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A simple theory for the study of SDEs driven by a
fractional Brownian motion, in dimension one
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Boite courrier 188, 4 Place Jussieu, 75252 Paris Cedex 5, France

Abstract. In this paper, we will focus - in dimension one - on the SDEs of the type
dX; = o(X;)dBH 4 b(X;)dt where B is a fractional Brownian motion. Our principal moti-
vation is to describe one of the simplest theory - from our point of view - allowing to study
this SDE, and this for any H € (0,1). We will consider several definitions of solution and we
will study, for each one of them, in which condition one has existence and uniqueness. Finally,
we will examine the convergence or not of the canonical scheme associated to our SDE, when
the integral with respect to fBm is defined using the Russo-Vallois symmetric integral.
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1 Introduction

The fractional Brownian motion (fBm) B¥ = {Bff, t > 0} of Hurst index H € (0,1) is a
centered Gaussian process verifying B =0 a.s. and

E[(B{" = B{)?] = [t — s|*" (1.1)

for all s, > 0. If H =1/2, B1/2 s nothing other than the standard Brownian motion. The
equality (1)) implies that the trajectories of B are (H — ¢)-Holder continuous for any € > 0
small enough. The fBm being selfsimilar (of index H) and having stationary increments, it
is used as model in many fields (for example, in hydrology, economy, financial mathematics,
etc.). In particular, the study of stochastic differential equations (SDEs) driven by a fBm is
important in the sight of the applications. But, before putting the question of the existence
and/or the uniqueness for this type of SDEs, the first difficulty is to give a sense to the integral
with respect to a fBm. It is indeed well-known that B is not a semimartingale if H # 1/2.
Thus the It6 or Stratonovich calculus does not apply in this case. There are several ways of
building an integral with respect to the fBm and of obtaining a change of variables formula.
Let us point out the contributions which appear to us most important:



1. Regularization or discretization technics. Since 1993, Russo and Vallois [29) have devel-
oped a regularization procedure, whose philosophy is similar to the discretization. They
introduce forward (generalizing 1t6), backward, symmetric (generalizing Stratonovich,
see Definition R.J below) stochastic integrals and a generalized quadratic variation. The
regularization, or discretization technique, for fBm and related processes have been
performed by [[4, 1§, B0, B3, in the case of zero quadratic variation (corresponding to
H > 1/2). Note also that Young [BJ] integral, which is often used in this case, coincides
with the forward integral (but also with the backward or symmetric, since covariation
between integrand and integrator is always zero). When the integrator has paths with
finite p-variation for p > 2, there is no hope to make use of forward and backward inte-
grals. In this case, we have to use some symmetric integrals introduced by Gradinaru,
Nourdin, Russo and Vallois in [[] (see §2 below). We can also refer to [[[3, Bg] for the
specific case where H > 1/3.

2. Rough paths. An other approach was done by Lyons [R1], who have considered, through
an absolutely pathwise method based on Lévy stochastic area, integrators having p-
variation for any p > 1, provided one could construct a canonical geometric rough
paths associated with the process. We refer to the survey’s article of Lejay [[9] for more
precise statements related to this theory. Let us note however that the case where the
integrator is a fBm with index H > 1/4 has been studied by Coutin and Qian [J] (see
also Feyel - de La Pradelle [[L]).

3. Malliavin calculus. Since fBm is a (Gaussian process, it is natural to use Skorohod
approach. Integration with respect to fBm has been attacked by Decreusefond and
Ustunel [I{] for H > 1/2 and it has known then a very intensive study (see for instance
B, B, [), even when the integrator is a more general Gaussian process. We refer to the
survey’s article of Nualart [24] for precise statements related to this theory.

4. Wick products. A new type of integral with zero mean defined using Wick products was
introduced by Duncan, Hu and Pasik-Duncan in [[J], assuming H > 1/2. This integral
turns out to coincide with the divergence operator. In [, Bender considers the case of
arbitrary Hurst index H € (0,1) and proves an It6 formula for generalized functionals
of BH.

In the sequel, we will focus, only in dimension one, on the SDEs of the type:

{ dXy = O'(Xt)dB{{ + b(Xt)dtv te [OvT] (1.2)

Xo=2p€R

where 0,b : R — R are two continuous functions, zp € R and H € (0,1). Our principal
motivation is to describe one of the simplest theory - from our point of view - allowing to
study SDE ([.3), and this for any H € (0,1). Let us remark that it is more and more used
and quoted in research articles (see for example [f, R4, B3, B4, B)).

The paper is organized as follows. In the second part, we will consider several definitions
of solution to ([.4) and we will study, for each one of them, in which condition one has
existence and uniqueness. In the third part, we will examine the convergence or not of the
canonical scheme associated to ([[.3), when the integral with respect to fBm is defined using
the Russo-Vallois symmetric integral.



2 Basic study of SDE (I22)

In the sequel, we denote by B¥ a fBm of Hurst parameter H € (0,1).

Definition 2.1 Let X,Y be two real continuous processes defined on [0,T]. The symmetric
integral (in the sense of Russo-Vallois) is defined by

T

Y., Y, Xuie — Xy

/ Y,d°X, hm prob/ +€2+ +€€ du, (2.3)
0

provided the limit exists and with the convention that Yy = Y7 and X; = Xp when t > T.

Remark 2.2 If XY are two continuous semimartingales then fOT Y, d° X, coincides with the
standard Stratonovich integral (see [9]).

Let us recall an important result for our study:

Theorem 2.3 (fid], page 793). The symmetric integral fOT f(BMYaeBE exists for any f -
R — R of class C° if and only if H € (1/6,1). In this case, we have, for any primitive F of
f:

F(B# / f(BHYa°BH,
When H < 1/6, one can consider the so-called m-order Newton-Cétes integral:

Definition 2.4 Let f : R — R be a continuous function, X,Y be two continuous processes
on [0,T] and m > 1 be an integer. The m-order Newton-Cotes integral (in the sense of
Russo-Vallois) of f(Y') with respect to X is defined by

T T 1 X - X
| e, = tin —prob [ ( | B - m)um(cw)) Rure =Ry,
0 £ 0 0
provided the limit exists and with the convention that Yy = Yr and X; = Xp when t > T.
Here, 11 = %(50 + 01) and, form > 2,

2(m 1)

Ju—k
/ ——————du | §;/2m-2), (2.4)
0 ki

6q being the Dirac measure at point a.

Remark 2.5 e The l-order Newton-Cotes integral is nothing other than the symmetric
one, defined by (R.3).

e The terminology "Newton-Cotes integral” is due to the fact that the definition (2-4) of
vy, 18 related to the Newton-Cotes formula of numerical analysis.

The main interest of this concept is contained in the following theorem.

Theorem 2.6 ([id], page 793). Let m > 1 be an integer. The m-order Newton-Céotes integral
fo F(BEYANCmBH eyists for any f : R — R of class C™*1 if and only if H € (1/(4m+2),1).
In thzs case, we have, for any primitive F' of f:

T
F(BY) = F(0) + /0 F(BE)NCmBH, (2.5)



Remark 2.7 Asimmediate consequence of this result, we remark that fOT f(BE@NCmBH —
fo f(BEY@NCnBE = p(BH) — F(0) as soon as m > n, f is C**! and H € (1/(4n +
2) ) Then, for f regular enough, it is possible to define the so-called Newton-Cétes integral
fo f(BEYaNC BH without ambiguity by:

/ f(BEGNCBH . / f(BEYNCnBH it [ e (1/(4n + 2),1). (2.6)

In the sequel, we put ny = inf{n > 1: H > 1/(4n+2)}. An immediate consequence of (P.H)
and (R.6) is that, for any H € (0,1) and any f : R — R of class C**#+1 we have:

F(Bf / F(BIHANCBY,
where F' is a primitive of f.

In order to make a sense to fot o(Xs)dBH in ([J), we can try to use the Newton-Cotes
integral. But we are just able, for the moment, to consider integrands of the form f(B¥)
with f regular enough. That’s why we first choose the following definition for solution to

L3):

Definition 2.8 Assume that o € CinatL,

i) Let €1 be the class of processes X : [0,T] x Q — R wverifying that there exist f : R — R €
CAnutl sych that, a.s., Vt € [0,T], X, = f(BH).

ii) A process X : [0,T] x Q — R is a solution to if:

e X €y,
o Vt € [0,T], Xy = a0+ [) o(Xs)dNBH + [T b(X,)ds.

Remark 2. 9 Let us note that the first point of the definition 4i) is used to ensure that the
integral fo X,)dNC B makes sense (a little like the adaptness condition in the It6 context).

We can now state the following result.

Theorem 2.10 Let 0 € C*u+! pe o Lipschitz function, b be a continuous function and xg
be a real. Then the equation admits a solution X in the sense of Definition [2.§ if and
only if b vanishes on G(R), where & is the unique solution to & = o o & with initial value
&(0) = wg. In this case, X is unique and is given by X, = &(B}).

Remark 2.11 As a consequence of the mean value theorem, G(RR) is an interval. Moreover,
it is easy to see that either & is constant or & is strictly monotonous, and that inf S(R) and
sup G(R) are elements of {o = 0} U{+oc}. In particular, if o does not vanish, then S(R) = R
and an immediate consequence of Theorem is that ([.9) admits a solution in the sense
of Definition P.§ if and only if b = 0.

Proof of Theorem 2.10. Assume that X; = f(B}?) is a solution to ([.J) in the sense of
Definition P.§ Then, we have

S8 =a+ [ Coo fBNACBE 4 [ bo f(BT)ds — G(BE) + / "o f(B)ds, (2.7
0 0 0

4



where G is the primitive of ¢ o f veryfing G(0) = x9. Put h = f — G and denote by Q*
the set of w € Q such that ¢ — B (w) is derivable in at least one point o > 0 (it is well-
known that P(Q*) = 0). If h'(Bff(w)) # 0 for one to € [0,T] and one w € Q then h is
strictly monotonous in a neighborhood of Bg (w) and, for |t — to| sufficiently small, we have
Bl (w) = h_l(fot b(Xs(w))ds) and, consequently, w € Q*. Then, as., /(Bf) = 0 for all
t € [0,T] and h = 0. By uniqueness, we deduce f = &. Thus, if ([.J) admits a solution X in
the sense of Definition B.§, we have necessarily X; = &(B}!). Thanks to (2:7), we then have
bo&(Bf) =0 forall t €[0,T] a.s. and then b vanishes on &(R).0]

Consequently, when SDE ([.J) has no drift b, one has a natural solution. But what can
we do when b # 07

To answer this question, we begin by a lemma. Let us denote by A the set of processes
T

A :[0,T] x Q — R having C'-trajectories and verifying that E (e)‘ Jo AEds) < oo for some

A> 1.

Lemma 2.12 Let A € A and m € N*. Then fOTf(Bf+Au)dNC’me exists for any f : R —
R of class CY"#+L if and only if H > 1/(4m + 2). In this case, we have, for any primitive F
of f:

T T
F(BY + Ap) = F(4) + / f(BE 1 A)dNCmpBH 4 / f(BE + 4,)A du.
0 0

Proof. Set B = B 4 A. On the one hand, using Girsanov theorem in [27] and taking
account of assumptions on A, we have that B is a fBm of index H under Q, an equivalent prob-
ability to the initial probability P. On the other hand, it is easy, while returning to Definition
P-4, to prove that fOT f(BE+A,)dNCmBH exists if and only if fOT f(BE+A,)dN¢™(BF 1 A,)
exist, and in this case, we have

T T T
/ FBE 4 AN (BH 4 A,) = / F(BH 4 A,)dNemBH | / F(BH 4 A,)dNom A! .
0 0 0

Then, since convergence under QQ or under P is equivalent, the conclusion of Lemma is a direct
consequence of Theorem P.6.0J

Then, as previously, it is possible to define an integral (still called Newton-Cétes integral)
verifying, for any H € (0,1), for any f: R — R of class C**#*! and any process A € A:

T T
F(BH + Ap) = F(Ag) + / f(BE + A,)dN°BI + / f(BE + A) A du,
0 0

where F' is a primitive of f.
Now, we can introduce a new definition for solution to ([L.2):

Definition 2.13 Assume that o € Cina+tl,

i) Let €4 be the class of processes X : [0,T] x Q@ — R wverifying that there exist a function
f:R — R e C™atl gnd a process A € A such that Ag = 0 and, a.s., ¥Vt € [0,T], X; =
F(B' + Ay).

i1) A process X : [0,T] x Q — R is a solution to if:



o X €¢,,
oVt [0,T], X; = :c0+f0 dNCBH+f0 ds.

Theorem 2.14 Let o € C¥H#+L be a Lipschitz function, b be a continuous function and x
be a real.

o Ifo(xg) =0 then ([[.3) admits a solution X in the sense of Definition if and only
if b(zo) = 0. In this case, X is unique and is given by X; = xg.

o Ifo(xg) #0, then admits a solution X. If moreover infg |o| > 0 and b € Lip then
X is unique.

Proof. Assume that X = f(BY + A) is a solution to ([.Z) in the sense of Definition P.13.
Then, we have

f(BE + A) =G(BE + 4;) - /t o(Xs)ALds + /t b(Xs)ds (2.8)
0 0

where G is the primitive of o o f verifying G(0) = 2¢. As in the proof of Theorem R.1(, we
obtain that f = & where & is defined by &' = 0 0 & with initial value G(0) = x¢. Thanks to
(B3), we deduce that, a.s., bo&(BH + A;) = A, 00& (B + A;) for all t € [0,T]. Consequently:

o If o(xp) =0 then & = zy and b(zg) = 0.

o If o(zp) # 0 then & is strictly monotonous and the ordinary integral equation A; =
Ot b(‘;? (BH 4 Ay)ds admits a maximal (in fact, global since we know already that A
is defined on [0,77]) solution thanks to Peano theorem. If moreover infg |o| > 0 and

b € Lip then boe = boe € Lip and A is uniquely determined.(]

Since in the previous theorem, the discussion is with respect to xg, one could consider that
it is not yet completely satisfactory. That’s why we will finally introduce a last definition for
solution to ([.2). Before that, we need to refine Definition P.4.

Definition 2.15 Let f : R?> — R be a continuous function, A be a process on [0,T] having

Cl-trajectories and m > 1 be an integer. The m-order Newton-Cotes integral (in the sense of
Russo-Vallois) of f(B*, A) with respect to BY is defined by

BH BH
/ f(B dNC mBH = hm pl“Ob/ </ [(Zs+ B(Zsye — Zs))ym(dﬁ)> u—i_%d

provided the limit exists. Here, v is as in Definition and Z = (BH, A).
The interest of this concept is contained in the following theorem.

Theorem 2.16 Let A be a process having Cl-trajectories and m > 1 be an integer. If H >
1/(2m + 1) then the m-order Newton-Cétes integral fOTf(Bf,Au)dNC’me exists for any
f :R? = R of class C*™'. In this case, we have, for any function F : R? — R wverifying
F =f:

F(Bf, Ar) = F(0, Ag) + /f A,)dNOm Bl 4 /F’ B A)A! du.



Proof. The conclusion follows as a consequence of some Taylor expansions associated to
F, related to the classical Newton-Cotes formula. Since only the result of Theorem is
important for the remainder of the paper, we do not make the proof with details but we
return for instance to [23], Chapter 4. O

Remark 2.17 e Remark that the condition is here H > 1/(2m+1) and not H > 1/(4m+
2) as in Theorem P.§ and Lemma P.13. Thus, for instance, if A € A, if g : R — R is
C5 and if h : R? — R is C5! then fOT g(BH 1+ A,)d°BY exists if (and only if) H > 1/6
while fOT h(BH, Ay)d°BE exists a priori only if H > 1/3.

e We define my = inf{m >1: H > 1/(2m + 1)}. As in the Remark P.7, it is possible
to consider, for any H € (0,1) and without ambiguity, an integral (still called Newton-
Cétes integral) which verifies, for any f : R? — R of class C?*™#! and any process A
having C'-trajectories:

T T
F(BY, Ar) = F(0, Ao) + / F(BY, A,)dNCBH ¢ / FL(BY, A,) Al du,
0 0

where F is such that F} = f.
Finally, we can introduce a last definition for solution to ([L.9):

Definition 2.18 Assume that o € C?"H

i) Let €3 be the class of processes X : [0,T] x Q@ — R wverifying that there exist a function
f:R? — R of class C*™#:1 and a process A : [0,T] x Q — R having C'-trajectories such that
Ag =0 and, a.s., Vt € [0,T], X; = f(Bf, Ay).

ii) A process X : [0,T] x Q — R is a solution to if:

o X €3,

o Vt € [0,T], X; = a0+ [) o(X,)dNCBH + [T b(X,)ds.

Theorem 2.19 Let o € Cg, b be a Lipschitz function and xg be a real. Then the equation
(13) admits a solution X in the sense of Definition .1§. Moreover, if o is analytic, then X
is the unique solution of the form f(Bf, A) with f analytic (resp. of class C') in the first
(resp. second) variable and A a process having C-trajectories and verifying Ay = 0.

Remark 2.20 e If H > 1/3, we can improve Theorem R.19. Indeed, in [PJ], it is shown
that we have uniqueness without supplementary condition on o. Moreover, they give
an other meaning to ([.9) than Definition using the concept of Lévy area.

e In [27], one studies the problem of the absolute continuity in equation ([L.g), where the
solution is in the sense of Definition P.1§, and one proves that, if o(zg) # 0, then £(X})
is absolutely continuous with respect to the Lebesgue measure for all ¢ €]0,7]. More
precisely, one shows that the Bouleau-Hirsch criterion holds: if xzy = x¢ + fg b(xs)ds
and t, = sup{t € [0,T] : x; ¢ IntJ} where J = o0=1({0}) then L£(X;) is absolutely
continuous if and only if ¢ > t,.

e Among the m-order Newton-Cotes integrals, only the first (that is the symmetric inte-
gral, defined by (R.3)) is a "true” integral (indeed, for m > 2, one should rather write



I,(f,Y, X) instead of fOT F(Y)dNC™X - see Definition B.4). For those which just prefer
use symmetric integral to give a sense to ([.9), the main results contained in this paper
are summarized in the following table (where f denotes a regular enough function and
A a process having C'-trajectories):

If we use :Z)ec}li\;ese X is then and we have and uniqueness See
Definition I c of the form existence if if moreover Theorem
o € C° N Lip,
Eg (1/6,1) f(BM) | beC and . P10
Ds®) =0
o € C° N Lip,
be CO+ 0 —
(1/6,1) | fBH+a) | Do) =0 i) infg o] > 0 D11
b(x()) =0 .
and b € Lip
or
ii) o(x9) #0
2
D 19 H S Cb B w
(1/3,1) F(B7,A4) and b € Lip and [R5

t t
Table 1. Euzistence and uniqueness in SDE Xy = xg +/ o(X,)d°BY +/ b(Xs)ds
0 0
Proof of Theorem R.19 Let us remark that the classical Doss[[[{]]-Sussman[Bl] method
gives a natural solution X of the form f(B¥,A). Then, in the remainder of the proof, we

will concentrate on the uniqueness. Assume that X = f(B, A) is a solution to ([.Z) in the
sense of Definition P.1§. On the one hand, we have

t t
X, = 20+ / o(X)ANBH 4 / b(X4)ds (2.9)
0 0

t t
a0+ [ oo f(BEAYBY + [ bo f(BE. A)ds
0 0

On the other hand, using the change of variables formula, we can write
t t
X, =z + / f(BI, A)dNCBE + / fi(BE A, AlLds. (2.10)
0 0

Using (R.9) and (R.10), we deduce that t fot o(BE A)dN®BH has Cl-trajectories where
¢ := fi — oo f. As in the proof of Theorem P.14, we show that, a.s.,

vt €]0,T[, p(BH, Ay) = 0. (2.11)
Similarly, we can obtain that, a.s.,
akSO H
\V/k? € N, Vt G]O,T[, W(Bt ,At) == 0
If 0 and f(.,y) are analytic, then ¢(.,y) is analytic and
vt €]0,T[, Vz € R, p(x, Ay) = fi(z, Ar) — o o f(z,A;) = 0. (2.12)



By uniqueness, we deduce
vt € [OaTL Vr € Rv f(xrAt) = U(%,At),

where u is the unique solution to wj = o(u) with initial value u(0,y) = y for any y € R. In
particular, we obtain a.s.

vt e [0,T], X, = f(BHE, A)) = uw(BI, A). (2.13)

Identity (.9) can then be rewritten as:
t t
Xy =m0+ / oou(BH A)dN°BH +/ bou(BY, Ay)ds,
0 0
while change of variables formula yields:

t t
Xt:x0+/ u{,(BSH,AS)dNCBSH—i—/ ul (BE | A,)Alds.
0 0

Since uj, = 0 o u, we obtain a.s.:
Vt € [0,T], bou(BE, Ay) = u/ (B, A) AL (2.14)

But we have existence and uniqueness in (2:14). Then the proof of Theorem is done. [J

3 Convergence of some approximation schemes associated to

SDE (I2)

Approximation of stochastic differential equations driven by a fBm is studied only in few
articles. In [R(], Lin shows that the Euler approximation of ([[.2) - in the case where o(X;)
is replaced by o(t) - converges uniformly in probability. In [{, P4], some Wong-Zakai-type
approximations for (L) are given. In [24], upper bounds for approximation schemes related
to (L) are given for any H € (0,1), when the integral with respect to fBm is defined using
the Newton-Cotes integral. In [2J], Neuenkirch derives, by means of the Malliavin calculus,
the exact rate of convergence of the Euler scheme associated to ([[.9) in the case where o(X})
is replaced by o(t) and for H > 1/2.

Here, we are only interested in the convergence or not (according to the value of H) of
the canonical implicit scheme associated to ([[.3) with step 1/n - and classicaly called Crank-
Nicholson scheme in the literature, when the integral with respect to fBm is in the sense of
symmetric integral (R.3). More precisely, we consider

{ 20—y

v(n) _ ) 1 (n) v(n) 130 3(n)
Xikt1yn = Xpm T 2 (J(Xk/n) + U(X(k+l)/n)) (Bl 11y/m = Biy) T 20(X00),
k=0,1,...,n — 1 and the goal of this section is to try to answer the following question:

”One has the convergence of the sequence {X }n)} for which values of H € (0,1)? (3.15)
In this case, which is the limit?” ’



Remark 3.1 e First, let us mention that, if H > 1/3, if 0 € Cg and if b € Lip, then it
is possible, without too many difficulties, to prove that )’én) — X a.s., where X is the
solution given by Theorem P.19 (it suffices, for instance, to use the same technics as in
[B4]). Thus, we can remark that we obtain in this case X for limit, although here we do
not need to precise a particular form for X ™ as for X in Definition RI§ It suggests
then that the class €3 is not completely arbitrary!

e When H < 1/3, to answer this question seems to be much more difficult. Indeed,
it is closely related to the convergence or not of quantities of the type wu,(f) =

>0 £ k/n)(B(H+1 /n—Bign)g and v,(g) = 3425 9( k/n)(B{Z-‘rl)/n B,f;n)5 (see the
proof of Theorem below) whereas, at the present time, we only know (see Lemma

B4 below) that

un (1) (resp. vp(1)) converge if and only if H > 1/6 (resp. H > 1/10)

and, in this case, the limit is zero. (3.16)

(I think that, in general, one has again u,(f) — 0 when H > 1/6 and v,(g) — 0 when
H > 1/10 but it remains an open question). However, thanks to (B.16), one will be able
to answer the question (B.17) for particular o and when b = 0:

Theorem 3.2 Let a,b,c be three reals satisfying a > 0 and b*> — 4ac < 0 and let € € {£1}.
Define o0 : R — R by o(z) = evaz? + bz + ¢ and consider

{;zow_x

i) _ e (n) (n) _

R0 =X+ (dXWQ+au@HVJ)@ﬁHV ~ Bl ). k=0,1,.,n 1.
(3.17)

Then the sequence {X } converges in L2 if and only sz > 1/6. In this case, the limit is
the unique solution at time 1 of the SDE X; = xo + fo X,)d°BH , in the sense of Definition
2.8 and given by Theorem

Remark 3.3 When o(z) = = (which is rougly speaking the case where (a,b,c) = (1,0,0) in
the previous Theorem), we can easily show that, once again, {an)} converges in L? if and
only if H > 1/6. Indeed, setting A} = B(Iiﬂ)/ B,gn, we have

n—1 1+1An}

1 AN
_a;OH1+ A —xoexp{Zln

but
1+ 3547

In—= % —
1o 1Ar

D (A”) %0 (AR +O((AD)"),

and, since zz;é A7 = B and using Lemma B4, one has that {X } converges if and only
if H > 1/6 and that, in thls case, the limit is zg exp(BiT).

As a preliminary of the proof of Theorem B.3, we need:

Lemma 3.4 Let m > 1 be an integer.

10



e We have
n—1 1
H H \2 T2 : :
kZ_O(B(kH)/n - Bk/n) ™ converges in L° as n — oo if and only if H > .

In this case, the limit is zero if H > 1/2m and equals (2m)!/(2™m!) if H = 1/2m.

o We have
n—1 1
H H \2m+1 T2 : ~
];)(B(k—i-l)/n — Bk/n) M+l converges in L? as n — oo if and only if H > yroomnS

In this case, the limit is zero.

Idea of the proof of Lemma B.4. It suffices to adapt, to this discret setting, the proof of
[[6], Theorem 4.1, point 3), page 793.00

Proof of Theorem B.2 Consider ¢(xz,t) the flow associated to o, that is ¢(z,-) is the
unique solution to ¢y’ = o(y) with initial value y(0) = z. Recall the classical flow property
verified by ¢:

Va,s,t € R: ¢(op(x,t),s) = oz, t + 3). (3.18)

Since o does not vanish, ¢(z,-) is a bijection from R to himself for any x and we can consider
©(z,-) such that

Ve, t € R: o(x,¢(x,t)) =t and ¢(x, p(x,t)) = t. (3.19)

On the one hand, thanks to (B.19), it is a litte long but easy to compute (personally, T used
a Maple procedure to make all the computations contained in this proof)

(,D(l‘,l’) = 0,

(pé(x,fl') = 1/0(‘7:)7

P (T, 7) = [_U//Uz](ﬂf)7

e (@ 2) = (207 —00")/0%|(x),

eip(r,a) = [(~60" +600'0" — 020"") /0] (x)

@St)tt(x>33) _ [(240/4 — 3600"20" + 8020c" + 65252 _0_30(4))/05](33)‘

Then, for u sufficiently small, we have

ple,z+u) = L(@)u— Zy(z)u? + 2 go (v)u? + =8LH0ge g =00 (1)1
+24U’4—3600’2 "' +802%0' 0" +602%0"2 —03 0(4)( )u5 + O(u6)

O""

We put A7 = B(Ii )/ T B]f/n. On the other hand, using (B.I7) and some basic Taylor

expansions, we can write, for k € {0,1,...,n — 1}:

Xlbyyn = Xijn+ o(KODAR+ % (X)) (AD)? + 242 (X)) (AR
+ (250 g ) (XA
aa’ lotesndetd a3a’a’’ " alo® n n
+ 1—644‘3282 + 36 + 382+ 4)(X]£/21)(Ak)5

+O((A})°).

11



Then, we have

v ) _ v ) | g v ()
SD(Xk/an(kH)/n) = ('D(Xk/n’Xk/n [X(k‘—i-l)/n - Xk/n])
/2 oo n n O_O_/O_// 0_20./// n
= AP+ R XINAR? + (25 + o) (R)ap)!
o4 0_2010_/// go'2q" o252 o 0.(4) n n n
T+ (G Dt S 4 S (R )(AD) + O(A)°).
(3.20)
But o(x) = evax? + bx + ¢ and we can simplify in (B.2(0) to obtain
(X Xlibym) = AF+HAD° +5(AD° +0(AY°).
Since X((kil)/ gb(X,S/l) N7 (X,i%, X((;J)rl)/ ), we deduce from the flow property (B.1§) that
R a n—1 CL2 n—1 n—1
X" = oo, B + 5 D T(AD 4+ 55 YA+ O (AR°).
k=0 k=0 k=0

Thus, the conclusion of Theorem B.2 follows now easily as a conclusion of Lemma B.4.00
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