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Abstract

The quantization based filtering method (see [15], [16]) is a grid based approximation
method to solve nonlinear filtering problems with discrete time observations. It relies on
off-line preprocessing of some signal grids in order to construct fast recursive schemes for
filter approximation. We give here an improvement of this method by taking advantage
of the stationary quantizer property. The key ingredient is the use of vanishing correction
terms to describe schemes based on piecewise linear approximations. Convergence results
are given and comparison with sequential Monte Carlo methods is made. Numerical
results are presented for the particular cases of linear Gaussian model and stochastic
volatility models.

Key words: Quantization, nonlinear filtering, off-line preprocessing, stationary quantizer,
particle filtering, stochastic volatility models.

1 Introduction

In several scientific fields, it is often required to estimate the changing state of a system using
noisy observations of its evolution over time. A common manner to do this is the Bayesian
approach which constructs the probability density function (pdf) of the state at a given date
conditionally to all the available observations till this date.

In the Gaussian linear case, called also the Kalman case (KF) [8, 1], the required pdf is
Gaussian and by computing sequentially its two first moments, we can determine it exactly.
So in this case an explicit solution is provided. Unfortunately, except in this case, or in a few
other cases like the discrete finite state space [1] and some other mixing Gaussian models [7],
there is usually no closed expression to the problem solution. So, many numerical estimations
have been suggested to represent and recursively produce approximations of the state pdf.



In this context, two different approaches can be mentioned: fisrt, the requierd pdf is rep-
resented as a sample which would provide an approximation of the distribution when its
size becomes very large [6], this includes for example bootstrap Bayesian method [9] or the
interacting particle filter [13, 14]. Second, a quantization of the state space is used in order
to come back to the discrete finite case. As the size of the quantizations grows to infinity, it
is shown that we can asymptotically approach the continuous infinite state space case. Here,
the deal will be in estimating some weights associated to some given grid points, which define
a finite state discrete distribution. This distribution will approach the continuous space case
as the grid size gets larger. The weighted Monte Carlo filter [1, 14, 6] using random samples
to compute grids and the Kitagawa method [12] for linear non Gaussian models using prede-
fined grids and optimal quantization filtering [15] using off line computations to produce an
optimal quantization of the state process are examples of this approach.

The technique of optimal quantization of random vectors is especially useful in problems
where many expectations or conditional expectations need to be computed. It appears as
an efficient method to transform an integral into a finite weighted sum with a controlled
approximation error. We can find some applications of this technique in [16, 2]. In [17], some
numerical methods to construct optimal quantization grids for multidimensional Gaussian
distributions are given.

Now for the pdf estimation problem we treat here, we use Kallianpur-Striebel formula [11] to
derive a dynamic programming formula allowing to estimate the pdf recursively. Like in [15],
this approach makes possible the use of quantization at each time step in order to compute
conditional expectations. We will call the algorithm introduced in [15] the zero order scheme.
In this paper, we are interested by first order approximation using optimal or at least sta-
tionary quantizers to estimate the required pdf. This approach was first introduced in [3]
for solving optimal stopping time problems, namely multi-asset American option pricing. It
improves the convergence rate of the method. In [16], a first sketch of this idea is presented
for pdf estimation but with a pseudo-numerical scheme, which cannot be implemented in
practice. Our aim here is to propose operating first order schemes which improve the con-
vergence rate of the zero order schemes from both theoretical and practical viewpoints. We
first present them in a backward way; this is the natural manner to devise them and the ap-
propriate formulation to establish error estimates. Then, we show how to derive the forward
formulation to be implemented in practice.

The paper is organized as follows: in the second section we give some brief preliminaries on
quantization and filtering. The third and fourth sections will deal with the algorithms using
first order schemes. Each one presents the approximation procedure, the schemes in their
backward and forward formulation and finally convergence theorems. Then, the fifth section
is dedicated to summarize the previous results, and enlarge them to the case of normalized
filters. Finally, numerical results are presented in the sixth section, including comparison
with particle methods for several models.

Notations:

p € (1,+00) is a fixed real number, |.| and ||, denote respectively Euclidean norm on R?
and LP-norm. Cl}, Lip is the set of continuous differentiable functions R* — R, bounded
with bounded Lipschitz continuous derivative and C{f the set of continuous k-times dif-



ferentiable functions R? — R, bounded with bounded derivatives. We will also define
[ flloo = supega [f(2)] and [f]Lip = sup,, % a > 0 denotes a generic constant,
(.,.) the Euclidean inner product on RY, A’ the transpose of the real matrix A. Finally,

(ei)1<i<a is the canonical orthonormal basis of RY.

2 Preliminaries

2.1 Quantization filtering schemes

We consider a fixed discrete horizon n € N* and some probability space (2, F,P). A signal
process is an R%valued discrete time hidden Markov chain (Xk)o<k<n evolving according to
the following signal equation:

Xp1 = Fop1 (Xpsep41), 0<k<n—1, (2.1)

where FJ, : R x R? — R?, is a Borel function and (ex)1<k<n is a sequence of iid R%-valued
random variables, independent of Xg. The distribution ug of Xy is supposed to be known.
Furthermore, Py (z, dz’) will denote the probability transition of Xy, and:

uof:/f(x)ug(dx) and Pkf(a:):/f(:c/)Pk(:c,da:’).

At each time step k, Y}, an R¥ -valued noisy observation of X}, is made. The dynamics of the
observation process (Yj)o<k<n are driven by Borel functions Gy, : R? x R? x RY — RY so
that:

Yk = Gk’(kalanvnk); 1 S k S n, (22)

where (n;,) is a sequence of iid R? -valued random variables, independent of o(Xo, ej, k > 1).
We assume for convenience, that Yy = 0 and that, for every 1 < k < n, the distribution of Y}
given X and Yj_; admits a continuous conditional pdf y — gx(Yi—1, Xk, y). We suppose in
addition that gy satisfies the following Lipschitz assumption:

Vo, o' e RY, Vy,y € RY,

96y, 2,9") — gi(y, 2", y")| < [gr] 77, |z — 2’| and  max sup |gr(y, z,y)] < LYY < +oc.
0k=n ycRd
Remark 2.1 As the observation process is fixed, we will drop the dependancy of [gk]‘%zypl and

L¥Y in (y,y') for notational convenience.
The problem we aim to solve is to compute
I, f = E[f(Xn)|Y1 =Yl Y = yn]7

for any reasonable Borel function f : R — R and a given observation sequence y =

(ylv s 7yn)
Using Kallianpur-Striebel formula [11], the problem can be reduced to the computation

of the unnormalized filter 7, defined by:

o f = BLF(X0) [ | 9k wr—1, Xis )]
k=1

Then, II,, f = ™=/

Tnl”



Remark 2.2 For convenience, the dependency of II,, and 7, in the observation process has
been omitted, as y is fixed. For the same reason, we will denote gi(z) := gr(yr—1, 2, yx) for
1<k<n,and gg:=1.

By introducing the operators (Hy)o<i<n defined below, a sequential definition of the unnor-
malized filter m,, can be given.
Namely, if one defines, for every z € R%:

{ka(x) = gk(@)E[f(Xpt1)| Xk =2], 0<k<n-—-1, (2.3)
Hy f(z) = gn(2) f(2),
then we have
nf =poo Hy---o H'f. (2.4)
Consequently, we can write sequentially, either in the forward way:
U():/L()OH(), Uk:Uk_lon, 1§k§n—1, (2.5)
or in the backward way:
Rn:Hg, Rk:HkORk’—i—la nggn—l, (26)

so that mpf = poRof =Up—1 0 H]' f.

Remark 2.3 Note that if G, depends on X;_; instead of X for 1 < k < n, we are led to

consider the conditional pdf of Y%, given X 1 and Y;_1. We can then define differently the

operators Hy, so that m, f still satisfy formally equation (2.4).

Namely,

{ka(fﬂ) = k1 (2)E[f (Xg41)[ Xk = 2], 0<k<n-—1, @7
Hy f(x) = f(x).

Then, schemes (2.5) and (2.6), with this new definition of the (Hj) operators, are still valid.

Remark 2.4 When G} depends on both Xj;_1 and X}, we can also adapt the scheme to the
modified R2%-valued signal Markov chain Zj = (Xj—_1, X)) and the same observation process
Y;.. In this case we define the new observation dynamics:

Def
Cr(Yee1, Ziymi) = Gr( X1, Vi1, Xpy 71)-

We succeed then to restore state equations of type (2.1) and (2.2). The point is that in this
case, the signal dimension is twice the original one. This can be numerically constraining,
particularly when using grid based approximation methods.

From the recursive definition of either U, or Ry, it becomes clear that it will be useful to
approximate X by a random variable X5 taking a finite number of values, in order to trans-
form conditional expectations in finite weighted sums. This operation is commonly called
quantization, and is extensively used in signal processing fields (see [10, 2, 17]).



Temporarily, we suppose that we are able to construct such an approximation X We define
the induced error Ay := Xj — Xj. Further details about the error modulus |ALlp, p > 1
will be given in the next paragraph. In [15], these quantizations X}, are used to produce
a piecewise constant approximation of Rp. So, the natural approximation procedure by
quantization, as defined in (2.8) below appears as a zero order scheme.

It is defined as follows:

Hef(Xe) = ge(XOE[f(Xen) [ X, 0<k<n—1,

- A . . (2.8)

Defining i the discrete distribution of Xo, we have respectively the following forward and
backward iterative zero order approximation schemes:

Uo=joHy, Up=Up10H,, 1<k<n-—1, (2.9)
and . . . .
R,=H", Ry=HyoRp,, 0<k<n-1, (2.10)

so that 7:Tnf = oRof =Up_10 Hf.

Formally, this scheme is slightly different from that presented in [15] (the definition of Hy,
operators is different inducing a shifted scheme structure). Nevertheless, the zero order
quantization filter estimator itself remains the same. This form of the scheme allows to
produce costlessly some error bounds for a wider class of test functions f than in the original
theorem established in [15].

Theorem 2.1 Assume that the transition kernels Py of the signal Markov chain are K-
Lipschitz operators i.e Vf : R4 — R Lipschitz, Prflrip < K[f]Lip-
Then, for any f such that H f is bounded Lipschitz continuous, and 0 < k < n, there exists

a sequence of positive constants (Cf’n)kgjgn such that:

1R f (Xi) — Rif (Xi)[lp < Y CF™ 1A,
j=k

k,n —kK"It
and O3 < op, f)L" S g—

Proof.

The proof of this result is easily adapted from [15] by considering the shifted scheme (2.10),
based on the definition (2.3) of the Hy, operators. We simply take in consideration that at the
last date, we will have H]! f instead of f. For that reason, the Lipschitz bounded assumption
is made on H]'f rather than on f. For a detailed proof, see [18]. O

Remark 2.5 This shifted structure (2.10) of the zero order scheme can be useful since reg-
ularity and boundedness assumptions have to be satisfied by H f instead of f (see [15]).
This is an advantage, particularly when the conditional pdf g goes to zero very fast as
|z| — 4o00. For example, if g,(z) = ﬁexp(—w), H)'f is Lipschitz continuous and
bounded for f bounded Lipschitz continuous as well as for any Lipschitz function f such that

|f(2)] = O(exp(a‘§|2)) for some 0 < a < 1.




Corollary 2.1 If Py, is Lipschitz and H]' f is bounded Lipschitz continuous, then there exists
a sequence of positive constants (C'Jn)ogjgn such that:

Tnf = Tnf] <> CHIA -
j=0

Let us now examine the quantization error Ay and try to establish some convergence
rate toward 0, in which case Corollary 2.1 will give a convergence rate of the zero order
quantization filter estimation.

2.2 Background on quantization and optimal quantization

The aim of quantization is the definition of a random variable taking finite number of values
in R% as an approximation of an R%valued one. In this paragraph, we will present results
useful to our work, further details can be found in [10, 17].
Let X : (Q,F,P) — R? be a random vector and let Py denote its probability distribution. A
positive integer N being fixed, let h : R? — R be a Borel map such that |h(R?)| < N.
We say that h(X) is a N-quantization of X and that h(R?) is a N-quantizer. For convenience,
the function h itself will be called N-quantizer.

Now, when X € LP(Q2), we aim to construct an LP-optimal N-quantization of X. That is
to determine the function h, if any, which minimizes the LP-quantization error.
This amounts to solving the optimization problem:

inf{||X — h(X)||2, h: R — RY, Borel map s.t. |h(RY)| < N}. (2.11)

i

This optimization problem has (at least) one solution (see e.g [10]). Any such a solution h*
is called an LP-optimal N-quantizer (or LP-optimal N-codebook). Furthermore, one shows
that LP-optimal N-quantizers have full size i.e |h*(R%)| = N and we denote I'* := h*(R?) =
{xt, ... czlV }. Tt is clear that in this case, h* will necessarily be a projection following the
nearest neighbor rule on I'*. Namely:

N
R(€) =Y a'le,r) (&) (2.12)
=1

where (C;(I'*))1<i<n, called the Voronoi diagram of I'*, makes up a Borel partition of R?
satisfying :

(T d i — : _ .k
Ci(I') c {£ e R s.t. € — o' 12(11@1%0N|§ z"|}.

As a consequence, the induced LP-mean quantization error (or LP-distortion) reads:

X7 Pp— * f— 1 ‘
Dy = |IX = h*(X) [y = || min |X — 2]},

According to [10, 2], Qﬁ’p is a (strictly) decreasing sequence converging to 0 when N — +o0.
Furthermore, the rate of convergence of Qﬁ’p toward 0 is ruled by Zador’s Theorem:



Theorem 2.2 (see [10, 2]) Assume that [, [E[PT"Px (d§) < +oo for some n > 0. Then
hm(NdDX’p) Tpdllell o

where Px (d€) = ¢(&)Ng(d€)+a(dE), LAy (Mg Lebesgue measure on R?) and for every q € R,
1
lgllq == (J lg|*(u)du)

This theorem, combined with Corollary 2.1 establishes a convergence rate result for the
quantization based zero order scheme (2.9).
Now let us introduce an important property of quadratic optimal quantizers:

Proposition 2.1 (Stationary quantizer property)
IfX' is a L*-optimal N -quantization of X, then the stationary quantizer property is verified.
Namely,

E[X|X] = X. (2.13)

This property is of great help to appreciate the quality of some estimations. This is shown
in further details in [17] for numerical integration and in [3] for optimal stopping problems.
To illustrate this point by a short example, take the problem of approximating f(X) by f (X ),
when f € C2. We have for some ¢ € (X, X):

F(X) — F(X) = (DF(X), A) + SAD? F()A.
So, if X isa stationary IN-quantization of X, we have:
E[f(X)|X] - f(X) = (Df(X),E[AX]) + %E[A’sz(f)A!fﬂ

[EFCOIS]— 7Ky < 1Dl Ay < 21D FllollAE,

We see that, owing to the stationary quantizer property (2.13) we succeed to gain one order

IN

in estimation costlessly.

Back to our filtering problem, we are interested in quantizing the Markov chain (X4)o<x<p-
We must settle at each step 0 < k < n, a quantizer size N and an LP-optimal Ni-quantizer
of X} denoted I'y = {x,}r,,ka’ﬁ} Consequently, we define (X}) an LP-optimal (Ny)-
quantization of the process (Xj) by:

Ny,
Xk = Z,f};]_ci(l"k)(Xk), for 0<k<n. (2.14)
i=1
As the resulting process (Xk)ogkgn is no longer a Markov chain, this procedure is called
marginal quantization® of the process (Xy).
Nevertheless, an approximation of the transition kernels Py of the chain is provided by the
following transition probability terms:

pf =PXpp1 =af [ Xp =af], i€{l,....,Ny} and j€{l,..., Ny}
For 0 <k <mnandie€{l,...,N;}, we will denote

Ni1

Prf(a}) = E[f(Xpr1)| Xy = 2] = Z (g )y
7=1

'More details on process quantization are given in [15].



2.3 Generic first order scheme

As Theorem 2.2 gives a convergence rate of Q)]\(;’“ P toward zero, results such as Corollary 2.1
suggest that the quantization filter scheme would lead to better results if we succeed to upper
bound the error by higher powers of ||A;||,. This leads us to the idea of mimicking first order
Taylor expansions in the Ry approximation.

From now on, (X}) denotes a marginal stationary (N;)-quantization of (X}), and we denote
Xk(ﬂ) =TIy = {l‘}c, e ,azfcv’“} So, X, = ZzN:k1 leci(fk)' Since X, isA o (X} )-measurable,
using the chaining rule for conditional expectation E[.|X| = E[E[.|Xy]| Xk yields:

E[f (Xi41)|Xk] = B[P f(X5)| X (2.15)

In view of Proposition 2.1, if D(Py f) exists (and is Lipschitz) we can write:

E[f(Xk+1) 1 Xk] = Prf(Xi) + (DPrf)(Xk), E[AR Xk]) + O(|Ax[). (2.16)

We can then approach E[f(Xj41)|X%] by Prf(Xi) with an L'-estimation error of order
O(||Ag||3). This is the key idea for constructing first order quantization schemes. For such a
purpose, we assume that:

H 1 For any observation process y, all functions gy, lie in Cg Lip and there exists L > 0 such
that

(28X {[|9k[|oc [IDgklloc, [Dgel Lip} < L.
and that:
H 2 Py is K-Lipschitz and Vf € C,iLip:
PifeChryp and  [DPyflriy < K(|Dflloo V [Df]Lip)-
Remark 2.6 Notice that under assumption H2, for f € Cé Lip We have:

IDPgflloo = [Prflrip < K[flLip = K|IDf[leo

Under these assumptions, we can see that Vf € Ci Lip» V0 < k <n—1, R f defined recursively
by (2.6), is differentiable and:

DRyf = DgiPrRi1 f + g DPr Ry f (2.17)
So, we can establish the following proposition, using a backward induction:

Proposition 2.2 Assuming H1 and H2 involves:
Vf e Cl such that Hf e C;,Lip’ we have VO < k <n—1, Rif € C,}Lip.
Furthermore:

IRk flloo < L™ *|IH flloo
n—k n n—k n Kn_k —1
||Dka||oo < (LK) ”DanHoo + L ||an”ooﬁ
up = HDkaHOO vV [Dka]oo
_ N 3Kk -1
< GLEY Fun + L oo



Km™—1

%—1 = m when K = 1.

with the convention

Proof. The proof is based on an induction on k. Suppose for a given 0 < k < n — 1,
Ri1f € Cypyp

(Notice that H'f € CéLiP by assumption).

By definition, we have Ry f = grPrRi11f.

According to H1 and H2, we can establish easily that Rpf € Cgﬁ Lip» through a backward
induction.

Furthermore,
<
[Rkfllo < LIPrRis1flloo (2.18)
< L||Res1flloo
From (2.17) and Remark 2.6, we have also:
IDReflee < LIPKRest Sl + LIDPLRys fllc .19
< L[Re41flloo + LEK|IDRi41 flloo
In addition,
DRy < L0 Sl + KIDRy fll 020,
+Kuky1 + K[|DRgy1 flloo)
where Uk41 = HDRkJrlfHoo V [DRk+1f]Lip-
Noticing from (2.19) that also:
IDRkflloc < L[ Brt1flloc + KIDRrtr flloo + Kugsr + KIDRpy1 flloo)
we have:
uk < L([[Ris1flloo + K[[DRpt1 flloo + Kuggr + K[[DRpy1 flloo) (2.21)
< 3LKupi1 + L||Rig1 flloo-
Recursively we conclude the announced result. O

Now, applying the previous idea (from equations (2.15) and (2.16)) to the sequential filter
estimation via quantization, when H] f € Cl}’ Lip» & generic first order scheme can be designed
as follows:
Rof(Xa) = Hpf(Xn),
DR, f(X.) = DHJf(X,),
Ry f (Xi) gk (XRERis1f (Xio1) + (DRior f (Xien), Aer) | X,
0<k<n-—1.

(2.22)

and then, 7, f = [Loﬁof.

In (2.22), l/)]\%k f is a quantization based estimate for DRy f. It needs to be specified to
transform the above scheme into an implementable algorithm. In [16], the scheme (2.22) is
introduced with no computational considerations concerning DRy f. It is shown that under
assumptions H2 and H1, the quantization based unnormalized filter converges toward 7, f
at a rate > p_; [[A||3 (instead of ZZZIJ\Ang in the original zero order scheme from [15]).
Our aim is to propose some estimate DRy f for DRy f, in order to combine computability
skills and convergence rate improvement. In this aim, two methods will be exhibited:



e the first one is based on an induction: at each time step k we evaluate {f)?%k, }A%k} using
{DRj+1, Ri+1}. This approach leads to a one step recursive scheme and is investigated
in Section 3;

e the second one is based on an integration by parts following an approach developed
in [3]: the operator ﬁ%k is defined as a weighted expectation of Ry. The scheme
constructed by plugging ﬁ%k f expression in (2.22) leads to a two step recursive scheme,
details are investigated in Section 4.

3 One step first order iterative scheme

We introduce for this section the following assumption, in the spirit of H2, but in fact a bit
more restrictive:

H 2’ For each 1 < k < n, F; admits a bounded, uniformly Lipschitz derivative with
respect to its first variable. Namely, Vz, 2’ € R¢, Ve € R%:

|0 Fr(z,€) — 0 Fr (2, ¢)| < [EL;Fk]lLip\x — 2| and  ||0:F |0 := max. |02 Fi || oo < 400.

Example 3.1 This assumption is e.g. satisfied by dynamics with an additive noise, typically
for functions Fy : (z,u) — bg(x) + oxu, where by is differentiable with bounded Lipschitz
continuous derivative and o, € M(d,q), or by dynamics where F} satisfies: Fj(z,u) =
bi(x) + ok(x)u, by, being differentiable with bounded Lipschitz continuous derivatives,
applied to signal innovations ; with compactly supported pdf.

3.1 Definition of the scheme

In this paragraph, we investigate the recursive approach to estimate DRj. Under H2’, the
probability transitions Py are K-Lipschitz with K = ||0;F|/~. Furthermore, the Py are
differentiable in the following sense: for every f € C} Lip>

DPy,f=QiDf, k=0,....,n—1, (3.1)
where, for every Borel map ¢ : R¢ — R,
Qro(x) = E[0pFjr1(Xp,epp1) @(Xpp1)| X = 2], for z € RY (3.2)
The quantization based estimate for DPy f is then naturally defined by:
QiDf () = E[0uFpy1(Xpseh1)Df (Xpp )| Xy = 2], fori=1,...,Np.  (3.3)

Finally, following equation (2.17) one sets:

DRy f(xk) = Dgi ()P Rysr f£(x) + gi () QrD f () (3.4)

as a zero order approximation of DRy, f defined on T'y, = {z1, . .. ,xiv’“}, forany k€ {1,...,n—1}.

10



Remark 3.1 From a numerical point of view, it would be more natural to use f’kﬁk+1

instead of f’kRkH. In fact, the algorithm structure would be less complex. Our choice in
(3.4) is motivated on one hand by theoretical need to take a zero order approximation for
the differential term estimator. On the other hand, using f’kﬁk.ﬁrl will introduce distortion
terms in both l/?ﬁk and ﬁk which generates important numerical instability as emphasized
by numerical tests in Figure 5.

Now, plugging (3.4) into the generic first order scheme (2.22) yields the following first order
scheme:
Scheme B: BACKWARD EXPRESSION

B f(Xn) = Hf(X),
DR (Xy)f = DH} f(Xn),

Ry f(Xy) = gr(Xi)E [Rk+1Af(Xk+1) + (DRy1 f(Xiy1), Ay 1) |1 X, (3.5)
DRy f(X1) = Dgr(X0)E[Rpy1 f(Xi1)| Xi] + 95 (X0) Qe D Rycyr £ (Xi)
k=0,....,n—1.

Note that this scheme is completely computable, as it can be rewritten easily using finite
weighted sums. The quantizers 'y, and the weights - which we call from now on companion
parameters - can be computed off line and stored in an accessib}e codebook, so that the only
on line computation cost will be the calculus of operators }A%k, Ry, and El\%k
The scheme can be reformulated in distribution as follows:

Scheme B
Rof(zi) = H'f(2), i=1,..., Ny,
Rof(zi) = Hrf(zt), i=1,...,Np,

DR, f(x1)=DH"f(zi), i=1,...,Ny,

Ry f(a}) = gilal) S0 Rk+1f(:vk+1)p§3',' - (3.6)
Ry f(x},) = gr(x},) ZNkﬂ (Rk+1f($k+1) W+ (DR f(2,4), 51?>)
DRy f(z}) = Dy (x},) >, ple Ri1 f(],,1)p} +gk(9«“k)ENk+l ]ijl/)ﬁk’-i-lf(xiJrl)?

1=1,..., N, O§k<n,

where the companion parameters, pzj, 71? , and 5]? are defined by:

o= Bz, —a g Xk = ol €R,
W = E[aka(Xka5k+1)/1{)2k+1:w£+1}|Xk = 1}] € M4(R) (3.7)
= E[(Xpn1 — 2z, o | Xk = 7] €RY.

FORWARD EXPRESSION OF SCHEME B
For applications, it is crucial in terms of computational efficiency, to rewrite the scheme
in a forward way. This allows us to compute costlessly intermediate estimations of . f,

11



1 <k <n-—1, and to use different test functions f without recomputing the hole scheme.
This forward form can be established as follows: one first checks that at each 0 < k <n —1,

Ry
the vector l/jj\%k satisfies the following one step induction:
Ry,
DRy, = Hk DRk+1 ’ (38)
Ry, Rp41
g 0 0
where Hj, is a lower triangular operator matrix defined by: Hy = | H ,g H ,z’ 0 , with
0 H} H]
for f:RY - R and ¢ : R — R?,
Hyf(z) = E[f(X1)|Xo = 2],
H2f(z) = 0eRY
ﬁg@(l’) = E[aﬂCFl(x7 61),@(}21)’)20 = ‘T]a
Hyp(z) = E[{p(X1), A1) Xo = 2],
and for every 1 <k <n
Hif(Xk) = ge(XoEf (Xpp)| X,
HE f(X5) Dgr(Xp)E[f (Xp+1) | Xk],
Hio(Xy) = gr(Xp)E[0zFii1( Xk, err1) 0(Xpg1) | X,
Hiyp(Xy) = gr(Xp)E[{o(Xk11), Aps1)| Xi)-

Notice that here }AI; = H,.
Then, one can see from (3.8) that:

Ry o R Hy
DRy | =HooHyo---oHy_1 | DH!
Ry Hy

Setting Uy = fig © ﬁo 0---0 ﬁk, the forward scheme satisfies the following recursive formula:
Zx?ozﬂgﬁo and Zflk:dk_lﬁk k=1,...,n—1,
Hy f
so that  #n,f = (Un_1 | DH"f | ,e3).
Hy f
3.2 Error bounds

The main result of this section is to establish a convergence result for scheme B better than
the zero scheme rate. We recall that here, (X}) is a marginal, stationary (N )-quantization
of (X k)

12



Theorem 3.1 Assume H1 and H2’ and let f satisfying H'f € Cb Lip- Then, there exists a
sequence of positive real constants (Mj Jo<j<n such that:

mnf — Fnf| <Y MPA3,

J=0

) n n n (LEK)I+1— K)yn—i+1_ LY+ _
with M < a(p, f)m45 L (L2t (BE) 2 (W7o,

The key to prove the above error bound is to rely on the backward form of the scheme B
(see 3.6). The main technical step is to produce some upper error bounds for the differential
term approximation, namely Ax = DRy f(Xg) — DRy f(Xk).

The proof of the first lemma below is left to the reader:

Lemma 3.1 For any ¢ bounded Lipschitz continuous, Qe : R — R? is Lipschitz and

[QrelLip < 1@lloolO Fi1lLip + 102 F Il [#]Lip-
Then, the error bounds for || A ||, are given in the lemma:

Lemma 3.2 For f satisfying H]' f € Cb Lip’ there exists a non negative real sequence (Df’n)ogkgjgn
such that:

n
A N
1Akl < > DF" 1451l

ik
k, g (LR)I=R 11\ n—i+1 )
where D™ < a(p, f)L" (V=1 (K271,

Proof.
From equations (2.17), (3.4) and (3.1):

Ay = D9k<Xk)Plef+1f(Xk) + gk (Xk)QkD Ry 1 f (X
—Dgi(Xi)E[Rpi1 f (Xi1) | Xk] = 9o (X)) QD Riy1 f (Xi)
= Dgi(Xe) (PrRes1f(Xp) — EIPxRa f(X0)| %))
+Dg(X) (BIPyRe 1 £(X0)| i = By f (Xei) 1 K4])
+r(Xx) (QkDRk+1f Xi) — [QkDRkJrlf(sz)\Xk])
+r(Xx) (E QkD Ry 1 f(Xi)| X] — QkE\RkJrlf(Xk))

Then, using H1, one gets:

[Akllp < LIPpRpsr f(Xi) — B[P, Rigr f(X5) | Xl
+LIEP R f(X0)| Xi] — ElRp1 f (X 0)| Xl
+L)| QkD Riy1 f(Xk) — EIQRD R 1 f (X) | Xi]
+L||E[QuDRys1 f(Xi) | Xi] — QrD Rt f(X) - (3.9)

13



Now, the LP-contraction property of conditional expectation implies that:

[PxRicar £(Xe) ~ EIPR B FDIKlly < IPeRis f(K5) — PiRiar (X0,
< [PkRk.t,_lf]LipHAkHP
< K| DRis1flloollAkllp-

For the second term in the right handside of inequality (3.9), we will use on one hand the
chaining rule for conditional expectation (see equation (2.15)) and on the other hand its
LP-contraction property, to write:

IEP, Rt f (Xl Xi] — ElRirf (X)Xl
E[Rks1f (Xe1)| Xn] — E[Rpr1 f (K1) | Xl
< |Rps1 f(Xgt1) — f?kﬂf(f(kﬂ)”p

which implies, by Theorem 2.1:

B[P Bi1 f(X0) | Xe] — B[Rir f(Rkn) [ Xilllp < Z O A
j=k+1

The same arguments on conditional expectations give:

|QkDRys1 f(Xk) — E[QuDRii1 f(Xe) | Xlllp < [QrD Rt flripl Asllp,

which by Lemma 3.1 writes:

QKD Ry11 f(Xi) — E[QrDRysr £ (X)) | X[l <
(IDRks1 flloo [0 FeslLip + 10 F |2 [DRics1 flLip) |12k

since DRy 1 is bounded Lipschitz by Proposition 2.2.
Then, using the definition of Qj, yields:

IE[QuDRis1 f(Xi)|Xk] — QrDRisrf(Xi)llp
< ) (O Firr (X ex11)) (DRk+1f(Xk+1) - ﬁkJrlf(XkJrl)) lp
< 10 Fslloo (I Aisllp + IDRis1 f(Xkar) = DRes1 f (X))
< 10:Ferillos (Il + DRt flraoll Acraly) -

Finally, using ||0;F'||cc = K and Proposition 2.2, we derive:

IAkll, < L ([0aFkt1]Lipl DRis1 flloe + K2DRisr flrip + KD Rigr flloo) | Akllp
k+1n
+L (Ckill + K([DRk+1f]Lz‘p) [ Aksllp

n
k+1,n
+L Y G
j=k+2

+ LE|[ At (3.10)

14



The required result follows from a backward induction on k. See [18] for explicit upper
bounds. O

Proof of Theorem 3.1.
Let Vi f denote the intermediate estimation error when considering the previous first order
approximation scheme B in its backward form :  Vi.f := E[Ryf(Xy)| Xi] — Ref(Xp).
Using triangular inequalities, we isolate three error sources in |V f|. If we set:
Rif(Xp) = gr(Xp)E[PyRysr f(Xp)| Xi],
= gk (Xi)E[Rey1.f (Xp+1)| Xk],

then we have:

Vif] < |E[Ref(Xp)|Xx] — Ref(Xi)| + |Ref(Xx) — Rif(X)]

+H Ri f(Xi) — Bef (X)]. (3.11)
Using a first order Taylor expansion, there exists CA,% € (X %» Xk ) such that
E[Rpf(Xp)|Xi] = E[Rif(Xi) + (DRif(CE), Ar)IXk]

= E[Ref(Xe) + (DRef(Xr), Ar) + (DRf (G) — DRif(Xk), Ak)|Xi]
X being a stationary quantization of X}, one derives from Proposition 2.1 that:

E[(DRy.f(Xk), Ar)|X] = (DRi.f (X), E[Ax|X4]) = 0.
Then,

E[Ryf (Xi)|Xk] — Rif (Xi)| = [E[DRif(GL) — DRkf(Xk), Ar)| X4l

E[IDRif(Ch) — DRif (Xi)|| A Xe]
DRy LBl Xk — Gl Ak Xx]
DRy ] Lip Bl x| X]. (3.12)

IANININA

By Taylor expansion of Py Ry1f, we analogically find é,% € (X k&, X) such that:
Rif(Re) = gn(Xe) (PrBeri f(X0) + (DPyRia f(X0), EIAL|X,)
+E[(DPRis1f(C?) — DP Rt f(X1), Ak>\X’k])
Rif(Xp) — Rif(Xx) = gr(Xp)E[(DPkRys1 f(G}) — DPrRiia f(Xk), Ar)| Xy

Hence, |Ryf(Xk) — Rif(Xy)| < LDPkRy1 flripEl| Axl*| X4]
< LK ([DRki1flip V IDRee1 flloo) EIAGPIXi] (3.13)
For the last term in the right handside of inequality (3.11), we have:

|Rif(Xp) = Bif(Xp)| = ‘gk(Xk) (E[Rk+1f(Xk+1)’Xk] — B[Ry i1 f (X 1) X
~E[(DRe1f(Xer), M) Kl )|
< L[E [Rintf (i) = Bl f(Xern) K] | K
—E[(DRe1f(Xin), M) K|

+L|E [ElRy 1 £ (Xis1) K] = B f(Kes)| K|

15



Furthermore, there exists é,i’H € (Xps1, Xpp1) such that

Rpi1f(Xpt1) = Rierf(Xpg1) + (DRei1 f(Xp1)s Aggr)
+(DRi41f(G 1) — DRew1 f(Xpt1), Ags1)
E[Rpr1f(Xps1)| Xps1] = Riprf(Xps1) + E[(DRe1 £(Giy 1) — DRigr f(Xir1), Akgr)[ Xl

Consequently:

IR f(X3) — Rief(X)| < LIE[Vigr fIX4]] (3.14)
+LIEL((DRks1 f(Ki1) = DRysr f(X41)) » Ap) 1K
+LID Ry fluip (BN Ak 121X + B [EflA P Kea] [ %] )

(3.15)

Finally combining previous inequalities (3.12), (3.13), (3.14), we obtain by using LP-contraction
property of conditional expectation:

Viflo < (DRefloip+ LEurr) [Aell3,
+2L[D Ry flripll Aerl3, + LlI{Ar1; Apsn)llp (3.16)
+L[ Vi1 flp-

Applying Holder inequality combined to Lemma 3.2 to the term [[(Agy1, Api1)|p, we have:

Ak1, Aesdlly < Il Akl Apralllp
< [ Aktall2pl| At ll2p
n
k+1,
< Y DA oyl Akallap
j=k+1
1 n
k+1,
< 5 20 DE (A3, + 1AkB,) (3.17)
j=k+1

Plugging (3.17) into (3.16) yields:

Viflly < ([DRwflnip + LEKug 1) | Akll3,
k
+L (2DRysa fip + 3 Soios DF ) 18011113, (3.18)
k+1,
+3L 30 i DITNAGE, + Ll Vi £llp-

Then, by induction taking £ = 0 and writing |7, f — 7, f| < ||Vof||, we derive the required
result. See [18] for further details. O

Theorem 3.1, with ||Ak||%p = O(||Ak||2p), shows that the scheme B succeeds to embetter

the zero-order convergence rate. The forthcoming section has been motivated by our wish to
relax H2’ and to preserve the convergence rate improvement.

16



4 Two step iterative first order scheme

To construct this second first order scheme, the idea is to represent DP Ry 1 f as a weighted
conditional expectation of Ry, f i.e.

DPyRyi1f(2) = E[Rg 41 f(Xkt1) X Weight| Xy, = ],

and then to quantize this representation formula. This is achieved classically by the mean of
an integration by parts formula.

Note that in all this section, we will assume ¢ = d. Furthermore, Fj will be supposed to be
differentiable.

4.1 Integration by parts formula

For notational convenience, we will temporarily drop the k indices in the notations of Xy, Fj
and Pj. We will also temporarily assume f € C}.

We start by a transformation of the problem, via differentiation. For that, we need first to
assume the following;:

H3V 0<k<n, 3¢ >0 such that for any x € R? and e € R%:
(0=Fy(2,€))(0=Fy(x,€)) > cxla.
We have then, for any z,e € R%:

Op(foF)(xz,e) = O.F(x,e) (Df)oF (z,¢),
O-(foF)(x,e) = 0O.F(x,e)(Df)oF(z,¢).

Assuming H3 yields 0,(foF)(x, ) = Gz(€)0-(foF)(x,¢e), where:

G, :RY — My(R)
e = (0F(z,6)7 0, F(x,¢e)) .

Now, in order to allow a differentiation under the integral sign and then apply integration by
parts, we will assume the following technical hypothesis:

H 4 Assume that signal innovations ¢y, distribution is absolutely continuous toward Lebesgue
measure, with a differentiable density p satisfying for all z € R,

/ 0,F(z,)|p(e)de < 400 and  lim Ga(e)p(e) = 0.
Rd

le[—+o00
Then, the i-th component of DP f(x) for a given index 1 < ¢ < d reads:

@) = [ (6i46), 0. fo ), Np(e)ie (41)

where:  Gi:R? — R?
e — (Gu(9)) e

17



Furthermore, performing an integration by parts formula on (4.1), and taking in account H4

yields:
%ﬂf (z) = —/ (foF(z,€) + C(x)) W' (x,2)p(e)de (4.2)
Ra

where: U :RYxR? — R
1
p(e)

Finally, defining the weight vector W(z,¢) := (V(x,€))g<i<d, We obtain the generalization of

equation (4.2): D(Pyf)(z) = —E[(f(Frt1(z,e41)) + CF(2)) Ui (2, ep41)].
In a Monte Carlo method context, the constant C* is tuned in order to minimize the variance

(z,6) = div Gi(e) + —=(G.(e), Dp(e)).

of a probabilistic estimator of D(Pyf)(x). In our quantization context, as the variance
problem does not occur, a natural value for C* would be zero. It is at least the choice
that minimizes computation cost and provides satisfactory numerical results (see [4] for a
discussion about C* for an American option pricing problem).

From now on, we will take C* = 0.

4.2 Numerical scheme

Consider now a test function f satisfying H]'f € CZ}, Lip- Then, according to Proposition 2.2,
Rif € Cg’ Lip- Using results of the previous paragraph, we can write, for each 0 < k <n — 1:

DPRyp1 f(2) = —E[Rp1 f(Xp1) Vit (2, ep10)[ Xp = 2]
So, (X}) still being a stationary marginal (Nj)-quantization of (X}), an approximation of
DRy f would be:

DRy f(Xi) = Dgr(Xp)E[Res1 f(Xp 1)1 Xk — g1 (Xe)E[Rpr £ (Xi1)Wr (X, 11| Xi)-

If one replaces this expression in (2.22), it results in the following two step recursive scheme
formulated in a backward way:
Scheme A BACKWARD FORMULATION

Rof(Xa) = Hpf(Xn),

Ryt f(Xn1) = gnot (KXo )E[H f(Xp) + (DHJ F(X0), An)| X1,

Rif(Xy) 91(X1) PRyt f(X5) +gk(Xk)X
(E[<D9k+l(Xk+1)13k+1Rk+2f(Xk+l)7 Ay 1)| Xe] = B[ (gry1(Kpr1) %

E{Ris2f (Xe2) Vit (Ko, o) K], M) K] )
0<k<n-2.

\

(4.3)
This scheme A can be rewritten in distribution using finite weighted sums. As for the
previous scheme, the weights are to be computed simultaneously with the optimal quantizers.
Consequently, the implemented algorithm reads as follows:
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Rof(a) = Hpf(dd), i=1,...,N,,
Rof(ah) = HRf(h), i=1...,Na,
Roaf(@ ) = guoalaly) SN0 (Hi f@h)pily + (DH f(ah) 67))
1=1,...,Np_1,
Rif(ai) = @) SN R f@l, P, i= 1, N, 0<k<n,  (44)
Ref(ay) = gu(a}) S35 Rinf (e )y + on(a})x
S S (Rusaf (@ho)ph 1 (Dgs(ah), 0F)
g (@) B f () 1007
i=1,....,Ng, 0<k<n-—2

where the companion parameters, pg, )\Zj, and 5,? are defined by:

P = Ellig,,, o Xk =o] €R, (4.5)
A= B[ (Xp, €k+1)1{Xk+1:xi;+l}|X’f =zi] € RY, (4.6)
57 = E[Apa1 ‘ lezxiﬂ}m = zt],

= E[(Xpp1 — "“’iﬂ)l{XHl:xiH}‘X’“ =z}] e R% (4.7)

It is important to recall, that the interest of such an approach lies in the possibility of
carrying out the computation of all the above companion parameters off line. Once the state
equations are fixed and the noise distribution is simulatable, the quantizers and companion
parameters can be kept off line. On line computation cost will then be reduced to the
sequential determination of Ry, and }AEk on each grid. Compared to the previous case, scheme
A is more demanding in on line memory capacity, as it involves two step computations, but,
it is worth noting that the new companion parameters )\Zj are of lower dimension, which
compensates the two step recursion effect while considering the algorithm complexity or the
storage capacity dedicated to codebooks.

Here also, as for scheme B, we can see that this backward definition can be rewritten in a
forward form. For 0 < k < n, let ﬁk be the operator defined on any function f : I'yro — R,
such that:

Hef(2h) = ge(@l)E[E[f(Xk+2)| Xet1]Dgrr1 (Xis1)
=Gt 1 (Xt 1) E[f (Xnr2) Vi1 (Xbt15 €h2) [ Xig1 ], A1) [ Xi = 2]

For a time step 0 < k < n — 2, we have the following one step transition system:

Rp = HypRpqq,

~ 2~ .2 (4.8)
Ry = HgRyi1+ HipRpyo.

Introducing Uy, in addition to U}, we can define the following forward scheme:
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Scheme A: FORWARD EXPRESSION

( 2

Uo = Oﬁm

Uy = fip o Ho,

for any 0<k<n-3, (4.9)
Ut = Uk+2oﬁk+2 +[7k0ﬁk+1-

Rn(Xn) = Hy (Xn)a
En—l(Xn—l) = gn—l(Xn—l)E[Hﬁ (Xn) + (DHﬁf(Xn), AnHXn—l]a

we have for any n > 1,

4.3 Error bounds

The main result of this paragraph is the following theorem, providing a convergence rate of
the unnormalized filter approximation error for the two step recursive scheme A.

Theorem 4.1 Let (Xk) be a marginal stationary (Ny)-quantization of (Xy), f satisfying
H'f e Cl} Lip- Assume H1, H2, H3, H4, g = d and furthermore :

H 5 There ewists a constant ¢, > 0 and 5 > 1 such that:

- < .
0 REX [0k ( Xk, e41) lsp < ¥p < +00

Hence, there exists a non negative real sequence of constants (M;Z)Ogjgn such that:

n
‘ﬂnf - 7Arnf‘ < Z M]TLHAj”Enam{Stpfpﬂp}
=0

where s = =5, t > 0, % + % =1 and M}' < alp, f)(n + l)L"((L?));;_l;l)((?’K:),:;il*l)

517
Example 4.2 Assume that Fj, : R x R — R reads:
Fy(z,¢e) = bi(z) + ok (x)e, (4.10)

where oy, and by are differentiable with bounded derivatives and Va € R?, oy (z) > c. Then:

o4 (2)+ 2 (e) (20} (2)+D) ()

Uk(z,e) = o (z)
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e When g5, ~ N (0, 1), it is the natural framework to study the Euler scheme of a Brownian
diffusion. In this case, the previous hypothesis H5 is satisfied.

e When ¢, distribution is centered Laplace of parameter A > 0, or e, +m ~ Gamma(m, 1)
with m > 1, hypothesis H5 is also satisfied.

e In a more general case, when g, € LPT" for some 7 > 0 the following assumption:
H 5’ There exists a constant ¢, > 0 and §' > 1 such that ||%/(51)Hg/p <y < +o0.
could replace H5 and gives more explicit conditions on the signal innovation distribu-
tion.

Compared to Example 3.1 given for the one step iterative scheme, we see that hypothesis H5
(or H5”) allows to relax the boundedness constraint on 0.Fj in H2’ to involve some other
constraints on the signal innovations distribution.

The structure of the proof of Theorem 4.1 is the same as that of the previous section.
We first study the error induced by the differential term estimation. Let us reconsider for
0 <k <n—1 and the test function f: Ay = Dka(Xk) - ﬁkf(Xk)

The error bounds for ||Ag|, with the new definition of the differential term approximation
l/)ﬁk f are given by the following lemma:

Lemma 4.1 With assumption H5 on the weight function ¥y and f such that H]'f € Cl},Lip’

there exists a mon negative real sequence (Df’n)ogkgjgn such that:
n
. k.
1Akl <> D™ 14l
=k
3 k, _k(BK)rItl_1
where s = 55 and D; " < alp, f)L" k(;T

Proof.
We redefine the operators Q) and Qj for f:R% — R? as follows:

Quf(Xy) = —Elf(Xps1)Vi(Xe, ep41) | Xk,
Qrf(Xp) = —E[f(Xpr1) Un(Xp, 1) Xi)-

Then Qi f = DPy.f, so that:

DRy, f(Xp) = Dgi(Xi)PrRis1f(Xk) + e (X) QuRir1 f(Xe),
DRy f(X) = Dgr(Xp)PrRis1 f(X3) + gr(Xi) QuRpr f(X5).

Consequently, A}, can be written as:
Ap = Dgp(Xp) |PrRis f(Xp) — f)kRk—i-lf(Xk)} + gi(Xi) [QkRk-i-lf(Xk) — QrRis1 f(Xp) |,
so that using H1 and that ﬁk§k+1f()2k) = E[ék+1f(Xk+1)\Xk], we have:

| Akllp < LIPyRys1 f(Xi) — E[ék+1f(Xk+l)|Xk]Hp + L||QkRisr f(Xy) — QkékJrlf(Xk)Hp'
(4.11)
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Since conditional expectation is an LP-contraction,, the first term on the right hand side of

inequality (4.11) writes: we have:

IPLRe 1 f(XR) — E[Rprf(Xnen)| Xellly

< |IPrRis1 f(Xi) — B[Pk Rigr f(Xi) | Xkl
HIEPL Ryr1 £ (X5) — Rigr f(Xis1)| Xl lp
< [PrRia flzipllAkllp + | Res1 f(Xe1) — Risr F(Xnr1) |-

(4.12)

It follows from Theorem 2.1 that:

> 5 A 5 k
PRy 1 f(Xn) = PrBicpr f (Xes)llp < 35in CF 1A [lp + KD Ry flloo | Akllp-
Moreover, the second term on the right hand side of inequality (4.11) gives:

Q@ Rer1 f(Xi) — QkékJrlf(Xk)HP

1Qu Ricer £(X) — E[Qu Ricyr f (X)X llp + 1EIQx Ricor £ (Xi)| K] — Qu R f(Xi)lp
|QrR+1f(Xk) — QrR+1 f(Xi)lp

BB R 1 (X 1) Wi (X, 1) [ X [ Xa] — E[Ri 1 f (K)o X i) [ Kl

< | QrRis1f(Xi) — QuRisr f(X0)llp + 1 05( Xk, €41) (Rk+1f(Xk+1) - ék+1f(Xk+1)> lp-

IAIN

(4.13)
But, QxRi+1f(Xk) = DPrRi+1f(Xk), so hypothesis H2 on Py implies that:
(QrRit1fLip = [DPr R 1 flLip < K([DRk1 flrip V I DRiy1flloo) = Kugy1-
Hence,
1@k Rics1f(Xk) — QrRicyr f(Xi)llp < Kupepa]| Arlp- (4.14)

Using Holder inequality, with s = =% > 1 we get:

|V ( Xk, Ept1) (Rk+1f(Xk+1) - f%k+1f(Xk+1)> I
<N (Xny 1) l5pl| Rict 1 £ (Xnt1) — Risr f(Xis1)lsp (4.15)

It follows from Theorem 2.1 and hypothesis H5 by combining terms (4.13), (4.14) and (4.15)
that:

|QkRis1f(Xi) — Qk§k+1f()zk)”p
Z prJI?Jrl,n

j=k+1

IN

AJ'Hssp"’Kuk—HHAkaa (4.16)

n
and  [Ael, < L +1) D CFIIA s + LK (uer + IDRic1 flso) | Ak sp
Jj=k+1

k,n
S DEIA g (4.17)
Jj=k+1

IN
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Then, explicit upper bounds for Df’n can easily be established. (see [18]) O

Proof of Theorem 4.1. Reconsider Vi.f = E[Ryf(Xy)|Xi] — R f(Xy) for 0 < k < n. The

proof can be carried out as in the previous case of Theorem 3.1. The unique difference lies

in the term flk Using Lemma 4.1 combined with Holder inequality for some ¢t > 1 and its
t

conjugate t = 5 we have:

~ ~ k+1,
AR+, D) llp < Akt lepll Aralliy < 53071 D7 (1813 + 1Ak4112,)-

Then inequality (3.16) writes:

Viflly < (IDRiflnip + LEKugi1) | Akll3, + 2L[DRyi1 flripll Ars1ll3,
1 n
+Lg > DE(IAG I, + 1Ak llf,) + LI Vi £l
j=k+1
< (DR flrip + LEuwki1) | Akl gstp p.2p)

n

k10, 1 k41,
+L [DRk+1f]Lip+Dkiln+§ DD 2l I VAV [
j=ht2

L~ ki
+§L Z Dj ’nHAjugnaz{stp,fp,Qp} + LHVk-Hpr (4.18)
j=k+2

By induction, we derive:  [[Vif|, <377, M; m”Aﬂ'H?nax{stp,{p,zp}'
Taking k = 0 and writing |7, f — 7, f| < [[Vof]|, we establish the announced result. See [18]

for a detailed proof of the explicit expressions of (M]k") O

4.4 The case of regularizing kernels

In this paragraph we deal with an interesting skill of the two step recursive first order scheme,
which allows to establish first order schemes for non differentiable test functions f, more
precisely with no differentiability assumption on H f.

Proposition 4.1 H2” Assume Py is K-Lipschitz such that for all f bounded Lipschitz
continuous, P f € C,}’Lip.

If f is a test function such that H,'f is bounded Lipschitz continuous, then Ry f € Cg’Lip for
all0<k<n-—1.

This proposition is easily proved, using equation (2.17) and an induction on k. Further-
more, it allows to define an alternative scheme to scheme A, taking into account the non
differentiability of H! f:
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Scheme A’

((Ruf(f) = HRf(%0) = Ruf(£0), A
Enflf()znfl) = gnfl(anl)E[Hgf(Xn”anl] = Enflf(anl)a
Ry f(Xy) = (X PrRis1 f(Xk) + gr(Xp) %

(EUDghs1 (Xt Prsi Reraf (i), M) K] = EL (g (R x

E[Rirof (Xe2) Urit (Xet1, €rr2)| Xea], Ak+1>|Xk]> :
0<k<n-—2

(4.19)
We then define the first order unnormalized filter estimator by 7, f = E[Ro f(Xo)] generated
from scheme A’. The error induced by such an estimator introduces additional zero order
type terms as we need one single backward iteration to be able to use first order correctors.
This can be seen clearly in the the following theorem which proof is detailed in [18].

Theorem 4.2 Let (X;) be a stationary (Ni)-quantization of (Xi), f satisfying H"f is
bounded Lipschitz continuous. Assume H1, H2”, H3, H4, H5 and q = d,

then, there exists a mon negative real sequence of constants (M]')o<j<n such that:
n
. v 2 1 2
|7T7Lf - ﬂnf| < ZMJUHAmeax{stp,fp,Qp} +C ||An71||p +C HAan
=0

wheres:%,t>0, %—1—%:1.
In practice, the regularizing effect can be viewed in the case of the Euler scheme of a diffusion
implemented with a Gaussian noise (see Example 4.2 and Appendix B). This is the case
studied in [3] for pricing American options with first order schemes. It is shown that Py
satisfies H2”. Nevertehless, a special attention have to be given to the Lipschitz constants
dependency in time discretization step, and consequently in our filtering problem, to the
observtaion horizon. Namely, if f is Lipschitz continuous, then according to Proposition 2 in
3] we have [DPy. f]Lip < C[f]Lipy/n. This result alters M. 7' dependency in n and consequently
the filter estimator convergence for high observation horizons.

Remark 4.1 For numerical implementation, we can compensate the error bounds deteri-
oration in Theorem 4.2 by bigger quantizers in the two last observation dates n — 1 and
n.

5 Convergence result for the normalized filter

Let f be such that H'f € Cb{Lip. Owing to Theorem 3.1 and Theorem 4.1, we have seen that

the estimation error on the unnormalized filter m,, using stationary (Nj)-quantizations (X}),
can be written:

[ f = f1 <D MP(f, )| Al130

J=0
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where o = max{%t, %,

and Aj = Xj — Xj.
Now, we derive results on the normalized first order quantization filter estimator f[n, defined

1} > 1 or @ = 1 depending on whether we are using scheme A or B,

by Kallianpur-Striebel formula as 1L, f= ;Z—{
Thus, the estimation error will be:
- T f o f Tnf — Tnf
II,f —1I < —
H" Tp—11 . 1 .
< Milleemn by 3 g1+ Lojraf s
Tnlm,1 Tl
S M (f, ) + ML, o) H f|oo
<y - ALV (5.1)
j=0 o

Since @ = 1 in Theorem 3.1, the convergence rate improvement obtained for the unormalized
filter is preserved by the normalization.
When a > 1, which is the case for Theorem 4.1, further results are needed to establish
a convergence rate improvement. In fact, from inequality (5.1) it comes out that we need
to describe the L?*P-behavior of sequences of L?P-optimal quantizers. In this direction, a
rather satisfactory result can be established using Zador Theorem 2.2 and Holder inequality.
Namely, if X € L (R) for every ' > 0, then || X — hi(X)||s = O(N) for any p € (0, ).
This allows to establish the following theorem, for II,, obtained from the two step recursive
scheme:

Theorem 5.1 Assume that s in H5 satisfies s > % and that for 0 < k <n and allr >0
X e L"(RY). Let (X3,) be an L2-optimal (Ny)-quantization of (Xy).
Then, there exists p € (%, 1] such that for all f : RY — R satisfying HI f € C;}Lip we have:

M3 (f, o) + M} (1, Oé)IIHfffllooN

1 J

. " =2
|an - an| < ch(pap7 d) -

J=0

Proof. If 5 > %, then 1 < s < 3 and there exists % <t< %. For such a m}mber t>1 we
will have ¢ < 4 and st < 4 so that inequality (5.1) is satisfied for & = max{%, 3,1} € [1,2[.
2

;ﬂ
Hence, for some p € (3,2) C (0,1), we can write: [[Ag|2ap = O(N, 7 ).
M (f,a)+cV M (1,0) [ HE flloo =22

Consequently from (5.1), |IL,f — II, f| < > =0 ¢i(psp;d) 4 N4 . O

Remark 5.1 A conjecture has been made recently by H. Luschgy and G. Pages to describe
the L¥-behavior of sequences of L™-optimal quantizers of an R%valued random vector for
some 0 <7 < s <r-+d: /

If X € L"(R?) such that Px(d¢) = (&) Aa(d€) and fgolfrsjdd)\d < 400, then any sequence
(h%) of L"-optimal N-quantizers most likely satisfies || X — b} (X)|s = O(N~4).

This allows to establish an equivalent of Theorem 5.1 where p = 1 and § is assumed to satisfy
s>1+ é and then to rise convergence rate order of two step recursive schemes to the one
step recursive one.
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6 Numerical illustrations

Previous filter approximation methods will be applied to estimate II, fi and II, fa, where
fi(x) = z and fo(x) = exp(—|z|). Elements of comparison with alternative filter estimation
methods will be given, namely particle filtering methods:

SIS Sequential Importance Sampling [1, 6] which is based on a weighted Monte Carlo ap-
proach. This method can be considered as close to the quantization method in the sense
that it uses weight transformations in the updating step. Unfortunately, it is known to
suffer from weights degenerescense.

SIR Sequential Importance Re-sampling [9, 6] which adds a re-sampling step to the previous
algorithm in order to avoid weights degenerescense.

We will test estimations for different fixed observation sets and so we denote by ﬂym, the
estimation filter associated to the observation process y = (yo, ..., Yn)-

In all the following examples, we choose to study stationary signal processes in order to sim-
plify the off line procedure of computing the quantizers. In fact, as we marginally quantize
the signal process, we can just expand the grids of the centered reduced corresponding dis-
tribution. The obtained quantizers are no longer optimal, some further manipulations are
necessary to save the quantizer stationarity property especially in the multidimensional cases.
This paragraph is an overview of selected numerical experiments illustrating first order
schemes behaviour. Further numerical tests will be detailed in a forthcoming paper [19],
especially concerning the comparison with the particle filtering approach. Results obtained
with infinite dimension filters [7, 5] will also be presented.

6.1 Kalman filter

Both signal and observation equations are linear with Gaussian independent noises. It is
known, that the filter in this case has a Gaussian distribution which parameters (mean and
variance) can be computed sequentially via a deterministic algorithm (KF), (see [8]).

Xi = pXi—1 + Oy,
Y =X, + ;

We set: g ko (6.1)
er and m did ~ N(0,1y),

p, 0, a € MyR).

6.1.1 One dimensional case: d=1

We choose —1 < p < 1 and Xy ~ N(O,%), so that for any 0 < k < n, we have X} ~

N(0, %). In this particular case, we could first compute? I an L?-optimal quantizer of the
centered reduced Gaussian distribution and the companion parameters for a single transition

step. The quantizers I'j, are then deduced by an expansion I'y = 1522 x T

The two first order schemes are compared to the zero order one with N; = 200, 0 < k < n.

20ptimal quantizers for the Gaussian distribution are downloadable on
http://www.proba.jussieu.fr/pageperso/pages/

26



Exact values are computed via the Kalman-Bucy recursive filter algorithm. Particles methods
are also tested for the sake of comparison.

| (p,0, ) | (0.651.001) [ (081.001) |
Wyosfi | Tyosfo | Hyosfi | 105/
KF(Ref. Value) -3.239 | 0.039 1.754 | 0.17394
SIS (5000 pts) 3.244 | 0.039 | 1.7487 | 0.17489
SIR (5000 pts) -3.2398 | 0.039 | 1.7542 | 0.1739
QF Or0 (200 pts) -3.2394 | 0.0393 | 1.7522 | 0.17425
QF Orl 1-step (200 pts) | -3.2381 | 0.039431 | 1.7524 | 0.17422
QF Orl 2-step (200 pts) | -3.2381 | 0.039431 | 1.7524 | 0.17422

Table 1: One dimensional Kalman filter case.

6.1.2 Multidimensional case: d=2

Although the quantization based filter schemes presented previously depend on the signal
dimension d, for both complexity and convergence rate, it remains interesting to compute

estimations for medium signal dimensions. We reconsider equation (6.1) with parameters:

. 05 —0.01
p= 0-996 0 , 0= 0-05 0.0 and o = 0.51;.
0 0.99 —0.01  0.02

The initial signal distribution is centered, Gaussian with covariance matrix:
0.325 —0.087
Yo = )
—0.087 0.0626
The chosen prior distribution is the stationary one. For signal quantization, we take I' =
{24 ... 2N } the L?-optimal N-quantizer of a centered reduced Gaussian distribution. At

0<k<N, X ~N(0,%) and we define the marginal stationary (Nj)-quantizer of (Xj) as

follows:
N

. 1
X = 322" 1

; 07 Txengaim)
Although quantizers are not optimal, we obtain satisfactory convergence results. Convergence
errors are represented in Figure 4. From the log-log scale representation in Figure 4, we can
evaluate the convergence rate improvement using a regression. Table 6.1.2 summarizes the

computed slopes of the regressions.

Or0 | Orl 1-step | Orl 2-step
-0.45 -1.1 -1.04

Table 2: Regression slopes on the log-log scale representation (d=2)
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We observe nearly the expected theoretical results. The convergence rate for the zero order

1

scheme is close of = = 0.5. For first order schemes, the slope is slightly better than the

d
theoretical one % =1.

6.2 Canonical stochastic volatility model (SVM)

We introduce now a non linearity in the observation equation. We consider the following
state equations in R:

Xy = BXk—1 + 0€k41,

Vi = exp(ZE)m,

er and m tid ~ N(0,1),
-1<pB<1 and oecR}.

(6.2)

Remark 6.1 This is the time discretization of a continuous diffusion model introduced in
finance as a model of an asset dynamics with stochastic volatility. The stock price S and its
volatility o; solve the following stochastic differential system:

{dSt = MtStdt + O'tStth, (6 3)

d(in(0?)) = —Nin(o?)dt + 7dW;.
The stock price is supposed to be observable so that the filtering problem corresponds to a

volatility estimation problem, given the set of observed past prices. Taking a time discretiza-
tion step A, the Euler scheme writes:

{m@g:l) = (g — L02)A + oV Ay, 64

In(o ;) = (1= AA)In(o7) + TV Aep 1.

Now, taking Y}, = ln(ng:l ), X = In(0?), ng and gy iid (0, 1) conducts to the state equations

adopted for the illustration.

Here also we choose Xy ~ N(0, %), in order to use the same grid at each time step k.
The choice of the triplet (A, 7, A) will determine the discrete time model parameters (3, 0).
The exact filter value is not computable for such model, so Figure 1 shows the convergence
behavior of the quantization filters. The first order schemes clearly converge faster.
Comparison with particle methods is made possible by computing some confidence interval
through the 5% and 95% centiles over 4000 realizations of the particle filter estimator. In
Figure 2 are depicted this interval bounds and one realization of the random estimator as
functions of the particle number. For a comparison between the two methods (particles and
quantization), we represent in Figure 3 quantization based filters in the confidence interval
of 10000 particles.

6.3 Numerical stability

Two stability aspects have been studied through numerical applications. The implemented
state equations are those of the previous section (see equation (6.2)) when we model stochastic

28



volatility.

The first point we will be interested in, is degeneration of intuitive scheme devised in Remark
3.1. An illustration of such a problem is represented by Figure 5.

The second point is the stability of our estimations in time. This is a recurrent problem
in filtering methods. Even if we considered a fixed observation horizon all over this work,
it is important to study the estimation behaviour when n grows. As the constants M ;i are
exponentially depending of the observation horizon, we have been interested in verifying that
this does not alter the numerical performances of our filter estimators. (see Figure 6). Note
that the chosen state equations and the stationarity assumption give that K = § < 1.

Acknowledgment: I am grateful to Pr. Gilles Pages and Pr. Huyén Pham who supported
this work and contributed to its development by enriching suggestions.

References

[1] S. Arulampalam, T. Clapp, N. Gordon, and S. Maskall. A tutorial on particle filters for
On-line Non-linear/Non Gaussian Bayesian tracking. QinetiQ Ltd, DSTO, IEEE, 2001.

[2] V. Bally and G. Pages. A quantization algorithm for solving discrete time multi-
dimensional optimal stopping problems. Bernoulli, 9:1003-1049, 2003.

[3] V. Bally, G. Pages, and J. Printems. First order schemes in the numerical quantization
method. Mathematical finance, 13(1):1-16, 2003.

[4] V. Bally, G. Pages, and J. Printems. A quantization tree method for pricing and hedging
multidimensional american options. Mathematical Finance, 15(1):119-168, 2005.

[5] M. Chaleyat-Maurel and V. Genon-Catalot. Computable inifite dimensional filters with
applications to discretized diffusion processes. Preprint of Laboratoire de Probabilités
et Modeles Aléatoires - PMA-989, 2005.

[6] A. Doucet, N. de Freitas, and N. Gordon, editors. Sequential Monte Carlo methods in
Practice. Springer, 1st edition, 2001.

[7] V. Genon-Catalot. A non linear explicit filter. Statist. and Prob. letters, 61:145-154,
2003.

[8] F. Le Gland. Introduction au filtrage en temps discret. Filtre de Kalman, Modéles de
Markov cachés. IRISA/INRIA, 2002-2003.

[9] N. Gordon, D.J. Salmond, and A.F.M. Smith. Novel approach to nonlinear /non-Gaussian
Bayesian state estimation. IEEE Proceedings, 140(2):107-113, April 1993.

[10] S. Grafand H. Luschgy. Foundations of quantization for probability distributions. Lecture
Notes in Mathematics. Springer, 2000.

[11] G. Kallianpur and C. Striebel. Estimation of stochastic systems: Arbitrary system
process with additive white noise observation errors. Ann. Math. Statist., 39(2):785-
801, 1968.

29



[12]

[13]

[14]

G. Kitagawa. Non-Gaussian state-space modeling of nonstationary time series. Journal
of the American statistical association, 82(400):1032-1063, 1987.

P. Del Moral, J. Jacod, and P. Protter. The Monte Carlo method for filtering with
discrete-time observations. Probab. Theory and Relat. Fields, 120(2):346-368, June 2001.

N. Oudjane. Stabilité et approximations particulaires en filtrage non linéaire : Applica-
tion au pistage. PhD thesis, Université de Rennes, 2000.

G. Pages and H. Pham. Optimal quantization methods for nonlinear filtering with
discrete time observations. To appear in Bernoulli, 2003.

G. Pages, H. Pham, and J. Printems. Optimal quantization methods and applications to
numerical problems in finance. In Handbook of Computational and Numerical Methods
in Finance. S.T. Rachev, Birkhauser, Boston, 2004.

G. Pages and J. Printems. Optimal quadratic quantization for numerics : the Gaussian
case. Monte Carlo methods and applications, 9(2):135-168, 2003.

A. Sellami. Optimal quantization methods for filtering and applications to finance.
In progress PhD thesis, Université Paris Dauphine and Laboratoire de Probabilités et
Modeles Aléatoires - Université Paris VI.

A. Sellami. Comparative survey on non linear filtering methods : the quantization and
the particle filtering approaches. Preprint of Laboratoire de Probabilités et Modeles
Aléatoires, 2005.

30



-0.246 0.7715 T T T T T T T
0.771F b
-0.247
0.7705 -
0771
-0.248
0.7695 -
0.769
-0.249
0.7685
0.768
-0.251
07675
~0.251 . . . . . . . 0.767 . . . . . . .
0 50 100 150 200 250 300 350 400 0 50 100 150 200 250 300 350 400
N N
0.42
0.4
0.381
0.36
0341
032t
03 . . . . . . . 0.67 . . . . . . .
0 50 100 150 200 250 300 350 400 50 100 150 200 250 300 350 400
N N
0.719
0.3541
0.718
0.352
0.717F
0351
0.716
0348
0.715F
0.346
0.7141
0-344 0.7131
03421 0.712
0.34 . L L 0.711 L L L
0 50

Figure
- three

L L L L
50 100 150 200 250 300 350 400
N

1: Quantization filter approximations for SVM as

L L L L
100 150 200 250 300 350 400
N

a function of the quantizer size Ng

different observation 50-tuples (right: II, 50 f1, left: II, 50 f2) - (5,0) = (0.996,0.0316).

31



Mod221 - hor:100 - (30, 48, 77) - SIR Id function

015 T T 097
096
01f g 0.95
094
093

0.05 —‘ g
‘ : - - 092

— — B
‘M T~ / T 0.91

oll JE— 1
09
089
0.05 |- g 088
087
01 L L 086

0 2000 4000 6000 8000 10000

Mod221 - hor:100 - (30, 48, 77) - SIR Exp-|.| function

‘ ‘
\
e
One estimator realization
L L g
0 2000 4000 6000 8000 10000

Figure 2: Particle filter approximations for SVM as a functions of particle number using SIR
algorithm (left: II 00 f1, right: 1o f2) - (B, 0) = (0.995,0.01) - Centiles over 4000 realizations.
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Figure 4: Quantization filter estimator errors for 2-dimensional Kalman case as a function of
the quantizer size Ny, (left: |10 f1 — 1o f1]|2, right: log-log scale representation).
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Figure 6: Horizon varying effect on quantization based filters for SVM (top: I1.f5 for Nj, = 10
as a function of n, bottom: II fy for Nj, = 200 as a function of n) - (8,0) = (0.995,0.01).
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