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PRE-COMPACT FAMILIES OF FINITE SETS OF INTEGERS AND
WEAKLY NULL SEQUENCES IN BANACH SPACES

J. LOPEZ-ABAD AND S. TODORCEVIC

1. INTRODUCTION

The affinities between the infinite-dimensional Ramsey theory and some problems of the
Banach space theory and especially those dealing with Schauder basic sequences have been
explored for quite some time, starting perhaps with Farahat’s proof of Rosenthal’s £;-theorem
(see [13] and [19]). The Nash-Williams’ theory though implicit in all this was not fully exploited
in this context. In this paper we try to demonstrate the usefulness of this theory by applying
it to the classical problem of finding unconditional basic-subsequence of a given normalized
weakly null sequence in some Banach space E. Recall that Bessaga and Pelezynski [7] have
shown that every normalized weakly null sequence in a Banach space contains a subsequence
forming a Schauder basis for its closed linear span. However, as demonstrated by Maurey and
Rosenthal [16] there exist weakly null sequences in Banach spaces without unconditional basic
subsequences. So one is left with a task of finding additional conditions on a given weakly null
sequence guaranteeing the existence of unconditional subsequences. One such condition, given
by Rosenthal himself around the time of publication of [16] (see also [19]). When put in a
proper context Rosenthal’s condition reveals the connection with the Nash-Williams theory. It
says that if a weakly null sequence (z,) in some space of the form (., (') is such that each 2,
takes only the values 0 or 1, then (z,) has an unconditional subsequence. To see the connection,
consider the family

F={{neN:z,(y)=1}:v€l}
and note that F is a pre-compact family of finite subsets of N. As pointed out in [19], Rosenthal
result is equivalent saying that there is an infinite subset M of N such that the trace

FM]={tNnM :teF}

is hereditary, i.e., it is downwards closed under inclusion. On the other hand, recall that the
basic notion of the Nash-Williams’ theory is the notion of a barrier, which is simply a family
F of finite subsets of N no two members of which are related under the inclusion which has
the property that an arbitrary infinite subset of N contains an initial segment in F. Thus, in
particular, F is a pre-compact family of finite subsets of N. Though the trace of an arbitrary
pre-compact family might be hard to visualize, a trace B[M] of a barrier B is easily to compute
as it is simply equal to the downwards closure of its restriction

BIM={teB:tCM)}.
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A further examination of Rosenthal’s result shows that for every pre-compact family F of finite
subsets of N there is an infinite set M such that the trace F[M]is actually equal to the downwards
closure of a uniform barrier 5 on M, or in other words that the C-maximal elements of F[M]form
a uniform barrier on M. As it turns out, this fact holds considerably more information that the
conclusion that F[M] is merely a hereditary family which is especially noticeable if one need to
perform further refinements of M while keeping truck on the original family F. This observation
was the motivating point for our research which helped us to realize that further extensions of
Rosenthal’s result require analysis of not only pre-compact families of finite subsets of N but
also maps from barriers into pre-compact families of finite subsets of N, or, more generally, into
weakly compact subsets of ¢g. We have explained this point in our previous paper [14], where
we have presented various results on partial unconditionality such as near-unconditionality or
convex-unconditionality as consequences of the structure theory of this kind of mappings. This
paper is as a continuation of this line of research. In Section 3 we show how the combinatorics on
barriers can be used to prove the ¢p-saturation for Banach spaces C'(K) when K is a countable
compactum. Recall that the ¢g-saturation of Banach spaces C'(K') over countable compacta K is
a result originally due to Pelczynski and Semadeni [21] (see also [5] and [12] for recent accounts
on this result.) More particularly, we show that if (z;) C C(K) is a normalized weakly-null
sequence, then there is €' > 1, some infinite set M, some uniform barrier B on M of rank at
most the Cantor-Bendixson rank of K and some uniform assignment pu : B — cfy with the
property that supp u(s) C s for every s € B, and such that for every block sequence (s,) of
elements of B, the corresponding sequence (z(s,)) of linear combinations,

w(sn) = Y (plsn)) i)y,
i€sn
is a normalized block sequence C-equivalent to the standard basis of ¢g.
The last section concerns the following natural measurement of unconditionality present in a
given weakly null sequence (z,,) in a general Banach space F. Given a family F of finite sets, we
say that (z,) is F-unconditional with constant at most C' > 1 iff for every sequence of scalars

(an)7
sup | 3 anenll < CIIY_ aneall
ES

neEs neN
Thus, if for some infinite subset M of N the trace F[M] contains the family of all finite subsets of
M, the corresponding subsequence (z,),en is unconditional. Typically, one will not be able to
find such a trace, so one is naturally led to study this notion when the family F is pre-compact,
or equivalently, when F is a barrier. Since for every pair Fo and F; of barriers on N there is
an infinite set M such that Fo[M] C Fi[M] or F1[M] C Fo[M] and since the two alternatives
depend on the ranks of Fp and JFi, one is also naturally led to the following measurement of
unconditionality that refers only to a countable ordinal + rather than a particular barrier of rank
7. Thus, we say that a normalized basic sequence (z,,) of a Banach space X is y-unconditionally
saturated with constant at most C' > 1 if there is an y-uniform barrier B on N such that for
every infinite M C N there is infinite N C M such that the corresponding subsequence (z,,)nen
of (z,,) is B | N-unconditional with constant at most C'. (Here, B | N denotes the topological
closure of the restriction B [ N which in turn is equal to the trace B[N], a pleasant property of
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any barrier.) It turns out that only indecomposable countable ordinals 4 matter for this notion.
We shall see, extending the well-known example of Maurey-Rosenthal of a normalized weakly-
null sequence without unconditional subsequences, that every normalized basic sequence has a
subsequence which is w-unconditionally saturated, and that this cannot be extended further. For
example, we show that for every indecomposable countable ordinal v > w there is a compactum
K of Cantor-Bendixson rank v+ 1 and a normalized 1-basic weakly-null sequence (z,,) C C'(K)
such that (z,) is S-unconditionally saturated for all 5 < v but not y-unconditionally saturated.
More precisely, the summing basis of ¢q is finitely block-representable in every subsequence of
(), and so in particular, no subsequence of (z,) is unconditional.

2. PRELIMINARIES

Let N denote the set of all non-negative integers and let FIN denote the family of all finite sets
of N. The topology on FIN is the one induced from the Cantor cube 2 via the identification of
subsets of N with their characteristics function. Observe that this topology coincides with the
one induced by ¢g, the Banach space of sequences converging to zero, with the same identification
of finite sets and corresponding characteristic functions. Thus, we say that a family F C FIN
is compact if it is a compact space under the induced topology. We say that F C FIN is pre-
compact if its topological closure 7 taken in the Cantor cube N2 consists only of finite subsets
of N. Given X,Y C N we write
(1) X <Y iff max X < minY. We will use the convention ) < X and X < ) for every X.

2) XCYiff XCVYand X <Y\ X.

A sequence (s;) of finite sets of integers is called a block sequence iff s; < s; for every i < j,
and it is called a A-sequence iff there is some finite set s such that s C s; (¢ € N) and (s;\ s) is a
block sequence. The set s is called the root of (s;). Note that s; —; s iff for every subsequence of
(s;) has a A-subsequence with root s. It follows that the topological closure F of a pre-compact
family JF of finite subsets of N is included in its downwards closure

—=C
F=={sCt:teF}
with respect to the inclusion relation and also included in its downwards closure
—=C
F=={sCt:teF}

with respect to the relation C . We say that a family F C FIN is C-hereditary if F = FE and
C-hereditary if F = F=. The C-hereditary families will simply be called hereditary families. We

shall consider the following two restrictions of a given family F of subsets of N to a finite or
infinite subset X of N

FlX={seF:sCX},

FIX]={sNnX :seF}
There are various ways to associate an ordinal index to a pre-compact family F of finite
subsets of N. All these ordinal indices are based on the fact that for » € N, the index of the

family
Fiy=1{s€FIN : n<s, {njUsec F}
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is smaller or equal from that of F. For example, one may consider the Cantor-Bendizson index
r(F), the minimal ordinal a for which the iterated Cantor-Bendixson derivative 0(F) is equal to
0, then clearly r(Fy,y) < r(F) for all n € N. Recall that 0F is the set of all proper accumulation
points of 7 and that 9%(F) = (., O(0°(F)). The rank is well defined since F is countable
and therefore a scattered compactum so the sequence 9¢(F) of iterated derivatives must vanish.
Observe that if F is a nonempty compact, then necessarily r(F) is a successor ordinal.

We are now ready to introduce the basic combinatorial concepts of this section. For this we
need the following piece of notation, where X and Y are subsets of N

X =X \{min X} and X/Y ={m € X : max} < m}

The set ..X is called the shift of X. Given integer n € N, we write X/n to denote X/{n} =
{m € X : m > n}. The following notions have been introduced by Nash-Williams.

Definition 2.1. ([15]) Let F C FIN.

(1) F is called thin if s [Z t for every pair s, t of distinct members of F.

(2) F is called Sperner if s € t for every pair s £ ¢ € F.

(3) F is called Ramsey if for every finite partition F = Fo U ---U Fy there is an infinite set
M C N such that at most one of the restrictions F; | M is non-empty.

(4) F is called a front on M if F C P(M), it is thin, and for every infinite N C M there is some
s € F such that s C N.

(5) F is called a barrier on M if F C P(M), it is Sperner, and for every infinite N C M there
is some s € F such that s C N.

Clearly, every barrier is a front but not vice-versa. For example, the family NI of all k-
element subsets of N is a barrier. The basic result of Nash-Williams [15] says that every front
(and therefore every barrier) is Ramsey. Since as we will see soon there are many more barriers
than those of the form N this is a far reaching generalization of the classical result of Ramsey.
To see a typical application, let F be a front on some infinite set M and consider its partition
F = Fo U Fy, where Fy is the family of all C-minimal elements of F. Since F is Ramsey there
is an infinite N C M such that one of the restrictions F; | M is empty. Note that F; [ N must
be empty. Since Fp | N is clearly a Sperner family, it is a barrier on N. Thus we have shown
that every front has a restriction that is a barrier. Since barrier are more pleasant to work
with one might wonder why introducing the notion of front at all. The reason is that inductive
constructions lead more naturally to fronts rather than barriers. To get an idea about this, it is
instructive to consider the following notion introduced by Pudlak and Rédl.

Definition 2.2. ([22]) For a given countable ordinal «, a family F of finite subsets of a given
infinite set M is called a-uniform on M provided that:
(a) a = 0 implies F = {0},
(b) @ = B+ 1 implies that Fy,, is S-uniform on M/n,
(c) o > 0 limit implies that there is an increasing sequence {a, },enr of ordinals converging to
a such that Fy,, is a,-uniform on M/n for all n € M.

F is called uniform on M if it is a-uniform on M for some countable ordinal «.
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REMARK 2.3. (a) If  is a front on M, then F = 7=

(b) If F is uniform on M, then it is a front (though not necessarily a barrier) on M.

(¢) If F is a-uniform (front, barrier) on M and © : M — N is the unique order-preserving onto
mapping between M and N, then ©”F = {0”s : s € F} is a-uniform (front, barrier) on M.
(d) If F is c-uniform (front, barrier) on M then F | N is a-uniform (front, barrier) on N for
every N C M.

(e) If F is uniform (front, barrier) on M, then for every s € 7= the family

Fs={t:s<tand sUt e F}

is uniform (front, barrier) on M/s.

(e) If F is a-uniform on M, then 9*(F) = {0}, hence r(F) = o+ 1. (Hint: use that 0°(Fy,) =
(85(}')){n} for every 5 and every compact family F).

(f) It is easy to prove by induction on n that every n-uniform family on M is of the form Ml
This is not the case in general.

(g) An important example of a w-uniform barrier on N is the family S = {s : |s| = min(s) + 1}.
We call § a Schreier barrier since its downwards closure is commonly called a Schreier family.
Indeed, it can be proved a B is a w-uniform family on M iff there is an unbounded mapping
f:M — wsuch that B={sC M : |s| = f(mins) + 1}.

The following result based on Nash-Williams’ extension of Ramsey’s theorem explains the
relationship between the concepts introduced above (see [4] for proofs and fuller discussion).

Proposition 2.4. The following are equivalent for a family F of finite subsets of N:

(a) F is Ramsey.

(b) There is an infinite M C N such that F | M is Sperner.

(¢) There is an infinite M C N such that F | M is either empty or uniform on M.

(d) There is an infinite M C N such that F | M is either empty or a front on M.

(e) There is an infinite M C N such that F | M is either empty or a barrier on M.

(f) There is an infinite M C N such that F | M is thin.

(g) There is an infinite M C N such that for every infinite N C M the restriction F | N cannot
be split into two disjoint families that are uniform on N. O

In this kind of Ramsey theory one frequently performs diagonalisation arguments that can be
formalized using the following notion.

Definition 2.5. An infinite sequence (My)ken of infinite subsets of N is called a fusion sequence
of subsets of M C Nif for all k£ € N:
(a) Myy1 C My, C M,
(b) my < mg41, where my = min M.
The infinite set Mo, = {my}rew is called the fusion set (or limit) of the sequence (My)xen.

We have also the following simple facts connecting these combinatorial notions with the
topological concepts considered at the beginning of this section.

Proposition 2.6. Fiz a family F C FIN.
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(a) If F is a barrier on M then i F, and hence FSisa compact family.

(b) If F is a barrier on M then for every N C M, mg — F= | N.

(¢) Suppose that F is a barrier on M. Then for every N C M such that M \ N is infinite we
have that F[N] = mg’ and in particular F[N] is downwards closed.

(d) A family F C MI<l s the topological closure of a barrier on M iff FE—max = FC—max g

a barrier on M.
Barriers describe small families of finite sets, as it is shown in the following.

Theorem 2.7. [14] Let F C FIN be an arbitrary family. Then there is an infinite set M C N
such that either
(a) F[M] is the closure of a uniform barrier on M, or

(b) M=) C 7€

Note that it follows that if F is pre-compact then condition (a) must hold.
We shall follow standard terminology and notation when dealing with sequences in Banach

spaces (see [13]). We recall now few standard definitions we are going to use along this paper.

Definition 2.8. Let (2;) be a sequence in a Banach space F.

(a) () is called weakly-null iff for every 2* € I/, the sequence of scalars (2*(z;)); tends to 0.
(b) (z;) is called a Schauder basis of E iff for every = € IV there is a unique sequence of scalars
(a;) such that @ = > a;x;. This is equivalent to say that z; # 0 for every i, the closed linear
span of (z;) is X, and there is a constant # > 1 such that for every sequence of scalars (a;), and

1Y il <61 i (1)
el €N
(c) (x;) is called a basic sequence iff it is a Schauder basis of its closed linear span, i.e., z; # 0

every interval I C N,

for every 7, and there is @ > 1 such that for every sequence of scalars (a;), and every interval
T C N, || e @iwil] <0]3° a;x;]]. The infimum of those constants 6 is called the basic constant
of (z;).
(d) () is called @-unconditional (8 > 1) iff for every sequence of scalars (a;), and every subset
A CN,

1Y il <61 i (2)

1€EA €N

(x;) is called unconditional if it is #-unconditional for some 6 > 1.

Given two basic sequences (z;);enm and (y;)ien of some Banach spaces F and F, indexed
by the infinite sets M, N C N, we say that (2;);ensr € F and (yi)ieny C F are f-equivalent,
denoted by (#;)ienm ~¢ (yi)ien, if the order preserving bijection ® between the two index-sets
M and N lifts naturally to an isomorphism between the corresponding closed linear spans of

these sequences sending z; to yg ().

The sequence of evaluation functionals of ¢ is the biorthogonal sequence (p;) of the natural
basis (e;) of o, i.e. if @ = ) . a;e; € co, then p;(x) = a;. Note that weakly compact subsets
K of ¢g are characterized by the property that every sequence in K has a pointwise converging
subsequence to an element of K. It is clear that for every weakly-compact subset K C ¢y the
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restrictions of evaluation mappings (p;) to K is weakly-null in C'(K'). The sequence of restrictions
will also be denoted by (p;). Observe that (p;) as a sequence in the Banach space C'(K) is a
monotone basic sequence iff K is closed under restriction to initial intervals.

There are two particularly important examples of weakly-compact subsets of ¢y naturally
associated to a normalized weakly null sequence (z;);car of a Banach space £
(a) the set

Re((zi)iem) = {(2"(%i))iem € co : 2" € Bpx}

is symmetric, 1-bounded and weakly-compact subset of c¢g.
(b) If F'=C(K), K compactum, then the set

Ri((z:)iem) = {(zi(c))iem € co : c € K}

is also 1-bounded and weakly-compact.

In both cases one has that (2;);en is 1-equivalent to the evaluation mapping sequences of
C(Re((xi)iem)) and C(RE((2i)ienm))-

We say that a subset X of ¢g is weakly pre-compact if its closure relative to the weak topology
of ¢p is weakly compact. We have then the following, not difficult to prove.

Proposition 2.9. (a) F C FIN is pre-compact iff the set {xs : s € FIN} C ¢g of characteristic
Sfunctions of sets in F is weakly-pre-compact.
(b) For every weakly-pre-compact subset X of co and every ¢ > 0 one has that

supp X ={{n e N : |{(n)| > e} : £ € X} is pre-compact.

Finally, we introduce few combinatorial notions concerning mappings from families of finite
sets of integers into ¢g. For more details see [14].

Definition 2.10. ([14]) Let F C FIN be an arbitrary family, and let f : F — c.
(a) f is internal if for every s € F one has that supp f(s) C s.
(b) f is uniform if for every ¢t € FIN one has that

[{pls)(min(s/1)) : 1 C s, s € Y = 1
(c) f is Lipschitz if for every ¢ € FIN one has that
{e(s)[t:tCs,seFH=1

(d) fis called a U-mapping if F if it is internal and uniform.
(e) fis called a L-mapping if F if it is internal and Lipschitz.

REMARK 2.11. (a) Every uniform mapping is Lipschitz, but the reciprocal is in general false.
For example, the mapping f : FIN — ¢y defined by f(s)(i) = ¢ if i € s and f(s)(¢z) = 0 is
Lipschitz but not uniform.

(b) Every L-mapping f : F — ¢ can be naturally extended to a continuous mapping f’ : F=
co by setting f'(t) = f(s) [ t for (any) s € F such that ¢ C s.

(c) The importance of internal mappings can be seen, for example, by the well-known result
of Pudlak-Rédl [22] stating that if f: B — X is a function defined on a barrier B on M then
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there is N C M, a barrier C on N, and an internal mapping ¢ : B | N — C such that for every
s,t € B | N one has that f(s) = f(¢) iff g(s) = ¢(t).

(d) U-mappings were used in [14] to produce some weakly-null sequences playing important role
in the better understanding of an abstract concept of unconditionality (see [14] for more details).

The main result on mappings defined on barriers is the following;:

Theorem 2.12. [14] Suppose that B is a barrier on M, K C ¢y is weakly-compact and suppose
that f : B — K. Then for everye > 0 there is N C M and there is a U-mapping g : B | N — ¢go
such that for every s € B | N one has that

If(s) I N —g(s)]le, <e.

Corollary 2.13. Suppose that f : B — co is an internal mapping defined on a barrier B.
Suppose that in addition [ is bounded, i.e. there is C' such that for every s € B one has that
| f($)]|oeo < C. Then for every ¢ > 0 there exists is a U-mapping g : B | N — coo such that for
every s € B | N one has that

1£(s) = g(s)]ley < e

PRrROOF. Let us prove first that the image of f is weakly-pre-compact: For suppose that (f(s,))n
is an arbitrary sequence. Let M C N be such that (supp f(s,))nenm converges to some s € B~.
This is possible because f is internal. Since f is bounded, we can find N C M such that
(f(sn))nen is weak-convergent in co.

Now the desired result follows from 2.12 by using that f is in addition internal. O

3. ¢co-SATURATION OF C(K) FOR A COUNTABLE COMPACTUM K

Recall the result of Pelczynski and Semadeni [21] which says that every Banach space of the
form C'(K) for K a countable compactum is co-saturated in the sense that every of its closed
infinite-dimensional subspaces contains an isomorphic copy of ¢g. The purpose of this section
is to examine the ¢p-saturation using the theory of mappings on barriers developed above in
Section 3. We start with a convenient reformulation of the problem. We start with a definition.

Definition 3.1. For a given subset X of ¢q, let supp X = {{i € N : £(:) #0} : £ € X} be the
support set of X. We say that a weakly compact subset K of ¢g is supported by a barrier on M

if its support set supp K is the is the closure of a uniform barrier on M.

Lemma 3.2. Suppose that K is a countable compactum. Suppose that (x;) C C(K) is a nor-
malized weakly null sequence. Then for every ¢ > 0 there is subsequence (z;)ienp and a weakly-
compact subset L C ¢ supported by a barrier on N of rank not bigger than the Cantor-Bendizson
rank of I such that (x;);em and the evaluation mapping (p;)ien of C'(L) are (14 ¢)-equivalent.

Proor. Fix € > 0. Find first an strictly decreasing sequence (g;) such that ). g; < ¢ and such
that

{; i e N}n{lai(e)] : c€ K} = 0. (3)
This is possible because K is countable. Now define ¢ : K — P(N) by ¢(¢) = {i e N :
|z;(c)| > ¢;}. Note that (3) implies that ¢ is a continuous function. Enumerate K = {¢k }ren.
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Since (z;) is weakly-null we can find a fusion sequence (Mjy) such that for every k and every
i € My, one has that |z;(ck)| < k. Now if we set N to be the corresponding fusion set then for
every k one has that {i € M : |z;(ck)| > ;} C {no,...,nk—1}. This means that the mapping
1 = &pg - 10 is continuous with image included in FIN. Set N = ,M and denote the immediate
predecessor of ¢ € N in M by ¢~. Since K is a zero-dimensional compactum, we can find clopen
sets C; C K (¢ € N) such that

K\ a7t ((—e-,5i-)) € Ci © K\ ajt([—ei,e) for every i € N.

Set y; = x¢,z; for each + € N. So one has

(i) ||z: — villx < €;~, 80 (2i)ien and (y;);en are 1 + e-equivalent, and

(ii) for every ¢ € K and every i € N, if |y;(¢)| <&, then y;(c) = 0.
Since for every ¢ € K, by (ii) above, one has that

{ieN 1 y(c) 20} ={i € N : c € C;and |z;(c)| > :} = ¥(¢),

it follows that the support set F of Ry ((y;)ien) coincide with the image of v, so it is a compact
family of N. We use now Theorem 2.7 to find P C N such that F[P] is the closure of a uniform
barrier on P. This implies that Ry ((y;):cp) is supported by a barrier Bon P. Let 8 be the unique
order preserving mapping from Nonto P, and let © : ¢o | P ={£ € ¢g : supp& C P} C ¢o — ¢
be defined by ©(£)(n) = &(#(n)). This is an homeomorphism between ¢ | P and ¢y, both with
the weak topology, so L = ©” R ((y;)icp) is a weakly-compact subset of ¢o and supported by
the barrier #=!B = {#=1s : s € B} on N. Now it is easy to see that the evaluation mapping
(pi)ien of C'(L) is a normalized weakly-null sequence 1+ -equivalent to (z;);ep. O

Theorem 3.3. Suppose that (x;) C C(K) is a normalized weakly-null sequence for a countable
compactum K. Then there is a constant C' > 1, an infinite set M, a uniform barrier B on
M whose rank is at most the Cantor-Bendixson rank of K, and some U-mapping u : B — CEI)—O
such that for every block sequence (s,) C B the corresponding sequence of linear combinations

(Xics, (1(5n))(@)@i)n is @ normalized block sequence C-equivalent to the unit vector basis of co.

ProOOF. The proof is by induction on the Cantor-Bendixson rank of K. First of all, by Lemma
3.2 we may assume that K is a weakly-compact subset of ¢g supported by a barrier B on N and
that the normalized weakly null sequence (z;) is the corresponding evaluation mapping sequence
(pi)ien. If @ = 1, then B = N[ and clearly (p;) is equivalent to the unit vector basis of ¢p. So
assume that o > 1. By going to a subsequence of (p;) if needed, we may also assume in this case
that |s| > 2 for every s € B. For each integer n set F, = |J
family, we have that for every n, d°F, = 0, so its Cantor-Bendixson rank is strictly smaller
than o+ 1. For each n € N, let

m<n B{m}- Since B is a a-uniform

K,={fls:s€F,}.
This is a compactum whose support is F,, and whose rank is strictly smaller than a4+ 1. So, the
evaluation mapping sequence (p;) is a weakly-null sequence of C'(K,,) for every n. Observe that

for every sequence of scalars (a;) we have that

1S amille = 1S aillie, = supdll S apilla = s € Foo (1)

€S
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Using the fact that the family F,, is hereditary, we obtain that (p;) is 1-unconditional. Since we
assume that all the singletons {i} belong to F,, it follows that (p;);>1 is indeed a 1-unconditional
normalized weakly null sequence in C'(K,).

Fix e > 0, and let (¢,),, be a summable sequence with > ¢, < /2. By the Ramsey property
of the uniform barrier B, we can find a fusion sequence (My); such that, setting ny = min My
for each k € N, we have that for every k the following dichotomy holds:

(I) Either for every s € B | M there is some pr(s) € coo with supp ur(s) C s, 0 <
pr(s)(1) < 1 for every 7 € s, and such that for every such that |[ > .. ur(s)(9)pil|x = 1 while
12 ies 1x(8) ()pilln, < er, or else

(11) || ZiES a;pil|lx < 25,;1]\ ZiES a;pilln, for every s € B | My and every (a;)es.

Suppose first that (I) holds for every k. Let M., = {ny} be the corresponding fusion set.
Then let C = B | M. For s € C, define p(s) = py(s), where ny = mins. This is well defined
since s € B | Mj. For a given s € C, let

o(5) = 3 () 0o
1€s
Our intention is to show that for every block sequence (s;); in C one has that (z(s;)); is 2 + &-
equivalent to the ¢p-basis. So fix such sequence (s;) and let (b;);eny be a sequence of scalars with
|b;| < 1 for every integer ¢. Since each z(s;) is normalized and since (p;) is monotone, we obtain
that

I Zbix(si)”K > (1/2)]] ZbieiHoo-

Suppose that £ € K, and let ig = min{i : s; Nsupp& # 0}. Fix i > ig, and let k; be such that
ng, = min s;. Since supp& N s; € ]:maxsz'o we have that

)OI Y @ pillmass, < 2k (5)
Jj€siNsupp f
It follows that
Dbl (] < [biol + Y bl ()] < [big] + 5. (6)
P 1210
So, || > biz(si)|lx < (14¢/2)|| D bi€i]|oo. Finally use Corollary 2.13 to perturb p and make it
U-mapping.

Suppose now that kg is the first k£ such that (Il) holds for k. Set M = Mj. It readily
follows that for every z in the closed linear span of (p;);enr one has that ||z||x < 8;01”$an0. By
inductive hypothesis applied to (p;) C C’(Knko)7 there is some C' > 1, some uniform barrier C
on some N C M of rank not bigger than the one of K,, and some y fulfilling the conclusions
of the Lemma. Fix s € C. Then [[u(s)|l», = 1, so we can find some ¢; C s such that 1 =
11e(8)|[ny, = lle(s) | |l Observe that, by l-unconditionality of || - [, , [[(s) I tlln,, = 1.
Define v : C — coo by v(s) = p(s) | ts. Finally, let us check that (z(s;)) C C(K) is Ce; !
equivalent to the cg-basis for every block sequence (s;); in C. Fix scalars (q;), |a;| <1 (7 € N).
We obtain the inequality || >, a;v(s:)||x > (1/2)]| >, as€i|lc by the monotonicity of the basic
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sequence (p;). Now,

1) aiv(si)li <
7

1 1

C
1S a5l € =11 @il < ——1I S acillo (@)

gnko gnko gnko

U
4. CONDITIONALITY

We start with the following natural slightly variation on the notion of Sg-unconditionality
from [3], and which is a generalization of unconditionality (see Definition 2.8 (d)).

Definition 4.1. Let F be a family of finite sets of integers. A normalized basic sequence (z,,) of
a Banach space F is called F-unconditional with constant at most C' > 1 iff for every sequence

sup | 3 anenll < CII Y aneall
ES

n€s neN

of scalars (a,,),

This generalizes the notion of unconditionality covered by the case of 7 = FIN. The question
is whether every normalized weakly-null sequence has a F-unconditional subsequence. Observe
that the subsequence (z,),enm is F-unconditional iff it is F[M]-unconditional, so the existence
of an F-unconditional subsequence is closely related to the form of the traces F[M]. If we
assume that in addition the family F is hereditary, then, by the Theorem 2.7, two possibilities
can occur: The first one is that some trace of F consists on all finite subsets of some infinite
set M. In this case, for subsequences of (z,)n,enms the F-unconditionality coincides with the
unconditionality. The second case is when some trace of F is the closure of a uniform barrier.
So one is naturally led to examining the standard compact families of finite subsets of N. We
begin with the following positive result announced in [16] and first proved by E. Odell [20]
concerning the Schreier family S = {s C N : |s| < min(s) 4 1}.

Theorem 4.2. Suppose that (x,) is a normalized weakly-null sequence of a Banach space F.
For every e > 0 there is a S-unconditional subsequence with constant 2+ ¢. (|

Recall that if F is a barrier on some set M then its trace F[/N] on any co-infinite subset N of
M is hereditary and that for every pair Fu and Fp of barriers on the same domain M there is
an infinite set N C M such that Fo[N] C F1[N] or Fi[N] C Fy[N]. Since the two alternatives
are dependent on the ranks of Fg and Fi, one is naturally led to the following measurement of
unconditionality.

Definition 4.3. Suppose that v is a countable ordinal. A normalized basic sequence (z,,) of
a Banach space F is called v-unconditionally saturated with constant at most C' > 1 if for
every y-uniform barrier 5 on N and for every infinite M there is infinite N C M such that the
corresponding subsequence (7,),en of (2,,) is B-unconditional with constant at most C.

We say that (z,), is y-unconditionally saturated if it is y-unconditionally saturated with
constant C' for some C' > 1.

REMARK 4.4. (a) A sequence (), is y-unconditionally saturated iff given a y-uniform barrier
B every subsequence of (), has a further B-unconditional subsequence. The reason for this is
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that given two y-uniform barriers B and C on a set M we have that there is N C M such that
either B N CC [N C B[ N & NEU or the symmetric situation holds, where F &G = {sUt:
s€G,teF and s <t} (see [4]).

(b) It follows from Theorem 4.2 that every normalized weakly null sequence is w-unconditionally

saturated. Since the w-uniform barriers are of the form {s € FIN : |s| = f(min s) + 1} for some
unbounded mapping f : M — N one can easily modify the proof of Theorem 4.2 to prove that
every normalized weakly-null sequence is w-unconditionally saturated with constant at most
2+¢.

(c) If the normalized basic sequence (z,) is monotone, then it is B-unconditional iff it is B-
unconditional for every uniform barrier B on N.

(d) An analysis of the Maurey-Rosenthal [16] example of a weakly-null sequence (z,) with no
unconditional basic subsequence (see Example 4.5 below) reveals an w?-uniform barrier Byg
such that no infinite subsequence (2,,)nen is Bumr-unconditional with any finite constant C'. So

2_unconditionally saturated

this is an example of a normalized weakly-null sequence with no w
subsequence.

(e) Recall that an ordinal v is called indecomposable if for every 8 < v, fw < v. Equivalently,
v = wP for some B. Suppose that v is the maximal indecomposable ordinal smaller than some
fixed ordinal o. Then a normalized basic sequence (z,) is a-unconditionally saturated if and

only it is y-unconditionally saturated.

ExaMPLE 4.5. First of all, for a fixed 0 < ¢ < 1 choose a fast increasing sequence (m;) such

that
>0 min{ (e DY

1=0 j#i

Let FIN[<*! be the collection of all finite block sequences Py < Fy < --- < Ej of nonempty
finite subsets of N. Now choose a 1 — 1 function

IA

. (8)

o : FINI<=l 5 £} (9)

such that ¢((s;)g) > s, for all (s;) € FINI<®l Now let Byg be the family of unions so U sy U
-+ U s, of finite sets such that

(a) (s;) is block and sg = {n}.

(b) |si|l = o(s0,...,si—1) (1 <i< n).

It turns out that Byg is a w’-uniform barrier on N (see Proposition 4.11 below), hence
Bygr = %E is a compact family with rank w? 4 1. Observe that by definition, every s € Byr
has a unique decomposition s = {n} Us; U---Us, satisfying (a) and (b) above. Now define the
mapping ® : Byr — coo,

O(s) = 0ty LY e (10)

It follows that @ is a U-mapping defined on the barrier Byr. Now we can define the Banach
space Xpr as the completion of ¢gp under the norm

[zllmr = sup{|((s), 2)| : s € Bur]-
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The natural Hamel basis (e,,) of ¢og is now a normalized weakly-null monotone basis of Xyg with-
out unconditional subsequences. Indeed, without w?-unconditionally saturated subsequences.
Moreover this weakly-null sequence has the property that the summing basis (5;) of ¢, the Ba-
nach space of convergent sequences of reals, is finitely-block representable in the linear span of
every subsequence of (e;) (and so the summing basis of ¢g), more precisely, for every M, every
n € N and every £ > 0 there is a normalized block subsequence (z;)"=; of (e;);enr such that for

n—1
i:

every sequence of scalars (a;)7—,

m n—1 m
max{| Z(m tm < n} < Z%%HO(K) < (14 ¢) max{| Z(m :m < n}.
1=0 =0 =0

On the other hand, by Proposition 4.2 the sequence (p;) is w-unconditionally saturated with
constant ~ 2.

Another presentation of this space is the following: Since @ is uniform, it is Lipschitz, so
there is a unique extension ® : Byir — coo, naturally defined by ®(s) = ®(t) | t, where t € Byr
is (any) such that s C t. Now define K = ®"Bygr C coo. This is a weakly-compact subset of
coo whose rank the same than Bymg, i.e., w? 4+ 1. Then the corresponding evaluation sequence
(p;) C C(K) is l-equivalent to the basis (e;); of Xumg.

Building on the idea of Example 4.5, we are now going to find, for every countable inde-
composable ordinal v, a U-sequence with no unconditional subsequences but S-unconditionally
saturated for every 8 < 7. Before embarking into the construction, we need to recall a localized
version of Ptik’s Lemma. For this we need the following notation: Given a family F, and n € N,
let

Fon={soU---Usu_1 : (8,)'5 CF is block}.

It can be shown that F ® n is a an-uniform family if F is an a~uniform family.
Given & € cop we will write €1/2 to denote (£(i)'/?). Given & € coo and a finite set s, let

<€78> = <€7X5> = 22655(2)

Definition 4.6. A mean is an element p € ¢y with the property that Y oien i(i) = 1. We say
that p: B — CS'O is a U-mean-assignment if p is a U-mapping such that for every s € B one has

that p(s) is a mean.

Lemma 4.7. Suppose that B is an a-uniform barrier on M, o > 1. Let v = ~v(a) be the
mazimal indecomposable ordinal not bigger than «,and let n = n(a) € N, n > 1, be such that
yn < a<y(n+1). Then for every k € N, k > 1, every ¢ > 0, and every S-uniform barrier C
on M with 8 > ok there N C M and U-mean-assignment pp : C | N — CEI)—O such that

(14+¢e)(n+1)

g 11
Y (11)

sup{{(u(s)7,1) : t € B} <
for every s € C | N.

ProoF. The proof is by induction on «. Fix € > 0 and k£ > 1. Let C be an S-uniform family on
M such that 5 > ok.
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Notice that if we prove that for every N C M there is one mean p with support in C | N
such that (11) holds, then the Ramsey property of the uniform barrier C gives the existence for
some N C M of a mean-assignment p : C | N — cgo such that p(s) has the property (11) for
every s € C | N. Then Corollary 2.13 gives the desired U-mapping.

Let D be a vy-uniform barrier on M (if n = 1 we take D = B), and fix N C M. Find first
P C N be such that (D@ nk) | P CC as well as B | P C D@ (n+ 1). Consider (v;)iep such
that Dy, | P is vy;-uniform on P/i. Observe that for every ¢ € P we have that v; < v, so, since
~ is indecomposable, v, < 7. Let pg be any mean such that suppuo € B | P. By inductive
hypothesis applied to appropriate «a;’s, we can find a block sequence (,uj)?igl of means with
support in B | P such that for every 1 < j < nk —1,

sup{<,u]%,t> :t €D, and mint < maxsupp p;—1} < ;T (12)
Let v = (1/(nk)) Z?ial t;. Observe that suppv € (D @ (nk)) | P C C. Then, for every t € B,
by (12),

—|rolm

k—1
whiy=—— 3 S i< —

1
1
(nk)2 =0 iet (nk)
Let us point out that supp v is, possibly, not a set in C. However it is easy to slightly perturb v

. (13)

Wl

to a newer mean with support in C and satisfying (13) for every t € B: Let s € C be such that
suppv C s, and set w = s \ suppr. Let & > 0 be such that

(14+2)(1= 8)2+ (uhdlul) /2 < 1+ (14)
Now set 5
= (1—5)I/+ mXu- (15)

1 is a mean whose support is s € C. It can be shown now that for every t € 5,

N
donli)F < ——, (16)
i€t (nk)2
by the choice of . Finally, let ¢ € B and let us compute Ziet(,u(i))lﬂ: First of all we have that
z:iet(,u(i))l/2 = Zieu(u(i))lﬂ, where v = ¢t N P. Now, since u € B[ P C D@ (n+ 1), we can
find tg < --- < t, in D such that u C g U---Ut,, and hence

=Yg < BT (1

as promised. O

Corollary 4.8. Suppose that B is an a-uniform barrier on M, o > 1. Then for every € > 0
there is some k = k(a, <) such that for every S-uniform barrier on M with 3 > ak there N C M
and some U-mean-assignment pp: C | N — CS'O such that,

sup{(p(s)'/%1) s te By << (18)
for every s € B| N. d
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Lemma 4.9. Fiz an indecomposable countable o and a sequence (¢,,) of positive reals. Then:
(a) there is a collection (B,,) of a,-uniform barriers on N/n and a corresponding sequence of
U-mean-assignments ., : B, — CEI)—O with the following properties:

(a.1) oy, > 0, sup,, o, = «,

(a.2) for every m < n and every s € B,
sup{(ptn(s)2,t) 1 1 € By} < &y (19)

(b) Suppose that in addition o = W with v limit. Let o, T o be any sequence such that
apw < apyr (n € N). Then there is a double sequence (B!') such that for every integers n and i

(b.1) B is an agn)-uniform barrier on N/(n+ 1), with oegn) > 0 and oegn) T o

(b.2) There are U-mean-assignments i, ; : B — coo such that for every s € B, and every
(m, j) <lex (n,17)

sup{(juni(s)2, 1) : t € BI'} < e, (20)

where we recall that <je; denotes the lexicographical order on N* defined by (m, 1) <iex (n,7) iff
m<n,orm=mnandi<j.

Proor. (a): Choose o, 1, « such that for every n € N, a,41 > ank(ay, €,,), that is is possible
since « is indecomposable. Let C,, be an a,-uniform family on N (n € N). By Corollary 4.8 we
can find a fusion sequence (M) such that

(¢) Con | M, CC, if m < n, and

(d) for every n € N there is a U-mean-assignment v, : C,, | M,, — CS'O such that

sup{(va(8)2,2) s te |} < en (21)
l<n
for every s € C, [ M,. Let M = {m,} be the fusion set of (M,), and © : M — N be the
corresponding order preserving onto mapping. It is not difficult to see that C,, = (0”5,,) | (N/n),
and g, : C, — coo defined naturally out of v,, © fulfils all the requirements.
(b): Suppose that a = w” with v limit. Let a,, T a be any sequence such that a,w < 41
(n € N).

)

Claim. There is a fusion sequence (M,,), M,, = {mgn)}, a double sequence (B") of oegn -uniform
barriers on Mn/mfn) and U-mean-assignments ji, ; : B — CS'O such that

(e) oegn) 1 an (n € N), and
(f) for every (m, j) <iex (n, i), every s € B and every t € BT, (i ()2 1) < £y

Proof of Claim: First, use Corollary 4.8 applied to ag to produce an infinite set My = {mgo)} and
©)

Ho; - B? — cgp such that for every ¢ and every s € 3?7 <,u07¢(8)1/2,t> < g; for every t € B?

a sequence (BY) of a; '-uniform barriers on MO/{mEO)} with 0450) 1 ap and U-mean-assignments
with j < 7. In general, suppose we have found for every k& < n M = {mgk)} C My_y, (BF)
oegk) ) and U-mean-assignments pi; : Bf — cgo such that for every
(k,J) <tex (m,1) every s € B and every t € B? (fm.i(8)2,1) < €pyi. For each k < n define
the following families

. . k
-uniform barriers on Mk/mf

Bk:{Sng : *Segﬁqins}' (22)
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This is clearly an ag-uniform family on Mp. Since a,w < ou,41, we can use again Corollary 4.8
and find an infinite subset M, 41 = {mgnﬂ)} C M, and a sequence (B"*!) of o) _uniform

7

barriers on Mn+1/m£n+1) and U-mean-assignments fi,41,; : B?‘H — cgp such that for every
s € Bt
sup{{(ns1,0(s)2,6) 5 t € [ B U BV} < 2 (23)
k<n J<i
s0, in particular for every k < n and every ¢ € B;«“, <(,un_|_17i(s))%,t> < Eptitl- O

Let M be the fusion set of (M,), i.e. M = {mén)}. Observe that mén-l_i) > mgn) for every n
and ¢, so M/mén) C Mn/mgn) Set C" = B! | (M/mén-l_i)). This is an agn)—uniform barrier on
M/mén-l_i). Consider v, ; = i, ; | CI' : C* — coo has the property that for every (m, j) <jex (1, 1),
every every s € C[" and every t € C/", (Up.i(s)Y2,1) < gppi. Now use © : M — N, @(mén)) =0,
to define the desired mean-assignments and families. O

REMARK 4.10. Observe that if B is a-uniform on M with o > 0, then M C B. It readily
follows that the mean-assignments p,, and p,; obtained in Lemma 4.9 have the property that

11 (8)1 2|00 < 5 and || i (8)"/?]|0e < €ngi for every s in the corresponding domains.

Proposition 4.11. (a) Suppose that C and B; are B and o;-uniform families on M (i € N)
with a; T o, a;, B> 1. Let o FIN[<*®l 5 N be 1-1. Then for every n € N the family

D= {sgU---Us, : (s;) is block, so € C and s; € B ) for every 1 <i<n—1}

80e-98i—1
s y-uniform on M, where y = an+ 8~ if 1l < S <wandn >0, andy=an+ 5 if 5 > w or
n=0.
(b) Suppose that B; is a;-uniform on M (i € N) with o; T ov. Let o : FINI 5 N be 1-1. Then
the family

C={{n}UsoU---Us,_1 :({n}, s0,...,5n—1) is block, and

8; € Bo(({n},s0,msi_r)) Jor every 0 <i <n — 1}

is aw-uniform on M.
Proor. (a): The proof is by induction on n. If n = 0, the result is clear. So suppose that

n > 0. Now the proof is by induction on 8. Suppose first that 8 = 1. Then C = MM, and so,
for every m € M

Dipy = {s1U---Us, :(s1,52,...,5,) is block, s; € Bs(({my)) and
s; € BU(({m},sl,SQ,...,s,‘_l)) for every 2 < i <n-— 1}7
so, by inductive hypothesis, D,y is a(n — 1) + v,,-uniform on M/m, depending whether o, is
finite or infinite, but in any case with v, 1 «. Hence D is an-uniform on M. The general case

for 1 < f < w is shown in the same way.
Suppose now that 8 > w. Then for every m € M

Dy ={tUs U---Us, : (t,81,...,8,) is block, t € Cy,,y and
Si € Bo(({m}ut,sr,si_y)) fOT every 1 <i<m — 1},
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By inductive hypothesis, Dy} is an+,,-uniform on M/m, with v,, T 8, so D is an+ S-uniform
on M, as desired.
(b) follows easily from (a). O

The following is a generalization of Maurey-Rosenthal example for arbitrary countable inde-

composable ordinal a.

Theorem 4.12. For every countable indecomposable ordinal « there is a normalized weakly-
null sequence which is B-unconditionally saturated for every 5 < « but without unconditional

subsequences.

ProoF. Our example is a slightly modification of a U-sequence introduced in [14]. So, we
are going to define a a-uniform barrier B on N, a /-mean-assignment ¢ : B — cgp and some
G C FIN x FIN and then define the norm on ¢gg by

[€]] = max{][|¢][cc, sup{[(e(s) [ £,&)] : (s,1) € G} } (24)
where G C FIN x FIN is such that its first projection is 5. Notice that some sort of restrictions

have to be needed in the formula (24), since it is not difficult to see that that for a compact
and hereditary family F, a normalized weakly-null sequence (;); is F-unconditional iff it is
equivalent to the evaluation mapping sequence (p;); of a weakly-compact subset K C ¢y that is
F-closed, i.e. closed under restriction on elements of F.

Fix £ > 0, and let ¢, = £/2"73. Suppose that o = w?. There are two cases to consider.
Suppose first that v = 3+1. We apply Lemma 4.9 (a) to the indecomposable ordinal w® and (g,,)
to produce the corresponding sequences of barriers (C,,) and U-mean-assignments v, : C,, — coo
(n € N) satisfying the conclusions (a.1) and (a.2) of the Lemma. If 7 is limit, then we use the part
(b) of that lemma to produce a double sequence (B!) and U-mean-assignments v,, ; : C!* — ¢go
satisfying (b.1) and (b.2). In order to unify the two cases we set for n, ¢,

B =

K3

C; if v is successor ordinal
C! if v is limit ordinal

and
) v if v is successor ordinal
Hni = Vn; if 7 is limit ordinal.
Let o : FINI<®l 4 N be 1-1 mapping such that o((so,...,5,)) > maxs, for every block

sequence (sg,...,s,) of finite sets. For each n define
Ch,={soU---Us,_1 : () is block and s; € BZ(({n}7507~~~75i—1)) for every 0 < i< n },

So, by Proposition 4.11, if @ = w’*! then C, is a w®(n — 1) 4 (-uniform family on N, where ¢
is such that BZ(({n})) is ¢-uniform; while if & = w” with v limit, then it is a,(n — 1) + ¢ where
¢ is such that BZ(({n})) is C-uniform. Now let

C={s€FIN : s € Crins}- (25)

It turns out that C is an a-uniform family on N (so it is a front), not necessarily a barrier.
Observe that every s € C has a unique decomposition s = {n} U s(0) U---Us(n — 1) with
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n = min s and s(i) € By (), and where si] = ({n}, so,...,si-1) (0 < ¢ < n —1). For every
s € C and every i < s, set

§(5,1) = (Pmin o (s7) (5(0))) /7
Define now @ : C — ¢ for every s € C by

(I)(S) :emins‘|‘i:€(87i)7 (26)

It is not difficult to see that ® : C — c¢gp is a U-mapping. Now define on ¢pp the norm

II€]| =sup{|{(P(s) | (s\t),&)] : s €C,tC s(i), for some i < mins} =
=sup{[(®(s) [ (u\1),&)] : uC s€C,tCs(i), for some i < min s}, (27)

the last equality because @ is Lipschitz and supported by a front. Let X the completion of
cgo under this norm. Then the Hamel basis (e,), of copo is a normalized basis of X, moreover
monotone (since ¢ is Lipschitz with domain a front) and weakly-null: To prove this, it is enough
to see that the set

L={®(s) [ (u\t) : s€e B,ul s, and t C s(i) for some ¢ < min s}

is weakly-compact. So, let (®(s,) [ (u, \ £n))n a typical sequence in L. Since C is a front, we
can find an infinite set M and u € FIN such that (u,),en converges to u and such that (s,) is
a A-system with root u C r. Since & is Lipschitz de, we obtain that (®(s,) [ ¢,)nen converges
to ®(s,,) [ ¢ for (any) m € M. If u =0, then (®(s,) | (¢, Uu))nenm converges to 0. Otherwise,
let N C M and j < minu be such that ¢, C s,,(j) for every n € N. Now (¢,),en is a sequence
in the closure of B?(isn[ﬁ), hence, we can find P C N such that (¢,),ep is convergent with limit ¢.
It follows that (®(s,) | (uy \tn))nep has limit ®(s,,) [ (u\t) € L, where n is (any) integer in P.
The next is a crucial computation.

Claim. For every s,t € C and every ¢ < min s and j < min s, we have that

if 1[j] # s[1]
if 1[j] = s[a].

Proof of Claim: Set n = mins, m = mint, and assume that t[j] # s[i]. Suppose first that

0< <€(t7j)7€(87i)> < { 2imax{mins,mint}

o = WPt Then, by definition of the mean assignments, (£(¢,7),&(s,1)) < Emax{o(t[]),0 (s[i])}»
but o(ug,...,ux) > maxuy for every block sequence (u;), which derives into the desired in-
equality. Assume now that v = w”, v limit ordinal. If mins = mint¢, then (£(¢,7),&(s,1)) <
Emin s4max{o([]),o ([} < Emins- While if min ¢ # min s, say min ¢ < min s, then (£(t,7),£(s, 1)) <
Cminsto(s[]) < Emins-

If o(s[i]) = o(t[j]) = [, then min s = mint = n, and

(€50, 6.0) < M rna (SN leal (praa (EG)) Ple < 14 (28)

since both are means. O

Claim. The summing basis (S,,) of ¢ is finitely block represented in any subsequence of (€,,),.
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Proof of Claim: Fix an infinite set M of integers, and [ € N. Let v € B | M/l, v={n}Uv(0)U
-+-Uw(n— 1) its canonical decomposition, and set

= 3 €, i)()es (20)

J€v(3)
Observe that (®(v), z(v,i)) = (§(v,1),&(v,7)) = 1, so from the previous claim we obtain that
||z;|| = 1. Now consider scalars (a;);<n—1 With || Y ;. _; @iSil]|lcc = 1. Observe that this implies

that max;<,_; |a;] < 2. We are going to show that

L<| Y. a]| <3+e. (30)
0<i<n—1
To get the left hand inequality, suppose that 1 = ||D gc;cp1 @iSillec = | X<, @il, Where

m<n—1 Lett ={n}Us(0)U---Us(m). By (27) it follows that
1D awil] > (@) I, Y aw) =] al=1. (31)
1<n—1 1<n—1 <m

Next, fix s € C and t C s(k) for some k < mins. Suppose first that minv = mins. Let

iop =max{i <n—1:v(i)=s(¢)}. If &> i then by the previous claim we obtain

@) 1N, Y aw < al+ S0 20(els i), ) <

1
i<n—1 i<io i<, j<n—1

<Y @Sl #2072, < (14 9)| D @il (32)
1<n—1 1<n—1

Suppose that k& < ¢g. Then

(@) T (s\1), Y aea))l <| D i+ ar(€(o, k), (0, k) T (s(k) \ )]+

i<n—1 i<ig itk
+ Y 20,8 <
i0<i,j<n—1
Bl D @iSilleo +20%, < BF)| D @il (33)
1<n—1 1<n—1

Suppose now that n = min v # min s, say min s < minv. Let iy < n, if possible, be such that
min s € v(i). Then,
[(@(s) 1 (s\ 1) D @)l <laglll€(vio)lloc +2 D D (€(t5),E(s)) <
1<n—1 19<t<n 0<j<mint
<2¢, +2n%s, <e. (34)

g

Finally, it rests to show that the sequence (e,,) is S-unconditionally saturated for every 5 < a.
We consider the two obvious cases:
CASE 1. o = wPtL, Let
D={sCN:.,secBh..}
This is an w’-uniform family on N since each family BY is a,,-uniform and sup, o, = w’.
Therefore, the next claim gives that (e,) is S-unconditionally saturated for every 5 < a.
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Claim. (e,), is D-unconditional with constant at most 2 + ¢.

Proof of Claim: Fixt € D, and let (a;);en be scalars such that || > . a;e;]] = 1. Fix also s € C.
Suppose first that mins € t. Then since ¢(s[¢]) > mins > min¢ and .t € B, , we obtain that

[(@(s), Y _aie)| < lamins| + < (L4 2)|| ) avei]|- (35)
1€t 7

Now suppose that mins ¢ ¢, but s N # () (otherwise (®(s), > ;c, ase;) = 0). Let
ip = min{i < mins : s(i) Nt # 0}.

Then for every g < ¢ < min s we have that o(s[7]) > maxs;, > mint, so

1D a5, 1) (G)] < oo (36)

jet
hence
(@(s) [, ) jaie) S| Yo gl i)+ Yo 1) (s, )0)|=
1€t J€tns(ip) 1p<t<mins jEt
=[(@(s) [ ({n}Us(O)U---U (s(io) Nt)), D aiei)l+
t>mint
+ Y D el W< Y] el +ell D aie]] <
ip<i<mins JjEt t>mint €N

<242)| > aiell, (37)

the last inequality because (e;) is monotone. O

CASE 2. o = w", v a countable limit ordinal. The desired result follows from the following fact.
Claim. For every n € N, the sequence (e;) is Bjj-unconditional with constant at most 2n + 1.

Proof of Claim: Fix n € N and t € By. Let (a;);cny be scalars such that || >, a6 = 1. Fix
s € C. Suppose first that » < mins. Then in a similar manner that in CASE 1 one can show
that

(). Y a56) | < Jamins| 42 < (1 2)| Y aser] (39)
1€t 7
Suppose that m = min s < n, then

(009, el <lominsl + 321 Y a(s,)()1=

1€t =0 jes(i)nt
m—1
=|amins| + Z [(D(s) [ us, Z aj)| <
1=0 J>min(s(z)N¢)

<Cm+ DI Y ae. (39)

where u; = s(0) U---U (s(¢) NE). a
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Corollary 4.13. For every indecomposable ordinal « there is a weakly-compact K C cqg such
that

(a) K C B., is point-finite (i.e. {{(n) : £ € K} is finite for every integer n) supported by a
a-uniform barrier on N,

(b) the evaluation mapping sequence (p;); of C(K) is a normalized weakly-null monotone basic
sequence, and

(c) The summing basis of c is 4-finitely representable in every subsequence of (p;);; hence no
subsequence of (py,) is unconditional, but

(d) (p;); is B-unconditionally saturated for every B < o.

ProoF. Let C be the a-uniform family on N and let @ : C — ¢g9 be the U-mapping given in
proof of Theorem 4.12. Let M C N be such that C [ N is a a-uniform barrier on N. Let & be the
order-preserving mapping from M onto N. Let B=6"C ={6"(s) : s€ C} and let ¢ : B — coo
be naturally defined by ¢(s) = ®(6!(s)). B is a uniform barrier on N and ¢ is a U-mapping.
Observe that every s € B has a unique decomposition, given by the one of §~'s. Let

K={e(s) ] (u\t) : uCseB,tCs(i) for some i}.

This is a weakly-compact subset of ¢g, and the corresponding evaluation mapping sequence (p;);
is l-equivalent to the subsequence (e,)nens of the weakly-null sequence (e;); given in the proof
of Theorem 4.12. So K fulfills all the requirements. O
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