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Abstract
We propose a new approach to the quantization of the damped harmonic oscillator in the
framework of deformation quantization. The quantization is performed in the Schrédinger pic-
ture by a star-product induced by a modified “Poisson bracket”. We determine the eigenstates
in the damped regime and compute the transition probability between states of the undamped
harmonic oscillator after the system was submitted to dissipation.

1 Introduction

Many attempts to study dissipative systems from the quantum point of view have been made for
many years. Nevertheless, the problem in general is far from having a satisfactory solution.

Quantum Mechanics mainly deals with microscopic systems and since dissipation is a macro-
scopic concept some authors pointed out that the quantization problem is not even relevant because
the nature of interactions or forces involved in such processes are not fundamental [fl]. However
there are problems where the dissipation at this level has an important role as in the quantum
analysis of the radiation field in a microwave cavity, in quantum optics and also for deep inelastic
processes in heavy ion scattering, to mention some of them [EI, E]

The damped harmonic oscillator (DHO) is one of the simplest cases of this type treated in the
literature (for a review on the quantization problem see [[] and the references therein). Most of the
attempts have been using the canonical quantization formalism, dealing either with Hamiltonians
dependent or independent of time, or by duplicating the number of degrees of freedom to obtain a
Hamiltonian system that can be quantized by standard methods. We believe that the quantization
of the DHO from first principles should bring new insights and ideas for a better understanding of
the quantum aspects of dissipative phenomena.

In this work we propose a quantization of the DHO from the point of view of deformation
quantization. Our approach consists to include all of the dissipative effects into the algebra of
observables. This is achieved by defining a star-product that takes into account the dissipation
character of the DHO. We follow an idea of Enz [E] to add a symmetric part to the Poisson bracket
(mathematically, a Hochschild coboundary) and work with the star-product -, induced by this
modified bracket.
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Chruscinski [E, E] has also considered the quantization problem for dissipative systems within
the deformation quantization framework (see also [[f]). His treatment differs from ours in the sense
that he deals with the Moyal product and we rather use a mathematically equivalent star-product.
In the limit when the damping factor goes to 0, we recover the Moyal product.

Our paper is organized as follows. In Section 2 we review fundamental notions of deforma-
tion quantization and give some details on the quantization of the harmonic oscillator in both
Schrodinger and Heisenberg pictures. We introduce in Section 3 a new bracket between functions
by adding a “dissipative” symmetric part to the canonical Poisson bracket. The modified bracket
induces a x-product that provides a quantization of the damped harmonic oscillator and allows
obtain the corresponding quantum states. In Section 4, we compute some relevant transition
probablities and observe that the dissipation couples a given eigenstate to lower energy states.

2 Deformation quantization and the harmonic oscillator

In this section we briefly introduce the basic notions of the deformation quantization formalism.
We review the quantization of the harmonic oscillator in this setting by putting the emphasis on
the Moyal-Schrodinger picture that will be used later on for the damped case.

2.1 Notions on deformation quantization

Deformation quantization was introduced in [B] as an alternative approach to quantization. In this
formalism, quantization is interpreted as a deformation of the algebra of smooth functions on the
classical phase space. We refer the reader to the original papers [E] for details and the review [H]
for more recent developments.

The phase space of a classical system is given by a manifold M endowed with a Poisson bracket
P on the algebra of complex-valued smooth functions C*°(M). We shall denote by C*(M)[[A]]
the space of formal series in /i with coefficients in C°°(M). An element f in C°°(M)[[A]] can be
written as:

f=Y_hfi (1)
k=0

where the f’s are in C*°(M). Rather than the Planck constant 7, we shall use for physical reasons
ih/2 (i* = —1) as deformation parameter.

Definition. A deformation quantization of a classical system defined by (M, P) is an associative
algebra (C°(M)[[h]], *) over C[[R]], where the associative product x, the so-called star-product,

o0

frg=> (ih/2)*Ck(f,g), f.ge€C>(M), (2)
k=0
satisfies:
a) Co(f,9) = fg, and the Cy’s, k > 1, are bidifferential operators on C*°(M),
b) the constant function 1 is the unit for x, i.e., 1 x f = fx1 = f, for any smooth function f,
c) C1(f,9)—Ci(g, f) = 2P(f,g), so that the star-bracket [f, glx = (f*xg—g*f)/ih is a deformation
of the classical Poisson bracket P.

It is a famous result of Kontsevich that any Poisson manifold (M, P) admits a deformation
quantization.

The algebra of classical observables O is the set of real-valued functions on the phase space.
Given a classical Hamiltonian H € O, the quantum evolution of an observable f is still governed



by the classical Hamiltonian, but one replaces the Poisson bracket by the star-bracket in order to
get the Heisenberg equation of motion:

df =I[f,H]. = % = P(f,H) + corrections in h. (3)

As h — 0, one recovers in some sense the classical equation of motion. The heuristic solution to
Eq. () is given by f, = Exp, (=52) x f » Exp, (41), where

tH 1t

- = H*n 4
w) =2 )" (4)

nO

Exp*(

with H** = H x---x H (n factors). The star-exponential (E) is in general a quite singular object,
nevertheless, for many physically relevant examples, the series converges as a distribution (see
[B)). An important feature of the star-exponential is that its Fourier transform (when it exists in
a distribution sense): [ e~ ®F/"dy(E) allows to identify the spectrum of H as the support of the
measure v. More prec1sely, suppose for simplicity that the Hamiltonian is such that the series in
(E) defines a periodic distribution in ¢, then the measure v is atomic and the Fourier transform
reduces to a Fourier series (i.e. discrete spectrum):

Exp* - Zetfﬁ .- (5)

The E,’s are the eigenvalues of H and the functions m, represent the orthonormal eigenstates in
the sense that:
Hx7, =E,T,, Tm*Tn = 0mnTn. (6)

Strictly speaking this makes sense if one is using a convergent form of the product x. One may
think of 7, as the function sent by the quantization rule to the projection operator |n)(n| in
the Heisenberg picture of Quantum Mechanics, {|n)} being the normalized eigenstates of the
Hamiltonian operator H corresponding to H.

2.2 The harmonic oscillator in the Moyal-Heisenberg picture

Let us consider the Hamiltonian H(q,p) = 5-p? + ’”T“z(f of the harmonic oscillator on the phase
space R?, with coordinates (g, p), endowed with the canonical Poisson bracket

0/ 99 9199

P(fg)= 550 - 550 7

The Moyal product between two functions f, g € C*°(R?) is given by the formal series:

f*g—GXP( P)(f, fg+zk, )" Pe(f.9), 8)

k>1

where Py, is the k*-power of P, defined by

Pfg)ap) = (2 - 20

29 29 9
O0q1 Op2  Op1 Og2 ©)

)kf(thl)g(fh,pz)

q1=a2=q
P1=pP2=P

The star-exponential for the harmonic oscillator has been computed in [§] and the series ()
converges as a distribution to

tH wt

Exp, (5) = (cos(g))*lexp (% tan()). (10)



The Fourier expansion of the right-hand side of ([L]) is given by [§:

tH - ,
EXP*(E) = Z;)exp(—z(n—i—lﬂ)wt)wn, (11)
where 2H(q.p) 1H(g.p)
B q,p q,p
n(q,p) =2 ——— ) (-1)"L, (————), 12
mn(g,p) = 2exp (————) (=1)" L (—5—=) (12)
and where L,, is the Laguerre polynomial of degree n. In particular, the Gaussian function
—2H(q,p
m0(q,p) = 2exp (#) (13)

describes the vacuum state and, as expected, the energy levels of H are E,, = hw(n+1/2). All this
is well known and gives the essence of the deformation quantization of the harmonic oscillator in
the Heisenberg picture. We shall below consider the less-known Schrodinger picture in deformation
quantization.

2.3 The harmonic oscillator in the Moyal-Schrodinger picture

In order to write the Schrédinger equation:

L OY(t)
ih—s = = H (1), (14)

it is implicitly assumed that we have picked up some representation of the algebra of observables
(O, %), so that we can ‘multiply’ observables with states. We refer the reader to the excellent
review by Waldmann [El] and references therein for a comprehensive exposition on states and
representations in deformation quantization.

We shall consider quantum states as a class of functions on the phase space. Strictly speaking
this make sense only if we have a convergent (integral) form of the Moyal product x between a
certain class of functions and 7 should no longer be a formal parameter. Indeed, solutions of
the eigenvalue equation H x 1 = FE1i are not formal series in A, and it does not make sense to
multiply such functions with the product x as formal series. Though we do not want to present
a mathematical analysis of the convergence of the product x here, let us only mention that a
convergent form does exist and gives a meaning to the product in such cases.

For convenience, let us introduce the (dimensionless) annihilation and creation functions:

a(q,p) = \/— 2h 22 alg.p) \/— \/ (15)

It is easily checked that we have:

H = hwaa =hw(@axa+1/2), |[a,H]x = —iwa, @, H)« = iwa, [a,a], = % (16)
The vacuum pg in the Moyal-Schrodinger picture is the same as the one provided by the star-
exponential (E), i.e., pop = mp, and in view of the relations (E), it is clear that p, = a*---*a* pg
(there are n a@’s) solve the eigenvalue problem: H x p,, = E, p, with E, = hw(n+ 1/2). A simple
computation using the Moyal product gives p,, = 2™a" pg.
In order to get a Hilbert space of states, we shall normalize the p,’s with respect to the scalar
product:

oy = [ Flanala.p)duta.p) a7)



where du(q,p) = % is the Liouville measure. A computation using Gaussian integrals shows

=3
that:
1

_ —n
Pn = m a po,

is an orthonormal set for the scalar product (E)

The vector space over C generated by {pn}n>0 is Sam = {h(@)mo|h polynomial} and by taking
the closure of Sj; with respect to the scalar product (EL one gets the Hilbert space Hysr =
{f(@)mo|f entire function such that [ |f(a(g, p))|2e e du(g,p) < co}. Since H = hwia, it is clear
that Hjs is isometric to the Bargmann-Fock space Hpr of antiholomorphic functions f on C such
that:

n >0, (18)

U1hme =2 [ 5@ g < o (19)
™ Jc

Notice that Sys can be seen as a dense invariant domain for H in the sense that H « Sy C Sy
Any state 1 can be expanded on the basis ([1§): ¥(q,p) = > n>0 @npn(g,p), where a, € C and

> ns0lan]* =1 in full analogy with standard Quantum Mechanics.

3 The damped harmonic oscillator

We shall introduce a new star-product %, that will provide a quantization in the Schrédinger
picture of the damped harmonic oscillator whose dynamics is governed by:

G+ 274 +wiq =0, (20)

where v > 0 denotes the damping factor and w is the frequency.

Our philosophy is to incorporate all of the dissipative effects in the algebra of observables O, by
an appropriate deformation of the Moyal product, with v as a second deformation parameter. We
would like not to deform the measurable quantities and put everything related with dissipation into
the star-product *,. For example, the function H = z-p* + ’”T“R(f still represents the mechanical
energy of the particle submitted to dissipation. At the quantum level, we would like to keep H
as the generator of some ~y-deformed dynamics so that (@) will still be deduced from the usual
undamped Hamiltonian in a sense that we will now make precise.

We mention that a singular Hamiltonian for the underdamped case has been derived in [@]
However the Hamiltonian considered there is only locally defined on the phase space. Consequently,
the solutions of the induced system of equations are defined for small times only and cannot be
extended globally in time.

3.1 The modified bracket

Consider R? as the phase space with coordinates (q,p). Eq (@) is equivalent to the system of

equations:
. p .
G=-—,  p=-—mw’q—2yp. (21)
m

We shall rewrite these equations in a form similar to the Hamilton equations of motion by using
a modified bracket M obtained by adding a symmetric part to the canonical Poisson bracket P.
This idea to consider a modified bracket for the quantization of dissipative systems within the
Heisenberg picture is due to Enz [@]



It is easy to check that the only bracket M that is a derivation in each of its argument and such
that Eq. (RI) can be cast into a form mimicking the Hamilton equations of motion:

i = M(gH)=—,
p = M(p,H)=—mw?q—27p, (22)
is given by
af o of o of o
M) =P _91% 00 0% (23)

dq0p  opoq " opop’

Here is another motivation for this modified bracket and justification for the form of Eq. (RJ).

Let us consider a solution ¢ — (2(t),y(t)) of Eq. (RI]) satisfying the initial conditions 2(0) = ¢

and y(0) = p. The evolution of any smooth function f € C°(R?) is given by the path t — f; in

C>(R?) defined by fi(q,p) = f(x(t),y(t)). The evolution equation of f; is deduced by taking its
time derivative and using Eq. (@)

L6@.0) = Eao.00) 10 + E w000 i0
= Ze0.00) 22 - La.y0) mtatv) + 2000,

= P(f.H)(x(t).y(1)) - 2vm§—£<x<t>,y<t>> %—ff

= M(f H)(x(t),y(t)).

Thus the introduction of the modified bracket M appears to be quite natural. In particular, the
time evolution of the mechanical energy H is

(=(t),y(t))

H = M(H, H) = —%p(t)Q <0, (24)

and exhibits energy loss due to dissipation.

3.2 The star-product x,

From the mathematical and deformation theory points of view, the bracket M has the following
important property: it is a constant coefficient bidifferential operator of order 1 in each of its
argument. This implies that M is a constant coefficient Hochschild 2-cocycle (see e.g. [E] for
details on the Hochschild cohomology). As an immediate consequence of the previous fact, the
following formula:

i

Fxr g = exp(5 M) (1. 9) (25)

defines a formal associative product [E]7 i.e., a star-product. The formula @) should be interpreted
in the usual way: fx, 9= fg+> 1, %(%)kMk(f, g), where M;, is the k*"-power of M defined
in a similar fashion as in ().

The star-product appears as a vy-deformation of the Moyal product *,; in the sense that in the
limit v — 0" we indeed recover the Moyal product. Actually the relation between the product *.
and the Moyal product can be made explicit. First notice that the bracket M can also be written
as:

M(fvg):P(fvg)+2m769(fvg)v (26)

where 0(f) = %gip{, and 46 is the Hochschild differential of 6 defined by §0(f,g) = f0(g) —
0(fg) + 0(f)g. Tt implies that the product %, is mathematically equivalent [f] to the Moyal



product, i.e., there exists a formal series of differential operators T' = Id + ZT>1(%)TTT so that
T(f *m g) = T(f) % T'(g). Here the form (Rf) of M gives us that: -

—ihmy 8_2)

T = exp(—ihm~y8) = exp ( 5 o)

(27)

We shall use the product x, to quantize the damped harmonic oscillator. Notice that *. is not
a Hermitian product [ll] f*yg # g%y f, where the bar denotes complex conjugation. In fact

the operator T' destroys the Hermitian nature of the Moyal product as T(f) # T(f) and this is
precisely what is needed for dissipative phenomena.

3.3 The quantum states

The Schrodinger equation in our context reads:

O(t
th = H », Y(t). (28)
ot
The remark after ([[4) also applies to the product ..

Heuristically, the solution of the Schrédinger equation is given by:

P(t) = U(t) * ¥(0), (29)
where U(t) = Exp, | (Y1) is the star-exponential of H for the product x,. The function U(t) can
be in principle determined by solving the differential equation:

ou(t
ih% =Hx* U(t), U()=1,

but it is easier to deduced it from the star-exponential (E) of H for the Moyal product and the
use of the equivalence operator @) A long but straightforward computation gives:

tH exp(yt/2)

EXPM(E) - cos(wt/z)(u%tan(wt/z))wX (30)

p2

m(l+ 22 tan(wt/2)))>'

According to the general principle of deformation quantization [E], the spectrum and the states for
the Heisenberg picture are obtained by performing a Fourier decomposition of the star-exponential.
Hence the periodic term in ¢ in Eq. (), can be expanded as a Fourier series:

X exp <% tan(wt/2) (mw?q® +

Exp, (%)(q,p) = exp(7t/2) Y exp (?—h”)ﬂl(q,p)- (31)
n>0

Again using the equivalence operator @), one finds that A, = hw(n 4+ 1/2) and thus the energy
levels are given by E) = hw(n + 1/2 + i7/2w). Notice that the spectrum is now complex as
a consequence of the fact that we are dealing with a nonhermitian product or, equivalently, an
eventual operator representation of the algebra of observables for the product %, would represent
H as a non-selfadjoint operator.

The eigenstates 7 (q, p) in the Heisenberg picture can also be computed with the help of (E),
but we just need to do it for the vacuum w, and it is given by:

y — 2 -1 2 2 P’
mo(q,p) = T —i2y/0) 2 exp (E(mw q + 7))) (32)



(All over the paper, the branch cut of the square root is along the negative real axis.) As v — 0T,
we recover the vacuum () for the Moyal case. It turns out that 7] is normalized for the L?-scalar
product ([[7): [|mg|?du(q,p) = 1 and it is annihilated by a(g,p), i.e., a*, 7§ = 0. Moreover we
have:

1
H=hw(axya+1/24+1iy/2w), |a,H], = —iwa, la, H], = iwa, la,a]s, = 7 (33)
i

As in the Moyal case, it follows from the preceding relations that the fonctions:
Pr = Qxey oo Ky Gk Py (P

solve the x,-eigenvalue problem for H, i.e., H x p} = hw(n + 1/2 + iy /2w)p).
The §)’s can be explicitly computed by taking the n*® derivative in the variable s of the gener-
ating function G(s,q,p) = >_,50 5705 (q,p). G(s,q,p) satisties the differential equation:

aG
Os

= Q*y

G,
i | h OG 1 2y, 0G
= aG@— —4=\|—— — —=Vmhw(l+ —)—,
22V mw g 22 ( w ) Op
with the initial condition G(0, q,p) = pg(q,p), the solution of which is found by elementary means
to be:

Dy i Y ), (34)

G = exp (2sd(q, ————
(Sv Qap) exp ( Sa’(qv 1 — 12,7/(4} 1 — 21’7/(4}

The exponential factor in (@), after a suitable scaling of the variable s, is the generating function
of the Hermite polynomials H,: exp(2sz — s?) = > fl—T:Hn(z), and one easily find that:

pr(q.p) = (%)"”Hn((#)”2 a(q, %))pg(q,p). (35)

The term of degree n in H,(z) is 2"z™, and in the limit v — 0", we indeed recover 5, = 2"a" po,
the unnormalized states obtained before for the Moyal product. The normalized eigenstates for
the scalar product ([L4) are given by:

w(4,p) anH ( ! a( D)) (a.) (36)
= n a\q, . s )
Pn\4,P ” Ti/2 q 1— 12,7/(4} Po\4, P
where I' = %, and thus we have:
12y /w

H oy ppy = hw(n+1/2+iy/20)p),  (pjlpj) e = 05 (37)

The Hilbert space H for the damped harmonic oscillator is obtained in a natural way by taking
the closure with respect to the L?-scalar product of the vector space generated by {p)}. Let
us introduce the complex-valued function b(q, p) whose complex conjugate is defined by b(q, p) =
al(q, %) Hence H., consists of functions f(b(g,p))pg(q,p), where f is a holomorphic function

in the variable b so that (f(b)pg|f(b)pg) 2 < co. Notice that H has a complex spectrum so it does
not lead a self-adjoint operator on H., one can check that (H * ¢|) . # (¢|H % 1)), in general.



4 Measurements

In the previous section, we have obtained an algebraic description of the dissipative effects of the
damped harmonic oscillator by means of the product *,. In order to get a better understanding
of the *, quantization during dissipation, we shall consider the following simple toy-model.

Consider the usual one-dimensional harmonic oscillator. At time ¢ = 0, one switches on the
dissipation (v > 0) and let the system evolves until time ¢ = 7 > 0, at which time the dissipation
is switched off so that we recover again the undamped case (v = 0).

Before t = 0, we have the usual harmonic oscillator described in terms of the Moyal star product
xps and the eigenstates p,, (g, p) given in (B) For 0 < t < 7, the quantum dynamics is governed
by the product %, and the eigenstates p(¢,p) appearing in (Bb), and for ¢ > 7 the dynamics is
given again by the Moyal product.

Suppose that the system is known to be in the eigenstate p, (g, p) of the harmonic oscillator for
t < 0 (the phase is chosen so that it equals 1 for ¢ = 0). This state belongs to the Hilbert space
Hs defined at the end of Sect. 2.3. As the damping factor « is turned on at ¢ = 0, the state of
the system would then be in the Hilbert space H, of the DHO. At ¢ = 0, we use the following
prescription

pn(q,p) = %(d(q,p))"po(q,p) — #(5((1719))%3((1,29) (38)

to express states in Hjs as states in H, when the dissipation appears. Notice that the prescrip-
tion (B§) sends the vacuum in My to the vacuum in M., and boils down to the identity map when
7 = 0. The vacua define the measure in the L?-scalar product, and (Bg) amounts essentially to
make the substitution p — p, = 15— for the momentum.
v/w
Therefore, according to our previous prescription, the state in ., that would describe the system
at t =0 is:

¥ (q,p,0) = —=(b(q,p))" (¢, p)- (39)

1
vl
It is not an eigenstate of H for the product %, but it is an element of H, and therefore can
be expanded on the basis p] given by (BM) in H,. Using the following expression involving the

Hermite polynomials:
nl [n/2]

n2k
N
2”Zk'n—2k nen,

where [n/2] is the integer part of n/2, it is readily seen that the expansion of 17 (g, p,0) has the

form:
[n/2]

7(¢,p,0 Z o pl_oia,p), (40)

We obtain after a simple computation

(n) Tk n!
o’ = —
k 2nk!l\| (n — 2k)!

k=0,1,...,[n/2]. (41)
Between ¢t = 0 and ¢ = 7, the state ¥ evolves according to the dynamics defined by the product
% and we have:

[n/2] £
B .t
(g, p,t Z o exp (F52) ) yi(a.p), 0<t<m, (42)



where EY, = hw(m + 1/2 +iv/2w).
When t = 7 the dissipation is turned off and the system will evolve as a harmonic oscillator in
the Hilbert space Hj;. We apply the inverse of the prescription (), ie.,

\/—%(E(Q,p))npg(q,p) — %(d(q,p))"po(q,p) (43)

so that the state ¢¥” at ¢ = 7 becomes an element 1 of the Hilbert space Hys. After applying the
prescription (i) and using the eigenstates (B), we find

[n/2] n/2—k
n 2kT r
, o™ ex _
VapT Z ¢ e (5) i —2h)!

Hooon(zars al@.p)pola.p). (4)

Notice again that 1(q,p,7) is not an eigenstate of the Hamiltonian H for the Moyal product. It
can be expressed in terms of the basis (@) of Hys with the help of the explicit expression of the
Hermite polynomials

(n/2] _ nl s
Hy(z) = ;(—1) m@@ :

A straightforward computation gives

[n/2]
(g, p, T Z B (7) p—21 (4, D), (45)
where
B (r) = r n (—iw(n +1/2 + iv/2w)7) (exp(2iwr) — 1)* (46)
BT 9\ (= 2k P 7 P ’
for k =0,1,...,[n/2]. Notice that due to the nonunitary evolution during the damping regime,

the state ¥ (g, p, 7) is no longer normalized. In order to maintain the probabilistic interpretation,
1) should be normalized with respect to (IE) We denote by ¥ the normalized state:

| 2 n/2)
V(g,p,7) = & o) ST B (N pn—aw(ap) = > B (1) pu—2k(a,p), (47)
" k=0 k=0

where N, (7) = (3,2, [n/2] |ﬁ,(€") (T)|2)1/2. For ¢t > 7, the evolution of the state ¥ is given as usual by:

U(g.p,t) =Y 37 (1) exp(—ito(n — 2k +1/2)(t = 7)) pn—2i(0.p), > . (48)
k=0

In view of ([£]), we notice that for generic values of 7, the state of energy fiw(n + 1/2) we
started with can decay to states of lower energy level n — 2k of same parity as n with transition
probability |B,(€n) (7)|?. Hence the state of energy E, spreads over lower energy states and the
expectation value for the mechanical energy H would be less than E, after the system has expe-
rienced dissipation. However, for specific values of 7, i.e. when wr = 7 + 2mm, m € N, we have
A,(Cn) (1) = ok exp(—iw(n + 1/2)7) and the system is still in the state p, and its behavior seems

not be affected by the dissipation.
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5 Conluding remarks

Taking as a model the quantum description of the harmonic oscillator in deformation quantization,
we have obtained a quantization for the damped harmonic oscillator in terms of a new star product
*~. This product can be viewed as a deformation in two parameters, 7 and -, that allows to recover
at any point the classical case when 7 — 0 and the usual quantized harmonic oscillator when v — 0.

The simple toy-model considered in Sect. 4 can be replaced by a more physical one. Instead of
switching on/off abruptly the dissipation, a more physical situation would correspond to switching
on/off the dissipation by letting v depend on time. «(¢) would then be a smooth positive function
of t with support in some time interval |9, 71]. The star-product %) would also depend on time
and is defined exactly as in (@) as the time-dependence of v does not alter the associativity. For
a time s not in the support of y(t), %, is simply the Moyal product and the whole system can
be quantized with a unique time-dependent star-product.

It is expected that the results obtained here will give more physical applications of the defor-
mation quantization formalism and motivate the study of more complex systems.

Acknowledgments

We would like to thank Bogdan Mielnik and Maciej Przanowski for critical remarks on the
manuscript and useful discussions we had with them when the authors were visiting the CIN-
VESTAV in Mexico City. This paper was partially supported by the CONACYT grant 41993-F.
One of us (F.T.) was partially supported by the CONACYT postdoctoral scholarship program
and a postdoctoral fellowship from the Région de Bourgogne. F.T. wants to thank the Institut de
Mathématiques de Bourgogne (France) for their warm hospitality.

References

[1] L. R. Senitzky, Phys. Rev. 119 (1960) 670.

[2] R. W. Hasse, J. Math. Phys. 16 (1975) 2005.

[3] H. Dekker, Phys. Rep. 80 (1981) 1.

[4] C. Enz, Found. Phys. 24 (1994) 1281.

[5] D. Chruéciriski, math-ph/0209008.

[6] D. Chrusciriski, J. Math. Phys. 44 (2003) 3718.

[7] V. E. Tarasov, Phys. Lett. A 288 (2001) 173; Phys. Lett. A 299 (2002) 173.

[8] F. Bayen, M. Flato, M. Fronsdal, A. Lichnerowicz and D. Sternheimer, Ann. Phys. (NY) 111
(1978) 61; Ann. Phys. (NY) 111(1978) 111.

[9] G. Dito and D. Sternheimer, in Deformation quantization, IRMA Lect. Math. Theor. Phys.,
1, de Gruyter, Berlin, 2002, p. 9; math.qa/0201168.

[10] M. Kontsevich, Lett. Math. Phys. 66 (2003) 157.
[11] S. Waldmann, Rev. Math. Phys. 17 (2005), 15; math.qa/0408217.
[12] J. F. Plebanski and H. Garcia-Compedn, Rev. Mex. Fis. 43 (1997), 634.

11



