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ABSTRACT. : In this paper, we study complex Wishart processes or the so-called
Laguerre processes (Xi)i>0. We are interested in the behaviour of the eigenvalue
process, we derive some useful stochastic differential equations and compute both the
infinitesimal generator and the semi-group. We also give absolute-continuity relations
between different indices. Finally, we compute the density function of the so-called
generalized Hartman-Watson law as well as the law of Ty := inf{t, det(X;) = 0} when
the size of the matrix is 2.

1. INTRODUCTION

The Real Wishart process is a symmetric matrix-valued process which was introduced
by M.F.Bru (1989) as follows : Let B; = (B;;(t));; be a n x m Brownian matrix and
define X; = BtT By. The process (X¢)i>0 satisfies the following stochastic differential
equation (SDE)

dX; = Bl'dB, + dBf B, + nldt
= /X dN; + dANI\/X; + nl,dt, X, = Bl B

where I, denotes the unit matrix, the superscript 7 stands for the transpose, v/X; is the
matrix square root of the positive matrix X; and (NV;);>0 is a m x m Brownian matrix.
This process is called the Wishart process of dimension n, of size m, starting from Xg
and is denoted W (n,m, Xy). Then, the W (4, m,Xy) where § runs over the Gindikin
ensemble {1,...,m — 1}U]m — 1, 00[ is defined as the unique solution of the latter SDE
with § instead of n. Thus, it can be viewed as an extension of the squared Bessel process
to higher dimension. In this way, Donati et al. (2004) tried to extend some well known
properties of the squared Bessel processes to the matrix case and derived expressions
such as the Laplace transform and the tail distribution of some random variables, in
which many multivariate special functions of symmetric matrix argument appear, such as
Gamma, modified Bessel and hypergeometric functions (Muirhead 1982). However, the
latter is quite complicated to deal with and to our knowledge, there are no more precise
results on the law of these variables. Nevertheless, in the complex case, hypergeometric
functions of Hermitian matrix argument can be expressed as a determinant of a matrix
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whose entries are one-dimensional hypergeometric functions. In fact, Gross and Richards
(1991) established the following result :

det(2" 7 Fy(a1 —j+1,....,ap—j+1,....,by—j+ Lz
qu(al,...,ap,bl,...,bq;X): (l p q( V(}?) q Z))

where X is a m x m Hermitian matrix, (z;) are its eigenvalues, ,.%#, denotes the stan-
dard hypergeometric functions with scalar argument, V' (X) = [[;_;(z; — ;) is the Van-
dermonde determinant and ,F} is the hypergeometric function with Hermitian matrix
argument defined by :

a)y - apTCT X

k>0 T T

where 7 = (71,...,7s) is a partition of length < m and of weight k (i.e. 71 > 70 >
< > T,y Ti = k), (a); is the generalized Pochammer symbol and C; is the so-called
zonal polynomial. We refer to Macdonald (1995) for further details and Lassalle (1991),
(1991a) for analogous expressions for multivariate orthogonal polynomials. The deter-
minantal representation above is due to the fact that the zonal polynomial is identified
with the (normalized) Schur functions defined by :

 det(z]’ ey

det(z;"7)

Consequently, one can use integral representations as well as other properties of stan-
dard hypergeometric functions to get, at least when m = 2, some results that are till now
unknown in the Wishart case. The rest of this paper consists of seven sections, which
are respectively devoted to the following topics: in section 2, we introduce the Laguerre
process of integer dimension. In section 3, we study the behaviour of the eigenvalue
process. Then, in section 4, we define the Laguerre process of positive real dimension.
Section 5 is devoted to the absolute-continuity relations, from which we deduce the
Laplace transform of the so-called generalized Hartman-Watson law as well as the tail
distribution of Tg, the first hitting time of 0. In section 6, we focus on the case m = 2

for which we invert this Laplace transform, and finally, in section 7, we compute the
density of Sy := 1/(2Tp).

Se(x1, ... @)

2. LAGUERRE PROCESS OF INTEGER INDEX

Let B be a nxm complex Brownian matrix starting from By , i.e. B = (B;;) where the
entries B;; are independent complex Brownian motions, so we can write B = B! +iB?
where B!, B? are two independent real Brownian matrices. We are interested in the
matrix-valued process X, := B} B, which satisfies the following SDE :

Definition 1. (X;);>¢ is called the Laguerre process of size m, of dimension n and
starting from Xy = B} By, and will be denoted by L(n,m, Xp).

Remark 1. For m =1, (X;)+>0 is a squared Bessel process of dimension 2n, denoted by
BESQ(2n, Xy).



Remark 2. Set Xy = (X(t))i ;. One can easily check that

dX“(t) = 2\/Xii(t)d’yi(t) + 2ndt 1 <4 <m,
where (7;)1<i<m are independent Brownian motions, thus, X;; is a BESQ(2n, (Xo)i).

Remark 3. The equation above implies that :

d(tr(Xy)) = 24/tr(Xy)dB + 2nmdt (2)

where 3 is a Brownian motion. Consequently, (tr(X:));>o is a BESQ(2nm,tr(Xy))
of dimension 2nm starting from tr(Xp). One can also deduce from (fl) that for every
i,5,k,l € {l,--- ,m}:

(dXij, dXpi)e = 2(Xa0p; + Xgjoa)dt,
which differs from equation (I-1-5) derived by Bru (1989) since for a complex Brownian

motion 7, we have d(,v); = 0 and (v,7); = 2¢ .

2.1. Infinitesimal generator. Let H,,, H;, be respectively the space of m x m Her-
mitian matrices and the space of m x m positive definite Hermitian matrices. On the
space of Hermitian matrix-argument functions, we define the matrix-valued differential
operators :

9 _ (i) 9 _ (i) 9 _ (i _ii>
ox Oz, m’ oy Yjk m’ 0z Oxjp  Oyjk m’

We also define:

Proposition 1. Let functions f satisfying:

of _of - OF __OF
8-%'1']‘ 31‘ji, 8%]‘ Byji e

Then, the infinitesimal generator of a Laguerre process L(n,m,x) is given by:

L = tr(R (%)) + 2[tr (2R (%)2) +tr(yS (%)2)] (3)

0
where — is the operator defined above.

0z

Remark 4. Using the fact that 27 = z, y7 = —y and tr(AB) = tr(BA) = tr(BT AT) for
any two matrices A and B, we can see that

t 22 — ¢ 22 — ¢ 22 = 0(2)2 — 9t 32
" y@yax - 8x8yy - y&ray Y382 - y&ray
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3. EIGENVALUES OF LAGUERRE PROCESS

In this section, we will suppose that n > m. The following result is due to Konig and
O’Connell (2001), Katori and Tanemura (2004) and Bru in the real case (1989a) :

Theorem 1. Let \i(t), -+ , A\ (t) denote the eigenvalues of X¢. Suppose that at time
t = 0, all the eigenvalues are distinct. Then, the eigenvalue process (Ai(t), ..., Am(t))
satisfies the following stochastic differential system.:

dX\i(t) = 2/ Ni(t) dBi(t) + 2 n+2% d 1<i<m, t<r,
kti

where the (Bi)1<i<m are independent Brownian motions and T is defined by
7 = inf{t, \i(t) = A;(¢) for some (i, j)}.

Remark 5. With the help of the SDE satisfied by the eigenvalues, we can compute the
ones satisfied by both processes (tr(X)) and (det(X)): the former is done. For the
second, we find that for ¢ < T := inf{t, det(X;) = 0} and for r € R:

d(det(Xy)) = 2det(Xy)\/tr(X; Hdyy 4+ 2(n — m + 1) det(X;) tr( X, 1)dt
d(log(det(X;)) = 2¢/tr(X; Ddyy + 2(n —m) tr(X; 1)dt,
d(det(X)") = 2r(det(X:)) \/tr(X; ) dys 4 2r(n — m + ) (det (X)) tr( X, 1)dt
so, we can see that for n = m, log(det(X) is a local martingale and so is (det(X))™ ™.

Lemma 1. Take X, € ]—f,?; Then forn >m, Xy € ]—f,?;

Proof: In fact, this result is a direct consequence of the fact that for n = m, log det(X)
is a local martingale, and so is (det(X))™ ™. Hence, for n > m, these two continuous
processes tend to infinity when ¢ — Ty which is possible only if Ty = oo, because every
continuous local martingale is a time-changed Brownian motion. O

Corollary 1. If \(0) > --- > X\,(0), then, the process U defined by

1
YO =Moo w7

is a local martingale.

Proof : We could follow the proof given by Bru (1989a) or make straightforward
computations using the derivatives of the Vandermonde function. But we prefer use a
result from Ko6nig and O’Connell (2001): for n > m, the eigenvalue process is the V-
transform (in the Doob sense) of the process obtained from m independent BESQ(2(n—
m + 1)). Thus, if G and G denote respectively the infinitesimal generators of these two
processes, then, G(h) = 0 and, for all C? function f,

G(f) = %G(Vf) = G = %G(l) ~0.

Corollary 2. If at time t = 0, the eigenvalues of X are distinct, then, they will never
collide, i.e. 7 = 00 almost surely.
4



Proof : This result follows from the fact that the continuous process U tends to infinity
when ¢t — 7 which is possible only if 7 = 0o almost surely (We use the same argument
as before). O

3.1. Additivity Property. The proof of this result is similar to the one derived by
Bru in the real case (1989):

Proposition 2. If (X;)i>0 and (Yz)i>0 are two independent Laguerre processes L(n,m, Xo)
and L(p,m,Yy) respectively, then the process (Xi + Yi)i>0 is a Laguerre process L(n +
p,m, XO + Yb) .

Now, we introduce the Laguerre processes of noninteger dimensions d.

4. LAGUERRE PROCESSES WITH NONINTEGER DIMENSIONS

Let X be a Laguerre process L(n,m, Xo) with n > m. If X € ]—f,?;, and if v/ X; stands
for the symmetric matrix square root of Xy, it is easy to show that the matrix O defined

by Oy := \/Xt_le, where X; = B} By, satisfies O*O = OO* = I,,. Thus,
-1
d’)/t == OtdBt =\ Xt BZdBt
is a m x m complex Brownian matrix. Replacing this expression in ([), one obtains :

dXt =\ Xtd’}/t + d’)/;\/ Xt + 27’LImdt

Theorem 2. If (B;) is a m x m complex Brownian matriz, then for every Xy € ffﬁg
and for all 6 > m, the SDE

dX; = /X dB; + dBi /X, + 201, dt (4)

has a unique strong solution in H,. Furthermore, if the eigenvalues are distinct at time
t =0, then they satisfy the stochastic differential system:

A\ (t) = 2/ () dBi(t) + 2 5+Z% At 1<i<m,
ki

where the (Bi)1<i<m are independent Brownian motions.

Proof : The proof of the second part of the theorem is the same as before with §
instead of n. So, we have to prove the first part. Note first that (det(X})), (log det(X}))
and (det(Xy)") verify the same SDE with § instead of n. Hence, arguing as before, we
can see that Ty = oo almost surely. On the other hand, the map a — a'/? is analytic
in H (see Roger and Williams 1987, p. 134), so, the SDE has a unique strong solution
for all t > 0. ]

Definition 2. Such a process is called the Laguerre process of dimension ¢, size m and
initial state Xo. It will be denoted by L(d,m, Xp).

Remark 6. Any process (X;);>0 solution of () is a diffusion whose infinitesimal
generator is given by:
2 =25 (R4 ) + 2 (R + (535
0z 0z 0z
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Remark 7. A simple computation shows that
d(Xij, Xia)e = 2(Xa(t)0r; + Xgj(t)di)dt,  for all i,j, k.l € {1,...,m}

Now, we focus on both existence and uniqueness when § > m — 1 and Xo € H,}, (see
Bru (1989) for the real case).

4.1. The Process X . If X is a Hermitian matrix, let X be the Hermitian matrix
max(X,0). If we denote by (\;) the eigenvalues of X, then (A} = max()\;,0)) are those
of XT.

Theorem 3. For all 6 € Ry and Xo = x € Hy, , the stochastic differential equation

dX; = \/ X, dB; + dBf\/ X;t + 261, dt (5)
has a solution in H,,.

Proof : The mapping a — Vat is continuous on H,,. Hence, X exists up to its
explosion time (Ikeda and Watanabe 1989, theorem. 2. 3). Furthermore, from

[VXHP + [l01]* < 6%+ |IX]2 < C(1+ [1X]]%),

we can deduce that this explosion time is infinite almost surely (Ikeda and Watanabe
1989, theorem 2. 4). [

Proposition 3. If A;(0) > ... > A\, (0) > 0, then, for all t < S := inf{t,\; =
A;j for some (i, j)}, the eigenvalues of X+ wverify the following differential system:

" ) + A+ ) .
dNi(t) = 24/ N () dvy(t) + 2 5+Z 0 dt, 1<i<m,
ki
Proof : This differential system can be shown in the same way as in theorem [I| using :
(dXij, dXp)e = 2(X;5 ()0 + X5 (0)u)dt,  for alld, j, k,l € {1,...,m}
Proposition 4. If A\;(0) > ... > A\, (0) >0, then, for all§ >m —1,t >0, \p,(t) >0 .

Proof : First, we note that S = oo almost surely. Indeed, one can easily show that
the process U defined by :

U (), - Am (b)) = L

[Lic; (i) = A;(2))
is a local martingale. For the proof, we follow in the same way as Bru (1989).

Theorem 4. If \1(0) > ... > A\, (0) > 0, then, for all § > m — 1, () has a unique
solution in H in the sense of probability law.

Proof : By Proposition [, the solution of the SDE (f]) remains positive for all ¢ > 0,
thus, it is a solution of (f§). O

Theorem 5. Let H,, be the space of positive Hermitian matrices. Then, whenever
the SDE ([}) has a solution in H,, for fired t, its distribution is given by its Laplace
transform:

Ex, (exp —(truX;)) = (det(I, + 2tu)) =% exp(—tr(Xy (L + 2tu) " u)), (6)
for all w in H,.



Proof : For s € Hj, let g(t,s) = A% exp(—=V(t,s)) , where
Ay = det(Ly, + 2ut), W= (Ln + 2ut)  u, V(t,s)=tr(sW,),
First, note that W € H,,. To proceed, we need a lemma :

0
Lemma 2. The function g satisfies the heat equation: a—‘z = Z%g where £ is the infin-

itesimal generator of X.

Proof of the lemma : If we write s = x + 1y, then, using the fact that x is symmetric, y
is skew-symmetric and W is Hermitian, we can see that tr(sW;) = tr(zM + iyN) where
W+ W wW-—w

2 2

Observing that M7 = M and N7 = —N, we can deduce that g satisfies the conditions
of Proposition 1. Besides,

% = —g(20 tr(Wy) — 2tr(sW2))
0%g d%g - 2
Hw(&wy+0M%» A

0? 0?
o (54— 5E)) = o6l +N2) =g ulew?)
Finally, noting that tr(M) = tr(W), we obtain the equality. Now, we consider the
process (Z(t, X;)) defined by Z(t, X;) = g(t1 — t, Xy) for all ¢t < ¢; for fixed ¢;. From the
lemma, we deduce that Z is a bounded local martingale and thus is a martingale. So,
the result follows from a simple application of the optional stopping theorem. |

Corollary 3. Let (Xt)t>0 be a Laguerre process L(§, m,x) where x € }fm+. For § >
m — 1, its semi-group is given by the following density:

1 1 - Yy
) - d—m .

with respect to Lebesgue measure dy = Hpgq dy},q Hp<q dyf,q where y = y' +iy? and o F}
is a hypergeometric function of Hermitian matriz argument (Chikuze 1976, Gross and
Richards 1991).

Proof : In fact, this result can be easily deduced from the case where § = n is integer,
since, in this case, X; is a non-central complex Wishart variable W (n,2tI,,,z) (James
1964) with density given by:

1 _m T
fi(x,y) = exp — (- tr(z +y)) (det y)" ofﬁ(n;ifé)l{y>0}

(2)™" T, (n) 2
7



with respect to dy. Hence, taking ¢ instead of n and denoting by W; this new variable
(starting from x), we can see that : (we will use |y| to denote det(y))
1 _trz

2T, />0 Xp <_2lttr((f + 2ut)y)> ™0 F1(8; 2 ) dy

4¢2
2™ 2|70 _ira
= ﬁeg&? exp(—2t tr(mfé(I + 2ut)x7%z)|z|57moF1(5; z)dz
Fm((S) z>0

t
—;—f)][ + 2ut| ™% exp (tr(%([ + 2ut)*1)>

Em(e—trth) _

= exp(
1
= |T + 2ut| =% exp <_2_t tr(x (I + 2ut) (I + 2ut — I))>

= |1 + 2ut|® exp (= tr(z(I + 2ut) ')
which is equal to ([). |

Remark 8. In the last proof, we used the change of variables z = x'/2yz!/2 which
gives dz = |z|™dy. For the second integral, see Faraut and Koranyi (1994), proposition
XV.1.3.

Remark 9. The expression of the semi-group extends continuously to the degenerate
case, namely:

)

) _ 1 _ tr(y 6—m

where 0,,, denotes the null matrix.

Corollary 4. For § > m — 1, the semi-group of eigenvalue process is given by:

_ Vi) 1 (y\"? R N

where x = (T1,. .., Zm),Y = (Y1, Ym) S0 that x1 > ... > Xy >0, y1 > ... > Yy > 0,
0 = m—+v such that v > —1 and I, denotes the modified Bessel function (Lebedev 1972).

Proof : The expression of the semi-group can be computed using Karlin and MacGre-
gor formula (1959) since, for § > m — 1, the eigenvalue process is the h-transform of the
process consisted of m independent BESQ(2(d —m+1)) conditioned never to collide, as
stated by Konig and O’Connell (2001). Another proof is given by Péché (2003, p. 68).
Here, we will deduce the expression of q;(z,y) from p;(x,y) following Muirhead (1982),
namely, by projection on the unitary group : we will use Weyl integration formula, then
give a determinantal representation of hypergeometric functions of two matrix argu-
ments. First, we state Weyl integration formula (Faraut 2006) in the complex case: for
any Borel function f,

f(A)dA = Cm/ fuau*)o(du)(V (a))?day . . . day,,
Hm U(m) JR™

7.‘.m(mfl)

where C), = ﬁ, U(m) is the unitary group, « is the normalized Haar measure on
m(m

U(m), a = diag(a;) and A = uau®. Hence, the semi-group of the eigenvalue process is
8



given by (James 1964):

@(2,y) = Cun(V()?) /U P v )a(d)

Cn(V()?) 17 _zitw (1 oo TUuYux
:%E : (Hyﬂ) /U 0F (8 5 )a(du)

P (V)2 s P
= O, )T (m 1 7) H <Hyg> o1 (m + v; 4t2’y)’

ij=1

where § = diag(y;) , « is a positive definite matrix whose eigenvalues are z1,..., Ty,
oF1 in the third line is an hypergeometric function with two matrix arguments (Gross
and Richards, 1991) and § = m + v,v > —1. Next, we need a lemma.

Lemma 3. Let B,C € H,, and let (b;), (¢;) be respectively their eigenvalues. Then,

p
mm=1) T(p; +1))™
pFa((m + pi)i<icp, (m + ¢j)1<j<4; B,C) =7 2 P74 ”Fm(m)H( (i + 1)

i1 Pm(m + Ml)
13[ (m + ¢] det (-7 (i + Di<i<p, (1 + dj)1<j<qi bicy),
i ;i +1)) V(B)V(C)

Jor all pi, 5 > —1,1 <i<p, 1 <j<q.

Proof : Recall that the hypergeometric function of two matrix arguments is given by
the following series:

)T C-(B)C:(C)
oF B,(C)
((al)1<l<p7 (e])1<J<q7 ];) 2 H )T C’r( )k )
It is well known that
Cr(B) = 20 s (b, )
= —5 ey ,
T (m)T T\V1 m
where s; is the Schur function and d, = s,(1,...,1) is the representation trace or degree

(Gross and Richards 1991, Faraut 2006). Substituting in the series, one gets:

pFo((m + pi)i<i<p, (m + ¢j)1<j<q; B, C) v 1(m 4+ w)r s7(B)s.(C)
" e kzozr:n 1(m+¢5)r  (m)r

)

Now, we write:

m m
T(pi+m+ ke —r+1) T(p; + 1+ ky +6,)
m—+ W)y =
( i)y 71_11 D(pu;+m—r+1) 1:[ D(pui+m—r+1)
1 m
pm(m— 1)/2 i + Huﬁlmsﬂ Sp=m—r

m+uz

r=1

9



Doing the same for each (m + ¢;); and for (m),, we can see that:

p
qu((m + ,Uzz')lgigp, (m + ¢j)1§qu;B, C’) - ﬂﬂrm(m) H ( i + 1 H (ﬁ] + 1

pai ﬂH—MZ o m+¢J

o1 (i + Dpgs, sr(B)s7(C)
Z > H < (s + 1)1@4-6»«) [ (Do,

k=0 7 r=1

-1
where 8 = <%> (p—q—1). To get the desired result, we use the "Hua formula”
(Faraut 2006) :

Lemma 4. Given an entire function f, i.e. f(2) =Y reperz®, then

det(f(bicj))i; +(B)s,(C
=25 ([Tows ) =200

k=0 T r=1
Thus, we get:

m(mfl)( _ _1) P F(/,LZ + 1)
pFa((m + pi)i<i<p(m + ¢j)1<j<g; B, C) =7 2 P, (m) [[ 57—~

i=1
o0 i+1 bicp)k
det (Zk 0 gé L ;J-i-l))z ( l/j) >l
D

H m + ¢j ,
I(¢p;+1) V(B)V(C)
P q
— (p—¢=1)1 J
T m(m) Z];Il Fm(m + Mi) ]];Il F(¢j + 1)
det (g (i + Vi<, (1 + Shi<j<aibiey)y
V(B)V(C)
For p =0 and ¢ > 1, it reads :
q
m(m b ( (m+ ¢;)
oFg((m + ¢j)1<j<g; B,C) =7~ e H T(¢; +1)) T, T D))"
:1 J
det (074 ((1 + ¢5)1<j<qi bicy),
V(B)V(C) ’

and similarly,

Tyn(m) det(eber),

5 V(IB)V(C)

which can be viewed as Harish-Chandra formula for the "Itzykson-Zuber” integral (Collins

ofo(B,C) =

2003). We now proceed to the end of the proof. Taking p=0,¢g=1, B = %, C =gy,
we get:
7 442 ym(m—=1)/21 T det (o.Z1((v +1); 24
o1 (m + v ;,ﬂ) (4¢7) m(m + 1) (m) (0 1(( ) 12 ))

,n.m(mfl)(r(llg +1))™ V(z)V(y)



The expression of ¢;(z,y) follows from a simple computation and from the fact that:
071 (v + 1)y way; /4%))ij _ < 2t >VI (Vi -
M'(v+1) VTi; ot

Proposition 5. The measure defined by p(dx) = (det(x))*~™ dx on Hy," is invariant
under the semi-group, i. e, pPr = p.

Proof: Denote by P, the semi-group of Laguerre process L(J,m,x) for 6 > m — 1.
Then, we have to show that

/ RSl = [ foldn) € Coltn

y>0

+),

This follows by a similar computation and the same arguments as in the proof of corollary

A n

m—+1

2 1{:v>0}dx

Ei
2

Remark 10. For Wishart processes, it is easy to see that u(dz) := (det(x))
is invariant under the semi-group.

5. GIRSANOV FORMULA AND ABSOLUTE-CONTINUITY RELATIONS

The index v > —1 of a L(d,m,z) is defined by v = 6 — m. In this section, we will
discuss in the same way as in [| to derive absolute-continuity relations between different
indices.

5.1. Positive Indices. Take a matrix-valued Hermitian predictable process H. Let Q‘;
be the probability law of L(8,m,z) for 6 > m — 1 and x € H,},. Define:

/t tr(HydBs + Hy dBy)
0 2 ’

Ly =

1 t
B = exp(Li- g [ ulH)ds)
0

where B is a complex Brownian matrix under Qg. We can easily see that the process 3
defined by 6; = By — fg H,ds is a Brownian matrix under the probability

P |7, =@ Q5 7,
Furthermore, (X¢):>0 is a solution of
dX; = /X.dB + dBi/Xi + (VX Hy + Hi/ X + 261,,)dt. (7)
For Hy, = vy/X; , () becomes
dX, = /XdBy + dBf/X; + 200 + v) Ly,
so that (X;)¢>0 is a L(§ + v,m, ) under PZ. Thus, we proved that :
Theorem 6. For § > m — 1,

t 3 _ 2t
Qi1 = e (3 [ otV/X a s VA am) - [ as) @l
0 0

11



Proposition 6.

det(X v/2 2t
QU2 = ( ;st((x3)> exp (-%/0 tr(Xs_l)ds> Q7| 7, (9)

Proof : We know that V,(det(u)) = det(u
using the fact that for 6 = m, (log(det(X;
formula that:

u~!, hence, V,(log(det(u))) = u~!. Then,
) is a local martingale, we get from Ito6

~— —

log(det(Xy)) = log(det(Xy)) + /t tr(Xs Y (v/XsdBs + dB\/ X))
0
— log(det(Xo)) + /t tr(v/Xs dBs + /X, dB,). O
0

From (f]), it follows that:

Corollary 5.

2

Qutexp (=5 [ ds ) e =) =

det(y) ™2 pit (2, y)
(

det(z) pit(z,y)
__Tnlm) e oyp20film +v,2)
- Th(m+v) (det(2)) oF1(m, 2)
_ L
0(2)7
Ty
where z = yroh

Now, we state the following asymptotic result:
Corollary 6. Let X be a Laguerre process L(m,m,z), then, ast — 0o:

4 t
W/Otr(Xs)lds 2 1)

where Ty is the first hitting time of 1 by a standard Brownian motion (3.
Proof : From (f]), we deduce that:

m 202 ! -1 Fm(m) v/mlogt
Qewp (~ e [ OGS ) X6 = 1) = e enta )
oF1(m + 2v/mlogt, zy/4t?)
oF1 (m, zy/4t?)

Noting that (¢"™)~" /mlogt — o=¥ and since both hypergeometric functions converge to 1
as t — oo, we obtain:

2V2 ¢ 1 t—o00
)2/ tr(X, )ds\Xt:ty> — e’
0

@ (exp(— (mlogt

12



Then, since

—tr(x)/2t
: m?, m — lim & —tr(y) ry
A 7 p (@, 2y) = Jim —rismem T o Ry (m, o)
eftr(y)
~ T(m)

we get:

Qtemp (~ o [, s ))

(mlogt
2 t
=/ QY (exp(—Lg/ tr(Xgl)dSIXt=y> Py (z,y)dy
y>0 ( ) 0

mlogt

202 t 2
= QY (exp —7/ tr(X;1)ds| X :ty> t"™ pM(x, ty)dy
/. (G | O sl (o ty)

t—oo
— e Y,

by dominated convergence Theorem. |

5.2. Negative Indices. Take 0 < a < det(z). The same computation as in parag. 5.1
with Hy = —v Xt_l,O < v < 1, shows that

e det(z) \"/* vroTe .
O ‘ﬂ:<m> P ‘7/0 (s ) Q5 L,

where T, := inf{¢,det(X;) = a}. Letting a — 0 and using the fact that Tj) = oo a.s
under Q7', we get :

m—v _ det(ac) V/2 V2 ¢ -1 m
Q:L‘ |yt/\T0 - (det(Xt)> eXp 7/0\ tr(XS )dS Qx |yt
B det(x) \” _—
Proposition 7. For allt >0 and 0 <v <1,

Ly (m)
Ip(m+v)

X

Qt)ylFl(V7m+V7_£)

Qr(Ty > ) = "

det(

Proof : From the absolute-continuity relation above, we deduce that :

QU (Ty > t) = QY ((diit(()g)Y) ’

On the other hand, using the expression of the semi-group, one has :

s\ msrm(5+5) . T
Qitaer(xy) = (20 2D -2
— (Qt)mS%&_)é) exp(— tr(%))lFl((s + 8;6; 2%)

by Kummer relation (cf Th 7. 4. 3 in Muirhead 1982). Taking s = —v, we are done. W
13



6. GENERALIZED HARTMAN-WATSON LAW

Henceforth, we will write .% to denote one-dimensional hypergeometric functions. We
define the generalized Hartman-Watson law as the law of

t
/ tr(X; Dds  under  QT(|X: =1y).
0

Its Laplace transform is given by:
2

t
m v 1 Tpn(m) v20Fi(m+v,z)
— | tr(X;)ds | | Xy =y) = =———det Nt AL hd
@s (exp( 2 /0 r(X) s) Xt =) Lp(m+v) et(2) oF1(m, z)
z = xy/4t%. Recall that for m = 1, this is the well-known Hartman-Watson law and
that its density was computed by Yor (1980). Here, we will investigate the case m = 2.

The Gross and Richards formula is written for p =0 and ¢ =1 :

(10)

det(zgﬂfjoﬁl(m +rv—7+1,%))

V(z) ’
where (z;) denote the eigenvalues of 2z and V/(z) = [[,;(2i — z;) is the Vandermonde
determinant . Noting that I'y,(m +v) = [[7L, T'(m + v — j + 1), then :

m—j)/2
) _ det(zlg 2% Im+u—j(2w/zi))
m—3)/2
det(zi( I Im_j(2w/z,~))
Without loss of generality, we will take ¢t = 1.

ofi(m+v,z) =

Proposition 8. For m = 2, let Ay > Ay be the eigenvalues of \/xy. Then, the density
of the generalized Hartman-Watson law is given by :

2(y2—n?)

f(0) VA1 v fol Jo° zsinh(pV/1 — 22)e~ 2V hezcoshye= =57 (5inh ) sin(MTy)dzdy
v) = ,
prV/ 2mv3 fol 01 ucoshipuv _—27) COSh(”%Vm;_ﬂ) Ip(2v/ A1 A oux)dudz

for v >0, where p= A\; — Ay. Furthermore, if \y = Ay := A, then:

ﬁ [e’s) 7ﬁ . . 47
Dwe®s [ gly)e "t (sinhy) sin(“m2)dy

v

flv) =

72y/27103 1F2(3: 132, 0%) ’
where 1 7 B2\ coshy) + Lo(2A cosh )
T coshy) + coshy
9y) = 3 + 5= -

3 2 2\ cosh y ’
and Lg is the Struve function (Gradshteyn and Ryzhik, 1994).

Proof : For m =2, ([[(J) becomes:

) = M1 (M) (A2) — Aadyy1(A2) L (M)
MI(A)Ip(A2) = Aeli(M2)lo(Ar)
so, using the integral representations below (Brychkov, Marichev, Prudnikov 1986, p.

46) :

z(al,y(az)L,(bx) — bl,41(bz)L,(az)) = (a® — b?) /; ul,(au) I, (bu)du
14



with z = 1,a = A\, b = Ao, and (Gradshteyn and Ryzhik 1994, p. 734):

@ cosh(bv/a® — 22
—(Vb2+c? +0)) \/ b2 + c? — b)):/ cosh(bva® — = )Igy(cx)dx
0

a2 _ 12

where a > 0,R(v) > —1, with a = 1,b = (A — A2)u := pu et ¢ = 2v/A1Aqu, the
numerator of (@) is then equal to:

h( 1-—

)\2 A2) / / ucosh(puvl = )ng(g A hpuz) duds.
V1—22

Taking v = 0, the denominator is then equal to:

h(puv/T—
)\2 A2) / / ueos x)IO(Q Mg uz) dudz.

1—:13

Thus, (I0) becomes:
S weohpuvI=®) 1, (9 /X Ag u) duds

N
fo 1 % 0(2vV A1 X zuz)dudx

Now, we only have to use the integral representation of 5, (Yor 1980):

IQV(Q )\1 )\Q'U/.Z') — i 62\/)\1)\2umcoshw672uwdw
2im Jo

_ 2

_ L/ 62\/)\1)\2uarcoshw /oo 2we™"" /2 e_¥dvdw
2m C 0 (27'('1)3)1/2

where C' is the contour indicated in Yor (1980), hence, the density function is given by:

2
COSh (puv1—z2) 2V A1 2ux coshw — 2w
1 fo fo Jowo==lmm o e v dudwdo

f(v) = - N hlfmjﬁ 10}
iV 2mus fo %10(2\/)\1 Apuz)dudx

We can simplify this expression by integrating over C to see that the numerator is equal
to (Yor 1980):

V)\l)\zv/ / / u' coblpuv] o7 )672\/@”003}196’72@1;#2)(smhy) sm(4 Ydudzxdy
TV 2mv3 V1-—22

Setting z = ux, The numerator is written

\/AMQU/ / / A ¢ VAR oy 2 (sinhy) 5111(4 Ydudzdy
TV 273 Vu2 — 22 '

that we can integrate with respect to u to get

2_.2
pﬂ-)q;:: / / 2z sinh p\/l 2\/>\1)\22coshy _2 - )(51nhy) 5111( )dzdy

Now, we prove the second part. In this case, p = 0 and we have to evaluate :

2
\ve o fo fo fo x2 2 uz coshy 2= (sinhy) sm( Ddudzdy

1—x
™V 27v3 fo ! Md dx

Vi—z2
15




Setting z = ux, the numerator reads :

e / [Ty 4y
zeoshy == (shy)sin dzdy,
o ( y)sin(—= Y\ dzdy

Integration with respect to z yields (Gradshteyn and Ryzhik 1994, p. 369):

2n2
Ave v > 242 4

~ono® Jo g(y)e (shy)sin(Ty)dy

For the denominator, we use the fact that d%(zll (2)) = 2zIy(z), which yields:

1
// ulp(2Auz) d dm:/ I (2)x) g
V1 — a2 0 2 zv1— 22

Then, the following formula

axafl @2 — 22871 (ex)dp — 92—v—1 20+a+v—2 v L) ((a+v)/2)
[ = e =2 TG+ @ /G T ()
oa—+v o+ ac?
1%( B+ v+1; 4)

taken with « =0,a =1,6=1/2,c =2 \,v =1 gives:
1
A g =T (21,20
/o 2 xV1 — 22 4! 2(2 )
We can proceed differently : let A\; = Ay + h then ([[()) reads:
(A2 4+ 1)1y 1 (Ao + R)L,(A2) = Aodyi 1 (A2) Ly (A2 + 1))/
(()\2 +h)]1 ()\2+h)[0(>\2) — oI ()\2)]0()\2—|—h))/h '

Next, we let h — 0. As usual, we first compute the numerator and then take v = 0. To
do this, we shall evaluate :

A2+ h) L1 (A2 4+ h) — Aalug1(A2)

A = [
hli% h
B — lm I, (A2 +h) — L(X\2)
h—0 h

which are equal respectively to di(aszr] (z)) and di(f,,(x)) taken for z = A = Ay = Ao
x x

d

Using the differentiation formula d—(:ﬂ”],,(ﬂ:)) = 2"1,_;(x) (Lebedev 1972, p. 110), we
x

get:

& (@har(@) = vhps (@) 2B (@), (@) = ~ L)+ Lo (2),
thus:
N = L)Lt (N + ALO)) = Myas (=5 L) + Lmi ()
= ML) = e s (NL—1 (M)
LA () et (WL—i (V)

I?(A\) = (A - (N)
16



Using the integral representation below (Gradshteyn and Ryzhik 1994, p. 757):

w/2
L(2)1,(2) = g/ cos((p — v)0) 1,4, (22 cos 0)de, R(p+v) > -—1.
T Jo
the numerator is written as :
9 [7/2 4 (7/2
N = —/ (1 —cos20)1z,(2A cos 0)dl = —/ (sin” 0) 15, (2) cos 0)df
T Jo T Jo

4
= —/ V1 =12, (2\r)dr,
™ Jo

Thus, using ([]), the denominator is equal to

4 [t 1
D = —/ V1 —r2Iy(2Ar)dr = %192(5; 1;2; \%)
T Jo

Finally, the integral representation of I, gives :

4
)\ue27r2/u OOO 6—2y2/u Slnh(y) sin (%) f(]l rme—Q)\r cosh y dp-

TV 2mu? fol V1 —121)(2\r)dr
0o 4

2/ Jo g(y)e™ 2"/ sinh(y) sin (%) du

TV 2mud fol V1 —1r21y(2Ar)dr ’

flu) =

7. THE LAaw OF Ty
Recall that: For 0 < v < 1,

Ip(m)

x x
Ip(m+v)

2t)”1F1(V,m+V7——)

Qr = (Ty > ) = -

det(

Proposition 9. Let m = 2 and Ay > Ao be the eigenvalues of x. The density of
So :=1/(2Tp) under Q'Y is given by:

flu) = (Al)\g)”uz”*Qe*()‘lH‘?)“ 1. 712, v+ 1, \u) — 1.71(2,v + 1, \u)
N I'(v+1)(v) (A1 — A2)
Corollary 7. If \{ = Ay := A, the density is written:

2)\2uu2uflef)\u
T = T 90

1:71(v — Lv+ 2, —Au)

Proof : Recall first that when m = 1, Sy £ Yo /x, where 7, is a Gamma variable
with density r*~le="dr. With the help of the Gross-Richards formula, it follows that
for m = 2,

(A12)"”
()\1 — )\Q)PQ(I/ + 2)
— )\2191(1/, v+ 2, —)\Qu)lﬁl(u —1L,v+1, —)\111,)),
17
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where Sy := 1/(2Tp). This is a C* function in u. Hence, we will compute its derivative
to get the density. Recall that :

d a
%191(017[)72/) = Elyl(a—i_lab—i_la'z%
thus :
d
flu) = @Qg“”(so <u) = K(v, i, \)u* "1 (A - B)
where
(A1A2)"
K(v, A1, A =
(V L 2) PQ(V + 2)()\1 — )\2)
A = 21/(()\1191(% v+ 2, —Alu)lﬁ’l(y —1L,v+1, —)\gu)
)\Qlﬁl(y, v+ 2, —)\2u)1y1(y —1,v+1, —Alu))
B = VL_i_z(()‘%ulyl(V +1Lv+3,-NuhZi(v—1Lv+1,—\u)

— )\%ulyl(u + 1, v+ 3, —Xu)1.Z1 (v — Lv+1,—\u)).
Then, we use the contiguous relation :
b1.71(a,b,2) —b1.F71(a—1,b,2) = 21.%1(a, b+ 1, 2)
to see that
MurF (v +1Lv+3,-Mu) = (v+2)1F (v, v+ 2, - Mu) — 1.7 (v + 1L, v+ 2, —\u))
XourZ(v+ 1L,v+3,—Xu) = (v+2)1-F1(v, v+ 2, —Xu) — 1.7 (v + 1, v + 2, —\u))

implies that:
fu) = Ki(v, M\, )u* " "(C+D—E—F)

where
v(A1A2)”
Kilvdihe) = oS s g
C = MFw,v+2,—MuhrF(v—1Lv+1,—Xu)
D = MiAW+1Lv+2,-MNurF(v—1,v+1,—\u)
E = MFAHAW,v+2,—XunF(v—1Lvrv+1,—\u)
F = AW+ Lv+2,—-Xur P (v-—1,v+1,—-\u),

Applying again the above contiguous relation yields:

MurF v+ 1Lv+2,-Mu)= v+ 1)F(v,v+ 1, - Mu) — 1.7 v+ 1L,v+ 1, —\u))
XouF(v+1L,v+2,—u)= v+ 1) F(v,v+ 1, —Xu) — 1.7 (v + L,v + 1, —Aau))
XourF1(v,v +2,—Xou) = v+ 1)1 F(v—1,v+1,—Xu) —1.%1(v,v + 1, —\u))
MurF (v, v+ 2,-\u) = v+ 1) FA v -1Lv+1,-\u) — 1.7 (v,v + 1, —\u))

Replacing in the expression of f, we obtain

f(u) = KQ(V’ >‘1a )‘2)u2V72(G - H)’
18



where
V(V+ 1)()\1)\2)”
PQ(V + 2)()\1 — )\2)
G = 191(1/ +1,v+1, —)\Qu)lﬁl(u —1L,v+1, —Alu)
H = 1§1(y+1,u+1,—A1u)1§1(y—1,1/—|—1,—)\2u)

KQ(Va )‘1, >‘2)

Eventually, writing

Po(v+2) = Tw+2)T'(v+1)=v(v+1)I'(v+ I (v)
1:71(a, a, z) e ” 1:71(a,b,—2) = e *1.#1(b— a,b, z),

we get
(MAo) a2 —2e~atdu | 7 (2, v + 1, \u) — 1.71(2,v + 1, Aou)
I'(v+1)(v) (A1 —A2)

Th case A\; = A2 is treated in the same way as before (for the Hartman-Watson law). In
fact , writing Ay = Ay + h and letting h — 0, we see that the density is given by :

fu) =

)\2uu2u72672)\u d 2)\21/u21171672)\u

A T X S A S ) Y
2)\2uu2u—1e—)\u

- T(v+2)L(v)

191(3,1/ + 2,)\u)
1 F1(v—1Lrv+2,- vl

8. CONCLUSION

The Gross-Richards formula has been the main ingredient in this paper, since it
enables us to express more explicitly the special functions of matrix argument. The case
m = 3 can be treated in the same way, but computation becomes too complicated. So,
if we want to deal with the general case, it will be convenient to find a more explicit
formula. Indeed, Schur functions can be expressed as polynomials in the elementary
symmetric functions e, or as polynomials in the completely symmetric functions h,..
More precisely, we have :

Sy = det(e)\i_i+j) 1 S Za] S n
Sy = det(h)\;,H,]) 1 S Za] S n

where ) is a partition of length < n, and X is the conjugate of A (Macdonald 1995). So,
using these two identities, can we improve our results?

9. APPENDIX: SPECIAL FUNCTIONS

9.1. The hypergeometric series. The multivariate hypergeometric functions were
studied by Muirhead (1982) in the real symmetric case, Chikuze (1976) for the complex
Hermitian case and Faraut and Koranyi (1994) in a more general setting. For Hermitian
matrix argument, they are defined by:

Rz (s ) = T3 e lole 20
k>0T1Llk T q)T :
19




where 7 = (k1, ..., k) is a partition of weight k and length m such that k; > ... > ky,,
(a); is the generalised Pochammer symbol defined by:

and C;(X) is the zonal polynomial of X such that :
= Z CT(X )
Tlk

Several normalizations for this polynomial exist in the litterature but we consider this
one. This polynomial is symmetric, homogeneous, of degree k in the eigenvalues of X
and is an eigenfunction of the following differential operator :

3}
AX_ZxZ(92+2Z Z —xkax

=1 1<k;£z<m

Besides, it is identified with the Schur function s, and C,(Y X) = C, (VY XVY) for any
Hermitian matrix Y. It is well-known that, if p = ¢ 4+ 1, then the hypergeometric series
is convergent for 0 < || X|| <1 (|| - || is the norm given by the spectral radius) , if p < g,
then it converges everywhere and else, it diverges.

9.2. The modified Bessel function (Lebedev 1972). The modified Bessel function
with index v € R is given by the following series :

1 2t
Zk'F(V+k+1)< ) , 2eC

It can be represented through standard hypergeometric functions ¢oF} and 1 F} :

L (5) o

l(z) = Fv+1
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