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LAGUERRE PROCESS AND GENERALIZED HARTMAN-WATSON
LAW

NIZAR DEMNT'

ABSTRACT. : In this paper, we study complex Wishart processes or the so-called
Laguerre processes (Xt). We give some interest to the behaviour of the eigenvalues
process, derive some useful stochastic differential equations and compute both infini-
tesimal generator and semi-group. We also give absolute-continuity relations between
different indices. Then, we compute the density function of the generalized Hartman-
Watson law as well as the law of Ty := inf{¢, det(X;) = 0} when the size m = 2.

1. INTRODUCTION

Real Wishart processes have been introduced by M.F.Bru (cf [1]) and studied by
Donati, Yor, Matsumoto and Doumerc (cf [5]) as a matrix extension of squared Bessel
processes. In their survey, we encounter many expressions in which special functions
of symmetric matrix argument appear, such as the Gamma function, modified Bessel
functions and hypergeometric functions. However, these special functions are quite com-
plicated: for example, in [5], authors computed the following Laplace transform:

2 gt L'y (m) Fi(m +1+2v,2)
m+1 - -1 e = m V/2O 1 !
Qy' " (exp < 5 /0 tr(X, )ds) X =y) Lpp(m—+1+ 2V)de =) oFi(m, 2)

where (Xt)>0 is a Wishart process of dimension m + 1 starting at z, and z = \/zy/4t%.
We don’t know how to invert this Laplace transform. Furthermore, under Q7'~", the
tail distribution of Ty := inf{t > 0, det(X;) = 0} is given by :

T'(m x z

Q0> 0) = o 2O et R m 1+ 20 )
But, we can not deduce the density of this variable from the expression above since
we can not calculate the derivative of the confluent hypergeometric function, and even
integral representation doesn’t lead.

Nevertheless, in the complex case, hypergeometric functions of Hermitian matrix argu-
ment ( as well as orthogonal polynomials) can be expressed in terms of one-dimensional
hypergeometric functions. In fact, zonal polynomials are identified with the (normalized)
Schur functions (cf [17]) defined by

%

B det(xkj +n_j)
det(z"7)

S)\({Bl,...,xn) s
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2 LAGUERRE PROCESS AND GENERALIZED HARTMAN-WATSON LAW

where A = (A1,...,\,) is a partition of length < n and A; > ... > A,. Furthermore,
Gross and Richards established the following result (cf [10]):

det(z" ™ Folar—j+1,....ap—F+1,....00—j+1;m;
qu(al,...,ap,bl,...,bq;X): (l p q( V()?) q Z))

where X is a n x n hermitian matrix, (z;) are its eigenvalues, ,.%, denotes the standard
hypergeometric functions, ,F; the hypergeometric function with matrix argument and
V(X) = [],.;(zi — x;) is the Vandermonde determinant. Consequently, we can use
all the properties of standard hypergeometric functions in order to invert the Laplace-
transform of the so-called generalized Hartman-Watson law and to calculate the density
of Sy := ﬁ More precisely, when m = 2, integral representations of modified Bessel
functions and contiguous relations of the Hypergeometric functions ( cf [21], [22], [26])
allows us to do this.

The rest of this paper consists of seven sections, which are respectively devoted to the
following topics: in section 2, we introduce the Laguerre process of integer index. In
section 3, we study the behaviour of the eigenvalues process. Then, in section 4, we
define the Laguerre process of positive real index. Section 5 is devoted to the absolute-
continuity relations, from which we deduce the Laplace transform of the generalized
Hartman-Watson law as well as the tail distribution of Tj in the general case. In section
6, we invert the Laplace transform, and finally, in section 7, we compute the density of
So.

Remark. In the one-dimensional case, the Hartman-Watson law was computed by Yor
(cf [28]) and for squared Bessel processes of index —v starting at x, Sp Z v /x where 7,

has the following density: ——u” " le™

I'(v)
2. LAGUERRE PROCESS OF INTEGER INDEX

Let B be a n xm complex Brownian matrix starting from By , ie, B = (B;;) where the
entries B;; are independent complex Brownian motions, so we can write B = B' +iB2.
We are interesting in the matrix-valued process X; := B B;. This process verifies the
following EDS:

(1) dX; = dB} B; + B;dB; + 2nldt

Definition. The process (X;) is called the Laguerre process of size m, of dimension n
and starting at Xo = BBy, and will be denoted by L(n,m, Xy).

Remarks. 1/ For m =1, (X}) is a squared Bessel process of dimension BESQ(2n, Xj).
2/ Set X = (x;5)i ;. We can easily check that

d(-%'t)m = 24/ (xt)iid%'(t) + 2ndt 1< <m,

where (v;) are independent Brownian motions, thus, each diagonal term is a BESQ(2n, (Xo)ii)-
3/ From the last equation, we obtain:

(2) d(tr(Xe)) = 2/tr(Xy)dB: + 2nmdt
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where (3 is a Brownian motion. Consequently, (tr(X};)) is a BESQ(2nm, tr(Xy)) of di-
mension 2n starting from ¢r(Xy).

We can deduce from equation (1) that for every i,7,k,l € {1,--- ,m}:
< dxij, drg >1= 2(xi0kj + xpj0;)dt

Remark. We note that this equation is different from (I-1-5) in [1]: this difference arises
from the fact that, for a complex Brownian motion -, we have d < ~,7 >;= 0 and
d <,y >=2t.

2.1. Infinitesimal generator. Let H,,, H;; be respectively the space of m x m her-
mitian matrices and the space of m x m definite positive hermitian matrices. On the
space of hermitian matrix-argument functions, we define the matrix-valued differential
operators :

) A A=)
O \Owj ), 0y o), 0z \Owp Oyw),,’

We also define:

(2) oy (22) oy 2
0z /..~ - Dzik0zk; Oz dy ) ;; - 02,0k
Proposition 1. Let f be a function satisfying:

of _ of of _ _9of Vi i
Oxi;  Oxj; Oy 0yji -

Then, the infinitesimal generator of a Laguerre process L(n,m,x) is given by:

3) % — ntr(Re (;)) 4 2ftr(zRe (882>2> + tr(yIm ((i)?)]

z

0
where — is the operator defined above.

0z

Remark. Using the fact that 27 = z, y7 = —y and tr(AB) = tr(BA) = tr(BT AT) for
any two matrices A and B, we can see that

tr 22 =tr 22
yﬁy@x N 8x8yy

thus,
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3. EIGENVALUES OF LAGUERRE PROCESS

In this section, we will suppose that n > m. Let us recall the following result stated
n [19] and [14] (cf [1]) for the real case):

Theorem 1. Let A\i(t), -+, Am(t) denote the eigenvalues of Xi. Suppose that at time
t =0, all the eigenvalues are distinct. Then, the eigenvalues process (Ai(t),..., Am(t))
satisfies the following stochastic differential system:

t k(T
t) =2/ Ai(t) dBi(t) + 2 n+z)\ o Et; dt 1<i<m, t <,
k#i

where the (Bi)1<i<m are independent Brownian motions and T is defined by

= inf{t, \i(t) = \;(¢) for some (i, j)}.
Remark. With the help of the SDE verified by the eigenvalues, we can compute SDE
verified by both processes (tr(X;)) and (det(X;)): the former is done. For the second,
we find that for t < Ty := inf{t, det(X;) = 0} and for r € R:

d(det(Xy)) = 2det(Xy)\/tr(X; V) dve + 2(n —m + V) det(X,)tr(X; ) dt
d(In(det(Xy)) = 24/tr(X; Ddye + 2(n — m)tr(X; Y)dt,
d(det(Xy)") = 2(det(Xy))"y/tr YDdvy + 2r(n — m +r)(det( X)) tr(X; 1) dt

so, we can see that for n = m, (In(det(X;)) is a local martingale and so is (det(X;))™ ™.

Lemma 1. Take X, € }f;{L.Then forn>m, X; € Iff{L

Proof : In fact, this result is a direct consequence of the fact that for n = m,
(Indet(Xy)) is a local martingale, and so is ((det(X;))™ ™). Hence, for n > m, these
two continuous processes tend to infinity when t — Ty which is possible only if Ty = oo,
because every continuous local martingale is a time-changed Brownian motion. O

Corollary 1. If A;(0) > --- > X\, (0), then, the process defined by

U(t) = — — t<rT

s a local martingale.

Proof : We can follow in the same way of [1] but we will proceed differently and use

Bru result. Showing that U(xy, - ,2y) = = for
[Tic;(zi —z5)
{z1 > -+ >z} is equivalent to :
- (02h)h? + 2(d;h)2h - z; + x| Oih
(4) Zmz -y ”*Zx—xk 52 =0

i=1 ki
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where h = 1/U, that is :

Z 8hh+2(3h) 72 n+z$%+xk 81']1:0’

In fact, we know that (cf [1])

V(zi,...,xm Zlog T — Tj)

is a harmonic function, i. e, &V = 0 where & denotes the eigenvalues generator of a
Wishart process, hence, it follows that :

m

(82h)h — (&h)Q T+ T azh
2 i =Y,
Zx % + ; n+ Z o — i | h 0

=1

Thus, it remains to show that:

Z x,@fh =0
=1
which is easy to see (cf [7] p. 216) [

Remark. An other way of thinking is to use KOnig and O’Connell result: indeed, they
showed (cf [19]), for n > m, the eigenvalues process is the h-transform of m independent
BESQ(2(n - m +1)). Thus, if G and G denote respectively the infinitesimal generators
of these two processes, then, G(h) = 0 and, forall C? function f,

A 1
G(f) = 3 G(hf)
A 1
So, G(U) = EG(l) =0. O
Corollary 2. If at time t = 0, the eigenvalues of X are distinct, then, they will never
collide, i. e, T =00 a. s.

Proof: This result follows from the fact that the continuous process U tends to infinity
when ¢t — 7 which is not possible only if 7 = 0o a. s. (We use the same argument as
before). O

3.1. Some skew-products. Let (af; + pt)t>0 a Brownian motion with drift. We set
(K; = e®Pttit), 50, then :

2
MQ:aKM@+0k%%ﬂQﬁ

Define: .
m:/wujm
0
Using this time-change, we have:

d(det(X4,)) = 2det(Xa,)dWi+2(n—m+ 1)det(X4,)dt
d(In(det(X 4,)) 2dW; + 2(n — m)dt
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where Z is a standard Brownian motion. Hence, we deduce that :

Z 2<ﬁt+(n—m)t)) ff( (n—m) )
det(X = (e = | R
( ( At))tzo >0 Ji e2Bst(n—m)s)ds >0

G

Z
(In(det(Xa,)))is0 = (2B + (n —=m)t))>
where (Ry)i>0 is a squared Bessel process of index (n —m). We can also get a look at
the Brownian motions of ellipsoids already studied by Norris, Rogers and Williams (cf
[20]). They considered the processes defined by :
Ft = G?Gt and Lt = Gth

where (G¢)¢>0 is the right-invariant Brownian motion on GI(n,R) (right-invariant means
that, for every t,u > 0, the law of G4, G} ! does not depend on ¢ and this right increment
is independent of o(Gs, s < u)). Let (7i(t))1<i<m denote the eigenvalues of Fy (or L),
then, they never collide and we have :

1 1 ilt) + () .
A1) = dri(t) + 5 g SO Ldt VE>0,  1<i<m

< i(t) = (1)
where (k;) are independent Brownian motions, which implies that :
%dln(det(Ft)) = /mN;
where N is a standard Brownian motion and since
)B) PRSI
=1 ks 0k

Thus, we get :
d(det(Fy)) = 2v/m det(Fy)dN; + 2m det(Fy)dt
which yields by Lamperti representation ([15]):

(det(F)) g £ ()

t>0

2 (o
J& e2Nsds 0

where p is a squared Bessel process of index 0.

3.2. Additivity Property.

Proposition 2. If (X;) and (Y;) are two independent Laguerre processes L(n,m, Xy)
and L(p,m,Yy) respectively, then the process (X; + Y;) is a Laguerre process L(n +
p,m, Xo + YVO)
Proof : Let us write X; = Bf B, and Y; = R} R;, where (B;) and (R;) are, respectively,
n x m and p X m independent Brownian motions. Then N; = gt) isa(n+p) xm
t

complex Brownian matrix and we have
X +Y: = B/B;+ R;R; = N/ N;. O

Now, we will introduce the Laguerre processes with noninteger index 9.
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4. LAGUERRE PROCESSES WITH NONINTEGER INDEX

Let (X:) be a Laguerre process L(n,m,Xo) with n > m. If X, € ff,f,ﬁ, and if X}
represent the symmetric square root of Xy, it is easy to show that the matrix O defined
by O, := X, 'Bf, where X, = BfB,, verifies 0*O = 00* = I,,. Thus,

dy = O1dB, = \/X; ' BrdB,

is a m x m complex Brownian matrix. Replacing this expression in our equation (1), we
see that X; is governed by the following SDE:

dXy =/ Xedy + dyf/ Xy + 2nl,dt

Theorem 2. If (B;) is a m x m complex Brownian matriz, then for every X, € Ifnt
and Y6 > m, the SDE

(5) dX; =/ XidB; + dB:\/ X +201,dt

has a unique strong solution in H.
Furthermore, if at time t = 0 the eigenvalues are distinct, then they satisfy the stochastic
differential system:

AN() = 2/ N () dBi(t) + 2 5+Zm it 1<i<m,
ki T

where the (5;)1<i<m are independent Brownian motions.

Proof : The proof of the second part of the theorem is the same as before with §
instead of n. So, we have to prove the first part. First, note that (det(X;)), (Indet(X¢))
and (det(X¢)") verify the same EDS with ¢ instead of n. Hence, arguing as before, we
can see that Ty = oo a.s. On the other hand, the map a — a'/2 is analytic in H;} (cf
[25], p 134), so, the SDE has a unique strong solution defined on t < Ty = o0 a. s. [

Definition. Such a process is called Laguerre process of dimension §, size m and initial
state Xg. It will be denoted by L(§, m, Xp).

Remarks. 1/ Any process (X;) solution of (5) is a diffusion whose infinitesimal generator
is given by:

B 0 0 ., 0 .
£ = 25tr(R6(£)) + 2[tr(xRe(%) )+ tr(ylm(a) )]
2/ A simple computation shows that

(dXij)(dX ) = 2(Xudkj + Xkjou)dt,
for every i,7,k,l € {1,...,m}.

Now, we will focus on the existence and the unicity of equation (5) when 6 > m — 1
and Xy € H, (cf [1] for the real case).
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4.1. The Process X'. If X is a hermitian matrix, let X be the hermitian matrix
max(X,0). If we denote by (\;) the eigenvalues of X, then (A = max()\;,0)) are the
eigenvalues of X .

Theorem 3. For all 6 € Ry and Xg = x € H,, , the stochastic differential equation

dX; = \/ X, dBy + dBj\/ X;~ + 261,dt
has a solution in H,,.

Proof : The mapping a — Va™ is continuous on H,,, hence, by th. 2. 3, p159 in [11],
X exists up to its explosion time. Furthermore, from

[VXH + (0112 < 6% + || X[ < C(1+ [1X]]%),
we can deduce that this explosion time is infinite a. s. (cf [11] Th. 2. 4, page 163). W

Proposition 3. IfA1(0) > ... > A\, (0) > 0, then, Vt < S :=inf{t, \; = \; for some (i, j)},
the eigenvalues of X wverify the following differential system:

() A*
dNi(t) = 24/ A (t)dv;(t) + 2 5+Z D) )+ ) dt, 1<i<m,
ki

Proof : This differential can be shown in the same way as in Th. 1, using the above
relation:

(dXij)(dXy) = 2(X5; 6p; + X;50u)dt.
Proposition 4. If A\;(0) > ... > A\, (0) >0, then, Vo >m —1, Vi >0, \p,(t) >0 .

Proof : First, we note that S = oo a. s. Indeed, a similar calculus as in the first part
of the proof of Corollary 1 shows that the process V' defined by :

V(AL(t), ..., Am(t) = 1L ,(/\.(,51) — (1))
i<j 2 J

is a local martingale. For the proof, we follow in the same way as in [1].

Theorem 4. If A\1(0) > ... > A\, (0) > 0, then, for all § > m — 1, (5) has a unique
solution in H, in the sense of probability law.

Proof : By Proposition 4, the solution of the SDE in Th. 3. remains positive for all
t > 0, thus, it is a solution of (5). O

Theorem 5. Let H; be the space of positive hermitian matrices. Then, whenever
the SDE (5) has a solution in H.}, for fived t, its distribution is given by its Laplace
transform:

(6) Ex, (exp —(truX;)) = (det(I, 4+ 2tu)) ™ exp(—tr(Xo (L, + 2tu) "1 u)),
for all w in H.
Proof : For s € Hj, let g(t,s) = A7 exp(—V(t, s)) where
A, = det(L, + 2ut), W, = (I, + 2ut)~! V(t,s) = tr(sW),
First, note that W € H,,,. After that, we need a lemma:
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99

Lemma 2. The function g verifies the heat equation: £g = 5t

where £ is the infini-
tesimal generator of X.

Proof of the lemma : If we write s = x+ iy, then, using the fact that z is symmetric, y
is skew-symmetric and W is hermitian, we can see that tr(sWy) = tr(xM + iyN) where

W4+ W N = W — W.
2 2
Observing that M7 = M and N7 = —N, we can deduce that ¢ satisfies the conditions

of prop. 1. Besides,

M:

% = —g(20 tr(Wy) — 2tr(sW?))
and
%9 | 9% : 2
g 0% 2, A2 2
tr(x (W — ({)y2>) = gtr(x(M*+4 N?)) = gtr(zW?).
Finally, noting that tr(M) = tr(W), we obtain the equality. O

Now, we consider the process (Z(t, X;)) defined by
Z(t, Xy)=g(t1 — t, Xy), Vit <t

for fixed ¢1. From the lemma, we deduce that Z is a bounded local martingale and thus
is a martingale. So, the result follows from a simple application of the optional stopping
theorem. |

Remark. From the Laplace transform, we easily deduce the additivity property for fixed
t.

Corollary 3. Let (X;) be a Laguerre process L(d, m,x) where x € [—fer. Foré >m—1,
the semi-group of (X3) is given by the following density:

1 1 Ty
) _ d— .
Dby (SU, y) - W exp *(Q*tt’r'(ﬂf + y)) (det y) moFl ((S, 47252)1{?;>0}
with respect to Lebesgue measure dy = Hpgq dy;q Hp<q dygq where y = y' +iy? and oF}
is an hypergeometric function with matriz argument(cf [4], [10]).

Proof : In fact, this result can be easily deduced from the case where § = n is integer,
since, in this case, X; is a non-central complex Wishart variable W (n, 2t1,, x) (cf [12])
with density given by:

1 1 n—m Y
exp —(—tr(z +y)) (dety) oF1(n; @)1{y>0}

P = Gyt ) =

with respect to dy. Hence, taking ¢ instead of n and denoting by W; this new variable
(starting from ), we can see that : (we will use |y| to denote det(y))
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- 1 _tre 1 _ xy
Ey(e”mWe) = 2T /y>0 exp (—%tr((f + 2W)?J)> [yI° "0 (6; 2%
200|270 _ira
= =] et2t/ exp(—2ttr(af%(1+ 2ut)x7%z)|z]57moF1(5;z)dz
Fm(é) 2>0

t
= exp(— 2V + 2ut| % exp (tr(ﬁ(f v 2ut)_1)>
2t 2t
1
= |T 4 2ut| =% exp (—%tr((I + 2ut) NI 4 2ut — I))>

= |T 4 2ut| =% exp (=tr(z(I + 2ut) ')
which is equal to (6). [

Remarks. 1/ In the last proof, we used the change of variable z = 21/2y2'/? which gives
dz = |z|™dy. For the second integral, see [8], prop XV.1.3, p 319.
2/ The expression of the semi-group extends continuously to the degenerate case, namely:

1 tr —m
exp (T (det )1,

2t)™0T,, ()
where 0,,, denotes the nul matrix.

Corollary 4. For § > m — 1, the semi-group of eigenvalues process is given by:

i v/ Tty Tl
a(z,y) = 7)oy (1 (y]> 26—(’%’)]”(\/7%))

h(x) 2 \ z; t

where © = (1, ..., Zm), Yy = (Y1, .., Ym) S0 that 1 > ... > X >0, y1 > ... >y > 0,
0 = m+ v such that v > —1, I, denotes the modified Bessel function and h(x) =

[Licj(zi — ).

Proof : The expression of the semi-group can be calculated using Karlin-MacGregor
formula (cf [13]) since, for § > m — 1, the eigenvalues process is the h-transform of m
independent BESQ(2(§ —m + 1)) conditioned never to collide (cf [19]). In fact, we can
extend konig and o’connell result for any § > m — 1.

Another proof is given by Péché (cf [27], p. 68). Here, we will deduce the expression of
qi(x,y) from p(x,y) following Muirhead (cf [18]), namely, by projection on the unitary
group : we will use Weyl formula, then give a determinant representation of hypergeo-
metric function of two matrix arguments.

First, we state integration Weyl formula (cf [8]) in the complex case: for any Borel
function f,

F(AVA = Cp, / Fuau)o(du) (h(a))2day . . dam,
Hp U(m) JR™
7.[.m(m—l)
where C,,, = W, U(m) is the unitary group, « is the normalized Haar measure

on U(m), a = diag(a;), h(a) = [];-;(a; — a;) and A = uau™. Hence, the semi-group of
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eigenvalues process is given by (cf [12]):
0e0) = Cnlh)) [ il g o

Cn(h(y)?) 19 & +y] o Tugu*
B @t)rg(s% 11 (H yﬂ) /U(m)oF1<5; T‘%)a(du)

7,7=1
L)) it L
= Yj 0F1 (m+v; 33 9),
—(2t)mANT (m)Dy(m + v) ZHI H / T 412
where § = diag(y;) , = is a definite positive matrix whose eigenvalues are x1,...,Tm,

oF1 in the third line is an hypergeometric function with two matrix argument (cf [10])
and 6 =m + v,v > —1. (For the last equality, see [12]). Next, we need a lemma.

Lemma 3. Let B,C € H,, and let (b;), (¢;) be respectively their eigenvalues. Then,

p
m(m=1) T'(pu; +1))™
pFa((m + pi)1<i<p(m + ¢jh1<j<q; B,C) =7 2 P74 1)Fm(m)H7( (it 1)

i1 Fm(m + ,UJz)
12[ Ton(m+¢;)  det (p:Fq((i + Di<i<p, (1 + @5)1<j<qs bicy),
L (D(gy + 1)) h(B)h(C)

Proof : Recall that the hypergeometric function of two matrix arguments is given by
the following series:

DF(@)1<ip (1550 B.C) = ZZH e A

k=0 T

where 7 = (ki,...,kn), k1 > ... > ky, is a partition of k, (a), = [[-(a—7+1)y, is the
generalized Pochammer symbol and Z is the zonal polynomial. It is well known that

- ST(b17 .- 'abm)a

where s, is the Schur function and d, = s,(I) is the representation trace or degree (cf
[10] or [8]). Substituting this expression in our series, we get:

= + 1)T TB TC
pFy((m + pi)i<icp, (M + $j)1<j<g; B, C) = kZOzT: 0 :+;g)) ((rst)T( ),
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Now, we write:

m

(s +m4ky, —r+1)
+ V)T —
(m + 1) 7«1_[1 T(pi+m—r+1)

H Mz+1+k +5)
(i +m—r+1)

m
__mm-1)72 L (pi +1)™ 11

where 6, = m — r. Doing the same thing for each (m + ¢;); and for (m),, we can see
that:

Fy((m + p)1<i<ps (M + ¢j)1<j<4:B, C) = 7 IFH’+ mﬁ
plq Hi)1<i<p; J)1<i<q> - Ly (m + 1) e m+¢])

i=1

.

ZZH( 1mﬂ 57(B)s:(C)

= + Dkts, ) THZi(Wikyts,
-1
where (5 = <m(m2)> (p —q—1). Then, we use the following result (cf [9]):

Lemma 4. Given an entire function f, ie, f(z) = > re, exz®, then

3% (Tl ) =20

k=0 T r=1 (Im)

det bcJ ”

Thus, we get:

p
mim=1) (s +1
pFa(m + pi)i<i<p(m + ¢j)1<j<g; B,C) =7 2 P74 1)Pm(m)H7(“ )

=1
oo TTP_,(uit Dk (bic )k)
det 1 P

q +¢J <Zk =0 Hq (¢pj+1) K Lp

i h(B)H(C)

p q

m(m=1), T(p;+1) Ty (m+ ¢))

_ (p—¢—1p J

det (pFq((i + D1<i<p, (1 + &j)1<j<qi bicy), -
h(B)h(C)

Remark. For p =0 and ¢ > 1, we have:

m(m 1) d

q+1) m+¢]
I

et (07q((1+ dj)1<j<qs bics), ¢
h(B)h(C) ’

oFy((m + ¢j)1<j<q; B, C) =7~
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and similarly,
Dun(m) det("r) s
= h(B)h(C)

T 2
which can be viewed as Harish-Chandra formula.

ofo(B,C) =

We now proceed to the end of the proof. Taking p =0,¢q=1, B = 4%2, C =y, we
get:
& (@)= DRE L (m 4 )T (m) det (071 ((v +1); 54))
o1 (m + v 1539) = D (D (y + 1)) )R )
The expression of ¢;(z,y) follows from a simple computation and from the fact that:
0Z1((v + 1) wiy; /4%))iy _ ( 2t )V] (\/W) -
I'(v+1) VZY;) ot

Proposition 5. the measure defined by p(dz) = (det(x))°~™ dx on H,, " is invariant
under the semi-group, i. e, pP, = p.

Proof: Denote by P, the semi-group of Laguerre process L(d, m,x) for 6 > m — 1.
Then, we have to show that

/ RSl = | foldn) VS e Co(t ).

y>0
Indeed, by Corollary (3), we have:

1 (2, 1S— (. _ xy
PHDAD) = s [ P p) ([ R s ) dy
>0 (2t)m6I‘ ( ) y>0 >0 42
2t - _
( ) / ftr 2t)\y| mf( ) (/ eftr(Qty L/24y 1/2)’2‘67m0F1(5’ z)dz) dy
Fm ) y>0 x>0
— [ f@e @y RG8 Sy
y>0
/ fy et (3%) |y|6—met7"(2%)dy
y>0
— [ fwtay)
y>0
where we used the same change of variabes and theorem as in the proof of Corollary (3).
(see remark below the proof) O

Remark. For Wishart processes, it is easy to see that u(dz) := (det(:n))% N 2 1gpspde
is invariant under the semi-group.

4.2. Some Orthogonal Polynomials.

Proposition 6. Let L(m + v,m,Xy), v > —1, be a Laguerre process and let Y =
(A1, ..., Am) be its eigenvalues process starting at x € R™. Set :

1—e 20t

Z; = ety ( )

)= e2Plyy, B eRT,
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then, the semi-group of (Z;) is given by:
q~t(l‘, y) 5m(m+u —tr(ﬁm Z Z ) —2ﬁt(m—|7’|)’ y € R™
k>0 T

where , W(y) = (det(y))” (h(y))?, T is a partition of k, LY is the generalized Laguerre
polynomial (see [18] for the real case, [3] or [8] for a general setting), A7 is the normal-
isation constant given by :

= / (L2 (2))2 (det(y)) e~ (h(y))?dy.
[0,00[™

Proof : Recall that the semi group of (Y;):>0 is given by :
7D (h(y)?) (det(y))” i
e

= F ;
Using the definition of Z and setting r = e~2!, we have
Gr(x,y) = 20 q, (2, e y)
g \"m v,y Bx_ By
= m — Bt F PR
o (2 exp ~Atr(— + 1) ) oFi(m i 1 L)

=C,, (y)eftr(ﬂx)ﬂm(nH»z/) rm

1 m(m+v) re ry Bxr rBy
<u—r> apﬁwwg_r+1_T00m0n+w1_r@_r>

)
D (h(y)?) (det(y))"”

. Then, we use the generating function (cf [3],

where Cy,(y) =

Lo (m)TCp(m 4 v)

p 201):
3 Z e mlamen Y < 1 >m<m+”> ( (T, )>

= exp | —tr +
P - Tp(m)Cp(m+v) \ (1 —7) l—r 1-—7r

u rv

OFl(m‘f‘V,ﬁ,l_T)y Irl <1

The result follows from an easy computation. O

Remarks. 1/ In [3], authors deal with Jack polynomials C¢ : take o = 1 to get Schur
functions and o = 2 to get real zonal polynomials. For o = 1/2, we get quaternion zonal
polynomials.
2/ In the case m = 1, it is a well-known result ([23], [?]) : Z is a squared Ornstein-
Ulhenbeck process. For the matrix case, we can define a process (R;)>o as the unique
strong solution of :

dRy = dy + BRdt, Ro =0
where v is a n x m complex matrix Brownian motion and 3 € R*. Then, we con-
sider Sy := R;R:;. The process (S¢)i>0 satisfies (using It6’s formula and that (dB; :=
\/Rﬁfl'y;d’yt)tzo defines a complex matrix Brownian motion) :

dS; = \/SydB; + dB} /Sy + (28S; + 2nI,)dt, Sy = BiBy
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Thus, if (Xy = BfBy) is L(n,m, z), then we can see from a simple computation that :
(St = eQﬁtXAt,t > 0)
Using Th. 2 and Th. 4, we can deduce that the same results hold for the following SDE:
dS; = \/SidBy + dB;\/S; + (26S; + 20L,)dt,  So = s
Such a process is the complex version of the square Ornstein-Ulhenbeck process already

defined in [1], and (Z;)¢>0 is its eigenvalues process.

5. GIRSANOV FORMULA AND ABSOLUTE-CONTINUITY RELATIONS
In this section, we will discuss in the same way as in [5] to derive absolute-continuity

relations between different indices.

5.1. Positive Indices. Take a matrix-valued hermitian previsible process H. Let Q’ be
the probability law of L(8,m,z) for § > m — 1 and = € H,};. Define:

I /t tr(HsdBs + Hy dB;)
t — )
2
0

1 t
® = exp(Li g [ (),
0

where B is a complex Brownian matrix under Qi We can easily see that the process 3
defined by 8; = B — fot Hds is a Brownian matrix under the probability

Pz, =@ Q)2
Furthermore, (X;) is a solution of
(7) dX; = \/XedB; + dB*/Xi + (VX Hy + Hi/ X + 201, dt.
Then, we consider the case when H; = V\/)Tfl. In this case, (7) becomes
dX, = /XydBy + dB* /Xy + 2(6 + v) Lndt,
which is the SDE for a L(6 + v, m,x). Thus, we have:

Theorem 6. Ford >m —1,

v [t 1 -1 v2 [t 3
(8) Q| 5, = exp (2/0 tr(v/Xs dB, + /X, dBS)—Q/O 1r(X, 1)ds) Q5.

Proposition 7.

det(X v/2 2t
) Q21 = (SA) e (=[x ) -2l
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Proof : We know that V,(det(u)) = det(u)u~t, hence, V,(In(det(u))) = u~!. Then,
using the fact that for § = m, (In(det(X;))) is a local martingale, we get from It6 formula
that:

In(det (X)) = (et (%) + [ 10X, (/KoaB, + 4B /X0)
0
In(det(Xo)) / tr(v/X, dB, + /X, B, dB,) O

From (9), it follows that:

Corollary 5.

m v? [t B det(y) ”/Qp:’”“’(:c,y)
(e <‘2/0 Xy d )’Xt V= Tetle) o)
_ _Tw(m) ol m v 2)
= Tooim + ) Gt T B
it
0(z)
Ty
wherez:@.

Now, we state the following asymptotic result:

Corollary 6. Let X be a Laguerre process L(m, m,x), then, as t — oo:
4 1 Z
— t d T
where Ty is the first hitting time of 1 by a standard Brownian motion (3.

Proof : From (9), we deduce that:
202 t T (m)
m | (X Nds ) | X; = ty) = m det(zy/4t))v/mIost
Qe (~ s [ s ) 13 = ) = L) (aet(aya0)
oF1(m + 2v/mlogt, xy/4t?)
oF1 (m, zy/4t?)

Noting that (¢t"™)~" /mlogt — o= and since both hypergeometric functions converge to 1
as t — oo, we obtain:
2V2 t -1 t—o00 —v
Q' (eXp(_(mlogt)Q/O tr(X;)ds| Xy = ty) — e
Then, since
5 e—tr(ac)/Qt tr(y)
: m°_m 1 —tr(y
tllglot P (@, 2y) tlggo T (m) ‘ oF1(m
eftr(y)

Tpn(m)

4

7%)
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we get:

Qe (~ o [ as)

(mlogt

2V2 t
= QY (exp —/ tr X;l ds| X —y)pm z,y)dy
/L, (G | DX = y) ()

202 t 2
= m - tr(X-Nds| Xy = ty | t™ p"(z, ty)d
002 (o0 Grtoga [ X s = ) 'ty

t—oo _
— e,

by dominated convergence Theorem. |

5.2. Negative Indices. Take 0 < a < det(x). The same calculus as in section 5.1 with
H = —v Xfl,O < v < 1, shows that

) det() v/2 L2 [tATa .
" . = ——— - tr(Xs H)d "z
@z <det(Xt/\Ta)> o (=5 )o@

where T, := inf{¢,det(X;) = a}. Letting a — 0 and using the fact that Tp = oo a.s
under Q7', we get :

m—v _ det(x) vi2 V2 ¢ -1 m
Qaz L%ATO - <d€t(Xt)> €xp <2/0 tr(Xs )d3> Qaz ‘z%
_ < det(«’f) >VQZH_V|3Q

det(Xt)
Proposition 8. Forallt >0 and 0 <v <1,
r
Qm Ty > 1) = — )4y v By 4v,— L)

Lp(m+v) 2t 2t

Proof : From the absolute-continuity relations, we deduce that:

QY (Ty > t) = QY <<dciett((;3) ) V> ’

On the other hand, from the expression of the semi-group, we can compute:

Ln(s+9) x
6 s\ ms_ M gy ——
Q5 (det(Xy)%) = (2t) T,.0) 1F1(—s;0; 2t)
_ ms Fm(S + 5) x o
= (2t) T).0) exp( tr(2t))1F1(5+s,5, 2t)
by Kummer relation (cf Th 7. 4. 3 in [18]).Taking s = —v, we are done. |

6. GENERALIZED HARTMAN-WATSON LAW

Henceforth, we will write .% to denote one-dimensional hypergeometric functions. We
define the generalized Hartman-Watson law as the law of

¢
/ tr(X; Yds under QY (Xt =1y).
0
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Its Laplace transform is given by:

miexp (2 [ irix- = Dm(m) o poFi(m ot vz)
10) Qo (55 [k 0n) e) = g Bae H

z = zy/4t%. Recall that for m = 1, this is the well-known Hartman-Watson law and
that its density was calculated by Yor (cf [28]). Here, we will investigate the case m = 2.
First, we state the following result due to Gross and Richards (cf [10]) :
det(2I" 70T (m +v —j+1,2))

V(z) ’
where (z;) denote the eigenvalues of z and V(z) = []

determinant .
Noting that T'n,(m +v) = [[JL; I'(m +v — j + 1), (10) is equal to:

det(2\" 110 (2/7))
det(={" " 1 j(2/7))

Without loss of generality, we will take ¢t = 1.

OFl(m+V,Z):

i<;j(2i — zj)) is the Vandermonde

(10) =

Proposition 9. For m = 2, let Ay > Ay be the eigenvalues of \/xy. Then, the density
of the generalized Hartman-Watson law is given by:

2

)

2 g
VA fol Jo° zsinh(py1 — 22)e—2VAtAzzcoshye — (sinh y) sin(*5¥)dzdy

P /A3 fo 1 wcosh( pqi\/l x2 (QMUm)dudm

for v >0, where p = A1 — \o. Furthermore, if A1 = Ao := A, then:

2n2 o) 7¢ . ]
4 ve v [y g(y)e” v (sinhy) sin(=¥)dy

f(v> = Y- (2,1,2 )\2) >

where

1 7w I(2Xcoshy) + La(2A coshy)

9(y) = 3 + 2 2\ cosh y ’

and La is the Struve function (cf [21] or [26]).

Proof : For m =2, (10) becomes:

Al (M) L (A2) = Aeduy1 (M) (A1)
MI (A )Io(Ng) — Aol (A2)lp(Ag)

so, using the above integral representations (cf [21],p 46):
z(al,y1(az)L,(bx) — bl ;(bz)l,(az)) = (a® — b’g)/ uly,(au)l,(bu)du
0

with x = 1,0 = A1, b = Ay, and (cf [21] p 304, [26] p 734):

a 7 _ .2
(Vb2 + ¢ + b)) (Vb2 + ¢2 — b)) :/ cosh(bva? —z )Igl,(ca:)dx
0

aZ _ 42

(10) =
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(a>0,Re(v) > —1)
with a = 1,b = (A1 — A2)u := pu et ¢ = 2y/A\1 \qu, the numerator of (10) is then equal

to:
h(puv/T—
>\2 A2) / / ucos p“ x)fgy 2/ M Asuz)duds.

Taking v = 0, the denominator is then equal to:
h( 1-—
)‘2 23) / / e pu N )10(2 A Azux)dudz.

Thus, (10) becomes:

[ e/ 1o ) duds

Vi—a?
I 1% 0(2v/ X1 Azuz) duds

Now, we only have to use the mtegral representation of Iy, (cf [28]):

IQV 2 /)\1>\2ux /62x/)\1)\2umcoshw€2ywdw
297 C

a2

_ 1/ 62\//\1)\2uxcoshw /OO 2we™™ /2 ef#dvdw
2um Jo o (2mv3)l/2

where C' is the contour indicated in [28], hence, the density function is given by:

h(puvI—22) 2/ {hs _2w?
1 f() fO fC COS (pu x?) 2 Alz\guxcoshwe o dudrdw

f(v) = - - N m) 150
iV 2w fO “COS\/% @ Ip(2vV/ A1 Apux)duds

We can simplify this expression by integrating over C (cf [28]):

2)

2
00 2 cosh(puv1—22) —2\/>\1)\2umcoshy ] i

NP fo fo il e v (sinhy) sm( Y dudzdy
™V 2mv3 fo 1 ucosh(puv1l-a?) pl;iv - Ip(2v/ A1 X aux)dudx
Setting z = ux, we obtain
oo ucos Vu2—22) _9./ P _20%-r?)
VA1 v fo fo \h/(upzizz Le=2VAidezcoshy =T (sinhy) sm( D dudzdy
Vo3 fo 1 wcosh( pqi\/l 2 (QMUx)dudx )
that we can integrate with respect to u to get
2_ 2
VA1 A\ fol Jo© zsinh(py1 — 22)e 2V Aezcoshye — e (sinhy) sin(*2¥ )dzdy
pmV 2w fo ! —“COSh(pl;iv =) Iy (2v/ A Agu) dud

Now, we prove the second part. In this case, p = 0 and we have to calculate:

2
e o Jo Jo7 L e Pumcohue= 5 (sinh y) sin (422 ) dudady

l—xz

W\/W fo luIUIQAux)d dx
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Setting z = ux, then the density is given by:

2
Ave v fol Jo© 2V — Z2em2Azcoshyem 2 (shy)sin( 7ry)dzdy
TV 27mv3 fo L ucosh(puvi=z?) p Li”z; ) Iy (2\uz) dudz 7
Integrating with respect to z, we get (cf [26] p 369):
2 2
Ave s I 9y 72%(3hy)sz’n(“—y)dzdy
TV 23 fo 1 uhof 12/\uz) dudzx 7

For the denominator, we use the fact that-% (21, (2)) = 2Iy(z), which yields:

ng 2)\ux Lon(2xx)
dudx = ————dx
V1—22 0 2 xV1 —z2

Then, the following formula

I(Br((a+v)/2)
@B+ (a+v)/2)T(v+1)

a—|—1/ a—|—1/ a?c?

1;
0+ v+ 1 =)

taken with a = 0,a =1,8=1/2,c =2\, v =1 gives:
1
———————dr = 1P (=;1;2; A
/0 2 xV1 — x2 4! 2(2 )

We can treat this case in this way: we write A} = A2 + h then we replace A; in (10)
to get:

a
(11) / xa—l(a2 o IE2)B_IIV(C£L‘)de — 2—y—1a25+a+u—2cy
0

1%

(Ao + W)Ly 1 O+ W) (M0) = Malas (o) O + h)
(A2 +h)I; (Ao + h)Ig(A2) — AaI;(M2)Ip(A2 + h))/h
Next, we let h — 0. As usual, we first calculate the numerator and then take v = 0. To
do this, we shall evaluate :

A — Im N+ h)Lr1(A2+h) — Aol 1(A2)
h—0 h
L,(/\Q =+ h) — L,(/\Q)
h

B = lim
h—0

d d
which are equal respectively to d—(xIVH (x)) et d—(],,(:v)) taken for x = A. (We'll write
x T

A instead of \g).

d
Using the differentiation formula d—(m”L,(a:)) = a"IL,_;(z)(ct [16],p 110), we get:
x

%(mﬂ(x)) = vl (2) +al(z)

%(Iy(x)) - —%I,,(:c) +1,_4(z),
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thus:
N =LA (vls1(A) + AL (X)) = Al g (A)(—glu(A) +L-1(N)
= ALAN) = L1 (N D=1 (V)
II/Q()‘) — Ly (N h-1(N)

I2(\) = I; (N I-1(\)
In another hand, we have the integral representation(cf [26],p 757):

A=

9 w/2
L(:)L(z) = / cos((j1 — 1)0) [y (22 cos0)d0,  Re(u+v) > —1.
T Jo
Consequently, the numerator is written :
9 /2
N = / (1 — cos20)Iz,(2\ cos0)db
T Jo

4 /2
= / (sin” 0) I, (2) cos 0)d
T Jo

4 1
= / V1 —1r215,(2\r)dr,
T Jo
and so, the denominator is equal to
4 1
D= / V1 —=1r21y(2\r)dr.
T Jo

Finally, we use again the integral representation of I, to obtain :

4
Au€27'r2/u fooo 672y2/u Slnh(y) sin (Zy> f()l rme*2/\1"coshydr du

flu)= TV 2mu3 fol V1—=r2Ip(2 r)dr

4T
N —2y% /u . Y
\uem/u fo g(y)e=¥ / sinh(y) sin <u> du

2rdd fol V1 —1r21y(2)r)dr 7

We can use (11) to see that the denominator is equal to:

s 1
—1.P5(=32;1; M2
41 2(27 s Ly )7

hence, we find the same expression given in the first approach.

7. THE LAw OF Ty
Recall that: For 0 < v < 1,

Tpn(m)

_m\) et i
Ly(m+v)

2t)V1F1(I/,m—|— v, _7)

(T > ) =
Qa: (0>) 2

det(

21
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Proposition 10. Let m = 2 and Ay > Ao be the eigenvalues of x. The density of

1
So = T under Q'Y is given by:
0

flu) = ()\1)\2)1/”21/—26—()\1+/\2)u 1712, v+ 1, \u) —1.71(2, v + 1, Aau)
F(l/ + 1)F(I/) ()\1 — )\2)

Corollary 7. If \; = Ao := A, the density is written:

2A2VU2V_1€_)\U
f) = T 90

Proof : With the help of Gross-Richards Formula, it follows that for, m = 2,

(A1A2)”
(Al — )\Q)FQ(V + 2)
- )\QIyl(V7V + 27 _)\QU’)I'@\I(V - 17 v+ 17 _)\lu))a

1?1(1/ —1Lv+2, —)\u)

Q?_V(SO S u) = UQV()\Hg‘\l(U, v+ 2, —Alu)lﬁl (V — 1, v+ 1, —)\QU)

where Sy := 1/(2Tp). This is a C*° function in u, hence, we will compute its derivative
to get the density. Recall that :

d
lyl(aﬂbuz): 1321(0,4-17134-1,2),

dz

SaliES!

thus, we get:

flu) = %Q?*”(So <) = K(v, M\, \)u® (A — B)

where
(A1A2)”
KM, Ny) =
(v A1, 22) To(v +2) (M1 — o)
A = 21/(()\11?1(1/, v+ 2, —Alu)lﬁl(y —1,v+4+1, —)\Qu)
)\215‘\1 (I/, v+ 2, —/\2u)1§1 (l/ —1L,v+1, —Alu))
B = - : SR 21w+ Ly 43, ~Mun Zi (v = Ly + 1, —Aouw)
— NuZ v+ 1L,v+3, - dounFi(v—1Lv+1,-\u)).

Then, we use the contiguous relation :
bi1Fi(a,b,z) —b1.%1(a — 1,b,2) = z21.%1(a,b+ 1, 2)
to see that
M Fi(v+1,v+3,-\u) = wv+2) 1 Z1(v, v+ 2, - u) — 1. 71(v + 1L,v + 2, —\u))
XurZ1(v+1,v+3,—\u) = (v+2)1Fi1(v,v+2,—Au) — 1. 71 (v + 1, v+ 2, —\u))

implies that:
f(u) = Ki(v, A\, \)u®* Y (C+D—-E—-F)
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avec
v(AA2)”
FQ(V + 2)()\1 — )\2)
c = )\1191(% v+ 2, —Alu)lﬁl(y —1Lv+1, —)\gu)

D = MiF(v+1Lv+2,-NuhFi(v—1Lv+1,-X\wu)
E = MiFi(v,v+2,-u) (v -1 v+1,-\u)
F = )\21?1(1/4‘1,V+2,—)\2U)191(V—1,V+1,—A1U),

Applying again the above contiguous relation yields:

M F(v+1Lv+2,-\u)=wv+ 1) F(v,v+ 1, - u) — 1.7 v+ Lv+ 1, - \u))
XuZFi(v+1Lv+2,—Xu) = v+ 1)F(v,v+1,—Xou) — 1.7 (v + 1,v+ 1, —\u))
XourF1(v,v+2, - u) = v+ 1)Fi(v —Lv+1,—Xu) — 1.Z1(v, v+ 1, —Au))
MutF (v +2, - \u) = v+ 1)0F(v—1Lv+1, - \u) — 1.7 (v,v+ 1, —\u))

Replacing in the expression of f, we obtain

f(u) = Ka(v, A\, A)u® 72(G — H),

where
v(v+1)(AA2)”
Ko(v, A1, A =
2 AL d2) = T O = )
G = 1?1(1/4—1,1/4—1,—)\210191(1/—1,V—i—1,—)\1u)
H = 1?1(1l—|—1,1/+1,—>\1u)191(1/—1,I/+1,—>\2U)

Eventually, writing
Io(v+2) = T'(v+2)L(v+1)
= viv+)I'(v+1I'(v)
1:71(a,a,2z) = e *
1. 71(a,b,—2) = e *1.#1(b—a,b,z),

we get
Fu) = (/\1)\2)”u2”—2e_()‘1+’\2)“ 1712, v+ 1, \u) —1.71(2,v + 1, Aau)
T(v+1)0(v) TEY

Th case A\; = \g is treated in the same way as before (for the Hartman-Watson law). In
fact , writing Ay = A2 + h and letting h — 0, we see that the density is given by :

)\2uu21/72672)\u d _
=2 - = ARv+1
T = Ty ax i@y L)
2)\2yu2y—16—2>\u
T T(w+2)I()
2)\21/u2u7167)\u
T T(w+2)I()

13?1(37 v+2, )\U)

1:71(v — Lv+2,—\u) [ |
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Remark. Noting that:

QM V(e = r/ e QT (Sy < u)du,
0

we can derive the Laplace transform of Sy from its distribution function. Integrals of

confluent hypergeometric products appear and give rise the so-called Appell function (or
Lauricella function) F». In fact, we have (cf [26]):

/ w? e NI 7 (2 0+ 2, M) 1.1 (2, v + 1, Aou)du = K Fy(a,b,c,d; 3 y)
0

However, using the density function expression in the case \; = Ao, we get

2)\2V 00
m—v(,—rSo\ _ 2v—1 _—(r+2X)u 2 \u)d
QI V(e "™0) F(u+2)F(y)/0 u? e 1713, v + 2, Au)du

) 2\% (3)n A"
) Z (

oo
/ u2u+n7167(r+2/\)udu
0

P(v+2)T(v) & (v +2), n!
_ 202 (2v) Z (3)n(2v)n A"
T+ 2)T(v)(2A + )2 =~ (v +2)pn! \ 2\ + 7
r'(2v) 2 \* A

— 2 2.~

92=1T (1 + 2)0 () <2>\ n r) 21203 v+ B 5 )
) 2I'(2v) P . A
=T 120 2071 (2v,v — 1Lv + 2; g 7")’

where in (1), we used Fubini-Tonelli theorem and in (2), the Pfaff transformation. (cf

[16])
We close this paper by computing the law, under Q™" of
u
Ay = inf{u, H, := / tr(X; Nds >t}
0

taken at an exponential random time with parameter p?/2, T, i, independent of (X%).
Using the absolute continuity relations, we get:

2

2 0o

= Qi (e )

_m det(Xu) v/2 —#Hu
—Qx(< o ) e )

2 fe’)
QU (Ap, >wu) = QU <M/O 6_“2t/21{At>u}du)

i
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hence, if we set 02 = p? + /2,

det(X.,) ) (o)
~Totlz) )

Qi an, > u) = Qs

(m+o+v)/2) o—v
Ly(m+ o) E

If we set Y := ﬁ, the last expression becomes:
Ty

— (det<x))(afu)/Q(zu)m(z/fa)/2 Fm(

_ _yolm((m+o+v)/2) oc—v
m+v — (o—v)/2ym(c—v)/2 -
Y < t) = (det(x)) t T (m + o) 1F5( 5 M + o, —tx),
and for m = 2,
_ o Im((c+v+2)/2) o—v
v+2 — (oc—v)/24(c—V) -
Q. (Y < t) = (det(x)) t oo 12) 1F1 ( 5 0 + 2, —tx).
Then, applying Gross-Richards formula, we obtain:
o—v)/2 2
oy < gy = @) (04 )P0+ 0)/2) o
1 — Ty (c+1)I%(c+1)
[w11f1(0 - Va o+ 2, —t$1)191(0 T Lo+ 1, —txs)—
16‘213‘\1((7 ; va +2, —tl‘2)191(0 7 Lo +1,—txy)].

Where 1 > xo denotes the eigenvalues of x. As usually, this is a C* function , thus,
we shall calculate its derivative to get the density. A similar calculus as before for Ty

yields:
f(t) = (z122)%ab  T2(a)
r1—xy T(a+b+1)
- lfgzl(b—i_ 1,(1 +b+ 1,—t.’1}1)1ﬁ1(b - 17a+ b+ 17 —tl'Q)L

t2b_2[1ﬁ1(b +1l,a+b+1, —t$2)1j1(b —l,a+b+1, —tacl)

+ v o—V

where a = g and b = 5

Remark. Recall that, in the one-dimensional case, Ay, = where R £ 6(1,a) and

R
27’
i Y, both variables are independent (cf [29], p. 68).

8. CONCLUSION

The Gross-Richards formula has been the main ingredient in this paper, since it
enables us to express more explicitly the special functions of matrix argument. The case
m = 3 can be treated in the same way, but computation becomes very complicated. So,
if we want to deal with the general case, it will be convenient to find a more explicit
formula. Indeed, Schur functions can be expressed as polynomials in the elementary
symmetric functions e, or as polynomials in the completely symmetric functions A, (cf
[17], p. 19-21). More precisely, we have :

sy = det(ex,—itj) I1<4,5<n
Sy = det(h)\;_ﬁ_]) 1< 7’7.7 =n
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where \ is a partition of length < n, and )\ is the conjugate of A (cf [17], p. 2). So,
using these two identities, can we establish more general results?

9. APPENDIX: SPECIAL FUNCTIONS

9.1. The hypergeometric series. The multivariate hypergeometric function of her-
mitian matrix argument is defined by:

pFy((ai)1<i<p, (bj)1<j<g; X ZZ Crk(!X)

k>0 uk bg)r

where 7 = (k1, ..., kp) is a partition of weight k& and length m such that k; > ... > ky,,
(a); is the generalised Pochammer symbol defined by:

I'(a k‘i—’i 1
(a)-rzil_ll (F(_ZL—Z'—i—j_) ), T=(ki,...,km)

and C;(X) is the Zonal polynomial of X such that :

F=Yonx

Tlk

In fact, there are several normalizations for this polynomial ([18] for the real symmet-
ric case, [4] for the hermitian complex case and [8] for a more general setting. This
polynomial is symmetric, homogeneous, of degree k in the eigenvalues of X and is an
eigenfunction of the following differential operator :

2

; 0
x-Sy ¥ A

i=1 1<k#i<m

Besides, we have :
C(YX)=C.(VYXVY)

for any hermitian matrix Y. In the complex case, this polynomial is identified with the
Schur function s..

It is well-known that, if p = ¢ + 1, then the hypergeometric series is convergent for
0> ||X]|| <1(]|-]|is the norm given by the spectral radius) , if p > ¢, then it converges
everywhere and else, it diverges ( [18], [4], [8]).

9.2. The modified Bessel function. The modified Bessel function with index v € R
is given by the following series :

1 2k+v c
, eC.
— BT (v + i+ 1 )() :
It can be represented through standard hypergeometric functions ¢F} and 1 F} :
1,(2) () on 1)
2)==———|= v+1;z

(/2)" . 1
= 1Y A F S 20+ 152



LAGUERRE PROCESS AND GENERALIZED HARTMAN-WATSON LAW 27

Acknowledgments I would like to thank C. Donati-Martin (my Ph. D. supervisor),
J. Faraut and M. Yor for helpful comments and encouragements.

(1
2]

3]

4

REFERENCES

M.F.Bru.Wishart Process. J. Theoretical Probability, Vol. 4 , No. 4, 1991, 725 -751.
M.F.Bru. Diffusions of perturbed principal component analysis. J. Multivariate Anal. 29, 1989,
127-136.
T. H. Baker, P. J. Forrester. The Calogero-Sutherland model and generalized classical polynomials.
Comm. Math. Phys. 188. 1997, 175-216.
Y. Chikuze. Partial differential equations. Ann. Institute. Stat. Math., Vol 28, 1976, 187-199.
C.Donati-Martin, Y.Doumerc, H.Matsumoto, M.Yor. Some properties of Wishart process and a
matrix extension of the Hartman-Watson law. Pub. R. I. M. S. Kyoto university, Vol 40, No 4,
2004.
H. Doss, E. Lenglart. Sur l'existence, 'unicité et le comportement asymptotique des solutions
d’équations différentielles stochastiques. Ann. Inst. H. Poincaré, vol XIV, no 2, 1978, 189-214.
Y. Doumerc. Matrices aléatoires, processus stochastiques et groupes de réfléxions. Ph. D. Thesis.
May 2005.

A. Koryani, J. Faraut. Analysis on Symmetric Cones. Clarendon Press, Oxford, 1994.
J. Faraut. Infinite dimensional harmonic analysis and probability. To appear in Tata Institute Lecture
notes.
K. I. Gross, St.P.Richards. Special functions of matrix argument, Bull. Amer. Math. Soc. Vol 24,
no 2, April 91.
N. Ikeda, S. Watanabe. Stochastic Differential Equations, 2" ed. North-Holland Publishing Com-
pany.
A. T. James. Distributions of matrix variates and latent roots derived from normal samples. Ann.
Math. Stat. No 35, 1964, 349-355.
S. P. Karlin, G. MacGregor. Coincidence probabilities. Pacif. J. Math. 9,(1959), 1141-1164.
M. Katori, H. Tanemura. Symmetry of matrix-valued processes and noncolliding diffusion particle
systems. J. Math. Phy. No 45, 2004, 3058-3085.
J. Lamperti. Semi-stable Markov processes. I . Z. Wahrscheinlichkeitstheorie und Verw. Gebiete, 22,
1972, 205-225.
N.N.Lebedev. Special Functions And Their Applications. Dover Publications, INC. 1972.
L. G. Macdonald. Symmetric Functions and Hall Polynomials, 2°¢ ed. Clarendon Press, Ozford,
1995.
R . J. Muirhead. Aspects of Multivariate Statistical Theory. Wiley Series in Probability, 1982.
W. Kénig, N. O’ connell. Eigenvalues Of The Laguerre Process As Non-Colliding Squared Bessel
Processes. Elec. Comm. in Proba. (6) (2001), 107-114.
J. R. Norris, L. C. G. Rogers, D. Williams. Brownian motions of ellipsoids. Trans. Amer. Math.
Soc. (294), 1986. 757-765.
Yu.A.Brychkov, O.1.Marichev, A.P.Prudnikov. Integrals and Series, vol2: special functions. Gordon
and Breach science publishers.

Yu.A.Brychkov, O.I.Marichev, A.P.Prudnikov. Integrals and Series, vol3: more special func-
tions. Gordon and Breach science publishers.
J. Pitman, M. Yor. A Decomposition of Bessel Bridges. P. T. R. F. Vol. 59, 1982, 425-457.
D. Revuz, M. Yor. Continuous Martingales And Brownian Motion, 3" ed, Springer, 1999.
L.C.G.Rogers, D.Williams. Diffusions, Markov Processes and Martingales. Vol 2, Ito Calcu-
lus. Cambridge University Press, 1987.
1.5.Gradshteyn, I.M.Ryzhik. Table of integrals, series and products. Fifth Edition. Academic Press,
1994.
S. Péché. Universality of local eigenvalue statistics for random sample covariance matrices. Ph. D.
Thesis. 2003.
M.Yor. Loi de l'indice du lacet Brownien et distribution de Hartman-Watson, P.T.R.F,Vol.53,
No.1,1980, 71-95.



28 LAGUERRE PROCESS AND GENERALIZED HARTMAN-WATSON LAW

[29] M. Yor. Some Aspects of Brownian Motion. Part I : Some Special Functionals. Birkhduser Verlag.
1992.



