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KERNEL DENSITY ESTIMATION AND GOODNESS-OF-FIT TEST
IN ADAPTIVE TRACKING

BERNARD BERCU* AND BRUNO PORTIER

Abstract. We investigate the asymptotic properties of a recursive kernel density estimator
associated with the driven noise of a linear regression in adaptive tracking. We provide an almost
sure pointwise and uniform strong law of large numbers as well as a pointwise and multivariate central
limit theorem. We also propose a goodness-of-fit test together with some simulation experiments.
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1. Introduction. Since the pioneer work of Astrom and Wittenmark [1], a wide
range of literature is available on parametric estimation and adaptive tracking for lin-
ear regression models [4], [5], [6] [9], [13], [14], [15], [16]. However, only few references
may be found on nonparametric estimation in adaptive tracking [19], [20], [21],[23].
Our goal is to investigate the asymptotic properties of a kernel density estimator asso-
ciated with the driven noise of a linear regression in adaptive tracking and to propose
a goodness-of-fit test. Consider the parametric linear regression model given, for all
n > 0, by

Xn+1 = 9t¢n +U, + En+1 (11)

where X,,,U,, and ¢, are the d-dimensional sytem output, input and driven noise,
respectively. The regression vector ¢, is totally observable and 6 is the unknown
parameter of the model. In all the sequel, we shall assume that (£,,) is a sequence of
centered independent and identically distributed random vectors with positive definite
covariance matrix I' and unknown probability density function denoted by f. The
crucial role played by U, is to regulate the dynamic of the process (X,,) by forcing X,
to track step by step a bounded predictable reference trajectory x,. Via the certainty
equivalence principle [1], U,, commonly called the adaptive control of the system, is
given, for all n > 0, by

Up = —0" ¢ + Tps1 (1.2)

where gn is the standard least squares estimator of 6 defined by

n—1 n
R STTE MR R PR
k=0 i=0

where a positive definite matrix S is added in order to avoid useless invertibility
assumption. By substituting (1.2) into (1.1), we obtain the closed-loop system

Xn+1 — Tpt1l = Tp + Enti (13)
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where 7, denotes the prediction error m,, = (6 — 6,,)¢,,.

In this paper, we shall study the asymptotic properties of a kernel density estimator
(KDE) of f. This problem is well-known and has been widely investigated in time
series. We refer the reader to [10], [11], [22] for some interesting books on density
estimation for stationary processes. Let us now define the KDE of f in the context of
the nonstationary model (1.1). When the sequence (&,,) is observable, the traditional
Parzen-Rosenblatt KDE of f is given, for all z € R? and n > 1, by

fu(z) = # ZK (Eih_ x)
noi=1 n

where the kernel K is a chosen density function and the bandwidth (h,,) is a sequence
of positive real numbers decreasing to zero. In our situation, the sequence (g,,) is of
course unobservable. However, when the tracking objective is fullfilled, the prediction
error 7, is as closed as possible to zero. Consequently, via (1.3), we can choose X,, —x,,
as a predictor of €,,. Moreover, since we are in an adaptive tracking framework, it is
more suitable to make use of a recursive kernel density estimator (RKDE) of f given,
for all z € R and n > 1, by

n

ﬁm%}:%K<&—%—£> (1.4)

i=1

Our purpose is first to show that fA’n behaves pretty well as a RKDE of f in adaptive
tracking and secondly to provide a goodness-of-fit test for f based on f,. The paper
is organized as follows. Section2 is devoted to the asymptotic behavior of f,. We
establish the almost sure pointwise and uniform convergence of f, to f as well as a
pointwise law of iterated logarithm (LIL) and a pointwise multivariate central limit
theorem (CLT). Section3 is concerned with the goodness-of-fit test for f. Finally,
some simulation experiments are given in Section 4. All technical proofs are postponed
in appendices.

2. Main results. In all the sequel, we shall assume that the kernel K is non-
negative function, bounded with compact support, such that

K(t)dt =1, K2(t)dt = 72
R4 R4

and , for any i =1,2,--- ,d,

/QK@&:Q
Rd

For example, for some r > 0 and some known positive constants a,, b,, ¢, one can
make use of the uniform kernel on the sphere of R? with radius r, K (t) = a, Ten<r
the Epanechnikov kernel with scaling factor r, K (¢) = b, (1— [|¢?/r*) Ljj<r), and
the Gaussian kernel with truncation level r, K (t) = cpexp (— [|¢2/2) Tjje<r)-
Moreover, we shall assume that the bandwidth (h,) is a sequence of positive real
numbers, decreasing to zero, such that nh¢ tends to infinity and satisfying the mild
condition

> hi=0(nhl).
=1
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This last condition, not really restrictive, is due to the recursive form of the KDE fn
For example, one can choose h,, = n~ with €10, 1/d].

We shall now state our assumptions concerning the probability density function
f and the prediction errors sequence (y,).

ASSUMPTION [A1]. The density function f is strictly positive and belongs to C?(R?).
In addition, f and its first and second derivatives are bounded.

ASSUMPTION [A2]. The prediction errors sequence (my,) satisfies
n
> i [I*= O(log n) a.s.
i=0

Assumption [A1] is classical in density nonparametric estimation while [A2] seems
to be more restrictive. However, it is fullfilled in many situations in adaptive tracking.
More precisely, assume that the driven noise (g,) has finite conditional moment of
order > 2. Then, it follows from convergence (20) of [5] that [A2] holds for the ARX
model

XnJrl = Aan + A2Xn71 +...+ Aanprrl + Un + En+1

as soon as Y i, || z;]|?= o(n) a.s. Moreover, we can also deduce from relation (11) of
[6] that [A2] also holds for the scalar nonlinear autoregressive model

Xnt1 = GW(Xna ce 7Xn—p+1) +Un+éent1
under suitable moment assumption on (g,) as soon as the function ¢ : R? — R does

not increase to infinity faster than a polynomial of degree < 4.

We shall now present several asymptotic results for the RKDE fn of f, the first
one dealing with the almost sure convergence properties of f,.
THEOREM 2.1. Assume that [A1] and [A2] hold and that nhe tends to infinity

faster than (logn)?. Then for any x € R, fn(:z:) converges a.s. to f(x). In addition,
if hdlogn = O(1) and nhit* = o(loglogn), we also have

. ( nhd )1/2
lim sup

mow |\ S doglogn) 1)~ 7@ <1 ws. (21)

Moreover, assume that the kernel K is Lipschitz and that the bandwidth (hy,) is given

by hy, = n~% with o €]0,1/d[. Then, fn converges a.s. to f, uniformly on all compact
sets of R? and, for any 8 €](1 + ad)/2,1],

sup
rER4

folz) — f(x)’ =o(n”71) +0 () a.s. (2.2)

Proof. The proof is given in Appendix A. O

Remark 1. The bandwidth condition associated with the almost sure pointwise
convergence result is really not restrictive and it is clearly satisfied when h,, = n™¢
with a €]0,1/d[. In that particular case, the first bandwidth condition required for
the LIL is obviously satisfied and the second one holds as soon as a €]1/(d+4),1/d|.
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Remark 2. It is possible to relax assumption [AI] by only assuming that f belongs
to C1(RY) with bounded gradient. In that case, we have to replace the bandwidth
condition nhd*t* = o(loglogn) by nhit? = o(loglogn). Moreover, in the expanded
uniform strong law result, it is necessary to replace O (n™2%) by O (n™%) in (2.2).

Our second result is a pointwise and a multivariate CLT for jA’n

THEOREM 2.2. Assume that [Al] and [A2] hold. Moreover, suppose that the
bandwidth (h,) satisfies nhit* = o(1) together with

hd &
1. n h-ﬁd — g 2
Jim 2 ht =0, (2.3)

i=1
for some finite constant £, > 0. Then, for any x € R?, we have the pointwise CLT

Galw) = ot (Fu) — 1)) LN (0,200 @) =6, 24

In addition, for q distinct points x1,...,2q of R?, we also have

(Gn(21), ..., Gn(zg)) £> (G(z1),...,G(zq)) (2.5)

where G(x1),...,G(zq) are independent.

Proof. The proof is given in Appendix B. 00

Remark 3. Result (2.4) is identical to the one obtained by Duflo [12] for stationary
processes. Besides, it is worthless to require the bandwidth condition (2.3) for the
nonrecursive KDE of f and ¢5, has to be replaced by 1 in (2.4). Finally, when h,, = n™¢
with a €]0,1/d], it is necessary to assume that a(d + 4) > 1 and we obviously have
Oy =(1+ad)™t.

3. Application to a goodness-of-fit test. We shall now propose a statistical
test associated with the probability density function f based on the convergence
results of Section 2. We wish to test

Ho : «f = fo» Vs Hy o «f # for

where fj is a given probability density function. It is well-known that such a goodness-
of-fit test is very important and it has been widely investigated in time series analysis.
Indeed, many statistical procedures require the assumption of normality for the driven
white noise [3], [8]. Consequently, a goodness-of-fit test for the white noise density is
of particular interest. For an independant and identically distributed sample, Bickel
and Rosenblatt [7] have proposed a statistical test based on the integrated quadratic
deviation between the true density and a KDE of f. This approach has been extended
to the autoregressive framework by Lee and Na [17] and more recently by Bachmann
and Dette [2]. However, no such a statistical test is available in the adaptive tracking
framework although several situations require the normality assumption on the driven
white noise. Our purpose is now to provide a goodness-of-fit test for f based on the
multivariate CLT for f, together with the LIL. Our statistical test consists on a
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suitably normalized sum of the quadratic deviation between the true density and the
RKDE f,, evaluated on ¢ distinct points of R?. More precisely, it is defined by

Lo (Bt — fole)
e :T%Zl( i) )

where 1, ..., x4 are ¢ distinct points of R?. We shall make use of

2(g) = — i (f (z;) — fo(xj))Q, N (g) = — i (f*(x5) = [ ()"
P52 ) P2 )

THEOREM 3.1. Assume that [Al] and [A2] hold. Moreover, suppose that the
bandwidth (h,,) shares the same assumptions as in Theorem 2.2 and is such that nhd
goes to infinity faster than (logn)?. Then, under Hy,

nhi T, (q) £ X (q)- (3.1)

Moreover, under H1 and if one can find x € {x1,22,..., 24} such that f(z) # fo(z),
then T, (q) converges a.s. towards o2(q). In addition, if h&logn = O(1), we also have

Vi (1.0) - (@) £ M (0.320)). (3.2

Remark 4. According to these asymptotic results, it is possible to construct a
goodness-of-fit test associated with f. On the one hand, under the null hypothesis
Ho, we can approximate for n large enough the distribution of nhd T),(q) by a x%(q)
one. On the other hand, under the alternative hypothesis Hi, if o2(q) is positive,
nhd T, (q) goes a.s. to infinity which guarantees that the asymptotic power of our test
is equal to 1. From a practical point of view, the null hypothesis H will be rejected
at level § whenever nh? T,(n) > as; where as stands for the (1 — &) quantile of the
x%(q) distribution. Finally, one can observe that the weak convergence (3.2) allows
us to evaluate the probability of the type II error of our test.

Remark 5. It is also possible to make use of the test statistic T7,(q) defined by

) 1 < (J?n(fﬂj)—fo(ﬂ%‘))2
1,(q) = 720, Z o)

j=1

In that case, Theorem 3.1 holds with

q q

o2(q) = 21 3 (f(z;) — fo(ﬂfj))Q, (g) = 24 3 (f(z;) — J;o(xj))Zf(l'j)_
et fo(z;) T2 f5 (@)

This statistical test should improve the empirical level under Hg, but it should cer-

tainly degrade the empirical power under H;. Nevertheless, it is easier to compute
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than T,,(q) because it allows to avoid the division by fn(:nj) which can be equal to
zero due to the use of a compactly supported kernel.

Proof. The proof is straightforward by use of Theorem 2.1 together with Theorem
2.2. As a matter of fact, we have the decomposition

Tu(q) —0*(q) = An + By (3.3)

where

q

PRSI o (Ful;) = f(2;))?

T2€h J=1 ﬁl(;p]) ’
U & (Faley) — ) () — f3(x)))
B _7'25;1; J?n(%) fzj) '

We can deduce from (2.5) and the pointwise almost sure convergence of fA’n to f that

[nhd [ falw) = fla)  Julw) = flag) | L
=0 ; . N(0,1,) (3.4)

Vien R

where I, stands for the identity matrix of order ¢. Hence, it immediately follows from
(3.4) that

nhfllAn £> X2(q). (3.5)

Consequently, we clearly obtain (3.1) from (3.3) together with (3.5) since, under the
null hypothesis Ho, 02(q) and B,, vanish. Under the alternative hypothesis Hj, it
is straighforward to see that T),(q) converges a.s. towards o2(q) via the almost sure

pointwise convergence of f,, to f. Only convergence (3.2) remains to be proven. On
the one hand, by the pointwise LIL, we infer that

loglogn
Ap|=0 | ————
=0 (55

which implies that

\/nhd A, =o(1) a.s. (3.6)

as nh? goes to infinity faster than (logn)2. On the other hand, we can deduce from
(3.4) that

whiB, Lo n (0, >\2(q)). (3.7)

Finally, convergence (3.2) immediately follows from the conjunction of (3.3), (3.6) and
(3.7) which completes the proof of Theorem 3.1. O
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4. Simulation experiments. In this section, we shall investigate the finite sam-
ple properties of our statistical test both under Hy and H; without some bootstrap
procedure as it is usual in this context of nonparametric test. Since it has never been
experimented, we shall not restrict ourselves to models of form (1.1) but we will also
consider some closely related stationary models. Our goal is to show that our statis-
tical test behaves pretty well in many different situations. The different models that
we will study are given as follows.

(WN) X, =¢€p

(AR) Xpt1=0X, + et
(ARX) Xn+1=0X, +Up +ept1
(NARX) Xni1 =0X2 4+ Uy + epta

where (g,,) is a sequence of centered independent and identically distributed random
variable with probability density function f. We choose § = 7/10,0 =2 and § = 1/2
for the AR, ARX and NARX models, respectively. We consider three choices of
noise distributions that we combine two by two in order to study the performances
of our statistical test both under Hg and H;. The first one is the standard normal
distribution

folo) = = ex0 (%) |

The second one is the normalized double exponential distribution

fia) = %exp (~val).

The last one is the standardized chi-square distribution with twelve degrees of freedom

Fale) = 2+ V) exp (VB +V5)) Ty

[Place Figure 4.1 about here]

For AR, ARX and NARX models, we estimate the unknown parameter 6 by use
of the standard least squares estimator HAn For AR model, the probability density
function f is estimated using the KDE given by (1.4) where X,, — x,, is replaced by
X, — é\an_l. For ARX and NARX models, the adaptive control U,, is given by
U, = —0,X, and U, = féanL, respectively.

For each model and each test of Hy against H;, we base our estimations on
N = 800 independent realizations of sample sizes n = 200, 500 and 1000. We are
interested in the empirical level under Hy to be compared with the theoretical level
equal to 5% and the empirical power under H;, as well as the closeness between
the simulated distribution of our statistical test and the corresponding theoretical
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T
—— Gaussian

— — Double exponential
— - Chi square

0.6 —

0.5

0.3

0.2

0.1

Noise distributions

distribution. The implementation of our statistic test T),(q) requires the choice of
design points together with the specification of a bandwidth and a kernel for the
RKDE f,. We use the design points selection rule proposed by Poggi and Portier
in [18]. More precisely, we proceed as follows. Starting from an estimate of the
distribution of the driven noise, we choose g equidistant points x; ..., x4 so that the
density at those points is not too small and in such a way that they are sufficiently
distant to ensure sufficient accuracy in the use of the multivariate CLT. In other words,
this last condition allows us to guarantee the asymptotic independence property in
the multivariate CLT for small to moderate sample size. We choose g = 8,13 and 22
equidistant points for sample sizes n = 200, 500 and 1000, respectively. It should be
noted that only a few number of points are needed to make a decision. The RKDE
fn is constructed by use of the Epanechnikov kernel

3
K(t) = (1= )1y

and the bandwidth h, = n~® with « = 1/3. For the denominator of T},(q), we use
the Gaussian kernel and the bandwidth h,, = n=% with 8 = 1/5. Via this choice, we
avoid a possible division by zero and we provide a smoother version for the estimation
of f. Finally, for ARX and NARX models, we use a short learning period of 7 = 100
time steps. This learning period allows us to forget the transitory phase.

The abbreviations G fo, G f1 and G fa mean that the driven noise (g,,) is generated
with the normal fjy distribution, the double exponential f; distribution and the chi-
square fo distribution, respectively while H fy, H f1 and H fa mean that we are testing
the assumptions Ho : «f = foy, Ho: «f = fiy and Hp : « f = foy, respectively.
Finally, as we have chosen a test level o = 5% and we have generated N = 800 trials,
the Kolmogorov-Smirnov fitting statistic in italic has to be compared with the value
0.048.

[Place Table 4.1 about here]

[Place Table 4.2 about here]
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TABLE 4.1
WN model. Results under Ho and Hi with test level 5%. Empirical level in bold and per-
centage of correct decisions.

7 =200, =8 n =500, g =13 7 =1000, g = 22
| [ Hfo | HfL [ Hfa Hfo | Hfi | Hf2 Hfo | HfL | Hf
Gfo g;z; 35.7% | 26.2% 053;7; 84.1% 70% 0532 99.8% | 98.6%
Gh 49% 053;7; 74.1% 91.2% 05;;7; 99.3% 100% ;135;72 100%
Gf || 19.2% | 535% | o5 || oo | oraw | S0 || eerse | 100% | o
TABLE 4.2

AR model. Results under Ho and H1 with test level 5%. Empirical level in bold and percentage
of correct decisions.

n =200,q=38 n = 500, ¢ = 13 n = 1000, ¢ = 22
| [ Hfo | HfL [ Hfa Hfo | Hfi | Hf2 Hfo | HAL | Hf
Gfo 334(7; 31.2% | 25.6% 212;72 82% 65% g;zg, 99.8% | 98.8%
Gh 49.7% g;z; 73.1% 90.5% 0.557;4 99.1% 100% 33;7; 100%
Gfa 19.3% | 54.6% 3’07;72 62% 96.6% 32;7; 96.6% 100% 3327;,

[Place Table 4.3 about here]

[Place Table 4.4 about here]

We shall now comment the test results contained in Tables 4.1 to 4.4. First of all,
one can verify that our statistical test behaves pretty well under Hg. Indeed, for each
model and each noise distribution, the empirical level is close to the 5% theoretical
value level as one can realize with the values in bold. In addition, the simulated
distribution of T}, (q) is close to the x?(q) distribution as one can observe with the
values in italic of the Kolmogorov-Smirnov fitting statistic to be compared with the
critical value at 5% equal to 0.048. Next, one can verify that the empirical power
increases with the sample size, from 20% to 40% for n = 200, to 96% to 100% for
n = 1000: it is more difficult to decide between fy and f2 than between f; and fo,
which is the easier situation. Finally, if one superimpose the four tables, one can
observe that the results for the different models are almost the same. In conclusion,
our statistical test behaves pretty well for small to moderate sample size and for a
large class of models.

[Place Figure 4.2 about here]

Figure4.2 illustrates the empirical power of our test for the NARX model. We
base our estimation on N = 800 trials of sample size n = 500 with ¢ = 13 equidistant
points. The driven noise (g,,) is generated with the normal distribution fy and we
are testing the assumption Hy: « f = f1». One can observe that the distribution of
our statistical test T),(q) is different from the x?(q) one. Consequently, the power of
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TABLE 4.3
ARX model. Results under Ho and Hi with test level 5% and learning period T = 100.
Empirical level in bold and percentage of correct decisions.

n =200,q=38 n = 500, ¢ = 13 n = 1000, g = 22
| | Hfo | HAiA | Hf2 Hfo | HA | Hf Hfo | HfA | Hf2
Gfo ggj; 35.7% 28% ggg; 81.5% 66% 3,07;7:; 99.7% | 98.2%
Gf 45.8% 053;; 71.5% 87.5% 51'07;7; 99.3% 100% 0557202 100%
Gfa 21.2% | 54.5% 03352 62% 95.6% 023;72 96.7% 100% 05;;7;
TABLE 4.4

NARX model. Results under Ho and H1 with test level 5% and learning period T = 100.
Empirical level in bold and percentage of correct decisions.

n =200,q=38 n = 500, ¢ =13 n = 1000, g = 22
| | Hfo [ HAiA | Hf2 Hfo | HA | Hf Hfo | HfA | Hf2
Gfo 0?57;7 37.1% | 28.5% ;13(27; 83.5% | 68.2% ggz; 99.5% | 98.6%
Gf 44.6% 055;7; 2% 89.8% ggg; 99.2% 100% 05;;7?7 100%
Gf2 19.8% | 58.3% SZZ; 63.2% | 95.5% 4270(? 97.2% 100% 0.557;9

separation of our statistical test is clearly significant.

Appendix A. This appendix is devoted to the proof of Theorem 2.1. In order
to prove the asymptotic properties of our RKDE f, of f, we are led to introduce
the martingale (M,,) associated with the sequence (f,). To be more precise, we
immediately infer from (1.4) that for all z € R? and n > 1,

n(Ja@) = £(@)) = Ma(@) + Ra (@) (A1)

with
M, (z) = Z(K (Xi — 2 — 2) = B[K; (X; — 2; — 2) | Fia]) (A.2)
Ry (x) = ZIE (K (Xi — x5 — x) | Fioa] — n f(x) (A.3)

where, for all y € R, K, (y) = h;¢K(h,;'y) and F,, denotes the o-algebra of the
events occuring up to time n. The almost sure properties of (M,,) are given by the
two following lemmas.

LEMMA A.1. Assume that nhl tends to infinity faster than (logn)?. Then, for
any x € R, we have M, (x) = o(n) a.s. More precisely,

M,
lim sup | M ()]

n=%0 /272 || flloo 1 han ¢ loglogn

<1 a.s. (A4)
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Proof. For any z € R, (M,,(z)) is a locally square integrable real martingale. In
addition, its increasing process (< M(x) >,,) satisfies < M (z) >,= O(nh,;?). As a
matter of fact, for all z € R?,

n n

<M(@)>0= Y E[K? (X — 2~ 2)|Fia ] = 3 (EIKG (Xi — i — ) |]-'i_1])2.

=1 =1

Consequently, we deduce from (1.3) that for all 2 € R?
z)>p< Zh 2d K2 hiY(mi—1 +s—x)) f(s)ds. (A.5)
Via the change of variables t = h; ! (m;_1 + s — x) into (A.5), we find that

SZ (#) f(hit + 2 — m_1) dt < 72 ||f||oth .

=1

Therefore, as (hy,) is decreasing, < M(x) >,= O(nh,?). Hence, it follows from the
strong law of large numbers for martingales (see e.g. [12], Theorem 1.3.15, p. 20)
that for all v > 0,

| M (z)[* = o(nh;daog n)lﬂ) a.5.

which ensures that M, (z) = o(n) a.s. since nh¢ tends to infinity faster than (logn)?.
Furthermore, for any z € RY, |M,(z) — M,_1(x)] < 2h,? | K ||oo which clearly

implies that
nh;d
M, (x) — M, — < Cpt| ————
[M,(@) = My (@)] < Coy |t

where (C,,) is a deterministic sequence which tends to zero. Finally, we immediately
obtain (A.4) from the upper bound in the law of iterated logarithm for martingales
(see e.g. [12], Theorem 6.4.24, p. 209). O
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LEMMA A.2. Assume that the kernel K is Lipschitz and that the bandwidth (h.,)
is given by h, = n~* with « €]0,1/d[. Then, for any constants A >0 and v > 0, we
have the expanded uniform strong law

sup | M, (z)| = o (n”) a.s. (A.6)

llzl| <An>

where B €](1 + ad)/2,1].

Proof. Formula (A.6) is a direct application of the expanded uniform strong law
for martingales given by Theorem 6.4.34, p. 220 of [12]. First of all, for all x € R%,
set AM,(x) = Mp(x) — Mp_1(z). We already saw in the proof of Lemma A.1 that
there exists two positive constants a, b such that, for all n > 1, < M(0) >,< an'Td
and |AM,,(0)| < bn*d. In addition, since the kernel K is bounded and Lipschitz, for
all § €]0, 1[, one can find some positive constant Cs such that, for any z,y € R?

|K(x) = K(y)| < Cs |l =yl . (A7)
Hence, it is not hard to see that, for any z,y € R¢
|AM(x) = AMy(y)] < 2Cs ||z —y|° n+),

Furthermore, similarly to (A.5), we have for any z,y € R?
n 2
<M @)~ M)>a< Y2 (K@ rioats—a) K (1 (rioa+5-9) F(5)ds
i=1 Re
which, by the change of variables t = i*(m;—1 + s — x), leads to

M)~ M() >ns] flle 32 / (K0 - K@+i@-y)) a (A8

Rd

In addition, as K is a density function, it follows using (A.7) that
2
[ (50 = K+ i =) e <20 o =y 20
Rd
Therefore, we deduce from (A.8) that for any z,y € R?

<M (z)=M(y)>n< 2Chs || — y||? nitedt2ed,

Since the power § can be chosen as small as one wishes, all the four conditions of
Theorem 6.4.34 of [12] are fullfilled which immediately leads to Lemma A.2. O

Proof of Theorem 2.1. In order to prove Theorem 2.1, it remains to study the
almost sure asymptotic behavior of the remainder (R,) in (A.1). It follows from
(A.3) that
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via the usual change of variables t = h; 1(7ri_1 + s — x). As the probability density
function f belongs to C?(R?) with bounded derivatives of order 2, we obtain by a
Taylor expansion that

sup |R,(z)] = O <Z hf) + <Z [ 7ri—1 ||> a.s.
z€R? i=1 i=1
Hence, it follows from the Cauchy-Schwarz inequality together with [A2] that

sup |Rp(z)| = O (nh2) + O(\/nlogn) a.s. (A.9)

r€R4

Consequently, R,(z) = o(n) a.s. which ensures that f,(z) converges a.s. to f(x).
Moreover, we obtain (2.1) from the conjunction of Lemma A.1 and result (A.9). The
uniform almost sure convergence on R? still remains to be proven. Recall that in that
case, hp, = n~® with a €]0,1/d[. On the one hand, we find from Lemma A.2 with
A =2and v=1/2, that

sup |M,(x)]=o (nﬁ) a.s. (A.10)
l=zll<2vn

where 3 €](1+ad)/2,1[. One can observe that 3 > 1/2 which implies that y/nlogn =
o(n?). Hence, taking it into account and combining (A.9) with (A.10), we deduce that

sup
lz]|<2v/n

Fo(z) — f(a:)’ =o(n”7!) +0 (n?) a.s. (A.11)

On the other hand, we claim that

o~

Fulw) - $@)| =0(%) a.s. (A.12)

n

sup
llzlI>2vn

As a matter of fact, since (g,,) has a finite moment of order 2, we infer from (1.3)
together with [A2] that

sup || Xy — zx ||?= o (n) a.s.
k<n

Hence, for k large enough, || X — z |< v/n a.s. which ensures that, for z such that
|z ||> 2+/n, || Xk — zx — z||> /n a.s. Therefore, since K is compactly supported, it
clearly leads to

=1

nﬁ(z)]: sup —0(1) as. (A13)

lzll>2vmn

sup
lzll>2vn

In addition, since (g,,) has a finite moment of order 2 and f is positive, it follows that
f(x) = O(||x||=3) for large values of x, leading to

o @) = O(%)' (A.14)

Consequently, we immediately obtain (A.12) from (A.13) and (A.14). Finally, we
deduce (2.2) from (A.11) and (A.12) which completes the proof of Theorem 2.1.
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Appendix B. This appendix is concerned with the proof of Theorem 2.2. We
first propose a CLT for the martingale (M,,).

LEMMA B.1. Assume that [A1] and [A2] hold and that the bandwidth (h,,) shares
the same assumptions as in Theorem 2.2. Then, for any x € RY,

M:Z)d £ n (0. 720.5)) (B.1)

Proof. In order to prove Lemma B.1, it is necessary to study the asymptotic
behavior of the increasing process (< M (x) >,) properly normalized. For all ¢ > 1
and z € R%, we have

E[K; (X; —x; — x) |[Fm1] = hy ¢ /RdK (hi H(miz1 + s —x)) f(s)ds

=/, K(t) f (hit + & —mi 1) dt < flloo

which implies that

n

Z(E [Ki (X; — z; — ) |]-"Z-,1])2 = O(n) a.s. (B.2)

i=1

Moreover, we also have
E (K} (X; —zi — 2) | Fim1] = h;2d/ K? (hy ' (mic1 + s — x)) f(s)ds,
Rd
=h;? [ K%t) f(hit +x—mi_1) dt.

Rd

Consequently, we obtain the decomposition
ZE[K? (X; —x; — ) |]:i,1} = A, + 7B, + 12 f(2)C,
i=1

where

S
3
I
=
=9
T
I
S
—
ot
/
&h
=
~
_l’_
)
|
3
|
N
|
&h
—~
)
|
3
|
N
=
o
“P#

As the gradient of f is bounded, we clearly have |4, | = O(nhl~?) a.s. and

|Ba| =0 (Zhid |m_1|> a.s.
=1
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Hence, it follows from [A2] that |B,| = O(h;;¢y/nlogn) a.s. Furthermore, we imme-
diately get from (2.3) that n='heC, converges to £}, as n goes to infinity. Putting
together those three contributions, we find that
hd
lim —2 <M(x)>, = 724, f() a.s. (B.3)

n—oo N

In order to make use of the CLT for martingales (see e.g. [12], Corollary 2.1.10, p.46),
it remains to check that Lindeberg’s condition is satisfied. For all a > 0, let

n

hi 2
An(a) = —* ;EDAMZ'@)' L\ ant oy zav/mm®) i1

We already saw that for all i <n, [AM;(z)| < 2h,? || K|le. Hence, we clearly have
foralli <n

]I(\AI\/[i(z)\za\/nh;d) < ]I(QHK”ooZa\/nh%)'

Consequently, we find that for all ¢ > 0

he - 5
An(@) < 5 Loz /i) ZE“AMZ" (m)m—l}’

i=1

hd "
< Lk say/mny HE llooll flloo Z;h :

IN

HE Mool Flloe Ty ey > /md)

Therefore, as nhe tends to infinity, we obviously deduce that, for all a > 0, A, (a)
tends to zero a.s. Finally, Lindeberg’s condition is satisfied which achieves the proof
of Lemma B.1. O

Proof of Theorem 2.2. We are now in position to prove Theorem 2.2. It follows
from (A.1) that for any x € R?

Jnd (Fuw) - p(a)) = Mot & Ful), (B4
Vb

Consequently, (2.4) immediately follows from (A.9) together with (B.1) and (B.4)
as soon as nhi** = o(1). The multivariate CLT remains to be proven. Taking the
previous results into account, it suffices to prove that for two distinct points z,y € R?,
the random vector

1 (m@)g(%”
Vahd \ Mn(y) G(y)
where G(z) and G(y) are independent. We can easily show this convergence by
remarking that for two distinct points z,y € R?

&
Jim = > E[AM;(x)AM;(y)|Fia] =0 a.s. (B.5)

i=1
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Indeed, for all i > 1, we have

E[AM;(z)AM;(y)|Fi—1] < E[K; (Xi — 2 — @) K (Xi — i — y) [Fiea],
< h; /Rd K (hiY(mi—1 +s—2)) K (hy ' (mi—1 + s —y)) f(s)ds,

<h;* [ K@K (t+h7 (z—y)) f(hit+z—m_1)dt
R4

Therefore, as the gradient of f is bounded, we obtain that

Zn:E [AM;(2)AM;(y)|Fi-1] < Hp(z,y) + O(nh}l_d) + O(h;dm) a.s.

where

Hole,y) = YW @) | K@K+ A @ )t

However, using the fact that K is compactly supported, we can deduce that for i large
enough, the integral at the right hand side of H,,(x,y) is zero. Finally, we obtain that
convergence (B.5) is satisfied, which completes the proof of Theorem 2.2.
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