
HAL Id: hal-00011235
https://hal.science/hal-00011235

Submitted on 13 Oct 2005

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Relationship between the non linear dynamic behaviour
of an oscillating tip-microlever system and the contrast

at the atomic scale
Jean-Pierre Aimé, Gérard Couturier, Rodolphe Boisgard, Laurent Nony

To cite this version:
Jean-Pierre Aimé, Gérard Couturier, Rodolphe Boisgard, Laurent Nony. Relationship between the
non linear dynamic behaviour of an oscillating tip-microlever system and the contrast at the atomic
scale. Applied Surface Science, 1999, 140, pp.333-338. �hal-00011235�

https://hal.science/hal-00011235
https://hal.archives-ouvertes.fr


R
os

PUB

Abstra

In
The a
geome
freque

PACS:

Keywor

1. Int

Few
been
as shi
numer
perfor
able t
The ‘
by sev
surfac

) Co
5-56-84
Ž .

elationship between the non linear dynamic behaviour of an
cillating tip–microlever system and the contrast at the atomic
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this paper, the dynamic behaviour of an oscillating tip–microlever system at the proximity of a surface is discussed.
ttractive tip–surface interaction is simply described with a Van der Waals dispersive term and a sphere–plane
try. We show that the non linear behaviour of the oscillator is able to explain the observed shifts of the resonance
ncy as a function of the tip–surface distance without the need of introducing a particular short range force. q
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years ago, the resonant non contact mode has
found as a way to map tip–surface interaction

w xfts of the resonance frequency 1,2 . Since then,
ous technical and experimental efforts had been
med showing that measurements of shifts were

w xo produce images at the atomic scale 3–6 .
routinely’ achievement of the atomic resolution
eral different teams and on different types of

e were thought as a real breakthrough in the

rresponding author. Tel.: q33-5-56-84-89-56; Fax: q33-
-69-70; E-mail: jpaime@frbdx11.cribx1.u-bordeaux.fr

field of the scanning probe microscopy. Moreover,
the increase of experiments using the resonant non
contact mode with a high vibrating amplitude and

Žthe systematic use of the intermittent contact the so
.called tapping mode produced numerous stimulating

w xexperimental results 7–9 . Therefore, theoretical
works dedicated to a non linear analysis of the
oscillating behaviour in an attractive and repulsive

w xfield were greatly stimulated 10–16 .
Before going a step further, it is worth to discuss

general ideas at a qualitative level. Leaving aside the
technical point that the use of a high amplitude
reduces the influence of the fluctuations in frequency
w x2 , a first, counter intuitive, result is the use of a
large vibrating amplitude allowing the atomic resolu-rr q

Ž .
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tion to be achieved. The most common and shared
idea is that to probe an attractive field with an
oscillator requires to use a small amplitude in order
to keep the force field nearly constant throughout the
vibrating amplitude. This comes from the idea that
shifts in resonance frequency were uniquely due to
the gradient force variations.

An image with the atomic resolution based on a
repulsive interaction appears quite easily understand-
able, but getting the same resolution when the attrac-
tive Van der Waals forces are involved is much
puzzling. The smooth variation of the Van der Waals
atom–atom interaction and the finite size of the
interacting objects requires a further summation,
leading to a tip–sample interaction smoothly varying
as a function of the tip–sample distance. For in-
stance, the sphere–plane interaction leads to an at-
tractive force with a dy2 power law. The force
gradient variations, with a power law dy3, should
normally not be able to produce features at the
sub-atomic scale. This can be straightforwardly de-
duced within the framework of a linear analysis from
which shifts of the resonance frequency as a function
of the force gradient is unable to predict the ob-
served shape of the frequency changes as a function

Ž .of the tip sample distance see below .
The key point with an AFM is that the recorded

information comes from the tip–sample interaction,
thus the tip is the collector but that which is mea-
sured is the cantilever response. In other words,
when the microlever is externally periodically ex-
cited, the recorded image is a measure of the oscillat-
ing behaviour of the tip–microlever system, which in
turn can be very sensitive to change of the strength
of the surrounding field either attractive or repulsive.

As a consequence, one can expect to find the
experimental conditions for which a small change of
the strength of the interacting field induces a spec-
tacular change of the oscillating properties. Such a
situation occurs if a non linear dynamic behaviour is
observed, such that the oscillator acts as an amplifi-
cation of a small perturbation. That means that those
variations will be able to produce a high contrast on
an image even for a small variation of the surface
properties.

When the tip–microlever system experiences a
purely attractive field, the oscillator exhibits a non

w xlinear behaviour 10–12,14 . When the oscillator is

set at a drive frequency slightly below the resonance
one, a bifurcation from a monostable to a bistable
state occurs as soon as the vibrating amplitude is

w xlarge enough 14 . Such an instability makes the
tip–cantilever system very sensitive to any slight
change of the tip sample interaction. Indeed, the
occurrence of an instability gives an infinite sensitiv-
ity with the undesirable effect that the tip can snap
the surface. Keeping the amplitude constant, the
shifts in resonance frequency show a continuous,
monotonous, variation as a function of the tip–surface
distance which can be very large when non linear
effects take place, and in turn amplifies small changes
of the strength of the interaction.

This is the aim of the present work to show that
taking into account the non linear behaviour of an
oscillator and a Van der Waals like interaction be-
tween the tip and the surface could be enough to
describe most of the results obtained at the atomic
scale. As soon as a high amplitude is used, a non
linear behaviour is expected, the larger the ampli-
tude, the sharper is the bifurcation, or more pro-
nounced is the dependence of the shift in frequency
as a function of the tip–surface distance. As a conse-
quence, to explain the recorded images a complete
understanding of the oscillating behaviour is neces-
sary whenever possible. The paper is organised as
follows, in the first part we present the differential
equation aiming to describe the resonance behaviour
of a non linear oscillator, to do so we discuss the
Duffing oscillator that exhibits the main features
expected. Then we turn on a more general treatment
based on a variational principle from which we do
get an exact analytical expression of the harmonic
solution. This harmonic solution is discussed and
simplified in order to better compare the shift of the
resonance frequency as a function of the tip–surface
distance given by the linear and the non linear
analysis.

2. Perturbation theory, approximate solution of
the harmonic ansazt

Most of what is given below, can be found in Ref.
w x w x17 or Ref. 18 , therefore we just recall the basic
ideas and underline the most interesting results. The
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linear equation describing the resonance curve of an
oscillator gives the relationship between amplitude
and frequency:

frm
A v s 1Ž . Ž .

2 22 2( v yv q 2bvŽ .Ž .0

with b the damping factor giving a quality factor
Qsv r2b. f and v are the external drive force0

and the drive frequency, respectively. When the tip
is far from the surface, the resonance curves are

Ž .described in Eq. 1 .
To take into account a possible non linear be-

haviour of the oscillator, particularly when attractive
or repulsive interaction occur, the Duffing oscillator
is a pedagogical and suitable model:

f
2 2 3xq2b xqv xq´v x s cos v t 2Ž . Ž .¨ ˙ 0 0 m

where ´-0 corresponds to the attractive case and
´)0 corresponds to the repulsive case. The use of

Ž .the trial function Acos v tyf gives shifts in reso-
nance frequency as a function of ´ and of the
magnitude of the vibrating amplitude through the

w xrelationship 17 :

3) 2v sv 1q ´ A , 3Ž .Ž .0 4

The shift becomes a function of the amplitude, the
larger is the amplitude the larger is the resonance

Ž .frequency shift see below . The relationship be-
w xtween the amplitude and the frequency becomes 17 :

frm
A v sŽ .

22 232 2 2( v 1q ´ A yv q 2bvŽ .Ž .ž /0 4

4Ž .

3. Variational method, principle of least action

A variational method can be developed based on
w x Ž .the principle of least action 14 . The action S x is

Ž .a functional of the path x t and is extremal between
two instants.

tb
S x t s L x , x ,t d t 5Ž . Ž . Ž .˙H

ta

Where L is the Lagrangian of the system. The
main aim of the use of the variational principle is to
employ a trial function that allows us to perform an
analytical treatment. As for the treatment of the
Duffing oscillator, we focus on the behaviour of the

Ž . Ž . Žharmonic solution of the form x t sA D cos v t
Ž .. w xyf D . Using a sphere–plane interaction 19 , the

Lagrangian is:

1 2LsTyUqWs mẋ2

HR
1 2y kx qxf cos v t y yg xxŽ . ˙2ž /6 DyxŽ .

6Ž .

where H is the Hamaker constant, R the radius of
the tip, D the distance between the surface and the
tip at the equilibrium position at rest and g the
damping coefficient. The parameters of the path are
A and f, and the variational principle dSs0 be-
comes a set of two partial differential equations:

ES
s0

E A

ES
s0

Ef

after some tedious calculation, we obtain the two
coupled non linear equations:

a a
2cos fsQa 1yu 7aŽ . Ž .3r22 23 d yaŽ .

sin fsau 7bŽ .

where the amplitude, the distance and the frequency
are expressed in reduced coordinates asArA and0

dsDrA , usvrv . Where v and A are the0 0 0 0

frequency and amplitude at the resonance. Finally,
we use the dimensionless parameter a :

HRQ
as 8Ž .2 3mv A0 0

a is the ratio between a normalised attractive inter-
action and the external force. When a-1, a bifurca-
tion from a monostable to a bistable state can be
observed, while when a)1, instabilities are not
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w xobserved and a linear analysis can be used 14 .
When a molecule–plane interaction is used, the di-

Ž 3 . Žmensionless parameter becomes as HR Q r m
2 5 . w xv A 20 .0 0

Ž . Ž .Solving Eqs. 7a and 7b gives the relationships
between the amplitude, the distance and the fre-
quency:

2r3

a
2d"s a q

1� 02 2) 3 Q 1yu " yuŽ . ( 2ž /a

9Ž .

4. Comparison with a simulation and different
approaches

Here it is useful to examine an approximation
Ž .allowing Eq. 9 to be more tractable compared to

the one we get with a linear analysis. Consider the
case corresponding to:

1
Q4 10Ž .

2'1yu

Ž .Eq. 10 means that the relative width of the reso-
nance curve is smaller than that of the relative shift
of the resonance frequency. Assuming this condition
is fulfilled, when the amplitude is kept constant, Eq.
Ž .9 allows a simple relation between the relative shift
and the tip–surface distance to be derived. Setting

Ž .as1 one gets from Eq. 9 :

HR
w x1yu ;1y 1y 3r2) 2 3 2ž /3mv A d y1Ž .0 0

11Ž .

Ž .Eq. 11 indicates that as soon as condition 10 is
fulfilled, the quality factor will not have any influ-
ence on the experimental results. In other words, the
thinness of the resonance peak does allow a small
frequency shift to be recorded, but you might also
expect to have the same behaviour even with a
smaller quality factor.

For a high amplitude A a further simplification0

can be done which gives an easy comparison with
the linear analysis:

HR
w x1yu ; 12Ž .3r22 3 26mv A d y1Ž .0 0

while a linear analysis gives the frequency shift:

HR
w x1yu s 13Ž .2 3 36mv A d0 0

Ž .Using the same experimental parameters, Eqs. 12
Ž .and 13 predict a completely different behaviour

emphasising the influence of the non linear terms in
Ž .achieving the atomic resolution Fig. 1 .

To go a step further, it is worth comparing the
results obtained with the Duffing oscillator and those

Ž .Fig. 1. a Comparison between the resonance frequency shift
Ž . Ž . Ž . Žcalculated using Eq. 12 continuous line and Eq. 13 dashed

. Ž . 2 y6 y2line see text , with HRrmv s2.81 10 J m kg s . A are0 0
Ž .the resonance amplitudes. b Example of distortion of the reso-

nance peak as a function of the tip–sample distance, the resonance
Ž .peaks are calculated with the help of Eq. 9 .
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derived when an oscillator is in an attractive field.
To be directly compared, a Taylor’s expansion with
xrD terms is written without using the reduced
coordinate:

f HR
2xq2b xqv xs cos v t qŽ .¨ ˙ 0 2m 6mD

HR 1 HR
2q xq x3 423mD mD

2 HR
3q x q . . . 14Ž .53 mD

Ž . Ž 2 .the term HR r 6mD is a static term displacing
Ž . Ž 3.the position at rest of the cantilever, HR r 3mD

is the force gradient term, which within the linear
analysis gives the frequency shift. Comparison with

Ž .Eq. 2 gives:

2 HR
´s 15Ž .2 53 mv D0

Ž .and with Eq. 3 , we have:

1 HR
2v )sv 1y A 16Ž .0 2 5ž /2 mv D0

Ž .thus, Eq. 16 gives an order of magnitude of the
frequency shift expected at a given tip–surface dis-
tance.

Ž . Ž .Fig. 2. Fit continuous line with Eq. 11 of the numerical results
obtained with the simulation of an experiment. The input values in
the simulation gives a dimensionless parameter a s1.7=10y3 ,

Ž .with a quality factor Qs1000. The refined value with Eq. 12
gives a s1.6=10y3.

To check the validity of the approach, a simula-
tion of the experiments were performed. This was
done with the Matlab simulink toolbox. The basis is
no more but the one suggested in the Albrecht paper
w x2 . The blocks of the oscillator and the demodulator
needed to measure the frequency shift are simulated.
The beginning of the oscillation is provided by a

Ž .noise generator b t . The open loop gain is higher
Ž .than unity, thus an automatic gain control G u

Ž . Ž .provides a constant excitation u t sBcos v t . An
example of numerical results is reported and com-
pared to the theoretical prediction. The agreement is
excellent, the input experimental parameter was the
dimensionless parameter as0.00174 and the re-
fined value obtained from the equation derived from

Ž .Eq. 9 gives as0.0017, note also that using the
Ž .approximate expression given by Eq. 11 , satisfacto-

rily describes the overall behaviour with as0.0016
Ž .Fig. 2 .

5. Conclusion

The present work aims to describe some of the
evolution of the vibrating tip–microlever system.
Here we focus essentially on shifts of the resonance
frequency that have been shown to be able to record
images with the atomic resolution. The theoretical
description is able to predict, with a good agreement,
the variation of the resonance frequency as a func-
tion of the tip–surface distance. It also shows that a
linear analysis cannot account for the frequency shift
evolution, thus, will be unable to explain large fre-
quency shift when the tip–sample distance is slightly
varied. Nevertheless, it remains to transpose this type
of work to explain the atomic contrast observed.
When a tip is scanned over a surface within the
Ž .X,Y plane, the experiment is different than that
recording oscillator properties at a fixed location in
the surface and moving up and down along the
vertical z axis. As the tip has a finite size and does
interact with a more or less extended part of the
surface, work has to be performed to explain how
small topographic corrugation could be equivalent to
what is observed by approaching the surface at a
fixed location.

In conclusion, the present paper shows that there
is no need to introduce particular short range forces
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to explain the way the shifts of the resonance fre-
quency is varying as a function of the tip–sample
distance.
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