image in W (v) is an element of
order p. Then there exists o € &, such that wo normalizes & 5. In particular,
ﬁl\) =... = ﬁp\). So, if 5 # (4), then j(r N 4\) < j(\), which contradicts our
hypothesis. So () = ... = j(®) = (§). Therefore,
ANy = v, k) U Unlar, g k) Uv(m + jp, i ko),

where 0 < k; <pand >._, k; = p. Note that (n1,...,n,,n9) = (a1 —k1j,..., 0, —
krj, a0 —koj) where, for simplification, we denote cg = m+jp. Also, j(:\ﬂdily) <J
and, since jm(A N ¢ 'v) %= (j,m), we have that m(AN ¢ 'v) <m. Recall that
d~'wd € Nj. So two cases may occur:

e Assume that there exists a sequence 0 < ¢; < --- < i, < 7 such that 0 # k;, =
---=k;, (= 1) and such that a;, = -+ = a;,. So r(AN 47y = 1 (A) mod p for
every | > 1. In particular, 7, j,(AN iy =1 +7m4jp(a) =1 mod p by (©') and
(V). Thus, m(AN? 'v) > m + jp > m, which contradicts our hypothesis.

e So there exists a unique ¢ € {0, 1,...,r} such that k; = p. Consequently, k;; =0
if i’ # i If oy > mA43p, then 1o, (AN 1) = 14, (A) =1 = 14, (@) —1 (by (9")), so p

does not divide ro, (AN 4 ') (by (¥)), which implies that m(AN? ') > a; > m,
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contrarily to our hypothesis. If a; < m + jp, then 7,4 p(A N dﬁlu) = Poip(A) =
Pt jp(@) +1 (by (V")), so p does not divide 7,1 j,(AN dilu) (by (¥7)), contrarily
to our hypothesis. This shows that o; = m + jp. In other words, d € N5N,, as
desired. ]

By (¢), Theorem A follows immediately from the next result: if ¢ > 0, then

@ RIDRY = R,
Proof of (#). We may assume that ¢ > 1. By (&), we have 7?511)773,(11.) C 7’3&””. So
we only need to prove that, if A € Partgﬁ)l (n) then ¢y € 7@511)7255). But this follows
from (V) and an easy induction on jm(A) € I x I (for the order x). O
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