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Abstract

We study a financial model with one risk-free and one risky asset subject to liquidity
risk and price impact. In this market, an investor may transfer funds between the two
assets at any discrete time. Each purchase or sale policy decision affects the price of
the risky asset and incurs some fixed transaction cost. The objective is to maximize
the expected utility from terminal liquidation value over a finite horizon and subject
to a solvency constraint. This is formulated as an impulse control problem under state
constraint and we prove that the value function is characterized as the unique con-
strained viscosity solution to the associated quasi-variational Hamilton-Jacobi-Bellman
inequality.
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1 Introduction

Classical market models in mathematical finance assume perfect elasticity of traded assets :
traders act as price takers, so that they buy and sell with arbitrary size without changing
the price. However, the market microstructure literature has shown both theoretically and
empirically that large trades move the price of the underlying assets. Moreover, in practice,
investors face trading strategies constraints, typically of finite variation, and they cannot
rebalance them continuously. We then usually speak about liquidity risk or illiquid markets.
While the assumption of perfect liquidity market may not be practically important over
a very long term horizon, price impact can have a significant difference over a short time
horizon.

Several suggestions have been proposed to formalize the liquidity risk. In [22] and [2],
the impact of trading strategies on prices is explained by the presence of an insider. In
the market manipulation literature, prices are assumed to depend directly on the trading
strategies. For instance, the paper [11] considers a diffusion model for the price dynamics
with coefficients depending on the large investor’s strategy, while [14], [25], [5] or [7] develop
a continuous-time model where prices depend on strategies via a reaction function. We
mention also in this direction a recent paper [8] in a discrete-time model. Notice that
liquidity risk is also related to transaction cost literature, see e.g. [12] and [20], since
transactions costs incur finite variation on trading strategies and bid/ask spead on the
assets price. Most of these cited papers focus on the implications of their liquidity risk
modelization on arbitrage and asset pricing.

In this paper, we propose a model of liquidity risk and price impact that adopts both
perspectives of market manipulation and transaction cost literature. Our model is inspired
from the recent papers [27] and [16], and may be described roughly as follows. Trading
on illiquid assets is not allowed continuously due to some fixed costs but only at any
discrete times. These liquidity constraints on strategies are in accordance with practitioner
literature. There is an investor, who is large in the sense that his strategies affect asset
prices : prices are pushed up when buying stock shares and moved down when selling
shares. In this context, we study an optimal portfolio choice problem over a finite horizon :
the investor maximizes his expected utility from terminal liquidation wealth and under a
natural economic solvency constraint.

Our optimization problem is formulated as a parabolic impulse control problem with
three variables (besides time variable) related to the cash holdings, number of stock shares
and price. This problem is known to be associated by the dynamic programming principle
to a Hamilton-Jacobi-Bellman (HJB) quasi-variational inequality, see [4]. We refer to [19],
[21], [6] or [24] for some recent papers involving applications of impulse controls in finance,
mostly over an infinite horizon and in dimension 1, except [21] and [24] in dimension 2.
Moreover, in our context, the economic solvency condition requires that liquidation wealth
is nonnegative, which is translated into a state constraint.

The features of our stochastic control problem make appear several technical difficulties
related to the nonlinearity of the impulse transaction function and the solvency constraint.
In particular, the liquidation net wealth may grow after transaction, which makes nontrivial



the finiteness of the value function. Hence, the Merton bound does not provide as e.g. in
transaction cost models, a natural upper bound on the value function. Instead, we provide
a suitable “linearization” of the liquidation value that provides a sharp upper bound of the
value function. The solvency region (or state domain) is not convex and its boundary even
not smooth, in contrast with transaction cost model (see [12]), so that continuity of the
value function is not direct. Moreover, the boundary of the solvency region is not absorbing
as in transaction cost models and singular control problems, and the value function may be
discontinuous on some parts of the boundary. In our general set-up, it is then natural to
consider the HJB equation with the concept of (discontinuous) viscosity solutions, which
provides by now a well established method for dealing with stochastic control problems,
see e.g. the book [13]. More precisely, we need to consider constrained viscosity solutions
to handle the state constraints. Our first main result is to prove that the value function
is a constrained viscosity solution to its associated HJB quasi-variational inequality, by
adapting arguments from [24]. Our second main result is a comparison principle for the
state constraint HJB quasi-variational inequality, which ensures a PDE characterization
for the value function of our problem. Previous comparison results derived for variational
inequality (see [17], [28]) associated to impulse problem do not apply here. In our context,
we prove that one can compare a subsolution with a supersolution to the HJB quasi-
variational inequality provided that one can compare them at the terminal date (as usual in
parabolic problems) but also on some part Dy of the solvency boundary. We follow general
viscosity solutions technique, see e.g. [10], with specificities coming from the nonlocal
impulse operator and the boundary conditions. To handle the impulse obstacle, and in
the spirit of [18], we produce a suitable strict supersolution of the HJB quasi-variational
inequality. For the boundary conditions and following [26], the general idea is to build
a test function so that the minimum associated with the (strict) supersolution cannot be
on the boundary. However, the method in [26] does not apply here since it requires the
continuity of the supersolution on the boundary, which is precisely not the case in our
model. Instead, we adapt a method in [3], which requires the smoothness of the boundary.
This is the case here except on the part Dy of the boundary, but for which one can prove
directly the continuity of the value function.

The paper is organized as follows. In the next Section 2, we formulate our impulse
control problem with solvency constraint. Section 3 recalls the HJB quasi-variational in-
equality associated to the problem, and states the main result. In Section 4, we derive
several useful properties on the value function. Section 5 is devoted to the PDE viscosity
characterization of the value function.

2 Problem formulation

Let (2, F,P) be a probability space equipped with a filtration (F;)o<t<7 supporting an
one-dimensional Brownian motion W on a finite horizon [0,7], T" < co. We consider a
financial market consisting of a money market account yielding a constant interest rate r
> 0 and a risky asset (or stock) of price process P = (P;). We denote by X; the amount of
money (or cash holdings) and by Y; the number of shares in the stock held by the investor



at time t.

Liquidity constraints. We assume that the investor can only trade discretely on [0,T).

This is modelled through an impulse control strategy o = (7, (p)n>1 1 1 < ... Th < ... <
T are stopping times representing the intervention times of the investor and (,, n > 1, are
F,-measurable random variables valued in R and giving the number of stock purchased if
Cn > 0 or selled if ¢, < 0 at these times. The sequence (7,,(,) may be a priori finite or
infinite. The dynamics of Y is then given by :

Y, = any Tn§5<7—n+1
Y’Fn+1 = YTn + Cn—i—l- (2.1)

Notice that we do not allow trade at the terminal date 7', which is the liquidation date.

Price impact. The large investor affects the price of the risky stock P by his purchases
and sales : the stock price goes up when the trader buys and goes down when he sells
and the impact is increasing with the size of the order. We then introduce a price impact
positive function Q(y, p) which indicates the post-order price when the large investor trades
a position of y shares of stock at a pre-order price p. In absence of price impact, we have
Q(y,p) = p. Here, we have Q(0,p) = p meaning that no trading incurs no impact and @ is
nondecreasing in y with Q(y,p) > (resp. <) p for y > (resp. <) 0. Actually, in the rest of
the paper, we consider a price impact function in the form

Qy,p) = peV, where A > 0.

We denote 0(y, p) the transaction cost function which indicates the (algebraic) cost for a
(large) investor with a position of y shares in stock when the pre-trade price is p :

0(y,p) = yQ(y,p)

The cost function [ > 0 — [Q(l, p) indicates the amount of money to be paid by the large
investor for buying [ shares of stock when the pre-order price is p. The revenue function
m > 0 — mQ@Q(—m,p) represents the amount of money obtained by the large investor for
selling m shares of stock when the pre-order price is p. The liquidation function ¢(y,p)
which represents the value that an investor would obtained by liquidating immediately his
stock position by a single block trade is given by

ly,p) = —0(-y,p).

We then model the dynamics of the price impact as follows. In the absence of trading, the
price process is governed by

dP; = Ps(bds + odWs),

where b, o are constants with ¢ > 0. When a discrete trading AY; := Ys; — Y,- occurs at
time s, the price impact is

P, = Q(AY,,P,), ie. AP,:=P,—P,_ = Q(AY,,P,)—P,_.



In other words, given a trading strategy (75, (n)n>1, the price process P is given by

0
P, = PTnp%a Tn <8 < Tpti,
P7n+1 = Q(Cﬂ+17 PT;H)’ (2'2)

where

0 o
P/ = exp b—7 s+oWs ).

Notice that with this modelling of price impact, the price process P is always strictly
positive, i.e. valued in R = (0, 00).

Cash holdings. In absence of transactions, the process X grows deterministically at
exponential rate r :

dXs = rXgds.

When a discrete trading AY; occurs at time s with pretrade price P,—, we assume that in
addition to the transaction of stocks 0(AYs, P,—), there is a fixed cost £ > 0 to be paid.
This results in a variation of cash holdings by :

AX,=X,— X, = —0(AY,,P,-)— k.

In other words, the cash holdings process X of the large investor is given by :

0
X = XTn737 T SS<T+1,
S X7(-)n n n
XTTL+1 = XT;+1 - 0(Cn+17 PT;+1) - k; (2.3)
with
XY = exp(rs).

The assumption that any trading incurs a fixed cost of money to be paid will rule out
continuous trading, i.e. optimally, the sequence (7,, (,) is not degenerate in the sense that
for all n, 7, < Th41 and ¢, # 0 a.s.

Liquidation value and solvency constraint. If the agent has the amount z in the bank

account, the number of shares y of stocks at the preorder price p, i.e. a state value z =
(z,y,p), his net wealth or liquidation value is given by :

L(z) = max[Lo(z),L1(2)]1y>0 + Lo(2)1y<o, (2.4)
where
Lo(z) = x4+ L(y,p) — k, Li(z) = =.

The interpretation is the following. Lg(z) corresponds to the net wealth of the agent when
he liquidates his position in stock. Moreover, if he has a long position in stock, i.e. y > 0,



he can bin his stock shares, by keeping only his cash amount, which leads to a net wealth
Li(z). This last possibility may be advantageous, i.e. Li(z) > Lo(z), due to the fixed cost
k. Hence, globally, his net wealth is given by (2.4).

We then naturally introduce the liquidation solvency region (see Figure 1) :

S = {z=(z,y,p) eRxRxRY] :L(z) >0},
and we denote its boundary and its closure by
08 = {z=(z,y,p) ERxRxR} :L(z) =0} and S = SUIS.

Remark 2.1 In the absence of liquidity risk, i.e A = 0, and fixed transaction cost, i.e. k
= 0, we have the usual net wealth constraint : L(z) = = 4+ py > 0. In our context, the
function L is clearly continuous on {z = (z,y,p) € RxR xR :y # 0}. It is discontinuous
on zg = (z,0,p) € S, but it is easy to check that it is upper-semicontinuous on zg, so that
globally L is upper-semicontinuous. Hence S is closed in R x R x R

Remark 2.2 For any p > 0, the function y — £(y,p) = pye™Y is increasing on [0,1/)],
decreasing on [1/), 00) with [(0,p) = limy o0 I(y,p) = 0 and {(1/A,p) = pe~!/X. We then
distinguish the two cases :

* if p < kAe, then I(y,p) < k for all y > 0.

* if p > ke, then there exists an unique y, (p) € (0,1/A] and y,(p) € [1/A, 00) such that

l(y,(p),p) = l(y,(p),p) = k with I(y,p) < k for all y € [0,y,(p)) U (y,(p),o0). Moreover,
y, (p) (resp. y,(p)) decreases to 0 (resp. increases to co) when p goes to infinity, while y, (p)
(resp.y,(p)) increases (resp. decreases) to 1/ when p decreases to kMe.

The boundary of the solvency region may then be explicited as follows (see Figures 2 and

3) :
0S8 = 9, SUPSUFPFSUIFSUBSUISS,

where

9,8 = {z=(z,y.p) ERxRxRY :z+{(y,p) =k, y<0}

IS = {z=(z,y,p) eRxRxR} :0<z<k, y=0}

IS = {z:(ac,y,p)G]RXRXR*Jr :sz,y>0,p<k/\e}

HS = {z=(z,y,p) eERxRxRL :2=0,0<y<y,(p), p=>kle}

58 = {z=(z,y,p) ERXRXR} :2=0, y>y,(p), p>kle}

S = {z=(2,y,p) ERXRXRL :x+L(y,p) =k, y,(p) <y <w,(p), p>kAe}.

In the sequel, we also introduce the corner lines in 9§ :

Dy = {(0,0)}xR. C &S
Dy = {(k,0)} xR, c 4,8

Ci = {(0,y,(p).p) :peR} C S
Cy = {(0,5,(p),p) :peRL} C ;8.



Figure 1: The solvency region when k=1,A =1
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Figure 2: The solvency region when p < khe

Figure 3: The solvency region when p > khe




Admissible controls. Given t € [0,T], z = (x,y,p) € S and an initial state Z,- = z,

we say that the impulse control strategy o = (75, (n)n>1 is admissible if the process Zs
= (X, Ys, Ps) given by (2.1)-(2.2)-(2.3) (with the convention 79 = t) lies in S for all s €
[t,T]. We denote by A(t, z) the set of all such policies. We shall see later that this set of
admissible controls is nonempty for all (¢,z) € [0,T] x S.

Remark 2.3 We recall that we do not allow intervention time at 7', which is the liquidation
date. This means that for all o € A(t, z), the associated state process Z is continuous at
T, ie Zp- = Zrp.

In the sequel, for t € [0,T], z = (z,y,p) € S, we also denote x0b® = rX0/X}, potP —
pP%/ PP Zo0% = (Xg’m,y,PSO’t’p)7 t < s < T, the state process when no transaction (i.e.
no impulse control) is applied between ¢ and T', i.e. the solution to :

rX? 0
dz°? = 0 |ds+ 0 | dWs, (2.5)
bPSO JPS

starting from z at time t¢.

Investment problem. We consider an utility function U from R, into R, strictly increas-
ing, concave and w.l.o.g. U(0) = 0, and s.t. there exist K > 0,y € [0,1) :

Uw) < Kuw’, Yw>0, (2.6)
We denote Uy, the function defined on S by :
Ur(z) = U(L(2)).

We study the problem of maximizing the expected utility from terminal liquidation wealth
and we then consider the value function :

v(t,2) = sup E[UL(Zr)], (t,2)€][0,T]xS. (2.7)
acA(t,z)
Remark 2.4 We shall see later that for all o € A(t, z) # 0, Ur(Zr) is integrable so that
the expectation in (2.7) is well-defined. Since U is nonnegative and nondecreasing, we
immediately get a lower bound for the value function :

v(t,z) > U(0) =0, vt €[0,7T), z = (z,y,p) €S.

We shall also see later that the value function v is finite in [0,77] x S by providing a sharp
upper bound.

Notice that in contrast to financial models without frictions or with proportional trans-
action costs, the dynamics of the state process Z = (X,Y, P) is nonlinear and then the
value function v does not inherit the concavity property of the utility function. The sol-
vency region is even not convex. In particular, one cannot derive as usual the continuity of
the value function as a consequence of the concavity property. Moreover, for power-utility



functions U(w) = Kw?, the value function does not inherit the homogeneity property of
the utility function.

We adopt a dynamic programming approach to study this utility maximization problem.
Since the value function is not smooth and actually since we do not know its continuity a
priori, we use the notion of constrained viscosity solutions in order to provide a weak formu-
lation to the quasi-variational inequality arising from the dynamic programming principle
and the boundary conditions coming from the solvency constraint. We end this section by
recalling the dynamic programming principle for our stochastic control problem.

DYNAMIC PROGRAMMING PRINCIPLE. For all (t,2) € [0,T) x S, we have

wtz) = s Ep(rZ), (2.8)
ac ,Z

where 7 = 7(«) is any stopping time valued in [¢,T] depending on « in (2.8). The precise
meaning is :

(i) for all a € A(t, z), for all T € Ty 7, set of stopping times valued in [¢,T7] :
Elv(r, Z;)] < wv(t,2) (2.9)
(ii) for all € > 0, there exists &° € A(t,2) s.t. forall 7 € T, 7 :
o(t,z) < Elo(r, Z8)] +e. (2.10)

Here Z¢ denotes the state process starting from z at t and controlled by &°.

3 Quasi-variational Hamilton-Jacobi-Bellman inequality and
the main result

In this section, we provide an heuristic derivation of the dynamic programming quasi-
variational inequality satisfied by the value function. We introduce some notations and
state the main result. Starting from the initial state Z,- = z = (x,y,p) € S at time ¢, the
investor has the following decisions :

(i) He immediately trades ¢ shares of stock so that the state process jumps at time ¢ to Z;
= (X, Y1, P) = (x —0((,p) —k,y+(,Q(¢,p)). We then introduce the impulse transaction
function from S x R into R x R x R :

[(z,0) = (z—0(¢(p)—ky+¢ QD)
and the set of admissible transactions :
C(z) = {CER :L{(20) > 0}.

By definition of the value function, we then have, as a consequence of the dynamic pro-
gramming principle (2.9), applied to 7 = t and by choosing any admissible control a €
A(t, z) with immediate impulse at ¢ with size ¢ € C(z2) :

v(t,z) > v(t,T(z()), VCeC(2). (3.1)



We then define the impulse operator :

Hep(t,z) = sup o(t,1(z,0)),
(ec(z)
for any measurable function ¢ on [0,7] x S. If for some z € S, the set C(z) is empty, we
set by convention Hy(t, z) = —oo. From (3.1), we get :

Hv, on [0,7]xS. (3.2)

v

\Y

(74) He does not trade during some small interval [t, 7] where the state price evolves accord-

ing to :
X rXs 0
dZs = d| Ys = 0 ds + 0 dWs. (3.3)
P, b P o P

By the dynamic programming principle (2.9), we have
v(t,z) > Elv(r, Z;)],

whenever the state process Z; = (Xg, Y, Ps) stays in S during [t, 7], which is possible during
some small period time [t, 7] if z € S. If v were smooth, applying It6’s formula to v(Zs)
between ¢ and 7 and sending 7 to ¢, we would obtain :

—E—Ev > 0 on [0,7)xS. (3.4)

where £ is the infinitesimal generator associated to the system (3.3) :

ov ov 1 0%v
Lv = rze +bpe— + —02pP .
v m;ax—&- p8p+20p8p2

Since one of the two decisions (i) and (éi) should be optimal, we obtain the quasi-
variational inequality satisfied by the value function :

min —Z:—EU,U—HU = 0, on [0,7)xS. (3.5)

The time-space liquidation solvency region [0,7) x S is then divided into the following
regions :

* A no-trade region
NT = {(t,2)€[0,T)xS : v(t,z) > Ho(t,2)},
* A trade region
T = {(t,2) €[0,T) xS :v(t,z) = Ho(t,z)}.

The rigorous characterization of the value function through the quasi-variational in-
equality (3.5) together with the boundary and terminal conditions will be proved in Section
5 by means of constrained viscosity solutions. Our main result is the following theorem,
which follows from the results proved in Sections 4 and 5.

10



Theorem 3.1 The value function v is continuous on [0,T) xS and is the unique (in [0,T") X
S) constrained viscosity solution to (3.5) satisfying the boundary and terminal condition :

lim v(t',2) = 0, V(t,2)€[0,T)x Dy
(#,2") = (t,2)
2 es

lim v(t,?)) = max[Ur(z),HUL(2)], Vz€S,
,z/ — (T, z
<i<)T,z/(E S)

and the growth condition :

o(t,2)| < K(1+<x+§))”, V(t,2) € [0,T) x S

for some positive constant K < oo.

4 Properties of the value function

4.1 Some properties on the impulse transactions set

As mentioned in Section 1, it is not clear why the set of admissible controls is not empty.
To prove this fact, we need to derive some preliminary remarks on the set of admissible
transactions C(z). Suppose the current position of the investor is a point z = (z,y,p) € S.
If he makes a transaction of size { at that time, then after the transaction the new position
is given by I'(2,¢) = (2/,¢/,p') with

o = x—0Cp)—k =z—ple —k
y = y+¢
Y = Qp) = pe.

Hence, the net wealth value with liquidation is given by :

Lo(T(2,¢)) = o' +4(y,p) =k = x—p(e —k+pe’(y+ e W) —k
= 24+ Ly,p) —k+ple™ —e) —k
= Lo(2) +py(y,C) — k, (4.1)

with

9.¢) = (e —eM). (4.2)

Globally, the net wealth after transaction is equal to :

L(T(2,¢) = max[Lo(T(2,)), L1(T(z, O Lyczo + Lo(T(2 )Ly cco-

We then see that, in contrast with transaction costs models, the net wealth may grow
after some transaction. We first prove the following elementary lemma.

11



Lemma 4.1 For any y € R, there exists an unique ((y) € R s.t.

9(y) = maxg(y.Q) = {(y) (e — MWy, (4.3)

(i) The function C is differentiable, decreasing one to one from R into (—1/\, 00) with ((0)
=0, and

0<Cy)<—y if y<0 and —y<C((y)<O0 if y>0.

(ii) The function g is differentiable, decreasing on (—o0,0), increasing on (0, 00), with g(0)
=0, limy— o g(y) = 00, limy_0e G(y) = €1/, and for all p > 0,

>| =

y,p) +pg(y) <0 if y<0 and —L(y,p)+pg(y) <0 if 0 <y<

Proof. (i) For fixed y, a straightforward study of the differentiable function ¢ — g,(¢) :=
g(y, ¢) shows that there exists an unique ((y) € R such that :

Gy,Cly) = d,(Cy) = e—ky—ewuf M(y) = 0,

This proves that g, is increasing on (—o0,((y)) and decreasing on ({(y), o) with

maxgy(¢) = 9,(CW) = g(v),

i.e. (4.3). Since g, (—=1/)) = e~ > 0, we notice that ((y) is valued in (—1/), 00) for all y

€ R. Moreover, since the differentiable function (y,¢) — G(y,() := g,(¢) is decreasing in
oG oG

yonR : o < 0 and decreasing in ¢ on (—1/A,00) : — < 0, we derive by the implicit

0

theorem that ((y) is a differentiable decreasing function Con R. Since G(y, —1/\) = =N
goes to zero as y goes to infinity, we also obtain that (y) goes to —1/\ as y goes to infinity.
By noting that for all ¢, G(y,() goes to oo when y goes to —oo, we deduce that ((y) goes
to 0o as y goes to —oo. Since G(0,0) = 0, we also have ((0) = 0. Notice also that G(y, —y)
= Aye™ : hence, when y < 0, G(y, —y) < 0 = G(y,((y)) so that {(y) < —y, and when y
>0, G(y,—y) > 0= G(y,((y)) so that ((y) > —y.

(ii) By the envelope theorem, the function g defined by g(y) = maxcer g(y,¢) =
9(y,{(y)) is differentiable on R with

70) = Lw.lw) = -Nwe W, yek

Since ((y) > (resp. <) 0iff y < (resp. >) 0 with ¢(0) = 0, we deduce the decreasing (resp.
increasing) property of g on (—oc0,0) (resp. (0,00)) with g(0) = 0. Since ((y) converges to
—1/X as y goes to infinity, we immediately see from expression (4.3) of g that g(y) converges
to e~1/\ as y goes to infinity. For y < 0 and by taking ¢ = —y/2 in the maximum in (4.3),
we have g(y) > —y(e™ — e=*/2)/2, which shows that §(y) goes to infinity as y goes to
—00. When y < 0, we have 0 < {(y) < —y, and thus by (4.3), we get :

90 < —u(e ),

12



and so £(y, p) +pg(y) < pye W) < Oforall p > 0. When y > 0, we have ((y) < 0 and thus
by (4.3), we get : §(y) < —C(y)e*¥). Now, since the function ¢ — —(e* is decreasing on
[~1/X,0], we have for all 0 < y < 1/A, —1/\ < —y < {(y) and so

gly) < ye .

This proves pg(y) < £(y,p) forall 0 <y <1/X and p > 0. O
We next state the following useful result on the set of admissible transactions.

Lemma 4.2 For all z € S, the set C(z) is compact, eventually empty. We have :

Cz) = 0 if 2€PSURSUNS,

~1E€CE) C (p0) if ze S,
e < {0 e
Moreover,
Clz) = {—y} if 2€(9;8UIS)NN;
Cly) € Cz) if z€ (98U S)N(S\NY).
where

- 1
s = a;m{zes :yg)\},

Ny = {zeS‘ :p§(y)<k:}.

Proof. For any z € S, we write C(2) = Co(z) U C1(z) where Cy(2) = {¢ € R : Lo(T'(2,¢)) >
0} and Ci(2) = {C € R : Li(I'(2,{)) > 0,y + ¢ > 0}. From (4.1) and by noting that the
function ¢ — pg(y, () goes to —oo as |(| goes to infinity, we see that Cy(z) is bounded.
Since the function ¢ +— pf((,p) goes to infinity as ( goes to infinity, we also see that
C1(z) is bounded. Hence, C(z) is bounded. Moreover, for any z = (z,y,p) € S, the
function ¢ — L(I'(z,()) is uppersemicontinuous : it is indeed continuous on R\ {—y} and
uppersemicontinuous on —y. This implies the closure property and then the compactness
of C(z).

* Fix some arbitrary z € 0¥S. Then, for any ¢ € R, we have Lo(I'(2,()) = v —k+pg(0,¢)—k.
Since g(0,¢) < 0 for all ¢ € R and = < k, we see that L(I'(z,{)) < 0 for all ( € R. On
the other hand, we have Li(I'(z,{)) = = — 0({,p) — k. Since 6(¢,p) > 0 for all ¢ > 0,
and recalling that < k, we also see that L1(I'(2,()) = 2 —0(¢,p) — k < 0 for all { > 0.
Therefore L(I'(z,{)) < 0 for all ¢ € R and so C(z) is empty.

* Fix some arbitrary z € 93S. Then, for any ¢ € R, we have Lo(I'(z,()) = (y,p) — k +
pg(y,¢) — k. Now, we recall from Remark 2.2 that ¢(y,p) < p/(Xe) < k. Moreover, by
Lemma 4.1, we have pg(y, () < pg(y) < p/(Ae) < k. This implies Ly(I'(z,()) < 0 for any ¢
€ R. On the other hand, we have Li(I'(z,()) = —6((,p) — k. Since 6((,p) > —p/(Xe) for
all ¢ € R, we get L1(I'(z,¢)) < p/(Xe) — k < 0. Therefore C(z) is empty.
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* Fix some arbitrary z € 9fS. Then, for any ¢ € R, we have Lo(I'(2,()) = ¢(y,p) — k +
pg(y,¢) — k. Now, we recall from Remark 2.2 that ¢(y,p) < k. Moreover, since 0 < y <
1/A, we get from Lemma 4.1 : pg(y,¢) < pg(y) < l(y,p) < k for all ( € R. This implies
Ly(I'(z,¢)) < 0 for any ¢ € R. On the other hand, we have Li(I'(2,()) = —0(¢,p) — k.
Since the function ¢ — 60((,p) is increasing on [—1/A,00) and y < 1/, we have for all ¢
> —y, 0(¢,p) > 0(—y,p) = —L(y,p), and so —6((,p) — k < L(y,p) — k < 0. This implies
Li(T'(2,¢)) < 0 for all ¢ € R and thus C(z) is empty.

* Fix some arbitrary z € 05S. Then for ( = —1/\, we have 6(¢,p) = —p/(Xe) and y + ¢
> 0 (see Remark 2.2). Hence, L(I'(z,—1/A)) > L1(I'(z,—1/A)) > 0 and so —1/\ € C(z).
Moreover, take some arbitrary ¢ € C(z) = Co(z) U Ci(z). In the case where ¢ € Cy(z),
ie. Lo(T'(2,¢)) = Ly,p) — k + pg(y,{) — k > 0, and recalling that ¢(y,p) < k, we must
have necessarily ¢(y,() > 0. This implies —y < ¢ < 0. Similarly, when ¢ € Ci(z), i.e.
—0(¢,p) —k > 0 and y + ¢ > 0, we must have —y < ( < 0. Therefore, C(z) C (—y,0).
* Fix some arbitrary z € 9,8 U 9S. Then we have L(I'(z,—y)) = L1(I'(z,—y)) = 0,
which shows that ( = —y € C(z). Consider now the case where z € 9, S U 8;’)‘8. We
claim that Ci(z) = {—y}. Indeed, take some ¢ € Ci(z), i.e. z —0((,p) —k > 0and y+ ¢
> 0. Then, 6(¢,p) > 0(—y,p) = —(y,p) (since ¢ — O((,p) is increasing on [—1/\, c0) and
—y>—1/N) andso0<z—60((,p)—k < z+{(y,p) —k = 0. Hence, we must have { = —y.
Take now some arbitrary ¢ € Cy(z). Hence, Lo(I'(z,¢)) = pg(y,() — k > 0, and we must
have necessarily g(y,() > 0. Since y < 0, this implies 0 < { < —y. We have then showed
that C(z) C [—y,0]. Consider now the case where z € 9, S and take some arbitrary ¢ €
C(z) = Co(z) U Cy(2). If ¢ € Cy(z), then similarly as above, we must have pg(y,() —k > 0.
Since y > 0, this implies —y < ( < 0. If ( € C1(2), i.e.  —0((,p) —k > 0and y+ ¢ > 0,
and recalling that x < k, we must have also —y < ¢ < 0. We have then showed that C(z)
C [~y,0).

Notice that for 2z € (8, S U 9, S) N Ny, we have Lo(I'(z,¢)) < pg(y) —k < 0 for all ¢ €
R. Hence, Cy(z) = (). We have already seen that Ci(z) = {—y} when z € 9, S U 32“)‘8 and
50 C(2) = {—y} when z € (8; S U 9;S) N Ny. Finally, when z € (9, SU;S) N (S\ Ny,
we have Lo(I'(z,{(u))) = pg(y) — k > 0, which shows that ((y) € C(z). O

Remark 4.1 Actually, we have a more precise result on the compactness result of C(z).
Let z € S and (zy,), be a sequence in S converging to z. Consider any sequence ({,), with
Cn € C(zn), i.e. L(T(2n,¢n)) >0

max [Lo(2n) + Png(Yn, Cn) — ky & — 0(Cns Pn) — K] 1y 4¢,>0
+ [LO(Zn) + png(yna Cn) - k] 1yn+Cn<0 > 0.

Since ¢(y, () and —0((,p) goes to —oo as ¢ goes to infinity, and g(y, ) goes to —oo as ¢
goes to —oo, this proves that the sequence ((,) is bounded. Hence, up to a subsequence,

(¢n) converges to some ¢ € R. Since the function L is uppersemicontinuous, we see that
the limit ¢ satisfies : L(I'(z,{)) > 0, i.e. ¢ lies in C(2).

Corollary 4.1 For all (t,z) € [0,T) x S, we have A(t, z) # 0.
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Proof. By continuity of the process ZS”“Z, t < s <T,itis clear that it suffices to prove

A(t,z) # 0 for any ¢t € [0,T) x dS. Fix now some arbitrary ¢ € [0,7). From Lemma 4.2,
the set of admissible transactions C(z) contains at least one nonzero element for any z €
058 U (3;8 U d, S\ Dj. So once the state process reaches this boundary part, it is possible
to jump inside the open solvency region S. Hence, we only have to check that A(t, z) is
nonempty when z € 95S U 0{S U 0YS U Dy,. This is clear when z € 0YS U Dy, : indeed,
by doing nothing the state process Z, = Zo"* = (we"s=1) 0, P2*P), t < s < T, obviously
stays in S, since * > 0 and so L1(Zs) > 0 for all t < s < T. Similarly, when z € 9¢S U
O0fS, by doing nothing the state process Zs = ZS’“ = (O,y,PSO’t’p), t < s < T, also stays
in S since y > 0 and so L1(Zs) > 0 for allt < s < T. O

We next turn to the finiteness of the value function, which is not trivial due to the
impulse control. As mentioned above, since the net wealth may grow after transaction due
to the nonlinearity of the liquidation function, one cannot bound the value function v by
the value function of the Merton problem with liquidated net wealth. We then introduce a
suitable “linearization” of the net wealth by defining the following functions on S :

~ o p 7)\y o —
L(Z) - $+X(1—€ )7 Z*(‘Tayap>687
L(z) = o+ g, z = (z,y,p) €S.

Lemma 4.3 For all z = (z,y,p) € S , we have :

0 < L(z) < L(z) < L(2) (4.4)
and for all ¢ € C(z)
L(N(z0) < L(z) -k (4.5)
L(T(z,¢)) < L(2)—k

In particular, we have C(z) = 0 for all z € N := {z € S : L(z) < k}.
Proof. 1) The inequality L < L is clear. Notice that for all y € R, we have

0 < 1—e M ye . (4.7)

This immediately implies for all z = (z,y,p) € S,
Lo(z) < L(a). (4.8)

If y > 0, we obviously have L;(z) = z < L(z) and so L(z) < L(z). If y < 0, then L(z) =
Lo(z) < L(2) by (48)
2) For any z = (z,y,p) € S and ¢ € R, a straightforward computation shows that

LIO(=0) = L(z)—k+ (X —1-xe)

VAN
~
O
|
o
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from (4.7). Similarly, we have

L(D(z0) = L(z)—k+ §(6>‘C 1M < L(z) — k.

Finally, if z € N¢, we have from (4.6), L(T'(z,¢)) < 0 for all ¢ € C(z), which shows with
(4.4) that C(z) = 0. 0

As a first direct corollary, we check that the no-trade region is not empty.

Corollary 4.2 We have NT # (). More precisely, for each t € [0,T), the t-section of NT,
i.e. NT(t) = {z €8 :(t,z) € NT} contains the nonempty subset N of S.

Proof. This follows from the fact that for any z lying in the nonempty set N of S, we
have C(z) = (). In particular, Ho(t,z) = —oo < v(t,z) for (t,2) € [0,T) x N. O
As a second corollary, we have the following uniform bound on the controlled state

process.

Corollary 4.3 For any (t,2) € [0,T] x S, we have almost surely for allt < s <T :

0,t,p

N - P
sup L(Zs) < sup L(Zy) < L(Z%%%) = X% 1 2 (1 —e™), (4.9)
acA(t,2) acA(t,2) A
_ _ P07t7p
sup L(Zs) < sup L(Zy) < L(Z%%*) = X0tw 5 (4.10)
acA(t,2) acA(t,2) A
sup [ Xo| < ——L(2%%%), (4.11)
acA(t,z) e—1
. Ae - 0,t,z
sup P, < L(ZJ}%). (4.12)
a€A(t,2) e—1

Proof. Fix (t,z) € [0,T] xS and consider for any o € A(t, z), the process L(Z,), t < s < T,
which is nonnegative by (4.4). When a transaction occurs at time s, we deduce from (4.5)
that the variation AL(Z,) = L(Z,) — L(Z,-) is always negative : AL(Z,) < —k < 0.
Therefore, the process L(Zy) is smaller than its continuous part :

L(Z) < L(Z,) < L(Z%%), t<s<T, as. (4.13)

which proves (4.9) from the arbitrariness of . Relation (4.10) is proved similarly.
From the second inequality in (4.10), we have for all a € A(t, 2) :

Py

X, L(Z2%7) — ~ t<s<T s (4.14)

IN

< L(Z2%%), t<s<T, as. (4.15)

By definition of L and using (4.14), we have :

—_ PS _ PS
0 < L(Z;) < max (L(Zg’t’z) = (= AYee™), L(Z717) — A)

_ P, 1
< L(Z%%7) — < (1 - ) , t<s<T, as.
€
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since the function y — Aye™*Y is upper bounded by 1/e. We then deduce

e -
P, < %L(Z}t’z), t<s<T, as. (4.16)
e —

and so (4.12) from the arbitrariness of a. By recalling that X+ Ps/A > 0 and using (4.16),
we get

—%E(ZSW) < X,, t<s<T, as.

e —_—
By combining with (4.15) and from the arbitrariness of «, we obtain (4.11). O
As a third direct corollary, we state that the number of intervention times is finite.

More precisely, we have the following result :

Corollary 4.4 For any (t,z) € [0,T]xS, a = (o, (n) € Alt, 2), the number of intervertion
times strictly between t and T is finite a.s. :

Ni(ow) = Card{n :t<m, <T}

1. _ T P, To
< z L(Zy) — L(Zp-) + rXs + Y ds + XPdes < 00 a.5(4.17)
¢ t
Proof. Fix some (t,z) € [0,7] x S and a € A(t, z), and consider Z, = (X, Ys, Ps),
t < s < T, the associated controlled state process. By applying Itd’s formula to L(Z,) =
Xs + P/ between t and T, we have :

_ B T Ps T
0 < L(Zp-) = L(Z) +/ (rXS + )\> ds —|—/ ;PSdWS + Z AL(Zy)
¢ ¢ t<s<T

IN

_ T P T o
L(Z) +/ (rXs + A) ds + / L PsdWs — kN (o),
t t

by (4.6). We deduce the required result :

1[- _ r P; To
Ni(a) < z [L(Zt) — L(Zp-) +/ (TXS + )\> ds—i—/ )\PdeS} < 00 a.s.
t t

O
4.2 Bound on the value function
We now give a sharp upper bound on the value function.
Proposition 4.1 For allt € [0,T], z = (z,y,p) € S, we have
sup UL (Zr) < U (i (Z%‘*Z)) c L(P). (4.18)
aCA(t,z)
In particular, the family {Ur(Zr1), o € A(t, 2)} is uniformly integrable and we have
o(t,z) < wolt,z) == E [U (i (Z%W))} . (t,2) €0,7] x 8, (4.19)
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with
vo(t,z) < Ke!TDL(2), (4.20)
where p is a positive constant s.t.

~y b2+r2+02r(1—7)
11—~ o i

P (4.21)

Proof. Fix (t,z) € [0,7] x S and consider for some arbitrary o € A(t,z), the process
L(Z), t < s < T, which is nonnegative by (4.4). By (4.9), we have :

- - P07t7p
L(Zs) < L(Z,) < L(Z%%) = x0te 4 ST(I —eV), t<s<T. (4.22)

From the arbitrariness of a and the nondecreasing property of U, we get the inequality in
(4.18). From the growth condition (2.6) on the nonnegative function U and since clearly

0,¢,@ 0% 0,t,p o : . . 1 0,t,x P%t,p My
| X777 and (Pp"")7 are integrable, i.e. in L'(P), we have U | X" + L—(1 —e™Y)

€ LY(P). This clearly implies (4.19).
Consider now the nonnegative function :

o(t,z) = T DL(z) = T (:c + g(l - e_)‘y))’7
and notice that ¢ is smooth C? on [0, T| x (S\ Dp). Now, we claim that for p large enough,
the function ¢ satisfies :

_%:(t’ 2) = Lp(t,2) = 0, V(t,2) €[0,T] x S\ D (4.23)

Indeed, a straightforward calculation shows that for all t € [0,T), z = (z,y,p) € S\ Dy :

9 4,2) — Lolt,2)

ot
- 2
P T DL (z)2 [A:L“Q +B (%(1 — e_’\y)) + 2C$§(1 —e )|, (4.24)
where
1 b+1)y
A=p=ry, B=p-bytzo(l-9), C= p—(2).

Hence, (4.23) is satisfied whenever A > 0 and BC — A% > 0, which is the case for p larger
than the constant in the r.h.s. of (4.21).

Fix some (t,2) € [0,T) x S. If z = (0,0,p) then we clearly have vy(t,2z) = U(0) and
so inequality (4.20) follows from U(0) < K; (see (2.6)). Consider now the case where z €
S\ Dy and notice that the process Zg'"* = (X"" y, PP""P) never reaches {(0,0)} x R.
Consider the stopping time

Tp = inf{s>t :|Z>*

>R}AT
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S

so that the stopped process (ZO/’f’TZR)tgng stays in the bounded set {z = (x,y,p) € S\ Dy :
d
|z| < R} on which ¢(t,.) is smooth C? and its derivative in p, 6—S0 is bounded. By applying
p
Ito’s formula to ¢(s, Z0"%) between s = ¢ and s = Tg, we have :

TR 8<)0

5 (s, Z2%5%) o PIEP AW,

0,t,z Tn 680 0,t,z
PTn2y7) = et [ (584 L0) (s, 20)ds +
t

Since the integrand in the stochastic integral is bounded, we get by taking expectation in
the last relation :

Elo(Tg, Z35%)] = E (e c Z%%)d
o(Tr, Z7, )] = ot 2) + t 5 TLP) (5,257 )ds
< ol 2),

where we used in the last inequality (4.23). Now, for almost w € Q, for R large enough (>
R(w)), we have Tr = T so that ¢(Tg, Zr,,) converges a.s. to ¢(T, Zr). By Fatou’s lemma,
we deduce that E[p(T, Z7)] < ¢(t, z). Since p(T,z) = L(z)7, this yields

~ ¥

E [L (Z%t’z) } < ot 2). (4.25)
Finally, by the growth condition (2.6), this proves the required upper bound on the value
function wv. O

Remark 4.2 The upper bound of the last proposition shows that the value function lies
in the set of functions satisfying the growth condition :

C _ . __> |U(t,2)|
G,([0, 7] xS) = {u [0,T] xS R, [0787%25 T3 (s ) (z+2) < oo}.

Remark 4.3 The upper bound (4.19) is sharp in the sense that when A goes to zero (no
price impact), we find the usual Merton bound :

o(t,2) < EUX"™ +yPp'?)] < Ke’T™0 (@ + py)".

As a corollary, we can explicit the value function on the hyperplane of S :
SY = Ry x{0} xR} C S,
where the agent does not hold any stock shares.

Corollary 4.5 For anyt € [0,T), z = (x,0,p) € SY, the investor optimally do not transact
during [t,T], i.e.

v(t,z) = E [U (X%t’z)} =U (:re’"(T_t)).
Proof. For z = (x,0,p) € SY, let us consider the no impulse control strategy starting from
z at ¢ which leads at the terminal date to a net wealth L(Z3"*) = X2 = ze"T=1. We
then have v(t, z) > E[U(X2"")] = U(ze"T="). On the other hand, we have from (4.19) :
v(t,z) < w(t, z) = E[U(X%t’x)]. This proves the required result. O
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4.3 Boundary properties

We now turn to the behavior of the value function on the boundary of the solvency region.
The situation is more complex than in models with proportional transaction costs where the
boundary of the solvency region is an absorbing barrier and all transactions are stopped.
Here, the behavior depends on which part of the boundary is the state, as showed in the
following proposition.

Proposition 4.2 1) We have

v = Hv on [0,T)x (8,8\ DyU9SS) (4.26)

and
Hu = 0 on [0,T)x (9, SUJS) NN, (4.27)

2) We have

v > Ho on [0,T) x dSURSUSU Dy (4.28)

and
v = 0 on [0,T) x Dy, (4.29)
o(t,z) = Uke ™), (t,2) €[0,T) € Dy. (4.30)

Proof. 1. a) Fix some (t,2) € [0,T) x (8, S\ Dy, U9, S) and consider an arbitrary a =
(Tns Cn)n>1 € A(t, z). We claim that 71 = t a.s. i.e. one has to transact immediately at
time ¢ in order to satisfy the solvency constraint.

x Consider first the case where z € 9, S\ Dy. Then on [t, ], X5 = e’ Y, =y <
0, Py = pP?, and so L(Zs) = LO(ZO’t’Z) Hence, by integrating between ¢ and 71, we get :

T1
0 < e"MDLo(Z20%) = / e "W POy~ (b — rYdu + odW,] . (4.31)
t

By Girsanov’s theorem, one can define a probability measure QQ equivalent to P under which
W, = W, + (b —r)s/o is a Brownian motion. Under this measure, the stochastic integral
L e~ (4=t POye=gdW, has zero expectation from which we deduce with (4.31) that

T1 “
/ e T PO NGdW, = 0 as.
t

Since y # 0 and P? > 0 a.s., this implies 71 = t a.s.

* Consider the case where z € 8;8. Then on [t, 7], X, = 2" V< 0, Y, =y, Ps =

pP? and so L(Zs) = Lo(Zs). By the same argument as above, we deduce 7, = t.

By applying the dynamic programming principle (2.8) for 7 = 71, we clearly deduce
(4.26).
b) Fix some (t,z = (x,y,p)) € [0,T) x (9, SU 82“)‘8) NAN;. Then, from Lemma 4.2, C(z)
= {—y} and so Hv(t,z) = v(t,I'(z,—y)) = v(¢,0,0,p). Now, from Corollary 4.5, we have
for all zp = (0,0,p) € Do, v(t,20) = U(0) = 0, which proves (4.29) and so (4.27).

20



2. Fix some ¢t € [0,7) and z € dYS U IS U 0fS. Then by Lemma 4.2, C(z) = ), hence
Hv(t, z) = —oo and so (4.28) is trivial. For z = (k,0,p) € Dy, we have by Lemma 4.2, C(z)
= {0} and so Hu(t, z) = v(t,I'(2,0)) = v(¢,0,0,p) = 0 by (4.29). Therefore, from Corollary
4.5, we have for z = (k,0,p) € Dy : v(t,z) = U(ke"T=Y) > 0 = Ho(t, 2). O

Remark 4.4 The last proposition and its proof means that when the state reaches 9, S\
Dy U 8;8, one has to transact immediately since the no transaction strategy is not ad-
missible. Moreover, if one is in (9, S U 8;’/\8) N N, one jumps directly to Dy where all
transactions are stopped. On the other hand, if the state is in 0YS U 95S U 0{S U Dy, one
should do not transact : admissible transaction does not exist on 9S U 9fS U 9{S while
the only zero admissible transaction on Dy is suboptimal with respect to the no transac-
tion control. In the remaining part 05S of the boundary, both decisions, transaction and
no-transaction, are admissible : we only know that one of these decisions should be chosen
optimally but we are not able to explicit which one is optimal. A summary of the behavior
of the optimal strategy on the boundary of the solvency region is depicted in Figures 2 and
3.

The next result states the continuity of the value function on the part Dy of the solvency
boundary.

Corollary 4.6 The value function v is continuous on [0,T) x Dy :

lim  o(t,2) = wv(t,2) =0, V(t,z2)€[0,T)x Dy.

(t,2")—(t,2)
Proof. This is a direct consequence of (4.19) and (4.29). ]

Remark 4.5 Notice that except on Dy, the value function is in general discontinuous on
the boundary of the solvency region. More precisely, for any ¢ € [0,T), z € Dy, we have
from (4.26)-(4.27) :
lim o(t,2) = 0,
2 eza; sz\ Dy,
while from Corollary 4.5 :
lim ot 2) = U(ke T4y,

P

This shows that v is discontinuous on [0,7) x Dj. Similarly, one can show that v is
discontinuous on [0,T) x (9SS NI/ S).

4.4 Terminal condition

We end this section by determining the terminal condition of the value function. As we
shall see, this terminal condition takes into account the fact that just before the liquidation
date T', one can do an impulse transaction : the effect is to lift-up the utility function Uy,
through the impulse transaction operator H. More precisely, we set

v (T,z) := limsup w(t,2"), v(T,2z):= liminf w(t,2)
(t,2") — (T, 2) (t,2") = (T, 2)
t<T,z €8 t<T,z €8
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Proposition 4.3 We have
(T, 2) = v*(T,z) = U(z), Vz€S,
where
U(2) = max[Up(2), HUL(2)].

Proof. 1) Fix some z € S and consider some sequence (¢, zm)m € [0,7) x S converging
to (T, z) and s.t. lim, v(tm, 2m) = v«(T, z). By taking the no impulse control strategy on
[tm, T'], we have

O(tmy zm) > E|UL(Z3m)] .

Since Z%tm’zm converges a.s. to z when m goes to infinity by continuity of the diffusion
Z%t2 in its initial conditions (¢,z), we deduce by Fatou’s lemma that :

v(T,2) > Ug(z). (4.32)

Take now some arbitrary ¢ € C(z). Consider first the case where L(I'(z,¢)) > 0. We claim
that for m large enough, ¢ € C(z,,). Indeed,

x suppose that ¢ # —y. Then, by continuity of the function 2’ — L(T'(2’,¢)) on {2’ =
(', y',p) : vy # (}, we deduce that L(T'(zy,()) converges to L(I'(z,¢)) > 0 and so for m
large enough, ¢ € C(zp,).

* Suppose that ¢ = —y, i.e. L(I'(2,{)) = 2+ £(y,p) —k > 0. Notice that

L(T(2,¢)) = max |Lo(zm) — k + pg(—y, Ym)s Tm + ye ¥ — k| 1y, —y>0
+ Lo(zm)1y,,—y<o-

We then see that liminf,, oo L(I'(2m,¢)) > L(I'(z,()), and so for m large enough, ¢ €
C(zm).

One may then consider the admissible control with immediate impulse at t,, with size ¢
and no other impulse until 7" so that the associated state process is Ztm#m = Z0tmI'(zm <)
and thus

Ot 2m) > E [UL <Z%tm’r‘z’”’o)} :

Sending m to infinity, we obtain :

for all ¢ in C(z) s.t. L(I'(2,¢)) > 0. This last inequality (4.33) holds obviously true when
L(T'(z,¢)) = 0 since in this case UL(I'(2,()) = 0 < v,(T, z). By combining with (4.32), we
get v.(T, 2) > U(z).

2) Fix some z € S and consider some sequence (t, zm)m € [0,T) x S converging to
(T, z2) and s.t. limy, 0(tm, zm) = v*(T,z). For any m, one can find & = (77,(M),, €
A(tm, 2m) s.t.

1
+— (4.34)

m

oltm,5m) < B [UL(ZF)

[ S
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where Z™ = (X m ym Pm) denotes the state process controlled by @™ and given in T by :

T T
o=z = zm—l—/ B(Z;n)ds+/ S(ZMdWs+ Y AZD
tm tm tm <u<T
= zm + (D(zm, (1) — 2m) Leps,,, + BT (4.35)

with B(z) = (rz,0,bp) and X(z) = (0,0,0p) and
T T A
R} = B(Z™)ds + / S(ZMdWe+ > AZT (4.36)
tm

tm tm<s<T

We rewrite (4.34) as
V(tm, zm) < E[{ULT (zm, (") + BY) — UL(2m + B7)} Loy,
1
+ Ur(zm + RT)] + p- (4.37)

We claim that R converges a.s. to 0 as m goes to infinity. Indeed, from the uniform
bounds (4.11)-(4.12), we have

B+ ISEZ] < (0t (b4 o)X L(Z00)

< Cte L(Z%%%), t,<s<T, a.s.,

for some positive Cte independent of m. We then deduce that the Lebesgue and stochastic
integral in (4.36) converge a.s. to zero as m goes to infinity, i.e. t,, goes to T". On the other
hand, by same argument as in Remark 4.1, we see that for each ¢, < s < T, the jump
AZT is uniformly bounded in m. Moreover, by (4.17), we have

1

Ny, (&™) < %

A A

tm

=5 - T ., P To.
L(Z;,) — L(Z7-) + / rX™ 4 =S | ds+ [ ~PMdW,| (4.38)
tm

Similarly as above, by the uniform bounds in (4.11)-(4.12), the integrals in (4.38) converge
to zero as m goes to infinity. From the left-continuity of the state process Z™ and the
continuity of L, we deduce that L(ZIL) — L(Z% ) converge to zero as m goes to infinity.
Therefore, Ztm <s<T AZQ”‘ goes to zero as m goes to infinity, which proves the required zero
convergence of RT'.

By Remark 4.1, the sequence of jump size (¢{"), is bounded, and up to a subsequence,
converges, as m goes to infinity, to some ¢ € C(z). Moreover, it is easy to check that the
family {U(X%tm’mm + P%t:%pm (1 — e™m)),m > 1} is uniformly integrable so that from
(4.18), the family {U, L(Z}”), m > 1} is also uniformly integrable. Therefore, we can send m

to infinity into (4.34) (or (4.37)) by the dominated convergence theorem and get :

v'(T,z) < E [{UL(F(z,C)) = Up(z)}imsup 1ym—y,, + UL(2)
< max UL(Z)’ sup UL(F(Z7C)) .
(ec(z)
By completing with (4.32), this proves v« (T, 2) = v*(T, 2) = U(2). O
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Remark 4.6 The previous result shows in particular that the value function is discontin-
uous on 7. Indeed, recalling that we do not allow any impulse transaction at T, we have
v(T,z) = UL(z) for all z € S. Moreover, by Proposition 4.3, we have v(T~,2) = U(z),
hence v(., z) is discontinuous on T for all z € {z € S : HUL(2) > Ur(2)} # 0.

5 Viscosity characterization

In this section, we intend to provide a rigorous characterization of the value function by
means of (constrained) viscosity solution to the quasi-variational inequality :
v

min |~ Lv,v—Hv 0, (5.1)

together with appropriate boundary conditions and terminal condition.

As mentioned previously, the value function is not known to be continuous a priori and
so we shall work with the notion of discontinuous viscosity solutions. For a locally bounded
function u on [0,7) x S (which is the case of the value function v), we denote by u, (resp.
u*) the lower semi-continuous (Isc) (resp. upper semi-continuous (usc)) envelope of u. We
recall that in general, u, < u < u*, and that w is Isc iff u = u,, w is scs iff u = v*, and u is
continuous iff u, = u* (= u). We denote by LSC([0,T) x S) (resp. USC([0,T) x S)) the
set of Isc (resp. usc) functions on [0,7) x S.

We work with the suitable notion of constrained viscosity solutions, introduced in [26]
for first-order equations, for taking into account boundary conditions arising in state con-
straints. The use of constrained viscosity solutions was initiated in [29] for stochastic control
problems arising in optimal investment problems. The definition is given as follows :

Definition 5.1 (i) Let O C S. A locally bounded function u on [0,T) x S is a viscosity
subsolution of (5.1) in [0,T) x O if for all (t,z) € [0,T) x O and ¢ € CH2([0,T) x S) s.t.
(u* —)(t,z2) = 0 and (t,2) is a mazimum of u* — ¢ on [0,T) x O, we have

min [—9”(5, 2) — Lo(t, 2),u* (F, 2) — Hu'(E, z)} < 0. (5.2)

(ii) Let O C S. A locally bounded function u on [0,T) x S is a viscosity supersolution of
(5.1) in [0,T) x O if for all (£,2) € [0,T) x O and ¢ € CY2([0,T) x 8) s.t. (ux — ¢)(L,2)
=0 and (t,2) is a minimum of ux, — ¢ on [0,T) x O, we have
: op ,_ _ - - -
min —a(t, zZ) — Lop(t,2),u(t, z2) — Hus(t,2)| > 0. (5.3)
(iii) A locally bounded function u on [0,T) x S is a constrained viscosity solution of (5.1) in
[0,T) x 8 if u is a viscosity subsolution of (5.1) in [0,T) x S and a viscosity supersolution
of (5.1) in [0,T) x S.

Remark 5.1 There is an equivalent formulation of viscosity solutions, which is useful for
proving uniqueness results, see [10] :
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(i) Let O C 8. A function u € USC([0,T) xS) is a viscosity subsolution of (5.1) in [0, T) x O
if

1
min [_QO —rzqr — bpgs — 502192]\/[33’“(75, z) — Hu(t, 2)} < 0, (5.4)

for all (t,z = (z,y,p)) € [0,T) x O, (90,9 = (@i)1<i<3, M = (Mjj)1<ij<3) € J>Tuft, 2).
(i) Let O Cc 8. A function u € LSC([0,T) x S) is a viscosity supersolution of (5.1) in
[0,T) x O if

1
min [_QO —rzq — bpgs — 502192]\/[33’“(75, z) — Hu(t, 2)} > 0, (5.5)

for all (t,2 = (z,y,p)) € [0,T) x O, (q0,q = (@:)1<i<3, M = (Myj)1<ij<3) € J>ult, 2).
(iii) A locally bounded function u on [0,T) x &S is a constrained viscosity solution to (5.1)
if u* satisfies (5.4) for all (¢,2) € [0,T) x S, (g, M) € J>*u*(t, z), and u, satisfies (5.5) for
all (t,2) € [0,T) xS, (q, M) € J* u.(t, 2).

Here J%%u(t, ) is the parabolic second order superjet defined by :
J* u(t, z) = {(0,9, M) € R x R3 x S :

u(t',2) —u(t,z) —qt' —t) — q.(z/ — 2) — $(z' — 2).M (' — 2)

lim sup <0
W (b [t/ —t| + |2/ — 2|2
(t',2')ye0,T) xS
S3 is the set of symmetric 3 x 3 matrices, J%Tu(t, z) is its closure :
Prut,r) = {(go,q,M) = T (q,q" M™)  with (g, q", M™) € J*Fulty, 5m)

and  Hm (tm, 2m, u(tm, 2m)) = (t,z,u(t,z))},

m—00

and J> u(t,z) = —J>H(—u)(t,x), T2 u(t,z) = —J>F(—u)(t, z).

5.1 Viscosity property

Our first main result of this section is the following.
Theorem 5.1 The value function v is a constrained viscosity solution to (5.1) in [0,T)x S.

Remark 5.2 The state constraint and the boundary conditions is translated through the
PDE characterization via the subsolution property, which has to hold true on the whole
closed region S. This formalizes the property that on the boundary of the solvency region,
one of the two possible decisions, immediate impulse transaction or no-transaction, should
be chosen optimally.

We need some auxiliary results on the impulse operator H.

Lemma 5.1 Let u be a locally bounded function on [0,T) x S.
(1) Hu, < (Hu)x. Moreover, if u is lsc then Hu is also lsc.
(1i) Hu* is usc and (Hu)* < Hu*.
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Proof. (i) Let (t,,2,) be a sequence in [0,T) x S converging to (¢, 2) and s.t. Hu(t,, 2,)
converges to (Hu)«(t, z). Then, using also the lowersemicontinuity of u. and the continuity
of I', we have :

Huy(t,z) = sup u«(t,(z,¢)) < sup liminfwu.(t,, I'(2zn,())
CeC(2) cec(z) "
< liminf sup wus(tn, I'(2n,())
N0 ceC(z)
< Ji_)ngoHu(tn,zn) = (Hu)«(t,2).

Suppose now that u is Isc and let (¢,2) € [0,7) x S and let (t,, 2n)n>1 be a sequence in
[0,T) x S converging to (¢, z) (as n goes to infinity). By definition of the lsc envelope (Hu).,
we then have :

Hu(t,z) = Hu(t,z) < (Hu)«(t,z) < liminf Hu(ty,zn),

n—oo

which shows the lower-semicontinuity of Hu.

(ii) Fix some (t,2) € [0,7) x S and let (t,,2,)n>1 be a sequence in [0,T) x S converging
to (t,z) (as n goes to infinity). Since u* is usc, I' is continuous, and C(z,) is compact for
each n > 1, there exists a sequence (én)nZl with fn € C(zy) such that :

Hu* (tn, zn) = u*(tn,T(2n,¢n)), VYn>1.

~

By Remark 4.1, the sequence ((,)n>1 converges, up to a subsequence, to some é € C(2).
Therefore, we get :
Hu*(t,z) > u*(t,0(2,0) > limsupu*(tn, T(zn,Cn)) = limsup Hu*(tn, zn),
n—oo n—oo

which proves that Hu* is usc.

On the other hand, fix some (t,z) € [0,T] x S and let (t,,2,)n>1 be a sequence in
[0,T] x S converging to (t,z) and s.t. Hu(t,, z,) converges to (Hu)*(t,z). Then, we have

(Hu)*(t,z) = lm Hu(tn,z,) < limsupHu*(tn,z,) < Hu'(t,2),

n—oo n—00

which shows that (Hu)* < Hu*. O

We first prove the supersolution property.
Proof of supersolution property on [0,7) x S.
Let (£,2) € [0,T) xS and ¢ € C12([0,T) xS) s.t. v4(t,2) = p(f,2) and p < v, on [0,T) x S.
Recall that from (3.2), we have v > Hv on [0,7] x §. Combining with Lemma 5.1 (i), we
obtain Hu.(t, 2) < (Hv)«(t,2) < vi(t, Z), and so it remains to show that

Y02~ Loliz) = 0 (5.6)

From the definition of v,, there exists a sequence (¢, zm)m>1 € [0, 1) X S s.t. (tm, 2m) and
V(tm, zm) converge respectively to (¢,z) and v.(t,Z) as m goes to infinity. By continuity
of ¢, we also have that v, := v(tm, 2m) — @(tm, 2m) converges to 0 as m goes to infinity.
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Since (t,2) € [0,T) x S, there exists n > 0 s.t. for m large enough, t,, < T and B(z,,n/2)
C B(z,n) :={|z — z| < n} C S. Let us then consider the admissible control in A(t,, zm)
with no impulse until the first exit time 7, before T' of the associated state process Z; =
Z&tom from B(zm,n/2) -

Tm = inf{s>ty, : | Z0tmomm 5| > n/2} AT.

Consider also a strictly positive sequence (hy,)m s.t. Ay, and 4y, /by, converge to zero as m
goes to infinity. By using the dynamic programming principle (2.9) for v(t,, zm) and 7,
=T A (tm + hin ), We get :

U(tmazm) = ’Ym+§0(tmazm) > E[U(fmazgjmyzm)]
> Elp(hn, 22,

Tm

since ¢ < v, <won [0,7) x S. Now, by applying It6’s formula to ¢(s, ZS’WM) between
t,m and 7., and noting that the integrand of the stochastic integral term is bounded, we
obtain by taking expectation :

Tm 1 m Dy 0,

—4+E|— —— =L Z tmeEm d > 0. 5.7

e w o [ (G- ) ez > (57)
By continuity a.s. of ZS’”"’Z’", we have for m large enough, 7,,, = t,,, + hy,, and so by the

mean-value theorem, the random variable inside the expectation in (5.7) converges a.s. to

dp

(—5 — Lp)(t,z) as m goes to infinity. Since this random variable is also bounded by a

constant independent of m, we conclude by the dominated convergence theorem and obtain
(5.6).

We next prove the subsolution property.
Proof of subsolution property on [0,7) x S.
Let (£,2) € [0,T) xS and p € C12([0,T) xS) s.t. v*(£,2) = p(, 2) and ¢ > v* on [0,T) x S.
If v*(¢,z) < Hv*(t, Z) then the subsolution inequality holds trivially. Consider now the case
where v*(t, 2) > Hv*(t, Z) and argue by contradiction by assuming on the contrary that

_ Oy o
=~ (t,z2) — Lo(t,z) > 0.

By continuity of ¢ and its derivatives, there exists some dy > 0 s.t. £ + g < T and for all
0<d<dg:

—%(t,z) —Lp(t,z) > g, V(t,2) € (t—0)4,t+0) x B(2,6)NS. (5.8)
From the definition of v*, there exists a sequence (t,,zm)m>1 € (€ —6/2)4,t + §/2) X
B(2,6/2) NS s.t. (tm,zm) and v(tm, zm) converge respectively to (£, 2) and v*(f,2) as m
goes to infinity. By continuity of ¢, we also have that v, := v(tm, 2m) — ©(tm, 2m) converges
to 0 as m goes to infinity. By the dynamic programming principle (2.10), given m > 1,
there exists & = (72, éyT)nzl s.t. for any stopping time 7 valued in [t,,, T], we have

(b, 2m) < E[U(T,ZM)]+%.
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Here Z™ is the state process, starting from z,, at ¢,,, and controlled by &™. By choosing
T=7":=7" AT where

= inf {5 >ty 2T B(zm,5/2)} A (tm +6/2)
is the first exit time before ¢, + 0/2 of Z™ from the open ball B(zy,5/2), we then get :
U(tm, zm) < E(7™, mef)lng"c?{"] + E[U(%myF<ZFW*7€:F))1+{"§T§”} + %
< B, Zon Vg o] + BIHOG™ 2o apzep] + . (59)

Now, since Hv < v < v* < @ on [0,T) x S, we obtain :

m 1
Pltms5m) + o < B, Zr )] +

By applying It6’s formula to ¢ (s, Z;”) between t,, and 7,,,, we then get :

IN
=
~

S
S
SE

+
)
SN—
B
N
=
QU
ILJ
+
3|

TYm
N . 1
< —-E m_tm T
- 2 g I+ m
from (5.8). This implies
lim E[7,] = t. (5.10)

On the other hand, we have by (5.9)

1
V(tm, 2m) < sup o, P <"+ sup  Ho(t,2P[FH" < 7+ —.
[t —t] <& [t —t] <& m
|2/ —z| <& |2/ — 2| <&

From (5.10), we then get by sending m to infinity :

vi(t,z) < sup  Ho(t', 7).
[t —tl <8
2/ —z| <&

Hence, sending ¢ to zero and by Lemma 5.1 (ii), we have

v*(t,2) < lim  sup  Hu(t,2) = (Hv)*(t,2)
510 [t —t| <&
|2/ — 2| <&

< H'wu(t, 2),

which is the required contradiction.
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5.2 Comparison principle

We finally turn to uniqueness question. Our next main result is a comparison principle for
constrained (discontinuous) viscosity solutions to the quasi-variational inequality (5.1). It
states that we can compare a viscosity subsolution to (5.1) on [0,7T) x S and a viscosity
supersolution to (5.1) on [0,7) x S, provided that we can compare them at the terminal
date (as usual in parabolic problems) but also on the part Dy of the solvency boundary.

Theorem 5.2 Suppose u € G,([0,T] x §) N USC([0,T) x S) is a viscosity subsolution to
(5.1) in [0,T) xS and w € G4([0,T] x S) N LSC([0,T) x S) is a viscosity supersolution to
(5.1) in [0,T) x S such that :

u(t,z) < liminf  w(t,2"), V (t,2) € [0,T) x Dy,(5.11)
(t', 2") — (t,2)
w(T,z):= limsup wu(t,2') < w(T,z):= liminf w(t,2)), Vze S. (5.12)
(t,2') = (T, 2) (t,2z") ﬂ/(T, z)
t<T,z €8 t<T,z' €8

Then,
u < w on [0,T] xS.

Remark 5.3 Notice that one cannot hope to derive a comparison principle in the whole
closed region S since it would imply the continuity of the value function on S, which is not
true, see Remark 4.5.

In order to deal with the impulse obstacle in the comparison principle, we first produce
some suitable perturbation of viscosity supersolutions. This strict viscosity supersolution
argument was introduced by [18], and used e.g. in [1] for dealing with gradient constraints

in singular control problem.

Lemma 5.2 Let v/ € (0,1) and choose p' s.t.

rop2 2 2,(1 — ~/
) ¥ + 74+ o°r( )
1_,}// 0-2

VbV (c® =)
Given v > 0, consider the perturbation smooth function on [0,T] x S :
’ ~ / BAy
du(t,z) = e’ T |:L(Z)7 +v ( —}—pe_)‘y)] . (5.13)
p

Let w € LSC([0,T) x S) be a viscosity supersolution to (5.1) in [0,T) x S. Then for any
m > 1, any compact set K of R x R x R* | the usc function

1
Wm = w+*¢u
m

is a strict viscosity supersolution to (5.1) in [0,T) x SNK : there exists some constant §
(depending on K) s.t.

. 1 )
min | —¢qg — rzq1 — bpgsz — 502p2M33,wm(t, z) — Hwn(t,z)| > py (5.14)

29



for all (t,z = (x,y,p)) € [0,T) x O, (q0,9 = (ti)1<i<3, M = (Mij)i<ij<s) € T wml(t, 2).
Moreover, for v € (0,7) and v > 0, if w € G,([0,T] x S), and u is also a function in
G,([0,T] x S), then for any t € [0,T], m > 1,

lim (u—wp)(t,z) = —oc. (5.15)

|z|] =00

Proof. We set
/ ~ ! / >\y
filt,2) = A TOE() ﬁaw>=<f”’”<e+maw).
b

From (4.5), we have for all t € [0,T), 2 € S\N ={2€ 8 : L(z) >k} :

AT(z0) < T D(L(z)— k), V¢ eC(2),

and so

~ / ~

(fi — Hf)(t,2) > e @D [L(z)”’ — (L) —k)] >0 (5.16)

Notice that relation (5.16) holds trivially true when z € N since in this case C(z) = () and
so Hf(t,z) = —oco. We then deduce that for any compact set I of R x xR x R* | there
exists some constant dg > 0 s.t.

fi—-Hfi > d, on [0,T)xSNK.

Moreover, a direct calculation shows that for all (t,2) € [0,7] x S, ¢ € C(2), f2(t,T(2,¢))
= fa(t, 2), and so

fa—=Hfa = 0.
This implies

b —Héy = f[i+ve — H(fi+vfe) > (fi —Hf1) +v(fe —Hf2)
> 8, on [0,T)xSNK. (5.17)

On the other hand, the same calculation as in (4.24) shows that for p’ large enough, actually
’ A a

strictly larger than 117, b2+r2+gzr(1 7), we have —7‘};1 —Lf1 >00n[0,T) x S. Hence, for

any compact set K of R x xR x R* , there exists some constant d; > 0 s.t.

_%il_gfl > 5 on [0,T)xSNK.

A direct calculation also shows that for all (¢,z) € [0,7] x S :

’ Ay
—%J;Q(tv z) = Lfa(t, 2) e TN (o) +b— 02)% + (p' — b)pe ™

v

0,
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since p/ > (02 — b) V b. This implies that for any compact set K of R x xR x R* | there
exists some constant §; > 0 s.t.

96, _ op ofs
~ 5 Loy, = _&f_ﬁf1+y<_8t_£f2>
> 6 on [0,T)xSNK. (5.18)

By writing the viscosity supersolution property of w, we deduce from the inequalities (5.17)-
(5.18) the viscosity supersolution of wy, to

m )
min [_aw — LWy, Wy, — me} > — on [0,T)xSNK,
ot m
and so (5.14), where we set § = dy A &1. Finally, since u,w € G,([0,7] x S), we have for

some positive constant K :

(u—wp)(t,z) < K [1 + <x+ g)w] — % [(:JH— 2;)7/ +v (e;y +p€_Ay>}

— —00, as |z| — oo,
since v/ > v and v > 0. O

We now follow general viscosity solution technique, based on the Ishii technique (see [10])
and adapt arguments from [17], [24] for handling with the nonlocal intervention operator
H and [3], [1] for the boundary conditions.

Proof of Theorem 5.2
Let u and w as in Theorem 5.2. We (re)define w on [0,T") x dS by :
w(t,z) = lim inf w(t',2'), V(t,z2)€[0,T)x dS, (5.19)
t',z' — (t, z
@ LT X s
and construct a strict viscosity supersolution to (5.1) according to Lemma 5.2, by consid-
ering for m > 1, the usc function on [0,7T) x S :

1
Wy = W+ —dy, (5.20)
m

where ¢, is given in (5.13) for some given v > 0. Recalling the definitions (5.12) of u and
won {T} x S, we have then an extension of u and w,,, which are usc and lsc on [0,T] x S.
In order to prove the comparison principle, it is sufficient to show that supyg 7). s(u—wp)
< 0 for all m > 1, since the required result is obtained by letting m to infinity. We argue
by contradiction and suppose that there exists some m > 1 s.t.

poi= sup (u—wy) > 0.
[0,T)xS

Since u — Wy, is usc on [0,T] X &, limy,| o0 (u — wi)(2) = —o0 by (5.15), (v — wy)(T),.) <
0 by (5.12), and (u — wy,)(t,2) < 0 for (¢,2) € [0,T) x Do by (5.11), there exists a an open
set K of R x R x R with closure K compact s.t.

Arg max (u—wp) # 0 C [0,7) xS\ DynK.
[0,T)xS
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Take then some (tg, 29) € [0,7) x S\ Do NK s.t. = (u — wy,)(to, 20) and distinguish the
two cases :

e Case 1.: z9 € S\ DoN K.

* From (5.19), there exists a sequence (t;, 2;);>1 in [0,7) x S N K converging to (to, z9) s.t.
W (ti, z;) tends to wy, (to, 20) when i goes to infinity. We then set 3; = |t; —tol|, €, = |zi — 20|
and consider the function ®; defined on [0,7]? x (SN K)? by :

Qi(t,t',2,2) = wu(t,z) —wn(t,2) — pi(t,t', 2,2 (5.21)
oi(t,t',2,2) = |t—to]*+ |z — 2|*
L A A (d(z') )4
+ + + ~1) .
20 2¢e; d(z)

Here d(z) denotes the distance from z to 9S. We claim that for zg ¢ Dy, there exists an
open neighborhood Vy C K of zp in which this distance function d(.) is twice continuously
differentiable with bounded derivatives. This is well-known (see e.g. [15]) when z lies
in the smooth parts S \ (Dy U Cy U Cy) of the boundary 0S. This is also true for zp €
Dy UC7 UC(C,. Indeed, at these corner lines of the boundary, the inner normal vectors form
an acute angle (positive scalar product) and thus one can extend from zy the boundary
to a smooth boundary so that the distance d is equal, locally on a neighborhood of zg, to
the distance to this smooth boundary. Notice that this is not true when zg € Dy, which
forms a right angle. Now, since ®; is usc on the compact set [0, T]? x (SN K)?, there exists
(ti, 2, 20) € [0,T)% x (SN K)? that attains its maximum on [0,7]% x (SN K)?

pi = sup Pyt t,2,2) = Bty 1, %, 5).
[0,T]2 % (SNK)2

Moreover, there exists a subsequence, still denoted (fi,f;-,éi,ég)izl, converging to some
(50,1?6,20,26) € [O,T]Z X (S N IC)2 By writing that (I)i(to,ti,Z(),Zi) < @i(fi,f;,zi,ég), we
have :

1
u(to, Zo) — wm(ti, Zi) - = (’t — t0| + ’ZZ — Zo|) (522)
< wi = ultiy 2) — we(f, A,{) (1t — tol2 + |2 — 20’4) - R; (5.23)
< u(tAZ, 21> (t;, 2’;) (‘tz - t0|2 + |£’Z - 20‘4) y (5.24)
where we set
o IS N 4
R - i S| O k| (d(zé) B 1) _
20, 2¢; d(zi)

From the boundedness of u, wy, on [0,7] x S N K, we deduce by inequality (5.23) the
boundedness of the sequence (R;);>1, which implies fg = 56 and Zg = Z. Then, by sending
i to infinity into (5.22) and (5.24), with the uppersemicontinuity (resp. lowersemicontinuity)
of u (resp. wy,), we obtain u = u(to, 20) — wm(to, 20) < u(to, 20) — wm (o, 20) — |to — tol?
— |20 — 20|*. By the definition of y, this shows :

2?0 :7% = to, 20 :26 = 20. (525)
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Sending again 7 to infinity into (5.22)-(5.23)-(5.24), we thus derive that p < lim; p; = p —
lim; R; < p, and so

pi — p (5.26)

G- 82 a2 deE) N\
2 3 v/ 1 2
20 A S d(z:) -0 (5.27)

as i goes to infinity. In particular, for i large enough , we have ;, f; < T (since tg < T),
d(z]) > d(z;)/2 > 0, and so z; € S. For i large enough, we may also assume that z;, 2/ lie
in the neighborhood Vy of zy so that the derivatives upon order 2 of d at Z; and 2] exist
and are bounded.

* We may then apply Ishii’s lemma (see Theorem 8.3 in [10]) to (%%}, 2, 2)) € [0,T) x
[0,T) x SNVy x SNV, that attains the maximum of ®; in (5.21). Hence, there exist 3 x 3

matrices M = (Mjl)lgj,lg?; and M’ = (Mél)lﬁj}lﬁ?’ s.t. :

(q07Qa M) € j27+u(£ia2i)a
(qé, q, M/) € jz’_wm(f;, 20

where
_asoif.tA/AA/ — . ) = D.oi(t:. .5 3 5.28
qo = ot ( i i?Z,ti)v q = (q])1S]§3 - Zsol(t“ti?'zzﬂzi) ( . )
0V .~ o A Ay oA A
4% = —%(tut;,z,t;% ¢ = (@)hi<j<s = —Dapilti, by, 2, 2). (5.29)
and
M 0 oy A . Ay a2
( 0 —M’) < Diz,api(ti,t;,zi,zé)—i—ai (Diz/cpi(ti,tg,zi,zg)) (530)

By writing the viscosity subsolution property (5.4) of u and the strict viscosity supersolution
(5.14) of wy,, we have :

: X R 1 o5 ~ s ;s
min [_QO — r&iq1 — bpigs — §UQP?M33>U(tia Zi) — Hu(t;, Zi)] < 0 (5.31)
1 N N
min [—qé —riiqy — bpigs — 502}522Mé3, Wi (8, 21) — Hwp, (£, 2;)] > - (5.32)

We then distinguish the following two possibilities in (5.31) :
1. u(fz,,%,) — Hu(t;,z%) < 0.

Since, from (5.32), we also have: w,(, 21) — Huwy, (t), 21) >

i 2 we obtain by combining

3
these two inequalities :
i < ults, 2) —wm(t,2) < Hulti, %) — Hwm(t,2) — %
Sending i to oo, and by (5.26), we obtain :
po < limsup Hu(ts, %) — liminf Hw,, (£, 21) — %

%)
1—00 =00

b
< Hulto, 20) — Huwm(to, 20) = —,
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from (5.25) and where we used the upper-semicontinuity of Hu and the lower-semicontinuity
of Hw,, (see Lemma 5.1). By compactness of C(z,), and since u is usc, there exists some
Co € C(20) s.t. Hu(to, z0) = u(to,'(z0,C0)). We then get the desired contradiction :

)
% < Hu(to,ZO) — me(to,ZO) — E

Y
< pu—-—.

)
< u(to, ' (20, — W (to, I'(20, - —
< ulto, I'(20, C0)) — wm(to, I'(20, C0)) < -~
2. —qo — riiq1 — bpigs — 02 P2 M3zz < 0

. 1q1 Pidq3 507 Py M33 = U.
Since, from (5.32), we also have: —q) — riiq] — bpiqs — %0'2]3;2M§3 > %, we obtain by
combining these two inequalities :

N . . . 1 R . 1)
—(q0 — q0) — r(Ziq1 — &3q1) — b(Pegs — Piq3) — 502(}7?]\433 — pPMLg) < —%-(5-33)

Now, from (5.28)-(5.29), we explicit :

R t;— 1 2 5 i
o = 2(tito)+(ﬁ-z)’ 0= A )l
C G G (G
_ \nTY) = ——2 —4Dd(z, <=1
90 /ﬁz ) q € (Zl) d(Zz)

and we see by (5.25) and (5.27) that go — ¢, Ziq1 — #;q] and p;q3 — pigs converge to zero
when i goes to infinity. Moreover, from (5.30), we have :

1 5. 1 5.
50'2pl2M33—502p22Mé3 S 51', (5.34)
where
NI Sy 02
E = A; (Dizlgoi(ti,t/i,zi,zé)—l—ei (Dg,zlgoi(ti,t;,zi,zé)) )AI
2
1I3+ P —1I 1I3+ P —1I :
= A 1y 1y, RO 17 Al
Iz I3+ Qi Iz I3+ Qi
with

Ai = (0707ﬁi70707ﬁ;)

P, = 4|,§i — Z0|213 + 8(21' — Zo)(fl — Zo)T
d(é/') 2 / / d(ﬁ() ° 2 /
i = 12 L= — 1) Dd(zZ)Dd(z)T + 4 = — 1) Dd(%).
Q (5 —1) pacopacy +4 (5 (2

Here T denotes the transpose operator. After some straightforward calculation, we then

(D; — 5i)’ 3P —2Qi P? 0
P = L A; i N AT,
& 3 - + 9P 30 +e 0 Q? i
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which converges also to zero from (5.25) and (5.27). Therefore, by sending ¢ to infinity
into (5.33), we see that the limsup of its L.h.s. is nonnegative, which gives the required
contradiction : 0 < —d/m.

e Case 2.: zp € SNK.
This case is dealt similarly as in Case 1. and its proof is omitted. It suffices e.g. to consider
the function

\Iji(tv 2, 2/) = ’LL(t, Z) - wm(ta Z/) - wz(ta 2, 2/)

i
Yi(t,z,2) = |t— 750|2 +|z— zo|4 + §|z — z’|2,

for i > 1, and to take a maximum (%;,%;,2}) of ¥;. We then show that the sequence
(ti, Zi, 2)i>1 converges to (o, 20, 20) as i goes to infinity and we apply Ishii’s lemma to get

the required contradiction.

By combining previous results, we then finally obtain the following PDE characterization
of the value function.

Corollary 5.1 The value function v is continuous on [0,T) x S and is the unique (in
[0,T) x S) constrained viscosity solution to (5.1) lying in G,([0,T) x 8) and satisfying the
boundary condition :

lim  o(t,2') = 0, V(t,2)€[0,T) x Dy,
(t',2")—(t,z)

and the terminal condition

(T, z):= lim v(t,2) = U(z), Vz€S.

(t,2") — (T, 2)

t< T,z €8
Proof. From Theorem 5.1, v* is an usc viscosity subsolution to (5.1) in [0,7) x S and
vy is a lsc viscosity supersolution to (5.1) in [0,7) x S. Moreover, by Corollary 4.6 and
Proposition 4.3, we have v*(t,2) = v.(t,z) = 0 for all (¢,2) € [0,T) x Dy, and v*(T,z) =
v«(T, 2) = U(2) for all z € S. Then by Theorem 5.2, we deduce v* < v, on [0, 7] x S, which
proves the continuity of v on [0,7)) X S. On the other hand, suppose that ¥ is another
constrained viscosity solution to (5.1) with limy .1« .y v(t',2") = 0 for (¢,2) € [0,T) x Dy
and 0(T~,z) = U(z) for z € S. Then, 0*(t,2) = vi(t, z) = v*(t,2) = 0(t,2) for (t,2) €
[0,T) x Do and 9*(T, 2z) = v(T, z) = v*(T, z) = (T, 2) for z in S. We then deduce by
Theorem 5.2 that v* < 0, < 0" < w, on [0,7] x S. This proves v = v on [0,T) x S. O

6 Conclusion

We formulated a model for optimal portfolio selection under liquidity risk and price impact.
Our main result is a characterization of the value function as the unique constrained visco-
sity solution to the quasi-variational Hamilton-Jacobi-Bellman inequality associated to this
impulse control problem under solvency constraints. The main technical difficulties come
from the nonlinearity due to price impact, and the state constraint. They are overcomed
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with the specific exponential form of the price impact function : a natural theoretical
question is to extend our results for general price impact functions. Once we have provided
a complete PDE characterization of the value function, the next step, from an applied view
point, is to numerically solve this quasi-variational inequality. This can be realized for
instance by iterated optimal stopping problems as done in [9]. Moreover, from an economic
viewpoint, it would be of course interesting to analyse the effects of liquidity risk and price
impact in our model on the optimal portfolio in a classical market without frictions, e.g.
the Merton model. These numerical and economical studies are the topics of a forthcoming
work, see [23].
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