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Abstract

The classical Volterra model, equipped with the Faddeev-Takhtadjan Poisson bracket pro-
vides a lattice version of the Virasoro algebra. The Volterra model being integrable, we can
express the dynamical variables in terms of the so called separated variables. Taking the con-
tinuum limit of these formulae, we obtain the Virasoro generators written as determinants of
infinite matrices, the elements of which are constructed with a set of points lying on an infinite
genus Riemann surface. The coordinates of these points are separated variables for an infinite
set of Poisson commuting quantities including Ly. The scaling limit of the eigenvector can also
be calculated explicitly, so that the associated Schroedinger equation is in fact exactly solvable.

'Member of CNRS.
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1 Introduction.

The relation between integrable systems and conformal field theory has long been recognized [fll, 2.
Although the emphasis has been put rightfully on Baxter ) operator and therefore on Sklyanin’s
separated variables [[J], to the best of our knowledge there is no explicit expressions of the Virasoro
generators in terms of these variables.

We make here a first step in this direction by considering the classical version of this problem. Our
strategy will be to start with the Volterra model on the lattice [, fi] equipped with the Faddeev-
Takhtadjan [ﬂ, E] Poisson bracket. Since the Volterra model is integrable, we can rewrite everything
in terms of separated variables. Now, the Faddeev-Takhtadjan bracket goes directly to the Virasoro
Poisson bracket in the continuum limit, and therefore by taking this limit in the separated variables
formulae we will obtain the Virasoro generators expressed in terms of separated variables.

This leads to the following rather new type of formula for the Virasoro generators:
u(z) = Z L, e®"™® = p2 4 202 log det O(z) + (Lo — p3)d(x)

Here pg is the zero mode and Poisson commutes with everything, the term (Lo — pg)d(z) will
be explained later and the formula for Lo is given in eq.(p@). The infinite matrix O(z) reads
(k>m€ {1”00})

Opm() = i , 0<z<1 (1)

with 7 0 Z,(1 )
sin Zyx sin Z(1 — x
te———
Zy Zy
The above formula for u(z) is valid on the interval 0 < x < 1, and should be extended outside this
interval by periodicity (in particular the §(z) term in a Dirac comb).

Wi(z) = E,(z) = 2mzsinmnz (2)

The result of this paper is that if the variables Zj, uy, have Poisson bracket 3
{Z1, 21} =0, {Zipw} = 2(Z — 032 DV pilrrs  {pties i} =0 (3)

then u(x) does satisfies the Virasoro Poisson bracket:

{u(z),u(y)} = 4(u(z) +uly)) '(x —y) + 26" (x — y) (4)

Morever, the variables Zy, ui are separated variables for an infinite set of higher commuting quan-
tities, including L.

Since the separated variables are also the ones which solve the classical inverse problem, the
Schroedinger equation with the potential u(z)

(=07 — u(x))i(z, A) = A% (2, A))

3Notice that if we redefine Ay = 1/ Z? — p2, the Poisson bracket becomes a standard quadratic bracket {Ax, ur} =
2Ak k. However po will then enter the formula for ©(z) and, in this work, we prefer to keep that formula simple at
the expense of a slightly more complicated Poisson bracket.




is exactly solvable, meaning that we have explicit formulae for both the potential u(z) and a basis
of solutions ¢ (x,A). Constructing the linear combination which is quasi periodic (the so called
Bloch waves) introduces an infinite genus Riemann surface. The coefficients in the expression of
this curve define a complete set of Poisson commuting Hamiltonians including Lg. The separated
variables are points on this curve.

The paper is organized as follows. In the first three sections we recall some known facts about
the Volterra model on the lattice. In particular we recall the formulae expressing the dynamical
degrees of freedom in terms of the separated variables.

In section 5 we compute the continuum (scaling) limit of the spectral curve. The result is eq.([]).
We then show that the Hamiltonians H,,, in this formula are in involution. Moreover we show that
the scaling limit of the dynamical divisor still belongs to that curve, and hence define separated
variables for these Hamiltonians.

In sections 6, 7 and 8, we compute the scaling limit of the eigenvector of the Lax matrix at each
point of the spectral curve. The result is rather simple and is given in eq.(pd). We then show
that the obtained expression does satisfy a second order Schroedinger equation and we compute its
potential u(z). Finally, we construct the two quasi periodic solutions of that equation, the Bloch
waves, and recover in this way exactly the same spectral curve as the one obtained in section 5.

In section 9, we give conditions under which the determinants of the infinite matrices that appeared
in the previous sections exist. We then perform a few checks in a certain perturbative scheme. In
section 10 we prepare the ground for the serious calculations coming next.

In sections 11 and 12 we prove that the potential u(x) does satisfy the Virasoro Poisson bracket.
An essential use is made of certain quartic relations, proven very much like the Hirota—Sato bilinear
identities. These identities should be considered as generalizations for 7-functions of the quartic
relations on Riemann’s Theta functions.

2 The Volterra model.

In this and the following two sections we recall some well known facts about the Volterra model.
The Volterra model, as an integrable system, was introduced in [[]. It is a restricted version of the
Toda lattice. We consider a periodic lattice with IV + 1 sites, and on each lattice site we attach a
dynamical variable a; on which we impose the Faddeev-Takhtadjan Poisson bracket [{]:

{ai,a;} = aa; [(4 —a; — a;)(0ij41 — 6ji41) — @j410i 442 + ai+15j,i+2] (5)

This bracket? is interesting because taking the continuum limit as

1
2
a; ~ 1+ A%u(x A=——
“In terms of Toda Hamiltonian structures, it is a linear combination of restrictions of the second and fourth Poisson
brackets.




it becomes the Virasoro Poisson bracket eq.(l). For precisely this reason, and in this perspective,
the lattice model has been extensively studied both at the classical level [ﬂ, E] and at the quantum
level [{, [0, [, [(3, [F]. The present paper is one more contribution this series of works.

The Lax matrix for the Volterra model is defined by:

0 NG 0 pt/an+
Jai 0 Jaz 0

Lw = | o JET 0 @ 0 (6)

0 e fan—1 O
Hy/GN+1 e 0 Van
It is well known that TrL™(u) are in involution with respect to the Poisson bracket eq.(f). Hence

we have an integrable system on the lattice whose continuum limit is directly related to conformal
field theory.

NG~
0

The spectral curve I' is defined as usual:
' : det(L(p) —A) =0 (7
Expanding the determinant we see that it is of the form:
ptpt=t(A) =0 (8)

where ¢(A) is polynomial of degree N + 1.
t\) = ATIAWNVFL _ g7t (Z al-) ANV (9)

where

A= V@142 - AN+1
Assuming N = 2n even, t()) is an odd polynomial, t(—A) = —t(\), and has exactly n+1 independent
coefficients. However, in that case, there is one Casimir function K = ¢(2):

{t(2),a;} =0, Vi

The dimension of phase space is N = 2n and we have exactly n commuting quantities. The genus
of the curve I"is g = N.

At each point (A, ) of the spectral curve, we can attach an eigenvector W(\, u) = (¢i(x)), i =
1,---, N + 1, corresponding to the eigenvalue A of L(u). Explicitly, the equation (L(u) — A\)¥ =0
reads

Varys + pan i = A
Va1 + Va1 = Ay (10)
pan 11 +Vanyn = A4

4



We extend the definition of the coefficients a; by periodicity a;+n+1 = a;, and introduce a second
order difference operator D:

(PY). = Vaibier + Vanin

This operator is a discrete version of a Schroedinger operator with periodic potential. Eqs.(m) are
then equivalent to:

(DY) =M with s = e (11)

Therefore, the eigenvector W is a Bloch wave for the difference operator D with a Bloch momentum
1h.

In the continuum limit, eq.([[]]) becomes the Schroedinger equation.

(=07 —u(2))p(x) = A%(z), A=2- AA?

3 The free case.

Since in the continuum limit a; — 1, it is useful to first recall some formulae in the trivial case
a; = 1. They will be generalized to the full case in the next section. To introduce the zero mode
from the start, we consider the slightly more general case a; = a:

Va(hs + p Yng) = A

Va(hi—1 + i) = M
Valpr +¥n) = Monp

The solution of the bulk equations is v; = axi + B2' where x4 are solutions of the equation

1 A
2?2z 4+1=0, x:(\) = §(Zin2_4)’ z= 7a
Imposing the two boundary equations, we get
@ =)ot @ —p) g =
(@ — g a+ @ = e § = 0

The compatibility of this system yields the spectral curve

pApt = N =gy (12)

We now impose that the curve passes through the point (A = 2, u = o) where py is related to the
value of the Casimir function by
K = o+ 3" (13)

Setting



eq.([2) gives a =i Nl’il. Hence the constant a is related to the value of the zero mode pg by:

1
Va=—

COS 171

The components of the eigenvector, properly normalized, are meromorphic functions on the spectral
curve eq.([[J). Choosing the normalization ¥y;1 = j, they read

il = DB (19

We have introduced the polynomials of degree j — 1:

j
— 2+ T P(z) =L j=3 1
e B =T 0 (15)

Jj _
Pi(z) = =7

The first few polynomials are
P(]:O, P1:1, PQZZ, P3:,22—1, P4:ZS—2Z

They are essentially the Tchebitchev polynomials of the second kind.

As we will see, eq.([[4) is the general form of the meromorphic function v;(\, ) even when a; # a.
In particular, in order to take the continuum limit, the poles of the eigenvector® will have to be
close to the roots of the equation PN+1(%) =0, that is

(0)

0 Z 0
)\é):2\/acosN’:_1, Zli):/mr k=1,---,N (16)

For these special values )\I(CO), we have x4 = eHINTT and eq.([2) gives ,ug)) = (—1)*. The set of

points ()\2‘0), plgo)), k=1,---,N, will be called the free configuration and will play an important role

below.

It is simple to take the continuum limit in this free case. We set
)\EQ—A2A2, 222—A2Z2, wi:l:l :lb(xiA), A=—

where we have introduced the variable

Z =\/A2+pd (17)

The eigenvector equation becomes the Schroedinger equation
—U"(x) = pi(a) = AP(x), @ =Aj (18)
We also have x4+ = 1 £iAZ and the equation of the spectral curve reads:

p4p =1 +iAZ2)YA + (1 —inz)TVA

®In fact in this simple case the eigenvector has no poles at finite distance because they are compensated by zeroes
in the numerator. This degeneracy is lifted as soon as the a; are not all equal.




In the limit A — 0, it becomes
p+pt=2cos Z (19)

Similarly, the eigenvector becomes a Baker-Akhiezer function:

sinZ(1 — x) 4+ psin Zz

2
sin Z ( 0)

P(x) =

When p = e¥Z this reduces to 1(x) = e*#® as it should be. Notice that when y is kept as a free
parameter, the above formula gives two independent solutions of eq.([[§), but when p belongs to
the spectral curve eq.([[d) one has

Yz +1) = wp(x)
Eq.(20) presents the two Bloch waves as a single function on the hyperelliptic spectral curve eq.([L9).

Another example, important to us, will be the Dirac comb.
[~0% — Hod(a)[(x) = A*(x), d(z +1) = d(z)
On each interval ; = j <z < z;41 = j + 1, one has
V() = aje™ + BiemN, oz <w <y

The Bloch condition ‘
Y(r + ;) = p(x), 0<z<l1

gives a; = (ue=Yay, Bj = (ue')By. The continuity of ¥ (x) gives ag = —%ﬁo, while the

gap equation on the first derivative, —¢/(z; + 0) + ¢/(x; — 0) — Hot)(z;) = 0, gives the spectral

curve )
sin A

A
The Bloch wave itself is 1(2) = pyac(x — 2;), ¥; < & < Tj11, where V() is given by eq.(R0)
(with pg = 0) but A, u now belonging to the curve eq.(R1)).

w4 pt=2cos A — Hy

(21)

4 Separated variables.

In this section, we generalize the previous analysis when a; # a and express the dynamical variables
of the Volterra model in terms of the separated variables. Equivalent formulae where already
obtained a long time ago in [, E] A quantum version of this construction for the closed Toda chain
can be found in [[LY].

We have to reconstruct the eigenvectors ¥ of L(u). Let us set ¥ = (¢;), i =1,---,N +1. We
normalize the last component ¢¥n41 = p. Notice that due to eq.(§), u does not vanish for finite A.
The components v; are meromorphic functions on the spectral curve and are uniquely characterized
by their poles and behavior at infinity which we now describe.



We will call PT(\ = oo, = 00) and P~ (A = oo, = 0) the two points above A = oco. In the
neighbourhood of P*, the local parameter is A~! and we have by direct expansion of eq.(E):

Pt o o= ATNH (1 + O(A‘2)> (22)

P~ op= AN (1 + O(A‘2)> (23)

At the points Pt and P, the eigenvector W(P) behaves as:

A _ 1 i 2 N
(D) = e ) (1+007), P~pF (24)
i(P) = Vanyiaiaz-ai-q )\_i(l + O()\_Z))a P~ P (25)

This is easily deduced by inspection of egs. ([[0)).

From the general results of the classical inverse scattering theory, we expect g+ (N +1) — 1 =2N
poles for the eigenvector (see e.g. [f, [[3]). From eq.(R4), we see that we have a fixed pole of order
N at P* (on the component ), and there remains g = N poles at finite distance, the so called
dynamical poles. But we notice the symmetry property

Di(=A, =) = (=1)"i(A, )
so that the dynamical poles come in pairs
AN+1-k = —Ak,  BUN41-k = —[k

and only (Mg, pg),k = 1---n, are independent parameters.

Everything can be expressed in terms of these 2n = N quantities (Ag, ux),k = 1---n. In fact, they
can be viewed as coordinates on (an open set of) phase space.

First, the commuting Hamiltonians are easy to reconstruct. Indeed the spectral curve is determined
by requiring that it passes through the points (\g, pg),k = 1---n, and through the point (2, up),
where p is related to the Casimir function as in eq.([[J).

The equation of the curve itself can be written as a determinant

DD G VA A M‘F,Uil
9 23 ... QZJrll M0+:U'0_1

det | M AP N At [ =0 (26)
Ao AD ANEL et

Expanding over the first row, we obtain a curve of the form eq.(f), and we can read directly the
Hamiltonians as the coefficients of ¢(A). They appear as functions of the (A, p) and can be shown
to Poisson commute (see [[L§, [[7, [L§] for a proof and for the quantum generalization of this fact).



Eqs.(R4,Rg) and the data of the N dynamical poles also determine the functions 1; uniquely. Being
meromorphic functions on a hyperelliptic curve, we can write quite generally

QU + RO
IS

where Q) and R® are polynomials such that

(27)

QU(=A) = (=1'QU(M),  RU(=1) = (-1 RO

Above \i, we have two points on the curve: (Ag, pr) and ()\ka/h;l)- We want the poles to be at
(A&, pix;) only so that the numerator in eq.(R7) should vanish at the points (A, ,u,?l). This gives n
conditions

QU +u R (M) =0, k=1-n (28)
To have a pole of order i at P™ and a zero of order i at P~ we must choose
degree Q(i) =N —i, degree RY =i—1

Hence, these two polynomials depend altogether on n + 1 coefficients which are determined by

imposing the n conditions eq.(P§) and requiring that the normalizations coefficients are inverse to
each other at P* as in eqs.(R4,p3).

It is convenient to use the basis of polynomials P;(\) given by eq.([H). We will write the formulae
for 1); in the case i odd, the case ¢ even is similar.

The polynomial Q) ()\) can be expanded over
QW) : Po(N), Pa(N), -+ Prny1o
and the polynomial R®(\) can be expanded over
RO = PN, P3N, Bi()

Solving the linear system eq.(P§), the eigenvector can be written as

pPL(A) o pP(A) =Prvpa-i(A) o —P())
Pi(A) o Pi(M) —maPyii-i(MN) o i Pa(M)
K; : : : : : :
i = —————det 29
VSR D | Pw) e BOW —mPrasOw) e el | )
Pl()\n) T Pz()\n) _MnPNqufi()\n) te _MnPQ()\n)
where K; are constants independant of A, p. Defining
Pi(A) - Po(M) —mPnii—i(M) oo —pPa(N)
©;=| Pi(A) - Pio(My) —pePnyi—i(Me) - —pPa(Ag) (30)
Pl()\n) ce P172()\n) *,U/nPNJrlfi()\n) ce *,U/nPQ()\n)

9



we can compute the leading terms in eq.(R9) when A — co. At P™) the leading term comes from
pP;()\), while at P(-) it comes from Pyq1_i(\).

b~ (=1)T AK;det©; Xi, Pt
b~ (—1)7T K;det O A7, P~
Imposing that the two coefficients of A’ and A~* are inverse to each other, we get

5 A
© 7 det ©; det O, 9

Comparing with eqs.(24, BJ), we finally obtain

@ — det 61 det ®i+3 an — det @N .A a o det @3 (31)
" et O det Opn’ N T detOnyge 0 VTN T deto,
Here A~! is the coefficient of ANT1 in ¢()\), eq.(d), computed from eq.(R4).
We impose the Poisson bracket on the variables A, ux
1
M At =0, { g} = —55%/ (4 = A2) e, Loty e} = 0 (32)

One can then check that the Hamiltonians defined by eq.(Rf) are all in involution (this is a general
result), and that the a; defined above do satisfy the Faddeev-Takhtadjan Poisson bracket. The fact
that the expressions for ay,any1 are different from the ones in the bulk is due to the choice of
normalization of the eigenvector. However, the Poisson bracket of the a; is periodic. All this can
be proved using techniques similar to the ones in [[g].

5 Continuum limit of the spectral curve.

We now take the continuum limit of the spectral curve eq.(Rg). The result is eq.(f1]). We set

2
A=+Vaz, M\, =+Vaz, ﬁ = 2cos Np—(i)—l = 2y
From these, the scaled variables A, Z, Z;, are defined like this:
A Z Z
)\ZQCOSN—H, z:2cosN—+1, Zk:QCOSN—il (33)

Notice that we have Z = y/A? + p3. In the following, we will refer to the terminology ”perturbation
theory” when the points (Z, ) are small deviations from the free configuration eq.([[f). The
formulae we will write will make sense in this perturbative setting. This however does not exclude
the possibility to have a finite number of points which are large deviation. We will also be interested
in the deviation from the zero mode configuration. That is we make the substitution \/a; — Vava;
everywhere on the lattice. Alternatively this amounts to using the variable z = A/ /a.

10



Using the basis of polynomials P;(z) defined in eq.([[§) instead of the 27, we can write the spectral
curve as (it has the right form and passes through the right points)

p+pt Pyyo(z) - Pu(z)  Pa(2)
po+pyt Pnia(z0) -+ Pa(z0)  Palz0)

det | M1+ pr" Pnga(z1) -+ Pi(z1) Pa(z1) | =0
Hn +,U';1 PN-I—Q(Zn) P4(Zn) PQ(ZTL)

Without changing the determinant, we can subtract to the first column the linear combination of

the next two columns:
Pnia(zr) — P (2k) = 2cos Z,

The first column becomes
p+pt—2cos Z

70
B!
Tn
where we have set
Ve = e + | — 208 Z (34)
Notice that 79 = 0. The reason for this subtraction is that for the free configuration we also

have 7,20) = 0, so that the spectral curve becomes simply p + p~! = 2cos Z as it should be. The

subtraction gives sense to the spectral curve in perturbation theory. Expanding the determinant
over the first row, we can write

n+1
p4pt—2cos Z = Z Hy;Pj(2)
j=1
The Hy; are given by
H=N"1v
where we have defined
Hy o Pnia(z0) -+ Piz0)  Pa(20) Y0
"o H:N N PN+?(21) o Py(z1) PQ(.ZI) Cy— ’Y‘1
Hy Pyia(zn) - Pu(zn) Pa(zn) Yn
We will need to treat separately the first row and column in the matrix N. Let us write it as
A B
v=(& 5)
where
A=Pny2(20), B=(Pn(20) - FPalz20) Pa(20))
Py2(21) Py(z1) -+ Pa(z1) Pa(z1)
C= : , D= : :
Py y2(2n) Pn(zn) -+ Pa(zn)  Pa(zn)

11



To zero-th order in perturbation theory, we denote N = N©) and similarly A©), BO) ¢©) p©),
To take the continuum limit we have to consider the matrix NN©-1,

Lemma 1 In the continuum limit, we have

(0)—1 . 1 . 0
NN = sinZy  po sin Zj, {22 1 _ 1 } 2(—1)mm2ﬂ'2 ; k,m = 1, cee, 00 (35)

Z, sinpg Z 2 —m?272 p2—m2m?

Proof. Since Pni2(2) = zPn41(2) — Pn(2) and PN+1(Z](§O)) = 0, we have

o = _pY — (DO-1cO)y, = g,

so that
1 1 ~-BDO-1
NO-1 _ -
A+B, \F (A+B)) DY~ _FgBDO-1
where I is the column vector with components Fy = 0y 1, k= 1,---,n. It follows that

5 (C+DF) DDO! — L (C+ DF) ® BDO~!
Noticing that
A+ B1 = Py12(20) + Pn(20)
(C+ DF)y = Pnya(zr) + Pn(z1)
we get in the continuum limit

1 sin Z;,  po
C+ DF
A+ B (C+ k= 7y, sinpg

The main trick to proceed is an explicit formula for the inverse of the matrix D©. It is not difficult

to check that
4 o kr (0)

0)-1
With this, we find
4 mr
0)—1 02 0
(BDO),, = N1 o zdngj(zo)PQJ(zgl>)

]:

sin® {7 4 L 2po o Zjmm | mr /1d : :

= = - sin sin —2— x sin pox sin mnx
smNp—ilsm]\/m—flN—i—ljz1 N+1 N+1 o Jo

and the last integral is easily evaluated with the result

2m?7? sin py

BDO-1), . (_pym 2 TSm0
( ) ( ) po(p% _ m27r2)

Similarly we compute




Gathering all this we get eq.(B5). [

We now introduce the important infinite matrix
1

Mkm:m7 k,m:17"'700 (36)
and the important vector |n)
1
|1
m=M"1.1, (37)
1

With these notations we can compute the inverse of the matrix NN (@~1

Lemma 2

1 0
(NN(O“)l:( p 1 (—1ym (—pm ) (x(po)l 0 7 >
Sinpo (1—<x(po)\77>> prealli] 2m2w2{<1+1—<x<p03\n>)M }mk n %%

where we have defined the vector (x(po)|m = 25—

p077"2m2 .
Proof. With the above notations we can write
_ 1 0
NN(O) t= < in in >
: Zka Siﬁ(;,o : Zka My (01m — mXm(po)) 2(_1)mm2772
Letting
o-1_(1 0 0)—1y—1 _ 1 0
e find (—)" [n) (x(po) Z
X1, = {<1+ ) (x(po >M1} 7 28
Xt = o\ T= o) ey (38)
and

1 > (—1)m+1

- b
X = e ()

Let us return to the formula for the spectral curve. We assume that the conditions explained in
Section 9 are satisfied so that the infinite sums we will manipulate are convergent. Denote

oo e
77(Z) =1- Z 72 _ ;a2 (39)
m=1
and 7
— k
D) =D M= (40)

These quantities enter the expression of the continuum limit of the spectral curve.

13



Proposition 1 In the continuum limit, the equation of the spectral curve becomes:

_ sin Z H
J Y 1:2COSZ+ 7 <_HO+ZZQ_7227T2> (41)
m

where the conserved quantities Hy, can be taken as

1 H,,
R T LD D - ;pg_wzmz (42)

— 2m2

Proof. We have
n n
p+pt—2cos Z = Z Pyyo 9i(2)Hyyo2i = Z Pnia—2i(2)(N71V);
=0 i=0

we insert 1 = N©O~-1N©) into the above expression:

o+ /fl —2cosZ = Z PN+2—2¢(2)(N(0)_1)ik(N(O))kj(N_lv)j (43)
4,5,k

Hence, we need to compute

> Priaai(2)(NO), =

( Pynia(z) + Pn(2)  Pnia(z) + Py(2)

©)- (0)-
Pni2(20) + Pn(20)"  Pr+2(20) —i—PN(zo)BD T4 Prsa-ai(2)(D )zm)

7

whose limit N — oo is easy to take

(0)— sin Z Po _\ym, 2,2 1 _ 1
ZPN+2 21 ()N i — 7 sinp0’2( )" m Z2 —m2n?  pt — m2r?

We can now take the limit N — oo in eq.([i3)

. o
1 sinZ [ po = m, 22 1 1 H
-9 7 = H 2(—1 - H
Bt cos 7 <sinp0 o+m§:1 (=1)"m"m {Zz_mzwz pE—mex2 "
where
70 0
e | m n
Hy = (NNOTHTHE D = | v
Tn Tn

where X! is given in eq.(B) and we remembered that 7 = 0. Since 1 — (x(po)|n) = n(po) the
equation of the spectral curve finally becomes

1 sin Z 1 1 1
—9cos 7 = E — Iy, +—— T
w—+ COS 7 ( > <Z2 I, ;) p% 22 m n(po)nm<X(p0)| >
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Another useful expression of this result is:

1 sin Z | I n(Z) | .
w+p T =2cos Z + — 44
Z (%: Z? —mPm®  1(po) p§ — m>n> “

The next proposition performs a few consistency checks.
- . _ +1 _ +1
Proposition 2 The points (Z = po, pg '), and (Z = Zy, i), all belong to the curve eq.([4).

Proof. When Z = pg, we find u + p~' = 2cospg, hence the curve passes through the point
A= 0,,[131, as it should be. When Z = Zj, recalling that n(Zx) = 0, we find

ptp = 2cosZy+ 7 %: 72 — oM S0 7, (b +py~ —2cos Z))
= 2cos/ —|—SinZkZM Mﬁli( + 71—2005Z): 4+t
k 7 - km M0 sin 7, My T l K+ My,
Hence the curve passes through the points Zg, M;jfl- [ ]

We now show that the H,, in eq.()) all Poisson commute. We need the following result:

Lemma 3 One has

{Fna Fm} =0 (45)
{Lnynmt = {Tm,mn} (46)
{,mm} = 0 (47)

Proof. Recall the definitions eqs.(B[0) of 0, and T'y,.

Zy
sin Zp, T

NIm = 7;%’1>k7 I\m = %]il:wka Yk =

where M&,ﬁ is the inverse of the matrix defined in eq.(B). The relation eq.([f7]) is obvious because
the 7,, depend only on the Zj. Consider the second relation eq.({1§):

(T} =AM e, M, 30} = MM 303
= =M Mo A M, WM 1)y = =M, M { My, A}

where in the last step we used that {Mjs,,3;} = 0 if &’ # [. The result is obviously symmetric in
m and n. Finally the first statement, eq.([l), is simple. One has

(Do, Tu} = {Mpbii, Mgtk = =Mt Mt (M, 30} = {Mis, 50} Mgl 5
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but because of the structure of M, we have {M,s,4;} = 0 if r # [ and for r = [ the term in the

square bracket obviously vanishes. This is a special case of a general theorem , @]

We are now ready to prove

Proposition 3 The quantities Hy, H,,, Poisson commute

{HO,Hn} = 0) {HnaHm} =0

Proof. Using eq.(fd), one has
{Hna Hm} = nn({C7 Fm} + C{Ca nm}) - nm({ca Pn} + C{C7 nn})

where we denoted

1
C=——— )|T)
n(po)< x(po)ll) Z p2 — 2
One has ) T \ ( I
my )l M,
Fm, = 9 my —

{ C} 77(1?0)0; p% YD) {m, C} = Z — 22

hence

| 1 {I ”L?T/l} {n77l7Il}
C7 m C C7 mJ = —0C =0
{ P+ C{C,nm} 1(po E : pg 122

All this means that (Zg, i) are separated coordinates for the Hamiltonians H,,.

6 Continuum limit of the eigenvector.

Having found the continuum limit of the spectral curve, we now consider the limit of the eigenvector.

Again, the continuum limit can be computed, the result being eq.(p0).

As seen from eq.(R9), the eigenvector can be written as (for i odd)

VA det V;

= - 22) \/det ©; det 15
where
phi(z) + Pyyi-i(z)  pPi(z) - —Pnu-i(z) 0 —P(2)
Pi(z1) + p1 Pny1-i(z1)  Pi(z1) -+ —mPyyi-i(z1) - —puiPa(z1)
N, — : : : : : :
Pi(zr) + piPny1-i(ze)  Pizr) - —pePnii-i(ze) - —pePa(zk)
Pz(zn) + ,unPNJrlfi(Zn) Pl(zn) U _MTLPN+17@'(ZTL) o _,unP2(Zn)
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Compared to eq.(R9), we have subtracted the i-th column to the first one for the same reason than
in the previous section. Also we have used the variable z, z; instead of A, A;. Let us decompose
the matrix NV; in blocs particularizing the first row and first column:

U, V;
(i o)

Ui = pPi(z) + Pny1-i(2)
(Wi)k = i Pi(2k) + Pny1—i(2k)
(Vi)j = uPj(2)0(i — j) — Pn+1-(2)0(j — i), 4,5 odd

where

To order zero in perturbation, we have —(—1)kPj(z,gO)) = PN+1,]'(Z](§O)) so that

0 ui

(2

where @Z(O) is the matrix eq.(B() evaluated on the free configuration. It is in fact independent of ¢
and we will denote it by ©©). The appearance of zero in the lower left corner was the reason for
the subtraction in eq.(l§) and makes things better behaved in perturbation.

The matrix NZ.(O) being bloc triangular we can compute its inverse:

NO-1 _ Ut -U7 Vet
i 0 @(O)—l

so that

A(O)—1 1 0
NZNi - <U‘_1Wi @ie(o)fl _ Ulei ® W@(O)l)

3 3

Returning to the formula for 1, we multiply all the matrices by ©@~1. The factors det @)1
cancel between the numerator and denominator. We arrive at

VA U;  det (92‘9(0%1 ~U7'W; @ W@(O)ﬂ)
i = 2 2
== \/ det (Gi@@)—l) det <9i+2@<0)—1)

We want to take the scaling limit of this expression. Again, the main trick is an explicit formula
for the inverse of ©©. It is not difficult to check that

— 4 . km 0
(OO = gy i’ g B

17



Let us compute 0,001, Using the parametrization eq.(B3) we find (recall that i is assumed to
be odd)

o mT i—2 . .
(000 ) = Sl 51 Z si 12k _ g I

= —— in sin
N+1smN+’“1 iTead N+1 N+1

N-—1 . .
- (N+1-4§)Z . jmm
— L g sin

S1n
j=i,0dd N + 1 N + 1

Defining ©(x) as the scaling limit of ©,0(0~1 we find (there is a factor 1/2 because the sum is
over j odd only)

T 1
/ dy sin Zpy sin mmy — ,uk/ dy sin Zy(1 — y) sin mﬂy}
0 T

O = 2—{

Similarly, we define U(z, A, p) and Wy (z) by

Ui = (N + 1)U(£C,A,,u,), (Wz)k = (N + 1)Wk(x)

sinx/ sin(l —x)Z
Ut M) = 02 BUDZ -y ey

sin Zpx sin Z,(1—=x
+ [k ( )
Zy, Zy,

We find

and

Wi(z) =

Finally, we have (again there is a factor 1/2 because the sum is over j odd only)
(Vi@ ) = Vin(z, Z, )

where

x inyZ Lsin(1 —y)Z
Vin(x, A, ) = 2mm {/ dy Msty sin mmy —/ 7811&( 7 v) sin mﬂ'y} (49)
0 T

Putting everything together, we arrive at (up to a factor® independent of )

Proposition 4
¢($a A7 :u') - U(.%', A7 M) - <V(1’, A7 ,u)]@_l(m)]W(x» (50)

where we denoted by (V(z, A, p)| the row vector with components Vp,(z, A, 1) and by |W(z)) the
column vector with components W(x).

SIn this factor we will include in particular which produces the poles at Z2 = Z2. This is important

1
I, (1-2%/22)
for the analyticity properties of 1(x) but plays little role for the considerations of this paper.

18



It is easy to show that the infinite sums involved in this formula converge under the conditions

eq.(B3) of Section 9.

Eq.(B() is the generalization of eq.(R(]). Here, the A and ; dependence is entirely contained in the
function U(z, A, 1) and the vector V(x, A, ). For the moment they are free complex parameters.

We now want to specialize to A = 0, jip = e*P0. We have

sinpg 4, ~
U(x’ A, ’u') |076iip0 - Do eﬂ:lpox, Vm(x? A, M)|O,ei”}0 = U(x’ A, M)|O,ei”}0 Vn(mi) (xa pO)
where
~ L eimﬂm e*imﬂ'fl‘
V) = o |y

Hence, up to a constant
6 (@, p0) = =07 [1 = (VE) (@, p0)| 07 ()W ()]

These are the primary fields of CFT. Their logarithmic derivatives are the free fields of the Coulomb
gaz representation. Notice that we have two such fields playing a completely symmetrical role: we
go from one to the other by changing py — —pg. This circumstance was recognized and used with
great profit in [[L14]. The separated variables make this symmetry explicit and built in.

7 Schroedinger equation.

Having found a formula for the wave function ¢ (x, A, 1), the next question is to find the potential
in the Schroedinger equation that ¢ (x, A, ) is expected to satisfy. At this point it is simpler to
forget the lattice model and work directly with eq.(p0).

Let us denote by |E(z)) the vector with components
E,(x) =2mrmsinmnz

Calculating explicitly the integrals in eq.([d), we find (* denotes the derivative with respect to z)
U(l’, A, /L)E;n(x) — U/(l', A, :u')Em(x)

Vm(x7 A7 M) - 72 _ m272 ? Z2 - A2 +pg (51)
and similarly for ©(x), we find
Wi(x)E] — W/ (z)E,

Notice the important formulae

(Vi@ A )] = Uz, A, p)(E(2)],  O'(x) = [W(2))(E()]
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The derivative of the matrix O(z) is a rank one projector. The matrix ©(x) has a form familiar
in the theory of integrable systems, and we know that it leads to non linear differential equations.
Indeed, let us define the vector |®(x)) by

|@(x)) = 07! (x)|W(x)) (53)

and let K be the diagonal matrix
Ky = ma Oy

Proposition 5 The vector |®(x)) satisfies the set of coupled non linear second order differential
equations
") +2((®|E))'|®) + K?|®) =0 (54)

where

(@|E)(z) = ) Pu(2)En(2)

m

Proof. By derivation, and using the formula for ©’, we get

W) = ele)
W) = @) +0[F) = (B|E)|W) + 0|d)
W) = (@[E)W) + O]”) + (®|E) + (@/|E)W)

But we also have
2?0 — OK* = [W)(E'| — |W')(E| (55)

where we defined the diagonal matrix Z
Zyr = ZOgpr
Applying this identity to |®), we get
2°0(9) - OK?|®) = (E'|®)|W) — (E|@)[W’)

But
Z%0|®) = Z?|W) = —|W")

and therefore

W) = (E|®)|W') — (E'|®)|W) — OK?|®)

Comparing these two expressions of |W”), we find
0|0") + (2| E)' + (¥'|E)|W) = —(E'|®)|W) — OK?|®)

Multiplying by ©~! yields eq.(54). [ |

We are now ready to find the Schroedinger equation satisfied by .
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Proposition 6 The function ¥(x, A, i) defined by eq.(50) satisfies the linear second order differ-
ential equation

— ", A, 1) — [p§ + 2((B|®))] ¢ (2, A, 1) = A%(a, A, ) (56)
Proof. We have
¢($, Aa M) = U(xa A, :U’) - <V(x’ Aa M)|®71 |W($)> = U(xa A, :U’) - <V(x’ Aa M)|(I)($)>
Using the formula for (V (z, A, )|, we get

1 1
Y(x, A,p) =U <1 — <E'|m|¢>> + U’<E|m|‘1>>

Next, remembering that U” (z, A, u) = —Z2U(z, A, i), |E"(x)) = —K?|E(x)), we obtain

Vo Ap) = =0 ((B10) + (B 210 + U (14 (Bl s

and
Vo) = <U (24 () + (B0 +(El g le"))
+0" (1) + (Bl
Using now the equation for |®”), we get eq.(56). |

The potential T'(x) = 2((E|®))’ can also be written directly in terms of ©. In fact, we have
d%logdet® = 9, Tr 070" = 9, (F|0~'W) = 9,(E|®)

hence

T(z) = 20,(E|®) = 202 log det O(x)

The Schroedinger equation therefore also reads

W (@, A, ) + [pg + 2 92 log det ©] ¥(z, A, p) = —A*p(x, A, ) (57)

In this formula both the potential and the function ¥ (x, A, ) are known. The potential therefore
belongs to the class of exactly solvable potentials. It is strongly reminiscent of the formula for
finite zones potentials [0, P1, B3, PJ. It can probably also be obtained by an infinite sequence of
Darboux transformations [R4].

The parameter p which enters the function U(x, A, i) and the vector (V(x, A, )| was, up to now,
a free parameter. Eq.(p()) therefore provides two linearly independent solutions of eq.(pg). We now
introduce the spectral curve by imposing the quasiperiodicity of ¥ (x, A, u).
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8 Bloch Waves and Spectral Curve.

So far, ¢ (x, A, ) was defined on the interval [0, 1]. We extends its definition by imposing

1/1(95 +1L,Ap) = ,M/J(%Aaﬂ)

This extension is continuous as we now show.

Proposition 7
Y1, A, p) — pp(0,A, 1) =0

Proof. This follows immediately from

Wk(l) = M;ka(O)’ ka(l) = :ulzle)km(o)(_l)m U(LAMU’) = IU’U(O?AHU’)

It is worth computing explicitly (0, A, ). In terms of the matrix M introduced in eq.(Bf), we
have

in Z 1
SH; ) Vm(O,A,,U,) = U(O’Auu)iEl (0)

@km(o) = Wk(O)MkmE;n(O)a U(O,A,,u) = 72 _m2p2m

It follows that

1/1(07/\7/0 - &H; <1 - Z 72 —77m27T2> - 512 77(Z) (58)

where 7, and 7(Z) are defined in egs.(§7, BY). Notice that when Z? = ZZ, we have ¢(0, A, ) = 0,
by definition of 7(Z%).

We now turn to the derivative of ¥ (z, A, ).

Lemma 4 One has B
V(LA 1) = pp(0,A, 1) = p T(A, )

= _ 1 sin Z < E,,(0)®},(0) — E;,(1)®},(1)
D(Ap)=p+p " —2cosZ — — mgl 77 ) (59)
Proof. We have
sin Z sin Z
UL A p) =p—, UOAp=—

and
U'(1,A,u) =pcosZ —1, U'(0,A, ) =p—cosZ

Using Ej(1) = Ex(0) = 0, we get

(1, A, p) = UL A, w)(E'(1)] (1) +U'(1, A, )

/
ZZ_KQ‘CI)
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/ / 1 /
¢(0,A, 1) = =U(0, A, p)(E (Oﬂm\q’

From this the result follows. ]

(0)) +U'(0, A, )

At this point it is tempting to identify the spectral curve as f(A, 1) = 0. However, this cannot be
correct because the point A = 0, 4 = pg does not belong to it.

We have to change the Schroedinger equation. The only possible modification is at the edges. We
consider therefore the equation

0" A ) + [+ 2B@) + Hod(@)] (e, A, 1) = =A% (w, A, ) (60)

The bulk formula for ¢ (x, A, ) does not change. The continuity of ¥ (z, A, 1) at = 1 still holds,
but the derivative now has a discontinuity

1+
| dw e+ Huw =0

Using
sin Z

Z

¢(17 A, M) =p U(Z)

the Bloch condition becomes

¢/(1a A’ :U’) - MT,Z),(O, A’ ,U/) - HO,U U(Z) =0

that is

- sin Z r
pA4p Tt =2cos Z + 7 <Z 22_%271_2 —Hm](Z))
m

where we have set

L = E;,(0)2,(0) — B, (1)®7,(1) (61)

We now determine the coefficient Hy by requiring that the curve passes through the points pg, ,uacl.

We find
|

1
Hy =
n(po) %: ph — m?m?

Hence the curve takes the form

1 sin Z | I n(2) | .
=2cosZ -
M+ cos Z + 7 <%: 72 —m?? n(Zo) p2 — m2n?

In order to compare with eq.(@), we must compute I',,. We have

in Z,
Wi(1) = SH;k k Wi (0) =1 — pgcos Zy, Wi(1) = cosZy —

sin Zk:
7,

Wi (0) =
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and

_ Wi (0)E7,(0)

Wi(1)E;, (1)
Oun(0) = 77 o2 =t

= Wi(0) My EL(0),  Opm(l) = 77— = Wi(1) My E, (1)

where M is the matrix introduced in eq.(Bf). Since |®'(0)) = ©~1(0)|W’(0)) and |®'(1)) =
O~ 1(1)|W’(1)), one has

Z Z
-1/, -1 k -1 k
E;,(0)®;,(0) = 4 M, . (py,~ — cos Zk)Ma E, (1)®,(1) = 4 M, . (cos Zp — Mk)sin A
hence .
—1 k
T = En(O®(0) = En(D®(0) = 3 Mk S

where we recall that v, = pg + p; ' — 2cos Zg. This is exactly eq.(fi]) and shows that we have
recovered precisely the spectral curve eq.(f4).

Finally, let us close this section by proving the
Proposition 8 The function (z, A, ) has no pole at the point Z = Zk,ulzl

- 1 _
Proof. Here we restaure the factor T.(-22/2%)
U(x’ Aa M)|Z=Zk,,u]:1 = //JI;IWIC('I)? — Vk’(x, Aa M)|Z=Zk,,u]:1 = Mlzlgkk’(x)

1
/\ o~ -1

[Wk () = Ot () Oy (T) Wi (:c)] = regular

This shows that the same property for the eigenvector on the lattice has been preserved when
taking the continuum limit.

9 Perturbation theory.

In the previous sections, we have manipulated determinants of infinite matrices quite freely. It is
necessary now to investigate the conditions for the existence of the determinant det ©(x). We recall
the free configuration eq.([[§). In the scaled variables it reads

7 =kr, ) = (-1)F

By construction, when (Z, pu) = (Zlio),ug))), we have O(x) = Id, so that det©(z) = 1. Clearly
for det O(z) to exist, we have to assume (Zg, pii) — (Z,go), ,u,(go)) when k — oo. Hence we set
Zy =kr + 062, = (—1)*1 4+ ou) (62)
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It is not difficult to see that to leading order in (0 Zy, duy), we have

1
Wi(x) = E((SZR cos kmx — dpuy sin kmx)

and this implies

2
Orm(zr) = W {5Zk (m cos kma cos mma + ksin kra sinmmx) (63)

+dp(—msin krx cos mra + k cos kmx sin mﬂx)}
Notice that when m = k this formula gives that to leading order Oy, () = 1, as it should be.

A first consequence of these formulae is that if §Z; = 0,dur = 0, beyond a certain index k = ka0,
then for k > k0, we have Wy(z) = 0, O () = 1, and Oy, (z) = 0,Vm # k. As a result only
the first block of size kyqp X kmasx of the matrix O(x) plays a role and all the constructions of the
previous sections reduce to finite size matrices and vectors.

If however we want to retain an infinite number of modes in order to keep the field theoretical
character of the model, one has to say something about the rate at which §Z; and du; tend to zero
when k — oo. Disregarding a finite number of possibly large §Zy, duy, which play no role in these
convergence questions, we may assume that ©(z) is given by eq.(63). As we have seen, it is of the
form

O(z) = Id 4 O(x)
where (:)(x) is small. In fact, bounding the trigonometric functions by 1, we have

~ m
<c—— (|67 ) k
Bk ()] < e (97l + 1), m #

Since |k —m| > 1 when k # m, we may write as well

~ m
Brm ()| < (6241 + 8ael), m £

It is not difficult to see that this formula is valid also for m = k (we have to adapt the constant c).
It follows that

logdet ©(z) = Trlog(l+ O(x))

ST (Z (19241 + mw)) (64)
n=1 n=1 k

Hence a sufficient condition for the existence of the determinant is that the series ), <\5Zk\ + \5/%\)

converges. This is achieved if
/
c

19Z4| + 1011e] < 7+

€>0 (65)

One can then adjust the constant ¢ such that the series in eq.(p4) converges. The condition eq.(BH)
ensures that log det ©(z) exists. To build the potential u(x) however, this function has to be twice
differentiable in x and this may require stronger conditions on e.
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Now that we have found an expression for the potential u(x) in terms of a countable set of variables
Zi, i, we would like to check the Virasoro Poisson bracket directly. Recall that

u($) = p(z) + T($) + Ho(S(x), T( ) = 26 E|(I) ZT 6227ra:
Notice first that 7'(xz) has no Fourier component Tj:

1 1
7= [ wT) =2 [ d(Ee)) = 2 EORW) - EOB0O)) =0
where we used that E,,(0) = E,,,(1) = 0. The Fourier expansion of the potential u(x) reads

_ ZLne%wnx _ pg + Z(Tn + Ho)e2i7rm:
n n

we must therefore identify

1 r
Lo =pg+ Ho = p§ + 2 66
0 0 0 0 T](ZO) %:pg — m2n2 ( )

and
Ln:Tn+H0a :>Tn:Ln_L0+p(%a ’I’L#O

If u(z) has Poisson bracket eq.(l]), the algebra of the L, reads
{Ln, Lin} = 8im(n —m) Ly ym — 16im°1n°6, 1m0
The Poisson algebra for the T;, is then closed:
{T, T} =8imr(n —m)Tyim — 8innT, + 8irmT,, — 162( n® — wpon)5n+m70
or, in a form that will be useful later

{T(2), T(y)} = 20" (x —y) +4(2p} + T(x) + T(y))8' (x —y) — 47" (x)3(y) + 4T"(y)d(z)  (67)

In this section, we consider the situation where all the variables (Zj,ux) are close to the free
configuration as in eq.(6d), and we perform a perturbation theory in 7, Spuy,. We have seen that
to lowest order ©(0)(z) = Id by construction. So, we can write the expansion

O(z) = Id+@(1)(x)+@(2)(x)+
W(z)) = W@+ W () + .-

where we have taken into account that |[W(©)(z)) = 0. It follows that
|@(2)) = [0 () + [P (2)) + - -

where

My = WMy, 18@)) = ;W) — Wy ...

To lowest order, we find easily

TW(z) = 2E|dM) = 42 k(8 Zy cos 2kmx — Oy sin 2kmx)
k
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This shows in particular that §Zy and duy are just the Fourier components of the potential in this
first approximation. We see here clearly that for T(l)(ac) to exist as a function (and not just as a
distribution), we need € > 1 in eq.(f5). The Poisson bracket eq.(f]) becomes to leading order

2
p
{62, 61} = 2kn <1 — k27072>
To define modes independent of the zero mode pg we introduce
ap = ak(é,uk — iéZk), G,L = dk(éuk + Z(SZk)

where the coefficients ay,, ay, satisfy”

i — 1 k272
KO = g
With this choice, one has
{ag, a}rﬁ} =k

we can then rewrite

T
TO(2) = 94 E kn %BZikmg _ %G—Zikmg
(@) . Qg Qg

It is now straightforward to compute the Poisson bracket
{TO(), TW(y)} = 20" (z —y) +8p3d' (x — y)

This is the correct result for the Virasoro Poisson bracket in this approximation. Notice that the
term 6" (x — y) is exact already at this level. Higher order terms cannot contribute to it.

Next, we look at the conserved quantities. The leading terms in the expansions of 7, and H,, are
easy to find:
N =~ 27 6 Zpy, Dy o~ 2m272 (62, 4+ 622)

To see it, consider the defining relations of 7,

Im
—m__ —1.Vk
Z Z}g — m2m2

m

When Zj, is given by eq.(6J), the dominant term in the above sum is m = k. The equation becomes
nk/(2kw6Z;) = 1. The same argument starting with the equation of the spectral curve, eq.([),
taken at the point Zj, up which belongs to it, yields the formula for H,,. Remark that the condition
eq.(B5) ensures that the sums in the definition of the function 7(Z), eq.(B9), or in the definition of
the spectral curve, eq.([t]), are convergent.

Written with the oscillators a,, a;rn, we find

H,, = 87(pt — 7*m?)al a,,, Hy=8r Z al am
m

It is known [@] that the poles at p = k*n? are classical remnants of the zeroes of the Kac determinant.
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It is clear that the H,, are in involution at this order. As we see, in first approximation, the
dynamical system reduces to a set of decoupled harmonic oscillators. The generator Lg is given by

Lo=p}+ 87?2 al am
m

It is easy to verify that
(Lo, TW (2)}o = —40, TV ()

These perturbative arguments are good indications that u(x) indeed satisfies the Virasoro Poisson
bracket. Clearly we will not go very far in perturbation and we now look for a more formal proof
of this fact. For that purpose, we need some preparation.

10 Some identities.

Before computing Poisson brackets to check the Virasoro algebra, we collect a number of useful
identities. We start with a formula for the inverse matrix ©~!(x). It has the same form as O(z).

Proposition 9 Let us define

(F|= (B0~ (68)
Then, we can write
O, F — O F},
Q1 ="k m7 69
mk Z,% — m2m?2 ( )
Proof. Multiplying eq.(FF) on both sides by ©~1, we get
o 1z2 Ko l'=0"YywyEe - Wy Ee!
and so 17 1 1 "no-1
o-1 — O W))u((EO7 )k — (O [W))m({E[O )i
mk —
w2m?2 — Z3
But
O~ HW') = |&') + (E|®)|®), (E'|O7" = (F'|+ (E|®)(F|
Plugging into the above formula, we obtain eq.(9). [ ]
Proposition 10 The vector (F| satisfies a set of differential equations.
(F"| +2((B|®)) (F| + (F|2* =0 (70)

Proof. The proof is the same as for |®).
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From this we easily deduce

(O71) = —[@)(F|

which can also be proved using the similar property of ©. Let us define

E,(2)®,,(x E! ()@, (x
Ag(z) = Zﬁ, By (z) = Zzg(_)—mg;)

m m

) = Y Ln@Pul@) =y 0y 5 Enl@)@m(@)

(Zlg _ m27T2)2’ (Z]% _ m27T2)2

m m
Proposition 11 We have the identity
(1= Byp)Wi, + AW, =0 (71)
Proof. This is just a rewriting of |[W) = ©|®) using eq.(pJ) for O(z). [ ]
Proposition 12 The following two identities hold
(1— B+ Ay F, — A Fy, = 0 (72)
(Bi+ ZR A Fe + (1= Bp)F, = 0 (73)

Proof. The first identity is a rewriting of (F| = (E|©~! using eq.(69) for ©~1(z). The second
identity is just a rewriting of (F'| = (E'|©@~1 — (E|®)(F|. |
The above two identities form a linear system for Fy, and Fj. Its compatibility implies the following:

Proposition 13
(1 — Bp)? + AyB, — A\By, + A}, + Z2 A2 =0 (74)

Let us define B
Fy = Wi(1 = By) + W)/ Ay (75)

An important consequence of eqs.([[3[73) is

Proposition 14 The functions Fy(x) and ﬁk(x) are proportional.
Fi(@) = -2 Fi(a) (76)

The proportionality coefficient is written in this specific way for later convenience. The quantity i
is the one defined in eq.([54).
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Proof. Let us compute the Wronskian

Wr(Fyp, Fy) = Fy <W,;'(1 — By) — WLBL + W/ Ay, + W' ;) —F (W,;(l — Bp) + W,;'Ak>

= _A%Wk<(1 — By + A})Fy, — AkF/é) - Wy ((B//c + ZPAR)Fy + (1 - Bk)Fl;> =0

Proposition 15 The following quantities are constants independent of x
1

M = Pm By, — @, Bp— < E® > ®pEp— 7)(%@;, —®,8,)(E,Ep, — EnE}) (77)

2 2_m2
i

The quantities n,, defined in eq.(7]) are in fact the same as the ones introduced in eq.(37).

Proof. To prove the first statement, just take the derivative with respect to z and use eq. (@) To

prove the second statement, use the 7, defined in eq.([[7) to rewrite eq.([(4) as

TIm
> 77— i) = 1, Vk

m

which is exactly the same as eq.(B7).
A straightforward consequence is the "trace” formula that will be useful later:

(EQ) — (E'®) +(E®)” =~ " im

We now compute the coefficients ¢}, appearing in eq.([7q)

Proposition 16 The coefficients (i, in eq.([74) are determined by the set of equations

Ck
__ Sk 4y
Zk:Zg—mQWQ ’ mn

These equations are dual to eq.(78).

Proof. Start with
(FIw) = (El©o~'|W) = (E|®)

Using eq. ({1, {3,7d ), we have
Ck

FWy = ——=—(=W7? + W/Wi)Ay, = G, Ay
HEYE

hence

<F|W> = ZCkAk = Z <Z W) E,®, = <E|‘1)> = ZEm(I)m
k m

k m

Since this has to hold for all z, the only possibility is eq.(B0).

We collect below a few more identities of the type of eq.(B)) that will be important later
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Proposition 17

oo
at

E W, = G A (82)
F W, = —G (1— By) (83)
FWi = G (1-Br+A4y) (84)

(85)

FWi. = G (B + ZiAr)
Next, we relate the 7, and (g

Proposition 18 The following relation holds:

3 I
ZF=m7P " G

m

Proof. We start from

> OkmOy = Ouw
When k = k' this gives
Wi Fi Dy — Wi Fo(Dj, — A + Z7Cr) — W] F[C + Wi Fi(Cj, — Dy) =1
or using egs.(828H)
G{2Dk(1 = By) + DyAy, = DAy + A = 222Ch Ay — CypBj, — Ci(1 = By) | =1

Expanding this formula using (p # m)
1 1 1

(Z2 — m2m2)2(Z2 — n2p2) C w2(p2 —m2) (Z2 — 72m?2)2

1 1 1
T G~ G )

we get the result with 7, represented by eq.([77). [

An immediate and important consequence is an expansion of the function n(Z) near Z2 = Z,%

1

n(2) = (Zz—sz)C—k

o (86)

Returning to the formula for ¢(z, A, 1), we can write it as

f—eiZ p—e?
Ap)="— (2, 2) - z
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where we define

we.Z) = & <1—(E’|ﬁ|<1>>+(E|Z2%ZK2|<I>>> (87)

w@2) = e (1B ) - (Bl o) (58)

The functions w(x, Z) and w*(z, Z) are defined on the Riemann sphere with a puncture at co. One
can compute the Wronskian
ww* —w*'w = 2iZn(2)

This Wronskian vanishes precisely when Z2? = Z,%. Hence, when Z = Zj, w(x,Z;) becomes
proportional to w*(x, Zx). Indeed we have

w(z, Zy) = €261 — By +iZ,A)
w*(x, Zk) = e_izkx(l — Bk — ZZkAk)

Then eq.([)) can be rewritten as

(+)
«
Qg
where . '
aé ) —1- et Oé;g+)04§€_) = HEVk (90)

The function Fy(z) introduced in eq.(f8) is solution of eq.(fQ). It is not difficult to see that the
other solution of this equation is

ék = AkW]; + QZk(Wka - W,ng) + xﬁk

In terms of w(x, Z), w*(z,Z) defined in eqs.(871,83), we have

- 1 . . .

F, = 5( ;(~c )wlzk +a§g+)w |zi) = Oéz(g )W\Zk = Oéfj)w |2 (91)
~ i, (-

Gry = _5(0412 V07| 7, — al(<;+)azw*|zk) (92)

This will play an important role below.

11 Virasoro algebra.

We are now ready to compute the Poisson bracket {T'(z),T(y)}. The result is precisely the algebra
of the T}, = L,, — Ly, eq.(F7).
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Proposition 19 Let T(z) = 20,(E(z)|®(x)), and X (z),Y (x) be two arbitrary test functions.
Then we have

{ /O 1de (2)T (), /0 1de(y)T(y)} = - / 1dm(X’”Y—XY’”) 4 / 1dm( X'Y - XY')(p2 +T)

0 0

1 1 1 1
1 [ aeX@i) [y )T -1 [ ax@re) /O Y ()5y)  (93)

0 0 0

The proof is rather long and we will split it into several lemmas. Since |®) = ©7|IW), we have
{|2)1,12)2} = o7'6;" [{917@2}\‘1’1>\¢2> — {01, Wa}[®1) — {W1, Oa}[®2) + {W1, W2}

where the index 1, 2 refers to the customary tensor notation. In this expression, all Poisson brackets
can be computed explicitly. Using the fact that rows with different indices in © and W Poisson
commute and using only eq. (1), we arrive at

(En(o), 80} = -2 O (00 0t G (1= ) [Ate)Gaty) - Aun)Getw)] ()

where v, are defined in eq.([84). Multypliying by Ep,(z)E,(y) and remembering that (E|©~! = (F|
we get

(B 0(@). (B() }—2Z<k81“2’“( - 2 ) ¢ (Ad)Bu(e) ~ A@Bin) ()

Zk'Yk,Uk

where

Ap(z) = F(x), Bu(z) = Fi(2)Gr(x)

Using eqs.(B7,R9), we can write

Ap(z) = o wz, Z)w* (z, Z)| 7=z,
Bi(z) = ’u;—zk(w*(x,Z)azw(x,Z)—w(x,Z)azW*(%Z))‘Z:Zk

The strategy to evaluate the right hand side of eq.(DF) is to rewrite it as a sum over the residues
of certain poles of a function on the Riemann Z-sphere. This sum can then be transformed as a
sum over the residues of the other poles (there will be none in our case) plus a integral over a small
circle at infinity surrounding an essential singularity. This last integral can then be evaluated using
the known asymptotics of the function. Let us define

a(Z) = 2 iz 4 Z iz

ismzt 0 Y=gz et ) =g (96)
and introduce the functions

= w(@, 2wy, Z) —w'(z, Z)w(y, Z)
2 = a(Zw(z, Z)w(y, 2)

)(w(z, Z)w(y, Z) + w*(z, Z)w(y, Z))
Jw*(z, Z)w*(y, Z)



These functions are defined on the Riemann Z-sphere have poles at the points +mm and have an

essential singularity at infinity. Let

Q=00
and recall the definition of 7(Z) eq.(BY).
Lemma 5
e (1- 1) - - G DT (1B (Al — A)B)) (07
7z Z Z/ﬂk,uk Zg

Proof. The factor n?(Z) introduces double poles at &7 because n(Z;) = 0. However using eq.(B9),
we see immediately that 4|1z, = 0, so that the poles are in fact simple. Remembering eq.(Bf),
we have

2 2
P _ Ci Po
EZ Rean(Z) (1 Z2> = Ek 172 ( Z2> (5zﬁ|zk +(92§2|7Zk)
k

We need to compute 07|17, = ale|iZk Q2|+7,. Evaluating at Zj gives

27
09z, = o (a2 4 200) + o) 2 ) (Aul0)Bte) — Au(0)BL ()
PR o, ap
while using w(—Z2y) = w*(Zy), 8Zw\_zk = —0zw"|z,, we also have
29
0920 = ey (-2 %+ 22 + 020 ) (A)BLG) — A28 ()
Hi Vi o oyl
The result follows from the identities
o - Zysin Z
a(Z)k +2b(z,€)+c(z,€)—{ﬂF = g TNk
ak Q. Yk
- - Zysin Z
o(~Zi) K 4 2b(~Z4) + a(—Zk)a—lfr = g TESRTE
Oék ak Vi

Next we have to examine the poles at =mm in the expression
7 (1~ %)
n*(Z) z?

= (w(z) —w(2)w (y) — (wly) —w(y)w'(z)

= 4¢siznzX{Wx)—w(w))(e“w (y) — e w(y)) +

We rewrite 27 and 5 as




Recalling the formula eq.(B7, BY) for w(x,Z) and w*(z,Z), we see that when Z = 0, we have
w = w* so that Q1 = 0(Z) and Qs = 0(Z?). Hence we have no pole at Z = 0. When Z = +7m +¢

w = Ew(im)—i- ()—i- e, Wt :Ewi(ml)—i- i()
with
—1 *(—1
wly (@) = 0l V(@) = Frmp(2)
Because the two leading terms are the same, both w*(z, Z) —w(z, Z) and e?w*(x, Z) — e~ w(x, Z)
are regular. So € and € both behaves like 1/e. Since 1/1?(Z) behaves like €2, the whole thing is
in fact regular.

We come to the conclusion that everything happens at infinity. We want to compute

{ / do X (2)T(x), / de(y)T(y)} _y /O X (2) /0 Y () / OodZ< ?2) %axayg

(98)
Let

w(z,2) = nV(2Z)w(x, 2)
o (x,2) = nV(2)w(z,2)

The wronskian of w(z,Z) and w*(x,Z) is 2iZ and therefore these functions coincide with the
Baker—Akhiezer functions which are usually introduced in the pseudo-differential appproach to the
KdV hierarchy (see e.g. [[[3]). At Z ~ oo, we have

' w(z) W(x)+w(z
@(x,Z) _ ezZat <1_ Z(Z) + (2)(:_2)2( )+>

w(z W(x) + w?(x
A ROy (REC PR EE

where we have set
w(r) = (E®)(z)

Eq.(79) is needed to verify this formula. Using theses asymptotic forms, we find

1
Ox (@2(9572)) = ( Z An(m)(iZ)N> 2%z

n=—oo

Oy ({5*2(%2)) = ( Z (—1)nAn(ac)(iZ)"> o2

-1
0 (W(x, Z) " (x,2)) = Y Con(z)(iZ)°
where
8 3 ’ 2 4 v 2
Al =2, A0:—4w( ), A_ —4w() A_Qz—gu) -2 R Agzgw + 4w w



Consider the term proportional to b(Z) in eq.(pg):
dz 5 _ _
o[ sena (1-8) [ den(x @y @) - XY @010 20,5 0.2)

2w

Lemma 6 Let us define

We have

Proof. It is clear that
0.1,(2) = 2Ly (2)

hence we can determine all the I,,(2) recursively. For p > 0 this is done by successively differentiating
I_1(2z) which is easy to calculate

dz 1 dZ cos Z o 1 ‘ 1
I_ = “Zwz 2222:_/ e A 22y 2m7rz:__5
1(2) /Coo 2ix )iZe 2 Jo 2irsinZ 2;6 50(2)

For p < —2 we have to successively integrate I_1(z). For this we need boundary conditions which
are provided by

az
| sevzmzr=o p=2 (99)
Coo A%
This is because
¢ dZ cos Z 1 1
PP > p—17—p+
/Coo 217? ZC 2t Jo, 2ir sin Z ZC

¢? / dZ cosZ 1  (? 1 2¢
= —— = t( — — — - > —
2 Jo 2rsinZ Z — ¢ 2i cot ¢ nz:;] (2 —n2n2 0

Denoting

m-+n=p

we get

1 1 p=2
i (XY (4) = XY () 3 Fyla) Uyl =) + #ilp-a = )
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In this expression, we separate the terms with a §(z — y) function or its derivative which will lead
to local terms (L) and the non local terms (N L) with are proportional to e(x — y).

L, = 4/dmdy(X(x)Y(y) — X(y)Y(x))(FQIQ + I+ (Fy + paFo) I + (Fy +p3F1)1_1)

NIy = 4 [ dedy(X@)Y (1) = X@Y (@) Y (Faon + BF-) s (100)
n=0

We have
Fy(z,y) = -4, Fi(z,y) =8 (w(z) —w(y))

Fo(e.9) = —8 (o) — o), Foa(oy) = (o) o)’ +4 [
Yy

3

The local terms are
= 4 [Cao [ ) - XY @) {370 -0 e
(o) = ()8~ )~ 2el) = ()~ )~ 5P )00~ )

The last two terms obviously vanish and what remains is

1
Ly = / do {—(X"Y — XY") = 4(X'Y — XY")(p§ + 2u") }
0

Lemma 7 The non local term eq.({L04) is identically zero.

Proof. The non local term reads
1 1
NI, = -2 /O da /O dy(X (@)Y (y) — X ()Y (@))e(z — 1)

nzzo <Ff2fn(£6, y) + pEF_,(x, y)> W(x _ y)n]

The first sum is just the coefficient of (iZ)~2 in the formal expansion of Ow?(z, Z)0w*?(y, Z) while
the second sum is the coefficient of (iZ)°. Hence we have

1 1
Ny =2 [do [ ay(X(@)Y ) = XY @)ele =) [ 522 =1877) 05 (2. 20050, 2)

Coo 2m

The above expression is zero in the following sense. Let us write

/ 4z —(Z—ptZz~ )0@2(x,2)aw*2(y,2):iw/ i —(Z—ptz™Y 0w (z, 2)0" @ (x, Z)
Cx C

2 ‘ 7! 2
=1 o

We will show that all the integrals around Cy, in the right hand side are identically zero.
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Since the function w(z, Z) satisfies the Schroedinger equation, its square w?(z, Z) satisfies a third
order differential equation

D (x, Z) = —4Z%0w*(x, Z), D=0+ 80+ 40"
Let us introduce a pseudo differential operator ® such that
W (x, Z) = De?iZ®

Then
D= 005%d!

Since D is anti self-adjoint, we also have
D= -D* =" 19%9*9
it follows that w*?(x, Z) which is solution of
(=D (x, Z) = —42%00* (z, Z)

can be written as
’&7*2($,Z) — 871(1)*716672221

Hence
6&;2 — aq)emZ:v, az+1,w*2 — alq)*flaefmZm

Finally, we have to compute

/COO %(Z 227 (03, 2))0 2 (2, Z) = /Coo %(Z — 2771 (9P gipr g2 Ze
_ ;_11 " % (0D2Z0) o~ 1(92 4 4pl)e~ 12w
We recall the formula (see e.g.[[[H])
/C ) %(De’zx)(Fe_iZ””) = Resp(DF*)

where Resy is Adler’s residue [25]. So our expression is equal to
Resp(00(0* + 4p2)®@~10") = Resy((D + 4p20)d") = 0

because (D + 4p29)d" is a differential operator. [ |
Consider next the term proportional to a(Z) in eq.(Pg).

[ [Ca(x@ve) - xere) [z (1-B) e 20, (a0 2) 5 0.2)

2w
o0
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Lemma 8 Let us define

One has

Proof. One has
O p() = 2Ty (x)

The calculation of J_;(z) is easy. Next, we need boundary conditions to determine the other J,
by integration

. n _<2/ dZ e'? 1
nZQ(ZO T = 5 | sirsmzZ—¢

_ C2 e*l’C 1 _ C2 e*iC _ C2
N 2_1'[_sin§+7;z§—mr] _2_1'[_sinC+COt4 )
|

It follows that all the non local terms containing Jy,(z) for p < —2 vanish when 0 < z < 1. The
a(Z) term is

1 1
Lo=4 [ do [ au(X(@)Y () = X@)Y (@) Ar(@)Ca(0) 1 (0)
or 1 1 1 1
Lo=1 [ deX(@@) [ apy ') ~4 [ dov (@) [ anx )
Finally, the term in ¢(Z) is just equal to the a(Z) one and double it.

Putting everything together, we arrive at eq.(3). In the course of this proof, we have shown the
identities
/ dﬁ(z — iz (00*(x, 2)) 0" @** (2, Z) =0, Vi>0
Oy, dm
These are quartic identities on the coefficients of w(z, Z). Of course, we also have the quadratic
relations of Hirota and Sato that were interpreted by Sato as Pliicker relations defining the infinite
Grassmannian, allowing to give a precise definition of 7-functions. The above relations are quartic

relations on 7-functions analogous to the quartic relations on Riemann Theta functions.

12 Poisson bracket {Lg,u(y)}.

In the previous section, we have obtained the Poisson bracket for the generators T,, = L,, — Ly. We
now have to reintroduce Ly and check that it has the correct Poisson brackets. The candidate for
Lo was given in eq.(p6)). Let us recall it:

1 Iy
Lo =pj+
) ; pg — k*m
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where

Ty = E;,(0)24(0) — E;(1)24(1))

/
_ M m(0)®m (0)
_1_;Z2—m27r2 _1_; Z? — m?m?

where we have used eq.([77), evaluated at = = 0, to express 7y,.

and

Proposition 20 We have the following Poisson bracket:

Lo [t} =1 [ ar [z - o) + 70 (101)

0
This shows that {Lo,-} acts on u(y) as 0y, as it should be.

Again, the proof is long and we will split it into several lemmas. We need to compute {®,,(z), T (y)}.
and {®/ (x),T(y)} for z =0 and x = 1.

Multiplying eq.(p4) by E,(y) and remembering that (E|©~! = (F| and Fj(z) = szk Fy(x), we
get

{(I)m(x)v <E(y)q)(y)>} = (102)

sinZ, GA-p272.2%) 1~ .~ .~  ~ e~
= 2 Y Fl@F@Fuy)Culy) - By Fl(@)Cr ()]

n — 2 ~ ~ ~ ~ ~ ~
20, 32 B I [ RGP )G

As before, this can be expressed in terms of 27 and Q5. We find
)

— m2m?2)
This formula is the starting point to begin the computation of {n(pg), (E(y)®(y))}. Setting z =0

in eq.([[09), the term proportional to ®,(x) vanishes because Fj,(0) = 0. We are left with (z = 0,
but we keep it for a while)

{@m(z), (E(y)®( = _ZReSiZk pe Z (Z2 D (P ()0, Q2 — D, (2)Q2)

PRz~
(@2 (EW)2W) 0 Ressas one
Multiplying by WE_;”% and summing over m, in the right hand side appears the sum
0
_ Z E;n (O)q)m(o) _ Z Im

2 (8 — m2n?) (22— 72mi?) 2 — 72m?) (ZF — 7o)
_ —1 TIm Im
= a2 (e )
)
- Z]% (2)77 Po



where we used that o m — 1. VEk. The factor 1/(Z? — p) cancels with the factor (1 —
m Zp—m?m k 0

P37 %) in eq.([03) and we are left with

). (BRI} = —nlmm) 3 Resaz oz 10,8
k
Finally ) X 4 o
{o). [z} =20 [ avw [ FEma@any oo

where we used the asymptotics expressions for w and w* inside 27 and €9, hence removing the
n%(Z) factor. The last step consists in evaluating the integral around Cs. The reult is:

Lemma 9

1 1
{n(po),/o de(y)T(y)} :477(100)/0 dyY ()&’ (y) (105)

Proof. Let us consider the integral over Co, in eq.(JL04). The term containing b(Z) can be written
as

L, - /Cw%%x{m,m e, Z) — @ (0, 2" (z, 2))0, (@ (y, 2)i (y. Z)) +

w(z, Z)w' (z, Z)ay@*Q(y, Z) —w*(x, Z)w" (z, Z)ﬁy{EQ(y, Z)}

On the first line, we recognize the wronskian of w(z, Z) and w*(z, Z), which is just equal to —2iZ.
Since 9y (w(y, Z)w*(y, Z)) = Z=2S4(y) + - - - this term vanish by eq.(pJ). Hence

L AZND ) a  a o a
Ly = 5/000% 72 {wa (x, 2)0yw™(y, Z) — Oyw**(x, Z)0yw (y,Z)} (106)
= - Z F,p(Q?,y)pr,Q(,I - y)
p=—2
_ 5 1. 4z 1, -» -
= dy—=z)+ 26(:6 y)/Oo 227TZ8 LW (x, Z)0yw* (y, Z) (107)

The €(x — y) term is zero because

AZ 1 .1 . AR 12\ (i1, —2iZa
/C 2Z7TZ6+1 2($ Z)8w2(3: Z) _ /C 2Z7TZ(6+1(1) 22)((1) 16 2Z)

dz % i Zx *—1,-2iZx
_ /C 217(_(6—"_1‘1) 217 )(‘1) 1 QZ)

= Resp(0"™®-d7 1) =0

Next, we consider the a(Z) term. It reads

Lo= o DAL (e, 2 (9. 2) — 0 (. Z)ib(y, 2))i (. Z)iy. 2)
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— /Coo %G(ZZQ) <%8$@2(x72)3y({5(y7 Z)w*(y, Z))

S (@ (2, 2 (2, 2) + 0 (, 2)i5(, 2))0, (v, )

—%(ﬁ*(m, 2\ (x,2) — 0" (z, Z)0(x, 7)), (y, Z)>

Again, the last term is the wronskian and so

L= [ 52 (Fizo@ . 2) + 5.5 200,10, 20 (0. 2)

506 (@, 22 20,70 2)

The first term is

/c DDA = 3 AT ()
oo pi_l
0 p—1
= %5'(21) —w(y)d(y) + (ely) — 1) > A_,(y) E;y_) 1)!

p=1

The last sum is zero because 0 < y < 1. The d(y) term vanishes because w(0) = 0. The second
term is

1/ d—Z@/Lp(x)c*,q(y)(Z'Z)fpfqem'zx _ 1
c

2 Jo, 2im 22 (@) = D(A@)Ca()@) + ) (108)

This vanishes when £ = 0. The third term is

_% /Coo %%f)A_p(y)c_q(x)(z’Z)‘p‘quiZy = %(E(y) - 1)<A1(y)0—2(96)(2y) + - )

and this vanishes when 0 < y < 1.

Finally, it is easy to see that the ¢(Z) term is equal to the a(Z) one. Putting everything together,

we get eq.([[05). [ ]

The last result we need is the following:

Lemma 10

{ZEln(o)cI%L(Zo)—E,iﬂ(l)@;L(l)’ / de(y)T(y)} _ _tnpo) / WYOTE  (100)
m 0 0 0

pE — 2m2

Proof. Taking the derivative with respect to x of eq.([[03) and remembering that F(0) = Fy(1) = 0,
the remaining terms are (there is a cancellation in the @) (x) term)
sinZ, CA(1— p%Z,;2)

Zy i Zf — mm?)

{CI)%L(.%'),<E(y)CI)(y)>} = _QCI)m(x)Z

k
Or | FiL (@) Fi (@) Fi () Grly) — FR () Fi (@) Gi()
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where it is understood that z = 0 or = 1. By exactly the same argument as before

{Z o _ﬂmg / dyY ()T (y)} = 277(170)/ dyY (y 33/ ng Q@Qz

Hence, we just have to take the derivative with respect to = of the previous result, before setting
r=0o0rz=1. At z =0 we get

2n(po) /0 1 dyY (y) [ — " (y) + 4w”(y)]

The 6" (y) term comes from eq.([[07) while the second term comes from eq.([0§) doubled by the ¢(Z)
contribution. At z = 1 only the periodic §” (y) remains. Taking the difference we obtain eq.(L09). W

Putting everything together, we arrive at eq.([L01]), and this finishes our proof that u(x) does satisfy
the Virasoro Poisson bracket.

13 Conclusion.

We have succeeded to take the continuum limit in the formulae expressing the dynamical variables
of the Volterra model in terms of the separated variables. This yields exactly solvable potentials
and formulae for the Virasoro generators of a rather unusual type. Still, we were able to check
that they have the correct Poisson brackets. Of course the most interesting thing now is to try to
quantize this approach. As a first step, a semiclassical analysis along the lines of [2d] should be
very enlightening. The full quantum theory however may reserve some surprise. The bracket eq. ()
being in fact an ordinary quadratic bracket, it is natural to quantize it with Weyl type commutation
relations. This opens up the possibility of phenomena as those advocated in [{, R7].
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