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Abstract. Let Py denote the Wiener measure defined on the canonical space (2 = C(Ry,R),
(Xt)e=0, (F)e>0), and (S¢) (resp. (I3)), be the one sided-maximum (resp. minimum), (L{) the local
time at 0, and (D;) the number of down-crossings from b to a (with b > a). Let f : RxR? —]0, +oo[ be
a Borel function, and (A4;) be a process chosen within the set : {(Sy); (S¢,t); (LY); (Se, It, LY); (Dy)},
which consists of 5 elements. We prove a penalization result : under some suitable assumptions on f,
there exists a positive ((F;), Po)-martingale (M), starting at 1, such that :

lim Eo[lr, f(X:, Ay)]

= Q) = Ey[1p. M/ T d s>0. 1
M R Ay~ @)= Bolln M), VI € 7y and s >0 0-1)

We determine the law of (X;) under the p.m. Qg defined on (£, F) by @1). For the 1,37 and
5" elements of the set, we prove first that Qg(AOO < 00) = 1, and more generally Qg(O <g<oo)=1
where g = sup{s > 0, A; = A} (with the convention sup® = 0). Secondly, we split the trajectory of
(X¢) in two parts : (Xi)o<i<g and (Xi4g)i>0, and we describe their laws under Qg, conditionally on
Ao For the 27 and 4" elements, a similar result holds replacing A, by resp. Seo, Soo V Ino.

Key words and phrases : penalization, enlargement of filtration, maximum, minimum, local time,
down-crossings.
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1 Introduction

1.1 Let (P,)zer be the family of Wiener measures defined on the canonical space (Q = C(R4,R),
(X)t>0, (Ft)e>0). To an (F¢)-adapted, non negative process (Fy)¢>o such that 0 < E,(F;) < oo, for
any t > 0, x € R, we associate the probability measure Qi , defined on (€2, F;) as follows :

1

Q7 +(Ty) = B[] Eylr, ], T e Fe. (1.1)
A priori, the family (QLF, ; ¢ > 0) is not consistent : QI ,(I's) may be different from QZ ,(Ts)
for Ty € Fs and s < t; in fact, it is easy to see that ( it;t > 0) is consistent, if and only if

}Nf} = F,/E,[F;] ; t > 0is a P,-martingale. When this condition holds, we write Qf instead of Qf)t.
QF is well defined since QF (I',) = E,[1p,F}], s € Fy and s < t.
1/t
In a previous study ([[[J], [L3]), we have considered F; = exp { ~3 / V(Xs)ds}, where V: R — R
0

is a Borel function. Our basic result was the following : under some suitable assumptions on V', for
any given s > 0 and 'y in s, QF ,(T) converges as t — oo, to QL' (I's) where F is the (P,)-martingale

~  ov(Xy) ,  ev(Xy) o 1 t .
Fe= X0 ™ T (%) p{ 2/0 V(X)d } (1.2)

and @y is a ”good” positive solution of the Sturm-Liouville equation " = V. The weak convergence
of Qf . to QI t — oo, is a direct consequence of the two following facts :

(X, Fy); t >0) is a Markov process, (1.3)

E.[F{]=E, [exp{ - %/Ot V(Xs)dsH ~ t7*py(z), for some k > 0. (1.4)

t—oo

1.2 The goal of this paper is to deal with a more general setting by considering F; = f(X;, A;), where
f: R x R? —]0, 400 is a Borel function, (A; ; t > 0) is (F;) adapted and R% valued. We suppose
moreover :

(Yt(d:Cf)(Xt,At) St > O) is a ((PI)IE]R : (]—"t)tzo)—Markov process. (1.5)

Let (Ay)i>0 = (At(y,dy') = A¢(x,a;da’da’);t > O) be its semigroup (we denote y = (x,a) and

/! / !
y' = (a',a")).
To recover the setting of [}, [[J] recalled above, it suffices to choose d = 1, f(z,a) = e~%/? and

t

Ay = / V(Xs)ds. Let ( 5,1&? x € R,t > 0) be the family of p.m. (= probability measures) associated
0

with (Ft)tZO :

1

1
Qro(T0) = gy Pelin il = e T

B [F)] Ex[Ir f(Xe, Ar)], Te € Fi, £ 20, (1.6)

We now present a "meta-theorem”, i.e. a statement which will hold in great generality, so much so
that our remaining study shall consist in verifying that the hypotheses of Theorem E hold in various
cases.



Theorem 1.1 Let yo = (z0,a0). We suppose Py,(Ag = ap) =1 and

I v, ()]
Mi(yo, f3y) := lim 50 (90) (1.7)

exists, for any s > 0 and y = (z,a) € R x RY,
A () ,
m < C(S,y) 3 Vit > S, (18)

where E,, [C(s,Ys)] < oc.
Then :

1. (Mg := Ms(yo, f;Ys); s > 0) is a non-negative Py, -martingale, and My = 1, Py, -a.s.
2. QL , converges weakly to QM , t — oo (i.e. tli)rgo QL ,(Ts) = QM(Ty), VIy € Fs, Vs > 0),

o’ o

where :

M(FS) = EIO [lFsMS]a I'seFs;s>0. (19)

zo

By definition, the p.m. Qfo,t is absolutely continuous on (2, F;), with respect to the Wiener measure.
The Radon-Nikodym density F;/E[F;] may be interpreted as a weight or a penalization as it is done
in statistical mechanics. In the sequel, Theorem D will be refered to as a penalization principle.

Proof of Theorem E Let s > 0 and I'y € Fs fixed. Using the definition of Qit(l“s) and the
Markov property we have :

At*S(f)(XSv AS)
A(f)(2o, Ao)

Property ([.7) and inequality ([.§) allow us to apply the dominated convergence theorem :

Jlim Q7 ,(Ds) = Qag(T),

fo,t(rs) = Ew() |:1F3

where My = M(yo, [;Y5).

It is clear that My(yo, f;Yo) = 1; consequently P, (My=1) = 1.

Let 0 < s < s and Iy € Fy; since I'y € Fy we have : B, [1r, M| = Ey,[1r. Ms]. This means that
(M) is a P, -martingale. [ |

1.3 In this paper, we investigate four cases of examples involving respectively for (A;) :
e the unilateral maximum (resp. minimum) S; (resp. I;) : Sy = max X, (resp. I; = — min X,).
0<u<t 0<u<t
We also consider, in the same case study the two-dimensional process (S, t).
o (LYt >0) the local time at 0 of (X;);>o.
e The triplet ((S;, I, LY);t > 0).
e (Dy;t > 0) the number of down-crossings of X from level b to level a.

We observe that, in all cases, the function M (yo, f;y) may be written as :

M(f;Y) as

—F (€

M(f;yo0)

for some function M and some « € R; in fact o = 0, except for the case 1, b), as shown below.
Since s — M;s(yo, f;Ys) is a Py -martingale, it is clear that s — M (f; Y;)e®® is also a P, -martingale.
The results are summarized in the following Table :



Cases Ay F, M(f;Y)e®" | Theorem |
1 | a S 0(S4) MY B4 |
b) (S,1) (ST M B9 |

2 L) | W I xso +h I vy | M | B3|

3| (8,1, LY) A (S, 1, LY) My B1§ |
4 D, AG(Dy) M}PC B2] |

These four cases will be treated in sections @—@ respectively.
Let us describe the martingale M (f;Y;)e® for each case.

Case 1. a) We have :
MY = (St — Xo)@(St) +1 = 2(Sy), (1.10)

where ¢ : R — R is bounded, / p(u)du =1 and ®(z) = / o(u)du.
R —0o0

b) More generally, for A > 0 :

sinh (A(St — Xt))
A

where ¢ : R — Ry, &\(2) = eM1gc0p, 1 — P =19+ and o = @'

Both families (M ,Mt’\ ") were intensively used in to solve Skorokhod’s problem for Brownian

motion. The class (M) (resp. (M;"¥) is defined in detail in Proposition 1] (resp. Proposition B.3)

and the special case of the related meta-theorem in Theorem @ (resp. Theorem @)

1 l
Case 2. Let h*,h~ : Ry — R be two Borel, bounded functions, H(l) := 5/ (Rt (u) + b~ (u))du.
0

. {(1 — ®(Sy)) cosh (A(S; — X1)) + ¢(St) }e—m/z’ (1.11)

We suppose H(+00) = 1. (Mt}ﬁ’hi) is the martingale :
MM = XFRY(LO) + X7 hT(L0) + 1 — H(LY). (1.12)

These martingales appear in[ﬂ].
The limit theorem associated with A; = LY is stated, only with x5 = 0, in Theorem B.13.

Case 3. Let v be a p.m. on [«, 0o[x [, oo for some a > 0 and :
A, (s,i,0) = /2 e%(%Jr%)ll{aZs)bZi}u(da,db) ;8,1,1>0.
R+

(M}) is the martingale :

=, (=20 )

Some properties of the family (M}) are given in Proposition , and the penalization principle is
stated in Theorem .

Case 4. Let D; be the number of down-crossings from b to a, achieved by (X:) up to time ¢, and
(G(n))n>0 be a decreasing sequence of positive numbers such that G(0) = 1 and lim G(n) = 0. Then

G(n) b— X, Gn+1)Xt—a
.G _
MMC = 2{1[02m02n+1[(t)< > (1 + = ) + T (1.14)

n>0

{%(% + %)L?} 1(s,<a,r,<p}v(da, db). (1.13)

2
+




Gn+1) b— Xy Gn) Xy —a
1 O —— (1 '
+ [0271+17027l+2[( )< 2 ( T b—a ) + 2 b—-a

where o9 = 0 and (0,,)n>1 is defined inductively as follows : o1 = inf{¢t > 0; X, > b}, o9 = inf{t >
0, X; <a}, oony1 = 0100, Oopnty2 = 02004, ,, where (6,),>0 denotes the family of shift operators
on the canonical space.

The corresponding case of the meta-theorem is stated in Theorem .

1.4 Theorem [[.] leads naturally to ask for a description of the law of (X;)i>o under Q. Since
(My)i>0 is a strictly positive (P, )-martingale, it may be written as an exponential martingale :

t 1 t
M, = £(J); = exp {/ JydX, — —/ des},
0 2 0

for some adapted process (J;)i>0.

¢
Girsanov’s Theorem implies that (8;¢ > 0) = (Xt — / Jsds;t > O) isa Q%—Brownian motion.

0
Suppose that (x,a) — M(f;x,a) is of class C*! and (A;) has bounded variation. Then by Ito’s

formula we obtain : 9
Jt = o+ % (10g (M(f,Xt, At))) .
Consequently (X;) solves the following stochastic differential equation :
oM

Xt=6t+/0t (a—i—%(f;Xs,As))ds. (1.15)

We may recover ([l.15) in a different manner. Suppose for simplicity that « = 0 . It is clear that
(M(f;Ys);s > 0) is a non-negative P,,-martingale. In other words, y — M(f;y) is a non-negative
harmonic function with respect to (Y;);>0, under Py,. In particular (¥3);>o is a Q%—Markov process

with semigroup :
Ao = )0

If (z,a) — M(f;x,a) is of class C%!, then the generator associated with the semigroup (AM) is

102 Y o 0
5@*’ M(f;x,a)%+ﬁ(f;x,a)%.

This gives a new proof of ([L.17).

However in our four classes of examples we observe that the drift term in (JL.1§) is explicit but com-
plicated and therefore does not allow to identify directly the law of (X;) under Q% . Suppose that
(At)t>0 is a one-dimensional process, Qg,(Ap = 0) = 1 and t — A; is continuous and non-decreasing.
The r.v. As, which may be infinite, plays a central role in our approach. We claim that we may
compute the distribution function of A under @;,. Let (A;l)tzo be the right inverse of s — Ay, i.e.
c A7 =inf{s >0, A, > t}. We have :

Qa0 (At > ) = Qa (A;1 <t) = Ey, [1{A;1<t}Mt] = Eq, [1{A;1<t}MA;1]'

Note that the last equality follows from the optional stopping theorem.
Since M azt =0, taking ¢ — oo, in the previous expression, we get :

Qmo(Aoo > a) =By, [1{A;1<00}MA;1} = FE,, [1{Agl<oo}M(‘T0’Ovf;XAgl’o‘)]'

In cases 1 (with A = S only), 2 and 4, we prove that Qg (Asx < o0) = 1, and more generally
Q4,(0 < g < 00) =1 where g = sup{s > 0, A; = Ax} (with the convention sup @ = 0). To describe
the law of (X;) under Qg,, it is convenient to split the whole trajectory in two parts : (X;)o<t<g and



(Xi4¢)1>0. We observe that the random time g is not a (F;)-stopping time but it is a last exit time.
Using the technique of enlargement of filtrations, we are able to describe the law of (X¢)o<t<4 and

(Xt4g)e>0 under QM| conditionally to A (see Theorems [L.6, [.§ and [L1T).
As for case 3 (i.e. Ay = (S, Iy, LY)), we prove that Qo(XZ%, < 00) = 1, with X = sup | Xy| = Sec V Ins.
>0

However Qo(L%, = oo) = 1. Conditionally on X7*_, the law of (X;);>0 is given in Theorem [L.d, via a
path decomposition at time g = sup{t > 0; | X;| = X% }.

1.5 In Section ﬂ, we recover previous results, using a direct approach based on a disintegration of Q.
We exhibit a family ( ((Ja); a € Rd) of p.m. on (Q,foo) such that :

Qo) = [ Q" C)n(da). (1.16)

where in cases 1 (resp. 2, 3), u is the law of Sy, (resp. LY., (Suo, Ino, LY.)).

We are able to determine the law of (X;) under Q((Ja), for any a. Moreover this distribution does not
depend on f.

1.6 Finally, in Section E, we present several other directions of research, which we have now begun to
investigate and will be the subject of a future publication.

2 Notation

In the sequel of the paper we shall use intensively the following notation and conventions.

. (Q = C(R4,R), (X1)i>0, (.7-',5),520) is the canonical space, with (X¢);>0 the coordinate maps :
Xi(w) =w(t) and F, = 0{X;0 < s <t} ;t>0.

o (P;)zer is the family of Wiener measures on the canonical space © : under P, (X¢)i>0 is a
one-dimensional Brownian motion started at zx.

Let A and x be two real numbers. We denote by PgEA) the p.m. on the canonical space, under
which (X¢)s>0 is a Brownian motion with drift A, started at . Obviously P, = Péo) and (Xt)e>0
is distributed under Pé’\) as (X¢ + At)i>o under Py.

If @ is a probability measure (p.m.) on , the expectation with respect to @ is denoted Eq.
However if Q = P,, we shall write E, for Ep, for simplicity.

o (04)¢>0 is the family of shift operators from €2 to 2, defined by 0;(w)(s) = w(t+s); s >0, t > 0.

e For any a € R, T, is the first hitting time of level a, namely : T, = inf{t > 0, X; = a}. We
adopt the convention inf{}}} = +oco.

o (Si;t > 0) (resp. (—Ii;t > 0)), is the one-sided maximum (resp. minimum) :

Sy = sup X, ; I =— inf X,.
0<u<t 0<u<t

e The bilateral maximum (X;)¢>0 is the process :

X/ =S VL= sup |[X,|

0<u<t

o (L7;x € R,t > 0) is the jointly continuous family of local times associated with (X;):>o. For
simplicity we write (L¢)¢>o instead of (L9)¢>o.

¢
e If J is a predictable process (with respect to (F;)) such that / J2ds < 0o P, a.s. for every t,
0
then we denote by £(J); the P,-local martingale :

t t
1
exp{/ JSdXS——/ Jst}, t>0.
2 S
0 0



3 Penalization and associated martingales

3.1 Case 1 : The one-sided maximum

In this section, we consider two families of local martingales (M;°) and (M;"¥) involving the one-

sided maximum. These local martingales are well-known : they play a prominent role in Azéma-Yor’s
solution of Skorokhod’s problem studied in } We will show (see Theorems @ and @) that a
sub-class of the previous local martingales appears naturally after a penalization procedure.

3.1.1 The local martingales associated with the one-sided maximum

Let us start with local martingales of the form H(X;, S;), and more generally H(Xy, S;,t), for some
function H.

Proposition 3.1 1. Let ¢ : R —]0, +o0] be a Borel function such that

S

[m p(u)du < 00, and define (s) = / o(u)du. Then :

Mtﬁa = (St - Xt)tp(St) +1-— (I)(St), (31)

is a Py-martingale, My =1 — ®(z), P, a.s., and :

t
MP =1 - &(z) - / (S )d X (3.2)

0

2. Suppose moreover :
/ o(u)du = 1. (3.3)
R
Then under Py, M >0 and M = (1 — ®(x))E(J¥); where :
p(St) p(St)
JP = — = ) 34
! M7 (St — Xe)p(St) + 1 — @(S) (34)
Remark 3.2 1. Note that the local martingale (M) is actually a martingale since :

sup |M7| <1+ 2[plloc sup [ Xl
0<u<t 0<u<t
2. Taki = 1 ) 1 _ 1 © Xt/\Ta
. Taking @(u) = —1jg q(u), with a > 0, we obtain : ®(r) = a(x Aa) and M{ =1— —
a

We now recall the definition of Kennedy’s martingales, which also played some role in the computation
of the laws of the stopping times studied in ] .

Proposition 3.3 Let A > 0, ¢ : R — R be a locally integrable function, ® be any primitive of ¢

(p(x) = & (x)). Let (M%) be the process :

sinh ()\(St — Xt))
A

M = (1= B(5,)) cosh (A(S, — X)) + ¢(S) fe v, (3.5)

Then :
1. (M%) is a P,-local martingale. Under Py, M{*? =1 — ®(z) and :
t
MM = 1—d(z)— /0 [ A= 0(5.)) sinh (A(S. — X)) (5. cosh (A(S. — X)) be /%X,
(3.6)



2. Let xg € R. Then Mt’\’“" >0, Vt > 0, Py, a.s. if and only if there exists a Borel function
Y : R [0,00[ and a non-negative constant k such that the two following conditions hold :

/ 1/J(z)e_)‘zdz < 00, (3.7)

1—®(y) =e (H + /00 z/J(z)e_AZdz), Y > Tp. (3.8)

Assuming that ([3.3) and ([3.8) hold, then (M}>?) is a Py,-martingale.
3. Let v : R+ [0, 00 be a Borel function satisfying :

/OO Y(2)e dz < 0o, Vr€R. (3.9)
Let @ : R — R be the function :
P(y)=1—eM /00 Y(z)e Mdz, y € R, (3.10)
y
Then :

ﬂmzéuozww—A&{/wwwfﬂw, (3.11)

(M) is a P,-martingale and :

sinh ()\(St — Xt)) L X > 1/}(2)6_)\Zd2}€_>\2t/2- (3.12)

MM = (S
M= {uis) 2 5

Suppose moreover 1 > 0, then under Py : M]? >0 and M}? = (1 — ®(x))E(JM?);, where :

0(Sy) cosh (A(Sy — X¢)) + A(1 = ®(S,)) sinh (A(S; — X))

T = A .
)\(1 — (I)(St)) cosh ()\(St — Xt)) + QD(St) sinh ()\(St — Xt))

(3.13)

Proof of Proposition B.3 1) If ¢ is of class C', then point 1) of Proposition B.3 is a direct
consequence of Itd’s formula and the fact that dS is carried by {S — X = 0}. The general case follows
from the monotone class theorem.
2) Let us investigate the positivity of Mt’\’“", under P,,. It is clear that : Mt’\’“" >0, Vt>0, P, as.
is equivalent to :
sinh (A(y — x)

(1= B cosh (\y — ) + o) PV =)
for all z and y such that y > xp and = < y.
Setting © = y — = and rewriting sinh and cosh in terms of exponential functions, it is easy to check
that the previous inequality is equivalent to :

62)‘“((1 —o(y)) + @) +1-P(y) — # >0, Yu>0,y>x.

Since aY; +Ys >0, Va > 1iff Y3 > 0 and Y7 + Y2 > 0, the previous inequality is equivalent to :

1—®(y)+¥ >0, Vy2> o, (3.14)



and
P(y) <1, Vy > . (3.15)
Consequently the function 1 defined by

P(y) = A1 = @(y)) + ¢(y),y = o, (3.16)

takes its values in [0, oo].
Recall that ® = ¢, hence (B.16) may be interpreted as an ordinary linear differential equation in @,
which is easily solved :

D(y) =14V (fio + /U ¢(2)e‘“d2), y > xo, (3.17)

where kg is a constant.
Since (B.14) and (B.17) are equivalent, it remains to deal with (B.1§). Obviously this inequality is
equivalent to :

y
Ko —|—/ Y(2)e Mdz <0, Yy > 0.
zo

The function v being non-negative, this last condition is equivalent to @) and
o0
K= —FKg— / Y(z)e Mdz > 0.
Zo

Relation (B.§) is a direct consequence of (B.17).

3) Choosing & = 0 in(B.§), we easily obtain (B.L1)-(B.13).

4) Suppose that @ is given by (B.§) and 1 verifies (B.7). We know that (M) is a non-negative local
martingale. We would like to prove that it is in fact a P,-martingale.

a) Let ¢n(y) = ’@[J(y)l{yﬁn}?(pn = (I);w with (I)n(y) =1- eky/ djn(z)e_)\zdz.
Y

Since for any y > z, we have :

> n —kzd < > —)\zd < > —kzd,
/y@b(Z)e z /y%b(Z)e z /ww(Z)e z

then

oo oo
o NN Y(2)e Mdz and et Y (2)e”*dz are P,-integrable r.v.’s,
St St

o M Yo (2)e”*dz goes to e Y(z)e dz, in LY(Q, P,), as n — oo.
St St

b) For u > 0, we have sinh(u) < €%, then inequality (B.32) (which will be proved independently later)
implies that B, [)(S;)e*%~X9)] < oo and

Hm | Ey[0)(Sy)er ™ X)) — By, (S1)er X)) = lim Eu[4(Si)1s,5npe 9] = 0.

n—o00 n—oo

¢) Consequently the representation (B.13) implies that E,[M;"¥] < oo and M;"¥" goes to M;"¥, in
LY(Q, P,), asn — oo.
It is clear that (M;"?") is a P,-martingale. As a result, (M;"¥) is a P,-martingale.



Remark 3.4 Recall that under PL, (Xt) is a Brownian motion with drift —\, started at x.
Let (M) be the process :

—_ S o]
Mt = M)?‘a‘ﬂe{XXt+)\2t/2} _ %At)(e)\st _ e{)\(2Xt—St)}) + 62)\Xt ’lb(Z)e_)\de, t> 0. (318)
St

It is clear that (]\A/[/t) is a P martingale.

But ng_)‘)(tlim X, = —00) = 1, therefore, under PN
s U(Sx) as.
tliglo Mt - Moo — 2)\ e .

Recall that (see e.g. Williams [I1]; but this result also follows from Theorem [.4, 1.):
PS> y) = Pé_)‘)(SOo +a>y)=e 20Ty > g (3.19)

This directly implies :

Eé*)\) [w(;;xv)e)\sm} — 62)\:6/ w(y)ef)\ydy < 0.

)

Finally, (]\A/[/t) is a non-negative p martingale, converging a.s. to My € LY(Q) and

ESV[M] = (1 - @(x))e? = e / (e My = BV L.

As a result, (]\A/[/t) is a uniformly integrable ng_k) martingale, and :

M, = ECV [7/1(5)\00)

x

M| Fl, t>0. (3.20)

This easily implies that (Mt)"‘p) is a Py-martingale. Hence the arguments developed in this remark may
be used instead of those in point 4) of the Proof of Proposition @

Remark 3.5 1. Suppose that i verifies the conditions given in 3. of Proposition @ and
/w(z)dz = 1. We observe that M}>?, as defined in (3.3), converges as X — 0, to Mf. This
R

leads us to adopt the convention M? = MY .

2. If o =0, then M} = cosh (A(S, — X;)) e X"*/2.

3.1.2 Penalization involving the unilateral maximum
As in sub-section , ¢ : R —]0,00[ is a Borel function. We suppose moreover that @) holds. Hence
¢ is actually a probability density function. We denote ®(z) = / ’ ©(y)dy. As we shall see, the
martingales involved in the penalization result stated below, belong_‘czothe family (M) as defined in
Proposition m
Theorem 3.6 Let ¢ be as above.

1. Letu >0 and x € R. For any Iy in F,, we have :

im Ly [1Fu90(5t)] o 1 o
A P A 10 et (3.21)

where (M$),>o is the martingale defined in ([3.1).
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2. Let (Q%)zer be the family of probabilities on (Q,]:OO) :

1

Q7 (L) = T—o@)

E.[lr, M¥?],  for anyu >0, and T, € Fy. (3.22)

t
Sy
Then, under Q¥ , the process (Xt - +/ %du; t> O) is a Brownian motion, started at 0.
0 U

Remark 3.7 (M/ ; t > 0) is a P.-martingale but it is not uniformly integrable (u.i.) : indeed,
(M7;t > 0) is a positive martingale, thus it converges a.s. to M% > 0, as t — oo. Let (tp)n>1 be
an increasing sequence of times such that X, = S, e.g. : t, = inf{u > 0, X,, = n} is convenient.
Since M =1—®(Sy,), under P,, M7 goes a.s. to 0, as n — co. Hence, ME = 0.

The proof of Theorem @ requires a preliminary result.

oo

Lemma 3.8 Let x < a and o : [a, +oo[— Ry such that / wo(u)du < 4+o00. Then :

a

Ey :<P0 (aV(z+ Su)): . %{(a — x)po(a) + /OO sao(y)dy}, (3.23)
- - 2 oo

Eofen(av @+ 8)] </ Z{@-o0@+ [ e}, (3.24)

Eo :<P0 (aV(z+ Su)) \/7/ wo(y) e W™ @)’ Pdy,  for any u > 1. (3.25)

Proof of Lemma [3.§ We have :
Ey [800 (aV(z+ Su))} = wo(a)Po(z + Su < a) + Eo[¢o(z + Su)l{at5,>a}]
Recall that under P,
D x.19 val x| (3.26)

Consequently,

5 pla-o)/va
Ey [@O(av(I+Su)):| = Sﬁo(a)\/;/o e 2dz CY / poly)e” W= /2ugy,

Then (B.23) and (B.24) follow immediately.
As for (B.25)), we have :

E0|: (a\/ ZZT+S H / 900 —(y—2) /Qud >“ / 900 —(y- z) /2d

if u>1. |

Proof of Theorem @

1) Let s > 0, z € R and 'y € Fs be fixed. We consider ¢ > s. Since S; = Sg V {Xs + sup (Xugs—
0<u<t—s

XS)}, and under P,, (X,ts — Xs;u > 0) is a Brownian motion started at 0,

Ez [<P(St)|fs} - &(S&Xs; t— S)a

11



where
o(a,z;1m) = Ey [(p(a V(x4 ST))} )

Lemma E implies :

Eolp(S017s], =, w(t2— 5) M.

Using Lemma B.§ with 2 = a, we obtain :

E;[o(St)] = Eo[p(z + Sh)], ~ 2 (1—2(z)).

—oo |\ Tt

It is now easy to check (B.21)), using the two previous estimates, (§.24), (B-25) and :

E.[1r,0(Sy)] E.[¢(S)]|F]
AR = B I, . (5] J

2) By Proposition @, we know that ( may be written as an exponential martingale.

1 ®
1 — () M; )tZO
Consequently, point 2) of Theorem @ is a direct consequence of Girsanov’s theorem (cf [@], p-
311-313).
|

We would like to generalize Theorem @, replacing the normalization coefficient ¢(S;) by a function
of (X, S:). As Theorem B.d below shows, a good candidate is 1(S;)e*%~**) where A > 0 and
1 : Ry — Ry satisfies some conditions.

Theorem 3.9 Let A > 0 and v : R —]0, +o0 satisfying ([3-). Let ® be the function associated with
Y via [F14) and p = @'.

1. Letu >0,z €R and any Ty, in F,. Then :

By [lp, v(Sp)erSi=X0)] 1
lim

_ A,
R T e A e T R (3.27)

where (M%) is the Py-martingale defined in Proposition [3.3.
2. Let (Q)%)4er be the family of probabilities on (Q,]:OO) :

1
Qx*(T) = Tgrgy Bellru Mi¥), - for any u >0, and Dy € 7 (8.28)

Then, under Q)'%, the process

t (S, h (A(S, — Xy A(1 — ®(Sy)) sinh (A(S, — Xy
(e [ S 080 = o) £ AL 0 st (S = X, )
0 A(1—®(Sy)) cosh (A(Sy — X)) + ¢(Su) sinh (A(S, — X))
is a Brownian motion, started at 0.
8. In fact, there is the absolute continuity relationship :
1 = 1(Se0)
Ao _ 0 (=X)
@s 1—®(x) ( 2\ )PE ' (3.29)

12



Recall (cf 1) of Remark B.H) that M%¥ = M¥ M¥ being the martingale defined in Proposition B.1.
Therefore, Theorem @ may be interpreted as a particular case of Theorem @, since taking formally

A =0 in (B.27) we recover (B.2])). Note that 3. of Theorem B.J follows from Remark%.

Our proof of Theorem @ is similar to that of Theorem @ An extension of Lemma is required to
obtain an equivalent of Eq[¢(s V (z 4 Sy))eMsV#+9)=2=X0} "as t — co. This result is stated below
in Lemma . We observe that the two asymptotic rates of growth are drastically different. This
explains why we state two separate results.

Lemma 3.10 Let s >z, s >0 and ¢ : R — R such that :

/ [Y(2)]e”dz < oo, (3.30)

pa(s,z) = 1p(s) sinh (A\(s — z)) + Ae*” /OO P(z)e Mdz # 0. (3.31)

Then : )
Eo {7/}(5 V(z + St))e)\(sv(erSt)*met)} N 2[))\(5,"5)6)‘ /2

t—o0

If ¢ > 0, we have :

1 >
A(sv (z+S)—x—Xy) At/2
Eo [w(s V(z+S))e } < 2p>\(8,;v)(1 + )\\/ﬁ>e , (3.32)

2A xr—Ss oo
Ey {1/) (s V(x4 St))‘i)\(sv(m-’_s‘)_m_xt)} > Nt/2 2 e_“2/2du/ w(z)e_kzdz, (3.33)

V2T J oo
ift > 1.

Proof of Lemma B.10, Let A be the expectation of P(sV (x4 Sp)elAeViEtS)—2=X0} We split
A in two parts A and As, corresponding respectively to {S; < s —x} and to {S; > s — x} :

Ay = Y(s) T Eyle Mg o],
Ay = Eo[(x+ St X1 g oo 0]

Recall ([{], section 2.8, p 95) and ([[L]] section ITL.3, p 105), that under Py, (S;, X) is distributed as :

2(2b—a) _(@v-a?

P()(St S db, X; € dCL) = \/ﬁ e 2t 1{a<b, b>0} dadb. (334)
(s

1) Consequently :

2 A(s—x) s—x b a2
A = H(s)eo db(/ e A (2b — a)e_(%?t) da).
V2mt3 0 PN

Setting ¢ = a — 2b in the a-integral, we obtain :

A(s—z) s—x
A, = BB / e~ A(t, b)db,
27t 0

where A(t,0) = _%/ e Xpp— /2t g

— 00
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Integrating by parts, we obtain :

—b
A(t,b) = e e /2 )\/ e A2t e

c
7 + MWt we get

7

Setting u =

- LA
A(t,b):e’\be_bz/2t+/\\/fe’\2t/2/ 2y, (3.35)

%+>\ﬁ 2 2
Since lim / e~ /?2du = /27, then A(t,b)t_%o)\\/ omte* t/2 and :

t—o00
Ay t§m2¢(8) sinh ()\(3 _ x)) evt/z.
2) Mimicking the approach developed in 1), we obtain :

Ay Y(x +b) e At b) db.

2 [T
B V21t /s_w
The decomposition () and the finiteness hypothesis ( imply that :

Ay - (2)\ / w(:c—l—b)e_’\bdb) ANt/2,

t—oo
3) Suppose 1» > 0.

—Lavi
a) Applying /

— 0o

A(t,b) < X2(1 + Av/2nt) and (B.3D).

b b xr—Ss
b) Let b € [0,s—z] and ¢ > 1. Then —%—i—)\\/f > 7 > r—sand A(¢,b) > e)‘2t/2)\\/Z/ e 2y,
Using moreover A > A, we obtain (B.33). R

b? A2t
e 24y < /e‘“z/zdu = V27, and \b — 5 < > in(B.39) imply that
R

Proof of Theorem @
Let u >0, x € R and I, € F,. Adapting the proof of Theorem @ to our new context, we have :

B [(S) M5 50| F, ] = (S, Xust — ),

where :

W(s,z;r) = Ep [1/}(5 V(z+S,)) e)\(sv(z+Sr)7meT):|'

Lemma gives the rate of increase of J(s, x;r), r— oo, ifp >0 :

Y(s,a57), ~ 2px(s,T) /2,

In particular, taking u = 0, we get :

B [(80) XS] o 2 pa(a,a) X2

Moreover if ¢ > u + 1, (B.39) and (B-33) imply that :
J(SuaXu?t_u) k —u?/2
<z Sua Xu “ >
EL[0(Sy) XS X0] = /\PA( )e

14



where k is a constant depending only on x, u, A.

1
But M¥ = Xp,\(S’u,Xu)efmz/2 and (M;"¥) is a P,-martingale; consequently :

Ew [1Fu¢(5t) e)\(StiAXt)] _ 1 A2u/2
tlglo E‘m ["/J(St) ek(st—Xt)} o p)\(:v,:t) EI [lFupA(Su;Xu)e ]

3.2 Case 2 : the local time at 0

From Lévy’s theorem, under Py, ((S¢— Xy, S¢);t > 0) and (| X;|, L?);t > 0) have the same distribution.
This implies that (| X¢|o(LY) + 1 — ®(LY) ; t > 0) is a martingale with respect to the filtration of
(1X¢]), hence with respect to (F;), the functions ¢ and ® being defined in Proposition B.I These
processes are particular cases of more general martingales :

Proposition 3.11 Let h™,h™ : R, — R, be bounded, Borel functions, and define :

1 l
H(l) = 5/ (Rt (u) + A~ (u))du, 1=>0. (3.36)
0
1. Then
MM =1 = H(LY) + X ThT(LY) + X R (LY), (3.37)
is a Py-martingale. Moreover Méﬁ’}f =1PF, as., and :
ht,h~ ! +/70 —(70
MPPT =14 (1{Xs>0}h (L9) = 1ix.<oh (LS)>dXS. (3.38)
0

2. If moreover :

%/000 (Rt (u) + A~ (u))du = 1, (3.39)

and H(l) < 1, for any 1 > 0, then Mt}ﬁ’hi >0 and Mt}ﬁ’hi = E(J"" T, where :

ghthT Lix,>01h™(LY) — 1{x,<oyh ™ (LY)
t 1— H(LY) + X;"h*+(LY) + X, h—(LY)’

(3.40)

The martingales (Mt}ﬁ’}f) featured in (B.37) and (B.3§) have already been used, e.g., in [[f]. Both
statements of Propositions .1, are also found in ([Ld], Chapter VI, "first order calculus”) and
are particular cases of application of the balayage formula. More precisely, formula (B.3§) may be
generalized as follows : if (hf;s > 0) and (h;;s > 0) are bounded predictable processes, and if

g+ = sup{s < t; X; = 0}, then :
1t t
Xpug, + X, = 3 [0 000z = [ 0100~ T 1o)X (3.41)

Remark 3.12 1. Recall that in Proposition @ we have introduced the family of martingales

(M#); this should not induce any confusion with the family (Mf+’h7), since the two parame-
ters indexing the first (resp. second) family are respectively (A, @) and (h*,h™), and belong to
quite different sets.
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2. In this section we restrict ourselves to Py. Thus (X:) is a Brownian motion started at 0. It
would also be possible to work under Py, replacing (Mt]ﬁ’}f) by (1—H(LE)+ (Xy—x)Th(L§)+
(Xy —x)~h=(L¥) ; t > 0). However, for simplicity we only deal with x = 0.

We now investigate penalizations involving the local time at 0 of X.

Theorem 3.13 Let (h*,h™) and (Mt}#’H) be the functions and the martingale defined in Proposition

B.11. We suppose that (3.33) holds.
1. Let s >0 and 'y € Fs. Then :

Ey {1& (W (L)1 x>0y + h_(Lg)l{Xt<0})}

lim = Eo[lp, MM, (3.42)
t—o0 EO [h+(Lg)1{Xt<0} + h_(Lg)]‘{Xt<0}:|

2. Let Qgﬁ’hi be the probability measure on (Q,]—"OO) satisfying :

RORT(T,) = Eoltr, MU,

S

for any s >0 and T's € Fs.

b
Then under Qg oh , the process :

x PRI x>0y — b (L) 1ix, <0} p
0 Mg

;tZO)

1s a Brownian motion.

Remark 3.14 As observed in Remark @, the Py-martingale (Mt]ﬁ’}f) is not uniformly integrable,
in fact, if 7 = inf{s > 0, L% > I}, then : Mf}f’hi goes a.s. to 0 asl — oo.

The proof of part 1) of Theorem is based on the following estimate.

Lemma 3.15 Let f: Ry — Ry be Borel and locally bounded such that / f(s)ds < oo. Leta >0
0
and x € R, then

Ez[f(cH—L?)l{XQO}]t:OOf(a)\/%;1;++ 1 / f(s)ds, (3.43)

Vi
B[+ I s o], s S0 = o+ <= [ fs (3.44)

Proof of Lemma Since under P, (—X;)i>0 is distributed as (X;) under P_,, ) is a
(B.43)

direct consequence of
To prove (B.49), we recall the well-known result :
|z — al (z—a)?
P.(T, € dt) = exp{—i

( ) V2rt3 2t

On the set {Tp > t}, we have, P, a.s. :

oyt (3.45)

0 B 0 if z <0,
fla+ L{)lix,>0p = { f(a) otherwise

16



Then

E, [f(a =+ L?)I{Xt>0}] = f(a)Px(To > t)1{1>0} =+ At,

where

A= B, [f(a+ L)1 {x,50,>70}]-

Using (B.26) we have :

X
Po(Ty > t) = Py(Tjy > t) = Po(S < |a]) = P0(|X1| <

Therefore :

2
Po(Ty> 1), ~ /= lal.

To compute A;, we use the strong Markov property at time Ty, and we get :

A¢ = By [y 9(t = To)],

with g(r) = Eo[f(a+ L9) 1{x,>0}]-

Since under Py, (—X,) and (X,) have the same distribution,

9() = 5 Bo[f(a + L]

the last equality being a consequence of Lévy’s theorem.
Applying Lemma (with s =z =a, u =1 and ¢y = f), we obtain :

1 o0
Q(T)Tgoom/a f(s)ds.
/ h f(s)ds. (B.43) follows immediately.

1
Consequently, A; s

/27t

%EO [f(a + ST)],

(3.46)

The remainder of the proof of Theorem is left to the reader, since it is similar to the proofs of

Theorems @ and @

3.3 Case 3 : the maximum, the infimum and the local time.

For simplicity we restrict ourselves to Fy. The family of martingales playing a central role in this

i
section may be new. This family is related to martingales of the type (Mth oh ). More precisely, let :

1 1
WD = = e h () = g e
a

1

1 1
Withc:—(a+—),a>0andb>0. Then H(l) = e — 1 and

2 b

- X X7
M =2 (1 2 - et

Since X, X, =0, then :

- Xt X,
M =2 (1= ) (1= et

17

(3.47)

(3.48)

(3.49)



In particular,

Jr —
ht h— X X 0
2= Myfoar, = ( - Tt) (1 - Tt)GCLt Lg<r, AT 0} (3.50)
is a Py-martingale.

Integrating this identity with respect to some positive measure v(da, db) we obtain the following result.

Proposition 3.16 Let v be a probability measure on Ry xR, whose support is included in [a, +00[ X [, +00],
for some o > 0, and (M}') be the process :

wo= [ (-3 (-2 e (F (2 1) s vtdo. (351)
+ XIS

A (B [ P Y L V) ST R )
+ X R4

Then, under Py, (M} ; t > 0) is a positive martingale, MY =1, M} = E(JV), with :

L1 1 1 1/1 1
Ji = My _— (— al{xt>o} + gl{xt<o}) eXP{g(E + g)L?}l{StSa,ltSb}V(da’db)- (3.52)

Remark 3.17 1. Obuviously if we take for v the Dirac measure at (a,b), for some a > 0,b > 0,
then we recover (3.54).

2. We may write (M}) as follows :

M} = F(S¢, I;, L) — XN FY(S;, I, LY) — X[ F~ (S, I, LY), (3.53)
with

1 1/1 1

+ ; — ) - i
F*(s,i,0) = /]Ri I{s<a,i<b} - exp{ ) (a + b)l} v(da, db), (3.54)

o 1 1/1 1
F(s,i,l) = /}RQ+ Lsgaisn) exp{5 (5 + 5)1} v(da, db), (3.55)

. 1/1 1

F(s,i,) = /]Rz+ 1 {s<a.i<b) €XP {5 (5 " g)z} v(da, db). (3.56)

If v is assumed to have a continuous density function, then it follows that :

oF

1
Z(FT )=
> (FT 4+ F7) a (3.57)
OF~* oF oF~ oF
3. Suppose that v is a p.m. with support included in the diagonal, then (M}) coincides with M}~
where
e X
My = / (1 - %) eL?/au*(da), (3.59)

t
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v, being, in this case, a p.m. on [a,+oc[, a > 0. Consequently, relations — (@) become

My = F(X;, LY) — | X | F*(X], LY), (3.60)

with :

F(z,l) = /OO ey, (da), F*(z,1)= /00 lel/“u*(da). (3.61)

a

Moreover My~ = E(J"*) with :

v sgn(Xy) /Oo L 1oy
Jre = S [ (Liay, (da). (3.62)
¢ Mt x* a

*
t

4. Sometimes, we shall consider similar martingales involving only the one-sided maximum (S)

and (LY); hence, we shall use, instead of ([3.54)

ht,0 X;RT 0
2 — MMV = (1 - tATe ) elinr, /20
tAT, a )

where h™ (1) = 1el/za.
a

Integrating over [«, oo[, with respect to a p.m. v4 on [a, 00[, leads to :

v > X,
M+ :/S (1 - Tt) €L$/2al/+(da).

As previously (M;") is a Py-martingale, such that My* =1, and it may be written as :

M{* = F(S, L)) — X}t FT(S, LY),
with F(s,1) = / e'?% (da) and F*(s,1) = / lel/zal/Jr(da).
s s a

We now deal with penalizations involving jointly the maximum, the minimum and the local time of
X. Recall (see Proposition B.1) that v is a p.m. on [a, +00[x [a, +00[ for some a > 0 and (M) is
the positive martingale defined by (B.51)).

Theorem 3.18 Let A, be the function :
A (s,i,l) = / e%(%+%)l1{sga7igb}u(da,db), s,i,1> 0. (3.63)
R
1. Letu>0 and Ty € F,. Then :

 Eo[lr, Ay(Si, I, LY)]
1m
t—o0 Eo [Au (Stu Ita Lto)}

= Eo[lr, MY]. (3.64)

2. Let Qf be the p.m. on (Q,]—"OO) which satisfies :
Qo (L) = Eo[lr, My], (3.65)
foranyu >0 and 'y € F,.

v
S

)
The process (Xt — /
0

ds;t > 0) is a Qf-Brownian motion, where (J}) is defined by B.53).

v
S
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The asymptotic result ) is based on the following rather striking result.

1 1
Lemma 3.19 Leta > 0,b>0 and ¢ = (— + Z) Then

a
. cL? 3
tlgf)lo Eole“™ 1qer yamy] = > (3.66)
0
sup Ey [eCLf Litar yaa}] < 400 (3.67)

t>0

It would be possible to directly prove Lemma , but the proof is technical !. Instead, we provide
a short proof based on a disintegration of the p.m. Q¥ (see Theorem E for details). This is why we
have postponed this proof to Sectionﬁ (which is devoted to such disintegrations), just after Theorem

Proof of Theorem .
Let u > 0 and T, € F, be fixed, t > u and 6(T,,t) = Eo[lpuA,,(St,It,L?)].
By (B.63), we have :

Ay(St,It,L?) = /2 6%(%+%)L21{Ta>t,T,b>t}V(daadb)'
R+

Applying the Markov property at time u, we obtain :

O(Ty,t) = / Ey [lpul{TaAT7b>u}eCL27rl(a, b, Xy, t— u)]l/(da, db).
®2
1 1

1
where ¢ = 5(5 + 5)’ and

0

m1(a,b,x, 1) = E, [I{TaATfpr}eCLT] s —b<zx<a,r>0.

Let us start with x > 0.
Since under Py, {T, ATy, >r} = {Tu ANTo > r} U{Ty < To, Ta ANT—p > 7} we have :
Wl(a,b,I,T) = PI(Ta/\T0>T)+7TQ(a’ab7x7T)7
0
Wz(avb,l’ﬁ) = Em[l{T0<Ta,TaAT,b>r}€CLT]-

Applying the strong Markov property at time Tg, we get :

7T2((1, bu z, ’f’) = Ew |:]~{T()<Ta7 To<r}73 ((I, bu r— TO)}

with : .
T3 (a, b, ’f'/) = EQ [GCLT/ 1{TI<T7b/\Ta}:| .

3
Lemma implies that 7o is bounded and ma(a, b, x,r) converges to 3 u, as r — —+00.
a

As for P,(T, ATy > r), it is clear that this probability goes to 0, as r — oo.
A similar approach may be developed for z < 0. Inequality () implies that m; is bounded ;
consequently, for 'y, € F, :

a— Xy b+ X,
Iix,>01 + 1{Xu<0}}u(da,db)}.

. 3 L0
tli)rgoé(l"u,t) - §EO {1” ‘/Ri ‘ Lul{TaAT’Pu}{ a b

u

b+ X, Xr X,
l{XuZO} + +b 1{Xu<0} is equal to (1 - Tu) (1 - Tu) and
Eo[MY] =1. |

The result follows because a=

We thank F. Petit who helped us with such a proof
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3.4 Case 4 : the down-crossings.

Let a and b be two fixed numbers, a < b. To describe the down-crossings of (X3), from level b to level
a, it is convenient to introduce the sequence of stopping times defined inductively as follows :

o1 = int{t >0, X; > b}, (3.68)

o9 = inf{t > o1, Xy < a}, (3.69)
and

Oont1 = inf{t > o9, ; X; > b}, (3.70)

Oonto = Inf{t > oopi1; X < a}. (3.71)

Let D; be the number of down-crossings from level b to level a, up to time ¢ :

D= 1{oy<ty; t = 0. (3.72)
n>1
‘We observe that :
o2p, =sup{n > 1; o3, < s}, (3.73)

with the convention sup{(}} = 0 and oy = 0.
The events {oa2p, + Tp © 05,,, > s} and {o2p, + Tp 0 05,,, < s} will play a central role below. If
{oan < 8 < gant2}, the first (resp. second) event reduces to {02, < s < o2p41} (resp. {oan+1 <5<

U2n+2})'

Proposition 3.20 Let (G(n))n>0 be a sequence of real numbers, and (M} be the process :

G(Dy) b— X, G1+ D)Xt —a
G t t
Mti = 1{02Dt+Tb0002Dt>t}( 5 (1 + b ) + 5 ( b—a ) (3.74)
G(l +Dt) b—Xt G(Dt) Xt —a
+1{”2Dt+Tb0"th<t}( 2 (1+ b—a ) T3 ( b—a ) '
1. Then (M; ’G) 1s a continuous Py-local martingale,
G(n) b— X, G(l+n)/Xi—a
1,G _ t t
M = 2{1[02"*“2‘"“[@( 2 (1+ b—a )+ 2 ( b—a ) (3.75)
n>0
1—|—n b—Xt Gn) /Xt —a
T R )]
Mtl7G = MOL)G GA (1{0'2D +T5005,, >s} — ]‘{02D3+Tb°902DS <S}) (376)
(14 Dy) D
((GUED) Z Gy ik,
and under P, :
G0)2b—a—2z)+G)(x—a)) ifz<b,
MYC = 2(b1— a) ( ) (3.77)
50— a) (G(0)(x —a) + G(1)(2b—a — x))  otherwise.
—a
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2. Suppose moreover that (G(n)) s a decreasing sequence of positive real numbers such that

n>0
G(0) =1 and lim,, _ooG(n) = 0. Then M€ >0 and M}>C = MPCE(TVE), with

1
1 . 3.78
G(D)(2b— X; — a) + G(1L + Dy)(X; —a) (o2oetTheten >t} (3.78)

JhC = (G(1+Dt)—G(Dt)){

1
_ 1 o :
G+ Dy)(2b— X; — a) + G(Dy)(X; — a) (72007 92Dt9}}

Proof 1) A priori, (Mtl ’G) is a right continuous process, and may only jump at times o,,. However,
it is easy to check that M}»% = ML-C therefore (M}t > 0) is continuous. (A posteriori, this is

”automatic”, as soon as we know that (M}*“) is a local martingale in the Brownian filtration. )
We have :

MpPE =

G(Dy) + G(1 + Dy) " (b — Xt) (G(Dt) —G(D¢+1)

5 " a 5 )sign(o2p, +T; 00, —1). (3.79)

Since t — Dy and t — sgn(o2p, + Tp © 0,,, — t) are piecewise constant processes, and (ML) is

continuous, applying Ito’s formula leads to (B.76). Hence (M} is a continuous local martingale.
Relation (B.79) implies that :

bl + X
|Mti’G| < sup |G(n)|(1 + 7| [+ X )
n>0 b—a

Consequently, (M; Gt > 0) is a martingale.

2) Suppose that G(n) > 0, G(0) = 1, and n — G(n) decreases to 0. If oap, + T © 0,,,, > t, then
b— X; > 0 and formula (B.79) gives :

G(Dy) + G(1 + Dy)

MPE > 0.
t 2 5 >
If oop, + 01 005,,, <t, we first modify (B.74)) as follows :
X, —a\ G(D,) — G(1+ Dy)
1LG _ (Xt t t
Mpe = (=) > +G(1+Dy).

But X, > a, consequently M} > G(1+ D,) > 0.
Finally M} > 0.
To end the proof of Proposition we observe that (B.7) is a direct consequence of (B.76) and (B.74).

We state below our last theorem concerning penalization results. Here the underlying process is
the number D, of down-crossings from b to a. Recall that the sequence of stopping times (oy,)n>1
associated with (D;) is defined through (B.69)-(B.71). Let G : N — R, be a decreasing function,
such that :

G0)=1, G(o0):= lim G(n)=0. (3.80)

n—oo

Let (AG(n))n>O be the sequence of positive numbers :

AG(n)=G(n)—-Gn+1), n>0. (3.81)
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Theorem 3.21 Let G : N — Ry as above.
1. Let s >0, I'y € Fs, then :

Eo[1r, AG(Dy)] 1
1m = .G
t—so  Eo[AG(Dy)] ML

Eo[lr, M}“], (3.82)

where (Mtl"G) is the positive martingale defined in Proposition .
2. Let Qé’G be the p.m. defined on (Q,]—'OO) :

1
Q§C(T,) = TG Eo[tr, M+, (3.83)
0

for any s >0 and T's € F;.
Then the process :

¢ 1
X, — /0 (G(1 + D,) — G(D,)) { C(D)(2b— X, —a) + C(L+ Da)(Xs —a) (3.84)

1
1 o sy 1 o o s d
X Uoop, +Thobap, >s} G(l +DS)(2b—X5 _a) +G(Ds)(XS _a) {o2p,+Tp002p, < }} s

s a QO’G Brownian motion.
The proof of Theorem is based on the following asymptotic estimate.

Lemma 3.22 Letz € R and (H(n)) be a sequence of positive real numbers satisfying : Z H(n) <

n>0 =
oo. Then : "=
; o—an /2 1, ==}
lim Vi E, [H(Dy)] =2(b - a) W{ S Hn)+ H(o)(2 oo a))}. (3.85)
n>1

Proof. On the one hand we observe that the definition (B.79) of Dy implies {D; > n} = {02, < t}.
On the other hand, under P, 01,09 — 01, -+ , 02, — 02,1 are independent, o1 (resp. ;41 — ;) is
distributed as T}, (resp. Tp—q) under Py. Consequently :

Pe(Dy > n) = Po(Tio—a|+(2n—1)(b—a) < 1)

Since the probability on the right hand-side equals Py(S; > [b — x| + (2n — 1)(b — a)), the scaling
property () implies :

P.(D; Zn):po(n< \/E|X1|+b—a—|b—$|)

< 20 —a) cn > 1. (3.86)

D; being a N-valued r.v., we have :

E,[H(Dy)] = H0)+ Y (H(n) = H(n — 1)) P(D; > n)

n>1

VXl +b—a—|b— gl

Let & := 30b—a) . Using Fubini’s theorem and (B.86) we get
[€¢]
B [H(D)] = H(0)= Eo[lie21y Y (Hm) — Hin—1))]

n=1

H(0)Po(& < 1) + B [H([&]) Lig 2y -
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where [a] denotes the integer part of a.
It is easy to compute the last expectation :

b—a—1|b— 2
[ ([{} 1{§t>1} \/7/ 2\/—+ (bila)| UC]Defz /21{%>1}d&

2/t+b—a—|b— x|
2(b—a)

Eo[H([&])1e,>13] =2(b—a \/7/ yl) exp { - (2(b—a)y — b2;ra+ b —2|) iy
Since Z H(n) < 00

n>1

Setting y = , we have :

lim (\/EEO [H([{t])l{&zl}]) —2(b—a \/><ZH )

n>1

It remains to study Pp(& < 1). We have successively :

b—a+|b—x|)

P0(§t<1):P0(|X1|< NG

hence :

2
Jim VP& <1) = (b—a+|b—a) \/;
This ends the proof of (B.8H). [ |

Proof of Theorem
Let s > 0, 'y € Fs be fixed, t > s and consider the quantity Ey [1FSAG(D,5)].
Let us introduce the events :

Y1 = {UQDS + Ty 0902]35 > S}, Yo = Eff = {O'QDS + Ty 0 902]33 < S},

and decompose the above expectation accordingly.
1) On 3 :

Dt = Dt—s o 95 + DS. (387)

Applying Lemma with z = X, H(n) = AG(n + D;), after conditioning by Fs, we obtain :

2 1
EO I:lr‘smElAG(Dt)} t:>loo2(b — a) \/;Eo[lpsmzljl]t—_, (388)

S

whereleAG(Ds)(Z—i—';(i)_ )+ ZAGD +n).

Since on ¥;, X < b, it is easy to check that :

_G(Dy) b—X,\ GOL+D,)/X,—a
Ji= 2 (1+ b—a)+ 2 (b—a)'
As a result :
2 e L
Eo[1r.rs, AG(DY)], ~_{2(6— @)/ = Bolir,am, M} ]}%.
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2) We decompose Yo in two disjoint events : Yo = ¥} U 335 where X, = Yo N {X; > b} and X3 =
EQQ{CL<XSSI)}.
On Y5 N {X, > b}, (B-87) holds and as previously :

1
t—s

t—

2
Ex[1r, axon{x, >0} AG(Dy)] o (2(b —a) \/;Em[lFsﬁEgﬁ{XS>b} J1]>

G(1+ Dy) (1+ b—XS) G(Dy) (XS —a
b

Since X, > b, J; = 5 5 -

) and

2 1
Eo[Ir,nzanx, >y AG(D1)] tgoo{2(b - a)\/;E0[1r3m22m{xs>b}M$’G]}W-

3) We split X3 in three disjoint subsets : X3 = ¥4 U X5 U Xg, with

Y4 = 230{8+Ta095<S+T5095<t},
Yy = 230{8+Tb095<S+Ta095<t},
Y = 240{(S+T5095)/\(S—|—Ta095)Zt}.

Weset Uy, =5+ T, 00, and Uy = s+ Ty 0 0.
a) On X4, we have :
Dy=Dy,+Dy_y,0by, =14+ Ds+ Dy_y, o0y,.

Applying the strong Markov property at time U,, together with Lemma , we obtain on ¥4 :

2
Jim VtEg[AG(Dy)|Fu,] = 2(b—a) \/;G(DUG).
But Dy, =1+ Ds; hence, taking the conditional expectation with respect to Fs, we get :

b— X,

b—a

. 2
tliglo \/EEO [1FSQE4AG(D,5)] = 2(() — a)\/;Eo [1{‘3023 G(l + DS)]
b) On X5, Dy = Dy, + Di_y, 0 0y, = Ds + Di_y, o 0y,. We proceed as previously; we obtain
successively :

. 2 G(Dy,) + G(Dy, +1
tEIEOﬁEO[lgSAG(Dt)|be]:2(b—a)\/j Do) 2( = )1{Ub<Ua},

™

; 2 X, —aG(D,)+ G+ D,
i V15, AGDO)] = 200 ) 2 15, et AP £ S D).

c) We claim that ¥ does not contribute to the limit since

PQ(Eﬁlj:S) = 123PXS(T11 ANTy >t — 8) < 123PaT+b(Ta ANTy >t — S)
—A(t—s)

IN

123 (&

for some A > 0.

Finally :
Eo[1F5m22m{xsgb}AG(Dtﬂtgoo{2(b— a) ;E0[1F3ﬂ22ﬂ{Xs§b}Ms7 ]}W
4) Consequently, thanks to the previous steps we have :
EO [1F AG(Dt)} ~ {2(b - a)\/gEo[lf‘ Mlxc]}i
E] t—00 T s S \/Z
This implies (B.89).
Point 2. of Theorem is a direct consequence of Proposition . [ ]
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4 Study of the ()-processes. An approach via enlargements of
filtrations

In sections @»@ we have obtained penalization principles involving unilateral maximum, unilateral
maximum and time, local time at 0, maximum + minimum + local time at 0 and finally down-crossings.
In each case, a positive and continuous martingale (M; ; ¢ > 0) appears naturally. This allows to
define @, on (Q,]:OO) via : Qx(Tt) = Ex[1r, M|, for any Ty € F, t > 0.

As said in the Introduction, @, is a well-defined p.m. on (€2, Foo).

This leads us to describe the law of (X;);>0 under Q,, = € R.

We are able to handle the two first cases recalled previously via a general approach, which is developed
in subsection @ Unfortunately the other cases cannot be handled in this way, and we have to study
them one by one. Our approach then is based on enlargements of filtrations. However the schemes
of proof are similar in all cases, consequently we only discuss Case 1 in details . Concerning the
other cases, we only state the results and sketch their proofs giving the key points without detailed
arguments.

4.1 Some general results and their applications

We consider here a general setting, where we are given a filtered probability space (Q, F, (Fe)e>o, ]P’), a
strictly positive continuous martingale (M;;¢ > 0), with respect to ((ft)tzo, ]P’), starting at 1 at ¢t = 0,
and a second probability Q on (2, F) such that :

Q(Ft) = E[lFtMt], I‘t S .7:15, t> 0. (41)
We define :
Mt:ogéfgtMs' (4.2)

The following discussion is inspired from [ﬂ]

M
Proposition 4.1 1. The process (Y; = =t _ 1, t > 0) is a non-negative, continuous, local P-
My
submartingale and P(Yy = 0) = 1.

2. Let (I; ; t > 0) be the non-decreasing, continuous process, such that lo =0 and (Yi —l)t>0 is a
continuous local martingale. Then the support of dl; is included in {t > 0; Y; = 0} and

M,=c¢";t>0. (4.3)

Proof. Using Ito’s formula we have :

dM; M,
dY; = — — dM,.
M, My
Consequently (Y;) is a local submartingale and :
M, 1

Ay =t

This implies that supp(dl;) = supp(dMy).
Integrating ({.4) over [0,] leads to ({.9). [

To go further, we need an additional assumption; i.e.,we assume :
Me =0 Pa.s. (4.5)
It is clear that M, =0 iff M __ = 0. From @) this condition is equivalent to [, = 400.
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Theorem 4.2 Let Q be the p.m. defined by (@)
1. M is a Q-finite r.v. with uniform distribution on [0, 1].
2. Let g :=sup{t >0, M, =M __} (with the convention sup =0). Then Q0 < g < c0) =1. Let

Zy=Q(g>t|F:); t = 0. (4.6)
Then
(a) Zy = Mt/Mt s

(b) (Z:) is a positive, Q-supermartingale with additive decomposition :
Zi =1 —/ o 0, + (M), (47)

d< M >,

i is the martingale part of (M) under Q.

where Mt = M,; — /
0

Proof of Theorem @ i) Let us determine the distribution function of M __ under Q. Let ¢ > 0
and 0 < ¢ < 1. We have :

Q(Mt < C) = Q(U(C) < t) =E, [1{a(c)<t}Mt];
where o(c) = inf{u >0, M, < c}.
Applying Doob’s optional stopping theorem we obtain :
QM < ¢) = E[l{s(cy<ty Mo(e)] = cP(a(c) < t).
Taking ¢t — oo, we obtain : Q(M . < ¢) =c.
ii) Let us compute Eglg > t|F;], where t > 0 is fixed. Let I'; be in F;,. We have :
Qe N {g >1t}) = Qe N {o; < oo}),

where oy = inf{s > t; M, < M,}.
Consequently :
Q(I‘t N{g> t}) = lim 0,,

with 6, = Q(Ty N {0} < t+n}).
Using the same technique as in step i), we have successively :

611 = E[1Ft0{0’<t+n}Mt+n] = E[ll‘tﬁ{aggtJrn}Ma'{]

- E[lf‘fﬁ{a <t+n}M ]

Letting n — oo, we get :
Q(T: N {g > 1}) = Efir, M,] = Fq [1r,M,/M;). (4.8)

This proves that Z; = M, /M; (under Q).
Equivalently to ([L.§), we have :

Q(r:n{0<g<t}) =Q) - E[lr, M,],
from which it follows that Q(0 < g < c0) = 1.

iii) Since t — 144~} is non-increasing, then (Z;) is a Q-supermartingale. Applying Ito’s formula we
get :

dM, M, M,
M, MQth+M3d<M>t.

The decomposition (@) is a direct consequence of Girsanov’s theorem.

dZ, =
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Remark 4.3 We write : P — Q in case the pair (P, Q) satisfies the absolute continuity relationship
@), as well as @) We claim that this relation is symmetric, i.e. if P — Q, then Q — P.
Indeed, let Ny = 1/My, t > 0. It is clear that (Ny) is a positive and continuous Q martingale, starting
at 1. To prove the claim, we have to check that tliglo N; =0, Q a.s.

Let A > 1 be a real number and o4 = inf{t > 0; M; > A}. Recall ([Ld], Bx 3.12, Chap. II) that

sup M, is distributed as 1/U where U is uniformly distributed on [0, 1].
>0

Let t be a fized real number. We have :
Qoa<t)= E[1{0A<t}Mt] = E[1{0A<t}MUA] = AP(oa < t).

Taking t — oo, we get :

1
Qoa < 0) = AP(04 < 00) = AP(sup M; > A) = AZ =1.
>0

Since A is arbitrary, this implies that sup My = +00, Q a.s. Consequently, under Q, tlim Ny = 0.
t>0 —00

Applying Remark E with Theorem Q we obtain the following.

Theorem 4.4 Let (Ny;t > 0) be a positive and continuous Q martingale such that under Q : Ny =1
and tlim N; = 0.

1. sup Ny @ 1/U, where U is uniformly distributed on [0, 1].

>0
2. If g =sup{t > 0; N, =sup N, }, then : Q0 < g < o0) =1. Let Z, = Q(g > t|F;),t > 0. Then
u>0
N, —
(a) Zy = =t , where Ny := sup N,.
Ny 0<u<t

(b) (Z) is a positive, Q-supermartingale, with Doob-Meyer decomposition : Z; = M} —In(N}),
where (M]) denotes a Q martingale.

We now make the further assumption that P = P, is the Wiener measure on the canonical space
C(R4+,R), and P, (Xo = ) = 1. We shall also write @, for Q, in this particular case. We now gather
a number of complements to our previous general results in this particular instance :

1. Since (M¢)e>0 is a Pp-martingale and My = 1, then the representation theorem of Brownian
martingales ([[L]], section V.3, p.192) implies that (M;) may be written as :

t
Mt:1+/ ms dX,, (4.9)
0

¢
where (m) is a predictable process, such that for any ¢ > 0, / m2ds < 400 a.s.
0

t
m
2. The process (Bt =X; — / Mudu;t > O) is a Q,-Brownian motion started at x.
0 U

Remark 4.5 For the sake of efficiency, we now use the technique of progressive enlargement of fil-
trations (see for instance E/ or /@/) Let (Gi) be the smallest filtration containing (F;) and such that
g is a (Gi)- stopping time. Then :

~ N qd<Z 8> bt d<2Z,8>
5t=ﬁt+/ : u—/ ’ Lt >0,
0 Z ing 1= Za
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where (B; 5 t > 0) is a ((Gt), Qz)-Brownian motion started at x.
Since Zy = M, /M, applying directly (1) leads to :

N, K M, m.,

U — — du.
M, tAg Mu(Mu - Mu)

B =By —
0

t
Recall that Xy = (¢ —|—/ %du, consequently :
0

t
~ My,
X, =/+ | ——du 4.10
e =P /Mg M, — M, " (4.10)

In particular X, = f; for any t < g. Let o(y) = inf{t > 0, My < y}, for any 0 < y < 1. Then
conditionally on M =y, the process (X;;0 <t < g) is distributed as a Brownian motion started at
x and considered up to its first hitting time of level y.

Going back to @), we note that, for u > g, the drift term equals

My
Mu _Moo ’

and, in general, (X¢) is not a diffusion, except in particular cases, see below Theorems @ and B

Our first application of Theorem @ concerns Q¥. Recall that

1

- ¥
1— (I)(.I) Ew[lpt Mt ]7

Qf(l—‘t) =

for any ¢t > 0 and 'y € Fy, where M) = (S; — Xt) ¢(St) + 1 — ®(S;), and ¢ satisfies the conditions
given in Proposition B.1] and (B.9).

©(y)

Theorem 4.6 1. Under QZ, the r.v. S is positive, finite and admits 17(1)()
— ®(x

1{y>z} as a density
function.

2. Let g=sup{u>0; X, = Sx}. Then Q¥(0 < g < o0) =1, and under Q¥ :

(a) the processes (Xy;u < g) and (Xg — Xyyg;u > 0) are independent,
(b) (Xyg — Xu+g;u > 0) is distributed as a three dimensional Bessel process started at 0,

(c¢) conditionally on See = z > x, (Xy;u < g) is distributed as a Brownian motion started at
x and stopped at its first hitting time of z.

Proof. a) Let (a,b) be a maximal interval of excursion of (X;) below its unilateral supremum (S¢).
Since for any u €la,b[, S, — X, > 0 and S, = S, = Sy , then Oinquff =1-—®(5;). Let M; =

1 v . 1—P(Sw)
- ® —1) = — - T\Poo)
T ( )Mt . Then Q¢(My =1) =1 and M, = infy,>9 M, T @)

—p(S
From Proposition @, decomposition @) holds with m; = &

1—®(x)
that P(Mo = 0) = 1.
Consequently 1) and 2) c) are direct consequences of Theorem [L.3.

. Then assumption (B.3) implies

0 1
b) For any u > g, we have : m, = —%, M, = 1_7(1)(96)[(300 = Xu) ¢(Ss) + 1 — ®(Ss0)]
1—P(S,
M, =M, = ﬁg‘(g)) and X, = Seo. Setting R, = X; — Xytu, then the identity (4.10) implies
— O(x
that :
~ ~ b du
thﬂg—ﬁtJrg—F/ R—;tZO. (411)
0 u
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Recall that g is a (G;) stopping time; hence, (Bg —§t+g ; t > 0) is a Brownian motion, independent from
G,. Points a) and b) are due to the fact that ([L11)) has a unique strong solution whose distribution is

the law of a three dimensional Bessel process started at 0.
|

We now describe the law of (X;) under Qa\’“" (we take the starting point to be 0, for simplicity).

Theorem 4.7 Let ¢, ® be the functions defined by ([5.11), resp. , and parameterized by the
function 1 satisfying ([3-9).

1. Under Q’\"", the 1.v. So is finite with density function e~ (p(z) + (1 — ®(x)) = e~ Y (z).
0 ¥

2. Let g =sup{t > 0, X; = Sx}. Then Qy**(0 < g < 00) =1 and under Q'* :

(a) (Soc — Xiqg;t > 0) is independent of (X;;0 <t < g) and is distributed as (Zto‘);t >0),
under Py, where

t
Zto‘) =X, + )\/ coth(A ZM)du. (4.12)
0

(b) Conditionally on Sec = x, (X4t < g) is distributed as a Brownian motion with drift A
started at 0, and stopped when it reaches x.

One proof of Theorem @ may be based on the theory of enlargements of filtration. This proof is
similar to the proof of Theorem @ Therefore we do not give it. However we will prove Theorem Q,
using a direct approach; see Proposition @ in Section ﬂ

We are now able to deal with Q}Oﬁ’}f, where Qgﬁ’hi (T'y) = Eo[1p, Mthﬂ}f] ; I't € Ft and Mt}#’}f =
X;PRH(LY) + X b= (LY) +1 — H(LY) ; t > 0. We suppose that h™, h~ satisfy the conditions given in
Proposition B.11], and (B-39). Recall that the function H is given by (B.34).

(Rt +h7)

N =

+—
Theorem 4.8 1. Under Qg oh , LY. is a positive, finite r.v. with density function :

2. Let g =sup{u>0; X, =0}. Then Qg+’h7(0 < g < o0) =1 and under Qgﬁ’hi
(a) the processes (X ; u < g) and (Xutq; u > 0) are independent,

1 [ 1 [
(b) with probability 5/ h* (u)du (resp. 5/0 h™(u)du), the process (Xy+q;u > 0) (resp.
(= Xuytg;u > 0)) is distributed as a three dimensional Bessel process, started at 0.

(c) conditionally on L% =1, (X, ; u < g) is distributed as a Brownian motion started at 0
and stopped when its local time at 0 equals [.

Proof. The proofs of 1), 2) a) and c) are similar to the proof of Theorem [I.f], being based on the

technique of enlargements of filtrations. They are left to the reader.
1

However one new point has to be checked : Qg+’h7(F+) = 5/ h* (u)du, where 'y is the set :
0
Iy ={X,>0;Vu > g}.
Since either X, > 0,Vu > g or X,, < 0,Vu > g, then Qgﬁ’hi (Ty) = tlim Qgﬁ’hi (X > 0).
It is easy to compute Qéﬁ’hi (Xt >0):
ht,h™ - ht.,h™

Qo " (Xy>0) = Eollyx,>0pM;" " ]

= Eo[ X} nt(L))] + Eo[lix,>0y (1 — H(LY))].

30



The dominated convergence theorem implies that tlim Ey [1{ X,>0} (1 -H (Lg))] =0
Applying Proposition with h~™ = 0, we get :

Eo[X; bt (L)) = %EO[ / " W (u)du)

Therefore : Qg+’h7(F+) = %/ ht (u)du. [ |
0
4.2 The Q-process associated with the bilateral supremum and local time

Vs

In this sub-section we study the law of (X;) under Qg", where v, is a p.m. on [«, oo, for some o > 0.
Recall that Qg* is the p.m. on (€, Fs) : Qp (Ty) = Eo[lr, M{*], Ty € Fy, t >0, and (M;*) is the
Py-martingale defined by (B.59).

Theorem 4.9 1. Under Qg L% is infinite, X%, is a finite .v., and the distribution of X7, is

2.
3.

Vy.
For any t > 0, under Qg", | X < XZ%.
Let (Gi) be the smallest filtration satisfying the usual conditions such that for any t > 0, G;

contains Fy V o(X%). Then there exists (Et)tzo a (Q",(G:))-Brownian motion started at 0,
such that :

" sen(X) (4.13)

X, =B, — | =225 g,
' ") X5 - 1X]

Moreover :
- LY, (4.14)

X5 —|X,|= X% + B Jr/tL
°° T TR Xn - 1K

t
where (By)y>o is the ( 0" (gt))-Browman motion : By = —/ sgn(X;)dBs.
0

Theorem @ in section | will generalize Theorem @ replacing (X2, L% ) by (Sc, Ioo, LY).
The proof of Theorem is divided in two parts, which are separated by Lemma .

First

part of the proof of Theorem .9

For simplicity M stands for M"~, and Qo for Qg*. Recall :

a

) X o0 X . N
Mt = (1 _ u) eL?/aV*(da) = / (1 _ %) eL?/\T;/ y*(da), t>0. (4'15)
X7 a 0

Let us start with the proofs of 1) and 2).
a) Let ¢t and ¢ be two positive real numbers. We have :

Qo(X; > ¢) = Qo(T; <t) = Eo[lirs<iyMi] = Eo[LTs <ty Mry].

By ({.13) we have :

Then,

M- =/ (1 - g)eLOTé‘/au*(da). (4.16)

Qo(X% > ¢) = /Coo (1 - 2) Bole“*: /%] v, (da).
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The r.v. LY. is exponentially distributed :

Po(Lg. > \) = e e, (4.17)

Consequently if a > ¢, then Ej [eLOTc* /a] = and Qo(XZ > ¢) = v4(Je, +00[). This proves that the

law of X% under Qo is vi.
b) By a similar method we get :

Qo(LY, > 1) = Ey[M,,] :/ e/ Py(X7 < a)v.(da).
0
Since Py(X} < a) = Py(T; > 1) = Py(LY. > 1) = e/, then Qo(LY, > 1) = / vi(da) = 1, for any
“ 0

[ > 0. This implies that Qo(L% = o0) = 1.

c) Let g = sup{t > 0, |X;| = X2 }. Lett > 0 be fixed and o be the stopping time : ¢ = inf{s >
t;1Xs| > X;}. We claim that Qo(o < o0) = 1, this will imply that g = oo, Qo a.s.

Let n > 1. Then :

Qo(oc <t+n)= EO[l{UStJrn}Mt-i-n] = EO[l{dStJrn}Ma]' (4.18)

Observing that X} = | X,| = X; and Py(0 < +00) = 1 and taking n — oo, in (}.1§), we obtain :

oo X*
QO(U < OO) = EO[MU] = / EO |:1{a>Xt*}(1 — —t) eLg/a:| V*(da,).
0 a
On {0 <Tpob;}, LY = LY hence :
| X

0 0
Eo e/ "1 pamyon 3 |Fe] = eFe/ o

t

On {0 > Ty o6}, we have LS = L? + LY. 0 01,09, with z = X}, consequently :

(1 _ |Xt|) oLl/a /Oo el/aefl/zﬂ
)(;F 0 z
X;F B |Xt| eL?/a

Xp(1-)

Eo "/ "1 s myo0,) | Fi]

Finally : .
Qo(oc <) = Eo[/ ) (1 — %) eL?/“V*(da)}

Point 3) of Theorem @ will be proved via the initial enlargement of the original filtration with the
r.v. X% . To apply Theorem 1 of [@] we need to compute Qg (X;‘o > c|]-"t), c>0,t>0.

Lemma 4.10 Let ¢ > 0, and t > 0, then :

oS X .
Qo(X%L > oF) = / eLgATZ‘/a(l—|%:Tc|> M)j\T* v, (da) (4.19)
t~
= V*([C,+OO[)—|—/ AsdBs, (4.20)
0
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with

9
2. = M - L%a l o L%/b B o eLs/b
As = g 1{X;<c}/C e {a . e”=/"v,(db) D V*(db)}u*(da), (4.21)

*
s

t
B, =X, —/ JV+ds, (4.22)
0

(J¥*) being defined by (5.63).

Proof of Lemma 1) Let I'; € F; and u > t. We decompose Qo (I'y N {X}; > c}) as follows :
Qo(TeN{Xy >c}) = QoL N{T; <t}) + Qo(Te N{T) > t, X > c}).

Obviously : Ty N {Ty > t, X > c} =T, N{T; < u} where I', = Ty N {T} >t} € Fr-ps. Consequently

' Qo (TN {T; <u}) = Eo[lrinirs <uy Mul = Eo[lr;ngr: <uy M.

Using ([.15) to determine Mt and taking u — oo, we get :

Qo(Ty N{X% > ¢}) = Qo(Ty N{T: < 1}) + /Oo (1 - E)Eo[lm X2/, (da).

To compute Fo[lr, eLOTc* /a] we proceed as in part c¢) of the proof of the first part of Theorem @
On {Tp 0 6; > T7 0 0;} NI}, we have LS. = LY and :

a X
Eo[eLova/ | 7] = eLS/a| Ct|.

On {Tp 0 6; < T7 0 0:} NI}, we have LS. = LY + LY. 0 01,00,
Using moreover ({.17) we deduce that on I},

LY. /a 0/q C — |Xt| 1
Eo [e 72/ 1{T0°9t<T£‘09t}|‘7:t} =t/ ( c ) 1-— C/a'
Then : ) |X |
, eLre/a] — { , L?/a( __t)}
Eo[lp e ] . —c/aEO I e 1 — )]
* * o Lo/a |Xt|
QT N{X% >¢}) = Q(un{Tr<t)+ [ E {1@ eLt (1 - T)}V*(da)
. S 0/, X\ 1
= QO (Ft N {TC S t}) + EQO |:/ 1Ftﬂ{TC* >t} €Lt/ (1 — %) MV* (da)} .

The previous expression may be simplified, using ({.16)) :

> XinT* 1
Qo(T: N{XZ > ¢c}) = Eq, {/ I, Finre/a (1 _ ﬂ) V*(da)]
¢ a Minr>

This leads to ([L19).

2) Let Z* and Z? be two (Qo, (F;)) continuous semimartingales. We write :
AR (4.23)

if Z!' — Z? is a continuous process with finite variation and Z} = Z3.
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It will be convenient to use this notion of congruence, which we shall apply as follows : if (M) is a

continuous local martingale, with My = 0, and M va 0, then (M;) is identically 0.
Due to Theorem B.14, the process (B;) defined by (29) is a (Qo, (F¢))- Brownian motion started at
0. In particular :

x. & B, (4.24)

We have successively :

X - 1 t
(1 _ M) oLl/a Ly _/ sgn(X,) e-/dB,, (4.25)
a a 0

-
11

00 1 t
M, / {1 - —/ Lixs<aysgn(Xs) eLg/adBS}l/*(da)
0 aJo :

1—/; sgn(Xs)(/: eLg/ay*(da))st. (4.26)

a

=

Let Z' and Z? be two (QO, (ft)) semimartingales, the classical rule of stochastic calculus gives :

Zi o
Z2 =

1 1 Ztl 2
7%~ i

a VAR

X
Choosing Z} = (1 - M) e?/% and Z2 = M,, we obtain :
a

|Xt| eL?/af_v /t L%a 1 |Xs| 1 /OO eL(s)/b
(-5 3 S | (X {QMS (1-= )Mg T v.(db) }dB,. (4.27)

Since (Qo(XZ, > c|ft))t>0 is a (Qo, (F1))-martingale, the identity (£.19) implies :

[e'e] t
QO(X;O > C|-7:t) = / [1 —/0 sgn(Xs) eLg/al{X;%c}

X{ﬁ - (1- @) 1\;2 /: eLi/bV*(db)}st}u*(da).

t ~
As aresult Qo (X2, > c|F;) = vi([c, +00) +/ AsdBs, where :

0
0
~ —sgn( X, 10 (M X, o oLg/b
As = T(z)l{xs<c} / e - (1= %) /X e (db) o (da).
Formula ([.2() is a direct consequence of ([L.15). [ |

Second part of the proof of Theorem @ (i.e. point 3)
Obviously Lemma may be written as follows :

QO(X;o > C|-7:t) = )\t(l[c,oo[)v

with the kernel \; satisfying :
t
At ([e, 00[) = v ([, o0]) —i—/ A2 ([e, oo[)dBs, (4.28)
0
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where :
M?2
The relation ([.19) directly implies that :

sgn( X, & a
20(da) = — S8 )1{X*<a}eLs/a[ / (1= &) () . (d).

1 X
A(da) = Ml{xg<a}eL?/a [1 - %} vi(da).

Consequently :
N (da) = O(a, t)\(da), (4.29)
with :
_ o _senXy) / Tenie(y ¢
O(a,t) = (a1 Jx: e (1 b)u*(db). (4.30)

The relations (29)- (£:30) allow to apply Theorem 1 of [Ig] (see also [{]) : there exists (Et)tzo a
(Qo, (G,))-Brownian motion started at 0 such that :

t
Bt = Bt +/ @(X;‘o,s)ds,
0

where (G;) denotes the smallest filtration satisfying the usual conditions such that for any ¢ > 0, the
o-field F; V o(X%) is included in G;.

¢
Using moreover ([.29), (X;) is seen to admit the decomposition : X, = B, +/ &g ds, with :
0
& =0O(XZ,s)+ Jo.
Using successively ([.30), (B.69) and ([L15), we get :

¢ = M(—sgn(Xp)(| {/ L0 (1

—sgn(X,) & |
ey L (0

This proves ({.13).
Applying the Tanaka formula : | X;| = fot sgn(X,)dX, + LY and the relation ([1.13) lead to (f.14).

)V* db) + (X —|XS|)/ eLs/b ()|

s Sgn(Xs) "
) Lo /b (db) — |XS|

4.3 The Q-process associated with the down-crossings

In this last section we are interested in the law of (X;) under QO’G. We have already introduced some
notation concerning down-crossings in section @ Let us briefly recall the main objects involved in

this study. D, is the number of down-crossings from b to a (b > a), up to time ¢, and (G(n))n>0 is a

decreasing sequence of positive real numbers, satisfying G(0) = 1 and lim G(n) = 0. Let (Mtl’G)t>0
n—oo =
. .. 1,G .

n>0 88 defined in Proposition B.20) . o will

denote the p.m. on the canonical space (2, Fo): é’G(Ft) Eo[lp, M}, Ty € F.

be the positive Py-martingale associated with (G(n))

Theorem 4.11 1. Under QO’G, the r.v. Dy is finite and

0 (Doo =n) = G(n) =G(n+1); n > 0. (4.31)
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2. Let g and g be the two random times :
g=inf{t > 0;D; = Do} ; g = inf{t > g; X; = b}.
Then : Q49 (0 < g < o00) =1 and Q4 (g < o0) = 1/2.
3. Under Qé’G and conditionally on {g < oo} :

(a) (Xu;0<u<g), (Xg4u;0<u<G—g) and (Xg4u;u > 0) are independent,

(b) (2b—a— Xgyu;0 <u<g—g) is distributed as a three dimensional Bessel process, started
at 2(b — a) and stopped at its first hitting time of level b — a,

(¢) (Xutg —a;u > 0) is distributed as a three dimensional Bessel process started at b — a.
4. Under Qé’G and conditionally on {g = oo} :

(a) (Xu;0 <u<g), and (Xg4u;u > 0) are independent,

(b) (2b —a — Xgyy;u > 0) is distributed as a three dimensional Bessel process, started at
2(b— a) and conditioned to be greater than b — a.

5. Under Qé’G and conditionally to {Doo = n}, (Xyu;0 < u < g) is distributed as a Brownian
motion started at 0, and stopped at the first time (o2,) when the number of down-crossings
equals n.

Proof. a) Recall that (6,,)n>0 is the sequence of stopping times defined by (B.6§)-(B.71). Using the
definition of Q(l)’G and the optional stopping theorem, we obtain :

$6(Dy > n) 56 (020 < 1) = Eo[l{gy, <ty M}P°]

= FEo[l{s,,<tyM}P].

But relation ) implies that Méf = G(n). Consequently, taking ¢ — oo, in the previous identity
leads to : QY'¢(Dso > n) = G(n). Hence Q¢ (Ds = n) = G(n) — G(n +1). Since lim G(n) = 0,
then Q(%’G(DOo < o0) = 1.

b) The proof of 2-5 of Theorem makes use of the progressive enlargement of filtrations technique.
Since we have already developed this approach in the setting of Theorems @ and @, we limit ourselves

to state the main steps without giving details.
We have :

YARES é’G(g > tl}—t) =

Theorem says that the process (Bi) defined by relation () isa QO’G- Brownian motion, started
at 0.
It is convenient for the sequel to introduce :

G(1+ D,) - G(Dy)
ms = 2(b—a) (1{02133 +T50055 5, >5F 1{02D3+T50902D3<5})'

Consequently :

t
m
X: =B +/ —_ds,
t t o Ml’G

S

t
MPC = Mmp© +/ m dX,.
0
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Applying It0’s formula, we obtain :

tG(1+ D, d;G(1+ D,
7, — 1_/ (TG )mster/ (1+G )
o (M )? 04 My
1+ D, 1+ D, d.G(1+ D,
o [(CUED g [P g [ dCED),
0 (1\457 )2 0 (1\457 )3 [0,¢] My

Let (Gt)1>0 be the smallest filtration, containing (F;)¢>0, satisfying the usual conditions and such that
g is a (G¢)i>o-stopping time. Then there exists a (Q(l)"G, (Gt)t>0)-Brownian motion (B;) started at 0,

such that :
B _B +/M9d<Z,X>S /t d< Z,X >,
t = t —_— — —_——.
0 s tAg 1—-Z;
Since :
we have : .
Xt :§t+ s ds.

thg MP© — G(1 + Dy)
It is easy to compute the drift term, via (B.74)) :

1
s ) X e ™ {09, + Ty 004y, > s},
G
MSl - G+ D) otherwise.
s—aQ

In particular :

~ tng ds t ds
Xt:Bt+/ ——— + —;t=>0
tng Xst+ta—2b trg Xs — @

Having obtained these results, points 2-5 of Theorem can now be proved. The details are left to
the reader.
|

5 A direct approach to study the canonical process under ()

To explain the goal of this section let us start with Case 1. For simplicity we restrict ourselves to
2 = 0. Theorem [£.q leads us to consider Qéy), the law of (X¢);>0 conditionally on S, = y. Recall
that under ((Jy),

o (Xy;t <T,) is a Brownian motion started at 0, and considered up to its first hitting time of y,
o (y— Xiyr1, ; t >0) is a three dimensional Bessel process started at 0.

Therefore, Theorem @ may be summarized as follows :

A0 = [ a0 ety (6.1)
This motivated us to prove (@) directly without any enlargement of filtration.

Proposition 5.1 Let ¢ : [0, +00c[— Ry as in Proposition 1, satisfying (5.3). Then (f.4) holds.
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1
Proof. 1) Let 0 <a <band p(x) = b—l[a_b] (). Then :
— a] ’

* xAb—a
fI)(x) = / gﬁ(t)dt = 71) l{wZa}-
0 —a

Consequently :
b— X,

b—a
Then using Girsanov’s theorem and Proposition , it is easy to check that (X;);>0 solves :

My =1(5,<a} +

lia<s,<py 3 t 2 0.

¢

1

XtZﬁt—/ ——lfa<s, <vrdu,
0 b—Xu {7 7}

where (B¢;t > 0) is a Q¢-Brownian motion started at 0.
Consequently, under QF :

o (X;; 0<t<T,) is distributed as a Brownian motion started at 0, and stopped at its first
hitting of a,

e (b— X171, ; t >0) is distributed as a three dimensional Bessel process started at b — a.
oo
2) To prove (b.1)), it is convenient to give an adequate description of the p.m. / Qéy)(~)gp(y)dy. Let
0

& be ar.v. independent of (X;);>o and uniformly distributed on [a, b]. Then under / Q((Jy)(-)go(y)dy:
0

o (X4;0<t<Ty)is distributed as (X;;0 <t < T¢) under Py,

o (§ = Xii1,;t > 0) is distributed as a three dimensional Bessel process started at 0.

In particular (X;;¢ < T,) has the same distribution under either Q or /00 Qéy)(-) o(y)dy.
3) Let Rp—, be a three dimensional Bessel process started at b — a, and % be the unique time ¢ such
that Rp_q(t) = 11};% Rp—_o(u). Then :
o (Ry—alt+g)— igfo Ry—q(u);t > 0) is independent of (Ry—q(t);0 <t < g) and is distributed as
a three dimensional Bessel process started at 0,
o ér;fo Rp— 4 (u) is uniformly distributed on [0, b—a|, and conditionally on 112% Ry—a(u) =z, (Rp—a(t);0 <

t_g g) is distributed as a Brownian motion started at b — a, and stopped when it reaches x.
This implies that the law of (X¢y7,;t > 0) is the same under either @ or / Qé‘y)(-) o(y)dy.
0
4) Let ¢ : Ry — R, be a Borel function such that / o(y)dy = 1. Tt is clear that Qf is equal to @g,
0

with :

oo

Q2T = Eo[1r, (S, — X0)p(S)) + /S o(y)dy)],t > 0,T; € F..

~ o0 1
But we have proved that the two p.m. Qf and / Q(()y)(-) o(y)dy coincide when p(z) = b—l[a’b] (x).
0 —a

Since ¢ — @g’ and ¢ — / Qéy)(-)z/}(y)dy are linear (with respect to convex combinations), then
0

0= [0 ety (5.2)
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holds for any elementary function ¢ of the type : ¢ = Zcil[ai,bi]- Approximating a continuous

3
function with compact support by a sequence of stepwise constant functions of the previous type,
permits to prove @), ¢ being a positive continuous function with compact support in [0, +00[. The
Riesz representation theorem allows to extend (5.9) and (b.1)) to any Borel and positive ¢, the details
are left to the reader.
|

We have already observed that if we take A = 0, then the Kennedy martingale M%¥ coincides with
M*¥. This leads us to generalize Proposition @ We give (see Proposition @ below) a direct proof of
Theorem @ via a disintegration of the p.m. QS"’“". Formally taking A — 0 in Proposition @ permits
to recover Proposition f.1. However the proofs of Propositions p.4 and .1 are different.

Let A >0, x > 0 and QS’(I) be the unique p.m. on the canonical space such that :

o (X4;0<t<T,)is distributed as a Brownian motion with drift A, started at 0, and stopped at
its first hitting time of z,

o (r— Xyip,;t>0) is distributed as (Zt(A);t > 0) under Py, where :
¢
7N = X, + )\/ coth(A ZM)du. (5.3)
0

We observe that :
67 = lim Q. (5.4)

Proposition 5.2 Let ¢, ® be the functions defined by , resp. ), and parametrized by the
function v satisfying / z/J(z)e_AZdz =1. Then :
0

QYe() = / T QY (e Wy (y)dy. (5.5)

Proof. Let I' € 7. Using the definition of Qé"‘p and (B-2(), we have :

$(Sx)
2

Conditioning on S., and using (B.19) leads to :

Qé»‘/’(l—‘) = EP;”\) [ 6>‘S°° 1F]- (56)

2#(T) = / () POV (TS = )iy,

The equality : QS ) () = piY (T'|Ss = y) follows directly from the well-known theorem of Williams
|

We now investigate the law of (X;) under Qf, where v is a p.m. on [«, co[X[a, o], for some a > 0.
The p.m. @ has been already introduced in Theorem and (M}) is the Py-martingale defined in
Proposition . Note that the penalization result has been proved (see Theorem ) for the triplet
(S¢, It, LY) but we have only described the law of (X;) under Qp*; this p.m. being associated with
the two dimensional process (X; = S; V I, L?). Hence Theorem @ below, generalizes Theorem @
Moreover, its proof hinges on a disintegration of Q) and does not use enlargement of filtration .
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Let Q5" be the p.m. on (€2, Fo,) defined as the law of (Y;") under Py, where 5,7 > 0 and (Y;"") is the
solution of the following SDE :

t t
1 1
}/t g Xt — /O 5 _ Yu 1{yu>0}du + /0 —Z T Yu 1{yu<0}d’u,. (57)

It will cause no confusion to keep the same letter ) to designate the p.m used in both Proposition @
above and Theorem .3 below, since the first p.m.’s is always indexed by (), (y)) and the second p.m.

by (s,1).

Coming back to (5.7), F. Knight ([]) already considered the process (Y,**) and called it the ” Brownian
taboo process”. Intuitively it is a Brownian motion conditioned on never reaching +s, the taboo levels.
Likewise, from (@), it can be proved that :

e the process (Y;") takes its values in | — i, s|,

e supY,”" = s and inf V;" = —i.
t>0 t20

These properties may be also proved via the classification of boundary points s, —i of the diffusion
process (Y;>") (see for instance ([[L1]], section V 50-51).

Theorem 5.3 1. Under Q¥, LY, is infinite, Soo, I are finite r.v., and the distribution of (Seo, Iso)
s V.

2. We have :

Q) = / Qy()w(ds, di). (5.8)
([0,4-00[)2

Remark 5.4 The probabilistic interpretation of the disintegration property ) is the following :
conditionally on S = 8, I, = i, the law of (X;) under QY coincides with the law of (Y;") under Py.

Proof of Theorem .3 1) To determine the law of (S, Ioo) and prove that LI = co a.s., we can
proceed as in the proof of Theorem @ The details are left to the reader.
2) Let us prove (.§). Let s,i > 0 fixed, and b be the function :

ba) = ———1 +
r)= s — 7 {0<z<s} it x {—i<xz<0}-

The Girsanov theorem implies that :
QS’Z |Fr = @tl{t<T3/\T7i}P0 | Fe
where

O, = exp { /Ot b(Xo)d Xy — % /Ot b(Xu)2du}.

Applying the It6-Tanaka formula we obtain :

Lo 1t 1
IH(S — Xt+) hl(S) — /O s_ X 1{Xu>0}qu — 5/0 ml{xu>o}du — %L?,

o , | I | 1
1I1(Z—Xt ) 1I1(’L)+/0 ’L—f——Xl{Xu<O}qu — 5/0 ml{xu<0}du— ZL?,

where t < Ty NT_;.
It follows that :

0= (1-25) (=) e {5+ ot}

40



Summarizing previous calculations, we get :

Xt X, 1,1 1
Qo |7 (1 - T) (1 - Tt) eXP{2(S + —)L?}l{t<TsAT,i} Py 7,

Integrating with respect to v(ds,di) implies directly (f.g), since the martingale (MY) is defined by
(B.51)). [

Our Theorem provides a short proof of Lemma . It is actually possible to demonstrate directly
Lemma .19, however tedious calculations are necessary.

Let a,b > 0,v(ds,di) := §,(ds) ® d(di) and My = M.

Applying the definition ([3.51) of (M;), we have :

1 g
M, = —b(a — X - X )e M Lyerar y; t >0,

a
1,1 1
ithe= (-4 -).
with ¢ 2(a+b)
Due to the definition of QO , we get :
1 1
E .. = E M,
] lame—x ™

—Fo [ 1 perunr 13-

Consequently :

' 1
Jim By [eH 1<, 7)) = ab Jim Boy [<a ~XH0- Xn]

But under Qf, (X;) is a recurrent diffusion. It is easy to compute its invariant density function g since
this function solves :

%g’(x) 3 xg)c (agfxi)z =0 if >0,
L, g'x) —_glx) . .
39 () — bt +(b+x) =0 if <0,

Finally :

3
2h2 [b2(a — 2)*1jo<acay + @0+ 2)° 1 _peacoy |-

g(x) = W

‘We observe that :

1
/ @) = 2ap

In particular the integral above is finite and

lim E .
i Fos| ey ) = 2

This finishes the proof of Lemma , since :

. ) 3
Jim Eo el pernr ] = > (5.9)
Remark 5.5 1. It is easy to deduce from the previous analysis that

oo if a>ec,

3 aL? _
lim By [e*"* Ly, ar )] = { 0 if a<ec.

t—oo

(5.10)
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2. Lemma may be generalized as follows. Let (Yy) be Walsh’s Brownian motion with parameters
n

(pi)i<i<n, where 0 < p; < 1 and Zpi = 1. We recall (see Walsh’s original paper /@/, and also
i=1
/ﬂ] and /E/ for detailed constructions), that this process takes its values in a union of half-lines
L, I, such that N}_,I; = {0}. Heuristically, this process :
e mowves as a one-dimensional Brownian motion inside each I;,

e when it reaches 0, it chooses at random, with probability p;, to evolve in I; .

Now, the statement of Lemma may be extended in the following manner :

. 0 if a<ec,
lim E[eaLt Hl{sggai}} ={ 3/2 if a=c (5.11)
=1

t— .
> oo if a>c,
with ¢ := =,
; a/i

6 Further developments

In this section, we sketch a number of results which shall appear in [@]
For simplicity, we shall only discuss here Case 1.

1. To prove our main limit result, rather than considering E[p(S:)|Fs], as t — oo, we study
P(T4|S; = y], which is shown to converge as t — oo towards Qéy) (Ts).

2. Also, we study the speed of convergence of Qéit(l"s), where Qﬁt denotes the p.m. Q{;t defined
o0
by (IL€) with F; = ©(S;). More precisely, suppose that ¢ satisfies moreover / (t)t?dt < oo,
0
we then prove that there exists a Py-martingale (N,”) such that :

E[lr,N¢]
t-—So0 t ’

Ellr, ¢(S)]
Elp(Sy)]
We obtain more generally an expansion of the left side of (f.1)) in powers of (1/t), to any order.

3. Finally we consider ( [[[g], [[4]) the same problems with F; = f(X;, S;) where f : Rx R, + R,.
We suppose :

— E[lp,M¢] VI, € Fs. (6.1)

7o [ [ f(zy—w(z,y)dy <. (6.2

Denote f =1/f.

Then we establish that Qo ((T's) converges to fEO [1F5Mﬂ7 t — oo, for any I's € Fs where ¢ is
given by :

o) =7 [ do / i;f(a:,z)cm | 1w o
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