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EVALUATING CONVOLUTION SUMS OF THE DIVISOR

FUNCTION BY QUASIMODULAR FORMS

EMMANUEL ROYER

A. We compute many sums involving divisor functions using the
theory of quasimodular forms. Some of our identities were not known,
others were only partially known. The method is systematic.

1. I

1.1. Results. Let N denote the set of natural numbers and N∗ = N \ {0}.
For n and j inN∗ we set

σ j(n) ≔
∑

d|n

d j

where d runs through the positive divisors of n. If n < N∗ we set σ j(n) = 0.
For N ∈N∗ we define

WN(n) ≔
∑

m<n/N

σ1(m)σ1(n −Nm)

where m runs through the positive integers< n/N. We call WN the convolu-
tion of level N (of the divisor function). We present a method (introduced in
[LR05]) to compute some of these sums using quasimodular forms. In par-
ticular, we evaluate W6, W7, W8 and W10 which were not known and recover
WN for N ∈ {1, 2, 3, 4, 5, 9} by a systematic method. The first evaluation of
W9 is due to Williams [Wil05, Theorem 1.1].

For N ∈ N∗, we denote by ∆4,N the unique cuspidal form spanning the
cuspidal subspace of the modular forms of weight 4 on Γ0(N) with Fourier

development1 ∆4,N(z) = e2πiz +O
(
e4πiz

)
. We define

∆4,N(z) =

+∞∑

n=1

τ4,N(n)e2πinz.

Theorem 1. Let n ∈N∗, then

W1(n) =
5

12
σ3(n) −

n

2
σ1(n) +

1

12
σ1(n),

W2(n) =
1

12
σ3(n) +

1

3
σ3

(
n

2

)
−

1

8
nσ1(n) −

1

4
nσ1

(
n

2

)
+

1

24
σ1(n) +

1

24
σ1

(
n

2

)
,
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W3(n) =
1

24
σ3(n) +

3

8
σ3

(
n

3

)
−

1

12
nσ1(n) −

1

4
nσ1

(
n

3

)
+

1

24
σ1(n) +

1

24
σ1

(
n

3

)
,

W4(n) =
1

48
σ3(n) +

1

16
σ3

(
n

2

)
+

1

3
σ3

(
n

4

)
−

1

16
nσ1(n) −

1

4
nσ1

(
n

4

)

+
1

24
σ1(n) +

1

24
σ1

(
n

4

)
,

W5(n) =
5

312
σ3(n)+

125

312
σ3

(
n

5

)
−

1

20
nσ1(n)−

1

4
nσ1

(
n

5

)
+

1

24
σ1(n)+

1

24
σ1

(
n

5

)

−
1

130
τ4,5(n),

W6(n) =
1

120
σ3(n)+

1

30
σ3

(
n

2

)
+

3

40
σ3

(
n

3

)
+

3

10
σ3

(
n

6

)
−

1

24
nσ1(n)−

1

4
nσ1

(
n

6

)

+
1

24
σ1(n) +

1

24
σ1

(
n

6

)
−

1

120
τ4,6(n),

W7(n) =
1

120
σ3(n)+

49

120
σ3

(
n

7

)
−

1

28
nσ1(n)−

1

4
nσ1

(
n

7

)
+

1

24
σ1(n)+

1

24
σ1

(
n

7

)

−
1

70
τ4,7(n),

W8(n) =
1

192
σ3(n)+

1

64
σ3

(
n

2

)
+

1

16
σ3

(
n

4

)
+

1

3
σ3

(
n

8

)
−

1

32
nσ1(n)−

1

4
nσ1

(
n

8

)

+
1

24
σ1(n) +

1

24
σ1

(
n

8

)
−

1

64
τ4,8(n),

W9(n) =
1

216
σ3(n) +

1

27
σ3

(
n

3

)
+

3

8
σ3

(
n

9

)
−

1

36
nσ1(n) −

1

4
nσ1

(
n

9

)

+
1

24
σ1(n) +

1

24
σ1

(
n

9

)
−

1

54
τ4,9(n).

W10(n) =
1

312
σ3(n)+

1

78
σ3

(
n

2

)
+

25

312
σ3

(
n

5

)
+

25

78
σ3

(
n

10

)
−

1

40
nσ1(n)−

1

4
nσ1

(
n

10

)

+
1

24
σ1(n) +

1

24
σ1

(
n

10

)
−

1

120
τ4,10(n) −

3

260
τ4,5(n) −

3

65
τ4,5

(
n

2

)
.

For dimensional reasons, the forms ∆4,N are primitive forms for N ∈
{5, . . . , 10}. It follows that the arithmetical functions τ4,N are multiplicative
and satisfy the relation (2) (see below). Moreover, if

η(z) ≔ eiπz/12
+∞∏

n=1

[
1 − e2πinz

]
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then, following [Koi84], one obtains

∆4,5(z) =
[
η(z)η(5z)

]4 ,

∆4,6(z) =
[
η(z)η(2z)η(3z)η(6z)

]2 ,

∆4,8(z) =
[
η(2z)η(4z)

]4 ,

∆4,9(z) =
[
η(3z)

]8 ,

whereas ∆4,7 and ∆4,10 are not products of the η function. However, using
M[BCP97] (see [Ste04] for the algorithms based on the computation of
the spectrum of Hecke operators on modular symbols), one can compute
their Fourier coefficients.

n 1 2 3 4 5 6 7 8 9 10 11
τ4,7(n) 1 −1 −2 −7 16 2 −7 15 −23 −16 −8

n 12 13 14 15 16 17 18 19 20 21 22
τ4,7(n) 14 28 7 −32 41 54 23 −110 −112 14 8

n 1 2 3 4 5 6 7 8 9 10 11
τ4,10(n) 1 2 −8 4 5 −16 −4 8 37 10 12

n 12 13 14 15 16 17 18 19 20 21 22
τ4,10(n) −32 −58 −8 −40 16 66 74 −100 20 32 24

An interesting historic of this topics may be found in [Wil05].
Our method, with the introduction of Dirichlet characters, allows also to

recover a second result of Williams [Wil05, Theorem 1.2] and to extend a
result of Melfi [Mel98, Theorem 2, (7)]. For b ∈N∗ and a ∈ {0, . . . , b − 1}, we
define

S[a, b](n) ≔

n∑

m=0
m≡a (mod b)

σ1(m)σ1(n −m).

We compute S[i, 3] for i ∈ {0, 1, 2}. Our result uses the primitive Dirichlet
character χ3 defined by

χ3(n) ≔



0 if n ≡ 0 (mod 3)

1 if n ≡ 1 (mod 3)

−1 if n ≡ −1 (mod 3)

for all n ∈N∗.

Theorem 2. Let n ∈N∗, then,

S[0, 3](n) =

11

72
σ3(n) +

25

18
σ3

(
n

3

)
−

9

8
σ3

(
n

9

)
−

1

4
nσ1(n) − nσ1

(
n

3

)
+

3

4
nσ1

(
n

9

)

+
1

24
[1 + δ(3 | n)] σ1(n) +

1

18
τ4,9(n),
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S[1, 3](n) =

19

144
σ3(n) +

1

48
χ3(n)σ3(n) −

25

36
σ3

(
n

3

)
+

9

16
σ3

(
n

9

)

−
1

8
nσ1(n) −

1

8
χ3(n)nσ1(n) +

1

2
nσ1

(
n

3

)
+

3

8
χ3(n)nσ1

(
n

3

)
−

3

8
nσ1

(
n

9

)

+
1

24
δ(3 | n − 1)σ1(n) +

1

18
τ4,9(n).

and

S[2, 3](n) =

19

144
σ3(n) −

1

48
χ3(n)σ3(n) −

25

36
σ3

(
n

3

)
+

9

16
σ3

(
n

9

)

−
1

8
nσ1(n) +

1

8
χ3(n)nσ1(n) +

1

2
nσ1

(
n

3

)
−

3

8
χ3(n)nσ1

(
n

3

)
−

3

8
nσ1

(
n

9

)

+
1

24
δ(3 | n − 2)σ1(n) −

1

9
τ4,9(n).

where δ(3 | n) is 1 if 3 divides n and 0 otherwise.

We next consider convolutions of different divisor sums and complete
results of Melfi [Mel98, Theorem 2, (9), (10)], [HOSW02, Theorem 6]. We
shall use the unique cuspidal form ∆8,2 spanning the cuspidal subspace of
the modular forms of weight 8 on Γ0(2) with Fourier development ∆8,2(z) =

e2πiz +O
(
e4πiz

)
. Using [Koi84], we have

∆8,2(z) = [η(z)η(2z)]8 .

We define

∆8,2(z) =

+∞∑

n=1

τ8,2(n)e2πinz.

This is again a primitive form, hence the arithmetical function τ8,2 is multi-
plicative and satisfies the relation (2) (see below).

Theorem 3. Let n ∈N∗. Then,

n∑

k=0

σ1(k)σ3(n − k) =
7

80
σ5(n) −

1

8
nσ3(n) +

1

24
σ3(n) −

1

240
σ1(n),

∑

k<n/2

σ1(n−2k)σ3(k) =
1

240
σ5(n)+

1

12
σ5

(
n

2

)
−

1

8
nσ3

(
n

2

)
+

1

24
σ3

(
n

2

)
−

1

240
σ1(n),

∑

k<n/2

σ1(k)σ3(n− 2k) =
1

48
σ5(n)+

1

15
σ5

(
n

2

)
−

1

16
nσ3(n)+

1

24
σ3(n)−

1

240
σ1

(
n

2

)
.

Moreover,

n∑

k=0

σ1(k)σ5(n − k) =
5

126
σ7(n) −

1

12
nσ5(n) +

1

24
σ5(n) +

1

504
σ1(n),



CONVOLUTION OF DIVISOR SUMS 5

∑

k<n/2

σ1(k)σ5(n − 2k) =

1

102
σ7(n) +

32

1071
σ7

(
n

2

)
−

1

24
nσ5(n) +

1

24
σ5(n) +

1

504
σ1

(
n

2

)
−

1

102
τ8,2(n),

and
∑

k<n/2

σ1(n − 2k)σ5(k) =

1

2142
σ7(n) +

2

51
σ7

(
n

2

)
−

1

12
nσ5

(
n

2

)
+

1

24
σ5

(
n

2

)
+

1

504
σ1(n) −

1

408
τ8,2(n).

Our method allows also to evaluate sums of Lahiri’s type

(1) S[(a1, . . . , ar), (b1, . . . , br), (N1, . . . ,Nr)](n) ≔
∑

(m1,...,mr)∈N
r

m1+...+mr=n

ma1

1
. . .mar

r σb1

(
m1

N1

)
. . . σbr

(
mr

Nr

)

[HOSW02, §3] where the ai are nonnegative integers, the Ni are positive
integers and the bi are odd positive integers. To simplify the notations, we
introduce

S[(a1, . . . , ar), (b1, . . . , br)](n) ≔ S[(a1, . . . , ar), (b1, . . . , br), (1, . . . , 1)](n).

For example, we prove the following.

Theorem 4. Let n ∈N∗. Then,

S[(0, 1, 1), (1, 1, 1)](n) =
1

288
n2σ5(n) −

1

72
n3σ3(n) +

1

288
n2σ3(n)

+
1

96
n4σ1(n) −

1

288
n3σ1(n).

and

− 245S[(0, 0, 0, 1, 1), (1, 1, 1, 1, 1)](n) = −
48

5
n2σ9(n) + 128n3σ7(n)

− 80n2σ7(n) − 600n4σ5(n)

+ 648n3σ5(n) +
8208

7
n5σ3(n)

− 144n2σ5(n) −
11232

7
n4σ3(n) −

3456

5
n6σ1(n)

+ 576n3σ3(n) +
5184

5
n5σ1(n)

− 432n4σ1(n) − 48n2σ3(n)

+ 48n3σ1(n) +
8

35
nτ(n) −

8

35
τ(n).

We continue our evaluations by the more complicated sum S[(0, 1), (1, 1), (2, 5)].
The reason why it is more difficult is that the underlying space of new cus-
pidal modular forms has dimension 3.
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The space of newforms of weight 6 on Γ0(10) has dimension 3. Let
{∆6,10,i}1≤i≤3 be the unique basis of primitive forms with

∆6,10,1(z) = e2πiz + 4e4πiz + 6e6πiz +O(e8πiz),

∆6,10,2(z) = e2πiz − 4e4πiz + 24e6πiz +O(e8πiz),

∆6,10,3(z) = e2πiz − 4e4πiz − 26e6πiz +O(e8πiz).

Again, by [Koi84], we know that these functions are not products of the η
function. We denote by τ6,10,i(n) the nth Fourier coefficient of ∆6,10,i. Note
that the sequences τ6,10,i are multiplicative. Again, Stein’s algorithms on
M give the following tables.

n 1 2 3 4 5 6 7 8 9 10 11
τ6,10,1(n) 1 4 6 16 −25 24 −118 64 −207 −100 192

n 12 13 14 15 16 17 18 19 20 21 22
τ6,10,1(n) 96 1106 −472 −150 256 762 −828 −2740 −400 −708 768

n 1 2 3 4 5 6 7 8 9 10 11
τ6,10,2(n) 1 −4 24 16 25 −96 −172 −64 333 −100 132

n 12 13 14 15 16 17 18 19 20 21 22
τ6,10,2(n) 384 −946 688 600 256 −222 −1332 500 400 −4128 −528

n 1 2 3 4 5 6 7 8 9 10 11
τ6,10,3(n) 1 −4 −26 16 −25 104 −22 −64 433 100 −768

n 12 13 14 15 16 17 18 19 20 21 22
τ6,10,3(n) −416 −46 88 650 256 378 −1732 1100 −400 572 3072

We also need the unique primitive form

∆6,5(z) =

+∞∑

n=1

τ6,5(n)e2πinz

of weight 6 on Γ0(5). It is not a product of the η function and, its first Fourier
coefficients are given in the following table.

n 1 2 3 4 5 6 7 8 9 10 11
τ6,5(n) 1 2 −4 −28 25 −8 192 −120 −227 50 −148

n 12 13 14 15 16 17 18 19 20 21 22
τ6,5(n) 112 286 384 −100 656 −1678 −454 1060 −700 −768 −296
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Proposition 5. Let n ∈N∗. Define

A(n) =
12

13
nσ3(n) +

48

13
nσ3

(
n

2

)
+

300

13
nσ3

(
n

5

)
+

1200

13
nσ3

(
n

10

)

B(n) = −
48

5
n2σ1

(
n

2

)
− 48n2σ1

(
n

5

)

C(n) = 24nσ1

(
n

5

)

D(n) =
12

5
nτ4,10(n) −

216

65
nτ4,5(n) −

864

65
nτ4,5

(
n

2

)

E(n) =
108

35
τ6,5(n) +

864

35
τ6,5

(
n

2

)

F(n) = −
24

5
τ6,10,1(n) +

12

7
τ6,10,2(n).

Then,

5 × 242
∑

(a,b)∈N∗2

2a+5b=n

bσ1(a)σ1(b) = A(n) + B(n) + C(n) +D(n) + E(n) + F(n).

In each of our previous examples, we did not leave the field of rational
numbers. This may not happen since, the primitive forms have no nec-
essarily rational coefficients. However, every evaluation will make use of
totally real algebraic numbers for coefficients since the extension of Q by
the Fourier coefficients of a primitive form is finite and totally real [Shi72,
Proposition 1.3]. We shall evaluate S[(1, 1), (1, 1), (1, 5)]. Let t be one of the
two roots of X2 − 20X + 24. There exist three primitive forms of weight 8 on
Γ0(5) determined by the beginning of their Fourier development:

∆8,5,1(z) = e2πiz − 14e4πiz +O(e6πiz)

∆8,5,2(z) = e2πiz + (20 − t)e4πiz +O(e6πiz)

∆8,5,3(z) = e2πiz + te4πiz +O(e6πiz).

The function ∆8,5,3 is obtained from ∆8,5,2 by application of the conjugation
of Q(t) (i.e t 7→ 20 − t) on the Fourier coefficients. We denote by τ8,5,i the
multiplicative function given by the Fourier coefficients of ∆8,5,i.

n 1 2 3 4 5 6 7 8 9
τ8,5,1(n) 1 −14 −48 68 125 672 −1644 840 117

n 10 11 12 13 14 15 16 17 18
τ8,5,1(n) −1750 172 −3264 3862 23016 −6000 −20464 −12254 −1638

n 1 2 3 4 5
τ8,5,2(n) 1 −t + 20 8t − 70 −20t + 248 −125

n 6 7 8 9 10
τ8,5,2(n) 70t − 1208 −56t + 510 −120t + 1920 160t + 1177 125t − 2500

n 11 12 13 14 15
τ8,5,2(n) −400t + 6272 184t − 13520 608t − 4310 −510t + 8856 −1000t + 8750
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Proposition 6. Let n ∈N∗. Define

A(n) =
24

13
n2σ3(n) +

600

13
n2σ3

(
n

5

)

B(n) = −
24

5
n3σ1(n) − 24n3σ1

(
n

5

)

C(n) = −
288

325
n2τ4,5(n)

D(n) =
792 + 12t

475
τ8,5,2(n) +

1032 − 12t

475
τ8,5,3(n).

Then

5 × 242
∑

(a,b)∈N∗2

a+5b=n

abσ1(a)σ1(b) = A(n) + B(n) + C(n) +D(n).

Remark 1. The two terms in the right hand side of the definition of D(n) in
proposition 6 being conjugate, we have

D(n) = trQ(t)/Q

[
792 + 12t

475
τ8,5,2(n)

]
∈ Q.

To stay in the field of rational numbers, we could have used the fundamental
fact that, for every even k > 0 and every integer N ≥ 1, the space of cuspidal
forms of weight k on Γ0(N) has a basis whose elements have a Fourier
development with integer coefficients [Shi94, Theorem 3.52]. However, the
coefficients of these Fourier developments are often not multiplicative: this
is a good reason to leave Q.

Remark 2. If τ∗ is one of our τ functions, its values are the Fourier coefficients
of a primitive forms (of weight k on Γ0(N) say). It therefore satisfies the
following multiplicativity relation

(2) τ∗(mn) =
∑

d|(m,n)
(d,N)=1

µ(d)dk−1τ∗

(
m

d

)
τ∗

(
n

d

)
.

1.2. Method. Since our method is based on quasimodular forms (antici-
pated by Rankin [Ran56] and formally introduced by Kaneko & Zagier in
[KZ95]), we briefly recall the basics on these functions, refering to [MR05]
and [LR05] for the details.

Define

Γ0(N) =

{(
a b
c d

)
: (a, b, c, d) ∈ Z4, ad − bc = 1, N | c

}

for all integers N ≥ 1. In particular, Γ0(1) is SL(2,Z). Denote by H the
Poincaré upper half plane:

H = {z ∈ C : ℑm z > 0}.

Definition 7. Let N ∈N, k ∈N∗ and s ∈N∗. A holomorphic function

f : H → C
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is a quasimodular form of weight k, depth s on Γ0(N) if there exist holomorphic
functions f0, f1, . . . , fs on H such that

(3) (cz + d)−k f

(
az + b

cz + d

)
=

s∑

i=0

fi(z)
(

c

cz + d

)i

for all
(

a b
c d

)
∈ Γ0(N) and such that fs is holomorphic at the cusps and not identically

vanishing. By convention, the 0 function is a quasimodular form of depth 0 for
each weight.

Here is what is meant by the requirement for fs to be holomorphic at the
cusps. One can show [MR05, Lemme 119] that if f satisfies the quasimod-
ularity condition (3), then fs satisfies the modularity condition

(cz + d)−(k−2s) fs

(
az + b

cz + d

)
= fs(z)

for all
(

a b
c d

)
∈ Γ0(N). Asking fs to be holomorphic at the cusps is asking that,

for all M =
(
α β
γ δ

)
∈ Γ0(1), the function

z 7→ (γz + δ)−(k−2s) fs

(
αz + β

γz + δ

)

has a Fourier expansion of the form

+∞∑

n=0

f̂s,M(n)e
(

nz

uM

)

where

uM = inf{u ∈N∗ : Tu ∈M−1Γ0(N)M}.

In other words, fs is automatically a modular function and is required to be
more than that, a modular form of weight k−2s on Γ0(N). It follows that if f
is a quasimodular form of weight k and depth s, non identically vanishing,
then k is even and s ≤ k/2.

A fundamental quasimodular form is the Eisenstein series of weight 2
defined by

E2(z) = 1 − 24

+∞∑

n=1

σ1(n)e2πinz.

It is a quasimodular form of weight 2, depth 1 on Γ0(1) (see e.g. [Ser77,
Chapter 7]).

We shall denote by M̃≤s
k

[Γ0(N)] the space of quasimodular forms of weight

k, depth ≤ s on Γ0(N) and Mk[Γ0(N)] = M̃≤0
k

[Γ0(N)] the space of modular
forms of weight k on Γ0(N).

Our method for theorem 1 is to remark that the function

HN(z) = E2(z)E2(Nz)

= 1 − 24

+∞∑

n=1

[
σ1(n) + σ1

(
n

N

)]
e2πinz + 576

+∞∑

n=1

WN(n)e2πinz
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is a quasimodular form of weight 4, depth 2 on Γ0(N) that we linearize using
the following lemma.

Lemma 8. Let k ≥ 2 even. Then,

M̃≤k/2
k

[Γ0(N)] =

k/2−1⊕

i=0

DiMk−2i[Γ0(N)] ⊕ CDk/2−1E2.

We have set

D ≔
1

2iπ

d

dz
.

Let {Bk}k∈N be the sequence of rational numbers defined by its exponential
generating function

t

et − 1
=

+∞∑

k=0

Bk
tk

k!
.

We shall use the Eisenstein series to express the needed basis:

Ek,N(z) ≔ 1 −
2k

Bk

+∞∑

n=1

σ3(n)e2πinNz ∈Mk[Γ0(N)]

for all k ∈ 2N∗ + 2, N ∈ N∗. If N = 1 we simplify by writing Ek ≔ Ek,N. For
weight 2 forms, we shall need

Φa,b(z) =
1

b − a
[bE2(bz) − aE2(az)] ∈M2[Γ0(b)]

for all b > 1 and a | b.
Let χ be a Dirichlet character. If f satisfies all of what is needed to be a

quasimodular form except (3) being replaced by

(cz + d)−k f

(
az + b

cz + d

)
= χ(d)

n∑

i=0

fi(z)
(

c

cz + d

)i

,

then, one says that f is a quasimodular form of weight k, depth s and
character χ on Γ0(N). (In particular, we ask fs to be a modular form of

character χ). We denote by M̃≤s
k

[Γ0(N), χ] the vector space of quasimodular
forms of weight k, depth≤ s and characterχ on Γ0(N). Ifχ = χ0 is a principal

character to a modulus dividing N, then M̃≤s
k

[Γ0(N), χ] = M̃≤s
k

[Γ0(N)].

If f ∈ M̃≤s
k

[Γ0(N)], then f has a Fourier development with Fourier co-

efficients { f̂ (n)}n∈N. We define the twist of f by the Dirichlet character χ
by

f ⊗ χ(z) =

+∞∑

n=0

χ(n) f̂ (n)e2πinz.

In [LR05, Proposition 9], we proved the following proposition.

Proposition 9. Let χ be a primitive Dirichlet character of conductor m. Let f be a
quasimodular form of weight k and depth s on Γ0(N). Then f ⊗χ is a quasimodular

form of weight k, depth less than or equal s and character χ2 on Γ0

(
lcm(N,m2)

)
.

Remark 3. The condition of primitivity of the character may be replaced by
the condition of non annulation of its Gauss sum.
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The proof of theorem 2 follows from the linearization of E2 · E2 ⊗ χ3.
Theorems 3 and 4 follow from the linearization of derivatives of forms of

type E jEk,N.

1.3. Generalisation of the results. For N ≥ 1 and k ≥ 2, let A∗
N,k

be the set

of triples (ψ,φ, t) such that ψ is a primitive Dirichlet character of modulus
L, φ is a primitive Dirichlet character of modulus M and t is an integer such
that tLM | N (and tLM , 1 if k = 2) with the extra condition

(4) ψφ(n) =


1 if (n,N) = 1

0 otherwise
(n ∈N∗).

We write 1 for the primitive character of modulus 1 (the constant function
n 7→ 1). We extend the definition of σk: for k and n inN∗ we set

σ
ψ,φ

k
(n) ≔

∑

d|n

ψ
(

n

d

)
φ(d)dk

where d runs through the positive divisors of n. If n <N∗we set σ
ψ,φ

k
(n) = 0.

If M is the modulus of the primitive character φ, we define the sequence

{B
φ

k
}k∈N by its exponential generating function

M−1∑

c=0

φ(c)
tect

eMt − 1
=

+∞∑

k=0

B
φ

k

tk

k!
.

For any (ψ,φ, t) ∈ A∗
N,k

, define

E
ψ,φ

k
(z) ≔ δ(ψ = 1) −

2k

B
φ

k

+∞∑

n=1

σ
ψ,φ

k−1
(n)e2πinz

and

E
ψ,φ

k,t
(z) ≔


E
ψ,φ

k
(tz) if (k, ψ, φ) , (2, 1, 1)

E1,1
2

(z) − tE1,1
2

(tz) otherwise

where δ(ψ = 1) is 1 if ψ = 1 and 0 otherwise.
For N ≥ 1 and k ≥ 2 even, the set

{
E
ψ,φ

k,t
: (ψ,φ, t) ∈ A∗N,k

}

is a basis for the orthogonal subspace (called Eisenstein subspace, the scalar
product being the Petersson one) of the cuspidal subspace Sk[Γ0(N)] of
Mk[Γ0(N)] [DS05, Chapter 4].

Moreover, by Atkin-Lehner-Li theory [DS05, Chapter 5], a basis for
Sk[Γ0(N)] is ⋃

(d,M)∈N∗

dM|N

αd

(
H∗k[Γ0(M)]

)

where αd is
αd : Mk[Γ0(M)] → Mk[Γ0(M)]

f 7→ [z 7→ f (dz)]

and H∗
k
[Γ0(M)] is the set of primitive forms of weight k on Γ0(M).
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A corollary is the following generalisation of theorems 1 and 3. If f

is a modular form, we denote by { f̂ (n)}n∈N the sequence of its Fourier
coefficients.

Proposition 10. Let N ≥ 1. There exist scalars aψ,φ,t, aM,d, f and a such that, for
all n ≥ 1, we have

WN(n) =
∑

(ψ,φ,t)∈A∗
N,4

aψ,φ,tσ
ψ,φ

3

(
n

t

)
+

∑

(ψ,φ,t)∈A∗
N,2

aψ,φ,tnσ
ψ,φ

1

(
n

t

)
+ anσ1(n)

+
∑

(d,M)∈N∗

dM|N

∑

f∈H∗
4
[Γ0(M)]

aM,d, f f̂
(
n

d

)
+

∑

(d,M)∈N∗

dM|N

∑

f∈H∗
2
[Γ0(M)]

aM,d, f n f̂
(
n

d

)

+
1

24
σ1(n) +

1

24
σ1

(
n

N

)
.

More generally, for any N ≥ 1 and any even ℓ ≥ 4, the arithmetical functions

n 7→
∑

k<n/N

σ1(n − kN)σℓ−1(k) −
Bℓ
2ℓ
σ1(n) −

1

24
σℓ−1

(
n

N

)

and

n 7→
∑

k<n/N

σ1(k)σℓ−1(n − kN) −
Bℓ
2ℓ
σ1

(
n

N

)
−

1

24
σℓ−1(n)

are linear combinations of the sets of functions
⋃

(ψ,φ,t)∈A∗
N,ℓ+2

{
n 7→ σ

ψ,φ

ℓ+1

(
n

t

)}
,

⋃

(ψ,φ,t)∈A∗
N,ℓ

{
n 7→ nσ

ψ,φ

ℓ−1

(
n

t

)}
,

⋃

(d,M)∈N∗

dM|N

⋃

f∈H∗
ℓ+2

[Γ0(M)]

{
n 7→ f̂

(
n

d

)}
,

⋃

(d,M)∈N∗

dM|N

⋃

f∈H∗
ℓ
[Γ0(M)]

{
n 7→ n f̂

(
n

d

)}
.

The same allows to generalize theorem 2. If b ≥ 1 is an integer, denote by
X(b) the set of Dirichlet character of modulus b. By orthogonality, we have

S[a, b](n) =
1

ϕ(b)

∑

χ∈X(b)

χ(a)

n−1∑

m=1

χ(m)σ1(m)σ1(n −m).

It follows that the function to be considered is now

1

ϕ(b)

∑

χ∈X(b)

χ(a)E2 · E2 ⊗ χ.

We restrict to b squarefree so that the Gauss sum associates to any character

of modulus b is non vanishing. For N ≥ 1, let χ
(0)
N

be the principal character
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of modulus N. For χ ∈ X(b), we define A∗
N,k,χ

as A∗
N,k

except we replace

condition (4) by

ψφ = χ
(0)
N
χ.

Then, similary to the proposition 10, we have the following proposition.

Proposition 11. Let b ≥ 1 squarefree and a ∈ [0, b − 1] be integers. Then, the
function

n 7→ S[a, b](n) −
1

24
[δ(b | a) + δ(b | n − a)]σ1(n)

is a linear combination of the set of functions

⋃

χ∈X(b)

⋃

(ψ,φ,t)∈A∗
N,4,χ

{
n 7→ σ

ψ,φ

3

(
n

t

)}
,

⋃

χ∈X(b)

⋃

(ψ,φ,t)∈A∗
N,2,χ

{
n 7→ nσ

ψ,φ

1

(
n

t

)}
,

⋃

χ∈X(b)

⋃

(d,M)∈N∗

dM|N

⋃

f∈H∗
4
[Γ0(M),χ

(0)
N
χ]

{
n 7→ f̂

(
n

d

)}
,

⋃

χ∈X(b)

⋃

(d,M)∈N∗

dM|N

⋃

f∈H∗
2
[Γ0(M),χ

(0)
N
χ]

{
n 7→ n f̂

(
n

d

)}

{n 7→ nσ1(n)}

where N is the least common multiple of 2 and b2 and δ(b | n − a) is 1 if n ≡ a
(mod b) and 0 otherwise.

2. C   3, 5, 6, 7, 8, 9  10

2.1. Level 3. By lemma 8, we have

M̃≤2
4

[Γ0(3)] =M4[Γ0(3)] ⊕DM2[Γ0(3)] ⊕ CDE2.

The vector space M4[Γ0(3)] has dimension 2 and is spanned by the two
linearily independant forms E4 and E4,3. The vector space M2[Γ0(3)] has
dimension 1 and is spanned by Φ1,3. By computation of the first Fourier
coefficients, it follows that

(5) H3 =
1

10
E4 +

9

10
E4,3 + 4DΦ1,3 + 4DE2.

The comparison of the Fourier development in (5) leads to the corre-
sponding result in theorem 1.
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2.2. Level 5. By lemma 8, we have

M̃≤2
4

[Γ0(5)] =M4[Γ0(5)] ⊕DM2[Γ0(5)] ⊕ CDE2.

The vector space M4[Γ0(5)] has dimension 3 and is spanned by the linearily
independant forms E4, E4,5 and ∆4,5. The vector space M2[Γ0(5)] has di-
mension 1 and is spanned by Φ1,5. By computation of the first Fourier
coefficients, it follows that

(6) H5 =
1

26
E4 +

25

26
E4,5 −

288

65
∆4,5 +

24

5
DΦ1,5 +

12

5
DE2

The comparison of the Fourier development in (6) leads to the corre-
sponding result in theorem 1.

2.3. Level 6. By lemma 8, we have

M̃≤2
4

[Γ0(6)] =M4[Γ0(6)] ⊕DM2[Γ0(6)] ⊕ CDE2.

The vector space M4[Γ0(6)] has dimension 5 and is spanned by the five
linearily independant forms E4, E4,2 ,E4,3 E4,6 and ∆4,6. The vector space
M2[Γ0(6)] has dimension 3 and is spanned by the three linearily independant
forms Φ1,2, Φ1,3 and Φ3,6. By computation of the first Fourier coefficients, it
follows that

(7) H6 =
1

50
E4+

2

25
E4,2+

9

50
E4,3+

18

25
E4,6−

24

5
∆4,6+2DΦ1,3+3DΦ3,6+2DE2.

The comparison of the Fourier development in (7) leads to the corre-
sponding result in theorem 1.

2.4. Level 7. By lemma 8, we have

M̃≤2
4

[Γ0(7)] =M4[Γ0(7)] ⊕DM2[Γ0(7)] ⊕ CDE2.

The vector space M4[Γ0(7)] has dimension 3 and is spanned by the three
linearily independant forms E4, E4,7 and ∆4,7. The vector space M2[Γ0(7)]
has dimension 1 and is spanned by the form Φ1,7. By computation of the
first Fourier coefficients, it follows that

(8) H7 =
1

50
E4 +

49

50
E4,7 −

288

35
∆4,7 +

36

7
DΦ1,7 +

12

7
DE2.

The comparison of the Fourier development in (8) leads to the correspond-
ing result in theorem 1.

2.5. Level 8. By lemma 8, we have

M̃≤2
4

[Γ0(8)] =M4[Γ0(8)] ⊕DM2[Γ0(8)] ⊕ CDE2.

The vector space M4[Γ0(8)] has dimension 5 and is spanned by the five
linearily independant forms E4, E4,2, E4,4, E4,8 and ∆4,8. The vector space
M2[Γ0(8)] has dimension 3 and is spanned by the forms Φ1,4, Φ1,8 and

Φ1,4,2 ≔ z 7→ Φ1,4(2z).

By computation of the first Fourier coefficients, it follows that

(9) H8 =
1

80
E4 +

3

80
E4,2 +

3

20
E4,4 +

4

5
E4,8 − 9∆4,8 +

21

4
DΦ1,8 +

3

2
DE2.
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The comparison of the Fourier development in (9) leads to the correspond-
ing result in theorem 1.

2.6. Level 9. By lemma 8, we have

M̃≤2
4

[Γ0(9)] =M4[Γ0(9)] ⊕DM2[Γ0(9)] ⊕ CDE2.

The vector space M4[Γ0(9)] has dimension 5 and is spanned by the five
linearily independant forms E4, E4 ⊗χ3, E4,3, E4,9 and ∆4,9. The vector space
M2[Γ0(9)] has dimension 3 and is spanned by the forms Φ1,3, Φ1,3 ⊗ χ3 and
Φ1,9.

By computation of the first Fourier coefficients, it follows that

(10) H9 =
1

90
E4 +

4

45
E4,3 +

9

10
E4,9 −

32

3
∆4,9 +

16

3
DΦ1,9 +

4

3
DE2.

The comparison of the Fourier development in (10) leads to the correspond-
ing result in theorem 1.

2.7. Level 10. By lemma 8, we have

M̃≤2
4

[Γ0(10)] =M4[Γ0(10)] ⊕DM2[Γ0(10)] ⊕ CDE2.

The vector space M4[Γ0(10)] has dimension 7 and is spanned by the seven
linearily independant forms E4, E4,2, E4,5, E4,10, ∆4,10, ∆4,5 and

∆4,5,2 ≔ z 7→ ∆4,5(2z).

The vector space M2[Γ0(10)] has dimension 3 and is spanned by the forms
Φ1,10, Φ1,5 and

Φ1,5,2 ≔ z 7→ Φ1,5(2z).

By computation of the first Fourier coefficients, it follows that

(11)

H10 =
1

130
E4 +

2

65
E4,2 +

5

26
E4,5 +

10

13
E4,10 −

24

5
∆4,10 −

432

65
∆4,5 −

1728

65
∆4,5,2

+
27

5
DΦ1,10 +

6

5
DE2.

The comparison of the Fourier development in (11) leads to the correspond-
ing result in theorem 1.

3. C   1, 2, 4

The convolution of level dividing 4 have been evaluated in [LR05, Propo-
sition 7]. We obtained

W1(n) =
5

12
σ3(n) −

n

2
σ1(n) +

1

12
σ1(n)

from the equality

E2
2 = E4 + 12DE2

in M̃≤2
4

[Γ0(1)];

W2(n) =
1

12
σ3(n) +

1

3
σ3

(
n

2

)
−

1

8
nσ1(n) −

1

4
nσ1

(
n

2

)
+

1

24
σ1(n) +

1

24
σ1

(
n

2

)
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from the equality

H2 =
1

5
E4 +

4

5
E4,2 + 3DΦ1,2 + 6DE2

in M̃≤2
4

[Γ0(2)]; and

W4(n) =
1

48
σ3(n) +

1

16
σ3

(
n

2

)
+

1

3
σ3

(
n

4

)
−

1

16
nσ1(n) −

1

4
nσ1

(
n

4

)

+
1

24
σ1(n) +

1

24
σ1

(
n

4

)
.

from the equality

H4 =
1

20
E4 +

3

20
E4,2 +

4

5
E4,4 +

9

2
DΦ1,4 + 3DE2.

in M̃≤2
4

[Γ0(4)].

4. T  

Let χ
(0)
3

be the principal character of modulus 3. Noticing that

S[0, 3](n) =
∑

a+b=n

σ1(a)σ1(b) −
∑

a+b=n

χ
(0)
3

(a)σ1(a)σ1(b),

we consider E2
2
−E2(E2⊗χ

(0)
3

). Since E2⊗χ
(0)
3
∈ M̃≤1

2
[Γ0(9), χ

(0)
3

] = M̃≤1
2

[Γ0(9)],
we have

E2
2 − E2(E2 ⊗ χ

(0)
3

) ∈ M̃≤2
4

[Γ0(9)].

We use the same method and notations as in §2.6. We compute

E2
2−E2(E2⊗χ

(0)
3

) =
11

30
E4+

10

3
E4,3−

27

10
E4,9+32∆4,9+16DΦ1,3−16DΦ1,9+12DE2.

The evaluation of S[1, 3] given in theorem 2 follows by comparison of the
Fourier developments.

We compute S[1, 3] after having remarked that

χ
(0)
3

(n) + χ3(n)

2
=


1 if n ≡ 1 (mod 3)

0 otherwise.

Hence, the function to be linearized here is

1

2
E2[E2 ⊗ χ

(0)
3
+ E2 ⊗ χ3]

whose nth Fourier coefficient (n ∈N∗) is

−24δ(3 | n − 1)σ1(n) + 576S[1, 3](n).

This is again a quasimodular form in M̃≤2
4

[Γ0(9)] and, as in §2.6, we linearize
it as
19

60
E4+

1

20
E4⊗χ3−

5

3
E4,3+

27

20
E4,9+ 32∆4,9− 8DΦ1,3− 6D(Φ1,3⊗χ3)+ 8DΦ1,9.

The evaluation of S[1, 3] given in theorem 2 follows by comparison of the
Fourier developments.

The evaluation of S[2, 3] follows immediately from

S[0, 3](n) + S[1, 3](n) + S[2, 3](n) = W1(n)
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and theorem 1.

5. O  M

The first three identities of theorem 3 are a direct consequence of the
following ones:

E2E4 ∈ M̃≤1
6 [Γ0(1)] =M6[Γ0(1)] ⊕DM4[Γ0(1)] = CE6 ⊕ CDE4,

and

E2E4,2, E4E2,2 ∈ M̃≤1
6 [Γ0(2)] =M6[Γ0(2)] ⊕DM4[Γ0(2)]

= CE6 ⊕ CE6,2 ⊕ CDE4 ⊕ CDE4,2

which imply by comparison of the first Fourier coefficients

E2E4 = E6 + 3DE4,

E2E4,2 =
1

21
E6 +

20

21
E6,2 + 3DE4,2

and

E4E2,2 =
5

21
E6 +

16

21
E6,2 +

3

2
DE4.

The last three identities of theorem 3 are a direct consequence of the
following ones:

E2E6 ∈ M̃≤1
8 [Γ0(1)] =M8[Γ0(1)] ⊕DM6[Γ0(1)] = CE8 ⊕ CDE6,

and

E2,2E6, E2E6,2 ∈ M̃≤1
8 [Γ0(2)] =M8[Γ0(2)] ⊕DM6[Γ0(2)]

= CE8 ⊕ CE8,2 ⊕ C∆8,2 ⊕ CDE6 ⊕ CDE6,2

which imply by comparison of the first Fourier coefficients

E2E6 = E8 + 2DE6,

E2,2E6 =
21

85
E8 +

64

85
E8,2 −

2016

17
∆8,2 +DE6

and

E2E6,2 =
1

85
E8 +

84

85
E8,2 −

504

17
∆8,2 + 2DE6,2.

6. O    L’ 

For a≔ (a1, . . . , ar) ∈N
r, b ≔ (b1, . . . , br) ∈ (2N+1)r and N ≔ (N1, . . . ,Nr) ∈

N∗r the sum S[a,b,N] defined in (1) is relied to the quasimodular forms via
the function

(12) Da1Eb1+1,N1
· · ·DarEbr+1,Nr

∈ M̃
≤a1+...+ar+t(b)

b1+···+br+r+2(a1+...+ar)
[Γ0 (lcm(N1, . . . ,Nr))]

where

t(b) = #{i ∈ {1, . . . , r} : bi = 1}.
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Since we always can consider that the coordinates of aare given in increasing
order, let ℓ be the nonnegative integer such that a1 = · · · = aℓ = 0 and aℓ+1 , 0
(we take ℓ = 0 if a has all its coordinates positive). We consider the function

Ψa,b,N ≔

ℓ∏

j=1

(Eb j+1,N1
− 1)

r∏

j=ℓ+1

Da jEb j+1,N j

∈

b1+···+br+r+2(a j+1+...+ar)⊕

k=b j+1+···+br+r+2(a j+1+...+ar)− j

M̃
≤a1+...+ar+t(b)

k
[Γ0 (lcm(N1, . . . ,Nr))]

We have

Ψa,b,N(z) = (−2)r




r∏

j=1

b j + 1

Bb j+1



+∞∑

n=1

S[a,b,N]e2πinz.

The evaluation of S[(0, 1, 1), (1, 1, 1)] is a consequence (by lemma 8) of

(E1 − 1)(DE2)2 ∈

CE8 ⊕CDE6 ⊕CD2E4 ⊕CD3E2 ⊕CE10 ⊕CDE8 ⊕CD2E6 ⊕CD3E4 ⊕CD4E2.

The comparison of the first Fourier coefficients leads to

(E2 − 1)(DE2)2 = −
1

5
D2E4 − 2D3E2 +

2

21
D2E6 +

4

5
D3E4 + 6D4E2.

Hence the evaluation of S[(0, 1, 1), (1, 1, 1)] given in theorem 4.
The evaluation of S[(0, 0, 0, 1, 1), (1, 1, 1, 1, 1)] is a consequence (by lemma

8) of

(E2 − 1)3(DE2)2 ∈ C∆ ⊕ CD∆

7⊕

i=1

7−i⊕

j=0

CD jE2i.

The comparison of the first Fourier coefficients leads to

(E2 − 1)3(DE2)2 = −
8

35
∆+

8

35
D∆− 2D3E2 + 18D4E2 −

216

5
D5E2 +

144

5
D6E2

−
1

5
D2E4 +

12

5
D3E4 −

234

35
D4E4 +

171

35
D5E4

+
2

7
D2E6 −

9

7
D3E6 +

25

21
D4E6 −

1

6
D2E8 +

4

15
D3E8 +

2

55
D2E10.

Hence the evaluation of S[(0, 0, 0, 1, 1), (1, 1, 1, 1, 1)] given in theorem 4.
We leave the proofs of propositions 5 and 6 to the reader. They are

obtained from the linearizations of

(E2,2 − 1)DE2,5 ∈ M̃≤2
4

[Γ0(5)] ⊕ M̃≤3
6 [Γ0(10)]

and

DE2DE2,5 ∈ M̃≤5
8 [Γ0(5)].
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[LR05] Samuel Lelièvre and Emmanuel Royer, Counting integer points by Teichmüller
discs inΩM(2), 2005, arXiv math.GT/0509205, p. 18.

[Mel98] Giuseppe Melfi, On some modular identities, Number theory (Eger, 1996), de
Gruyter, Berlin, 1998, pp. 371–382. MR MR1628855 (2000b:11006)

[MR05] François Martin and Emmanuel Royer, Formes modulaires et périodes, Formes

modulaires et transcendance – Colloque JEUNES (Stéphane Fischler, Éric
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