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[t0’s integrated formula for strict local martingales with
jumps.

Oleksandr Chybiryakov*

Abstract

This note presents some properties of positive cadlag local martingales which are not
martingales - strict local martingales - extending the results from [MYO05] to local mar-
tingales with jumps. Some new examples of strict local martingales are given. The con-
struction relies on absolute continuity relationships between Dunkl processes and absolute
continuity relationships between semi-stable Markov processes.

Key Words: Strict local martingales, local time, semi-stable Markov processes, Dunkl Markov
processes.
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1 Main results.

Let (Q, F, F;,P) be a filtered probability space. On Q2 x R, we denote by O and P respectively
- the optional and predictable sigma fields and by B (R) the Borel sigma field. Consider (S}),-
- an R, valued local martingale with respect to the filtration (F;),.,. For the definitions of
local time for discontinuous local martingales we follow ([TL78], p. 17-22 (see also [Mey76] and
[Pro05]). For each a € R there exists a continuous increasing process (L¢, ¢ > 0), such that
Tanaka’s formula holds:
t
(Sp — a)+ = (So— a)+ —l—/ 1¢s, >aydSy
0+
_ 1

+ Z [1{5u7>a} (Su—a)” + 1, <ay (Su — a)ﬂ + L7, (1)

2
O<u<t

which we write equivalently:

t
1

(St — a)+ = (So — CL)+ + / 1{Su,>a}dSu + —ﬁg.

0+ 2
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Furthermore, there exists a B (R) x O measurable version of £, a.s. cadlagin ¢, and a B (R) x P
measurable version of L, which is a.s. continuous in ¢t. We will only consider such versions. Also
note that for any f > 0, Borel,

+oo

/Ot f(Xs)d(X X)), = f(a) L{da.

We shall say that T is a (F;) stopping time which reduces the local martingale S if (Siar) is
a uniformly integrable martingale. We shall say that a process X is in class (D) if the family
{X,, 7 - as. finite (F;) stopping time} is uniformly integrable.

The following Theorem is a straightforward generalization of Theorem 1 in [MY05].

Theorem 1 Let 7 be an (F;) stopping time such that T < 400 a.s. and K > 0. Then there is
the following identity

1
E(S, — K)" =E(Sy — K)" + EJX + EELf_{ —cs(T), (2)
where cg (1) :=E(So — S;),
TE 0 =Y s i (Su—K) T+ D s, < (Su— K)F (3)
O<u<rt O<u<rt

— S (eE 1)

and (Lf‘f)t>0 is the (continuous) local time at K of S.

Proof. Taking a = K in Tanaka’s formula (1), one has
(St = K)" = (S — K)*

t
_ 1
- /0 1(s, >x}dSy + Z lis, >ky (Su—K) + Z 1(s, <k} (Su— K)' + §Lf(;

+ O<u<t O<u<t
introducing JX as in (3) one obtains

1
NE o =[S - K)T -8 - l(so —K)" =S+ JE + §L{<]

t
- / 1{Su,>K}dSu + So - St
0+

and (NtK)t>0 is a local martingale. Since (S; — K)© — S, = —S; A K, one has

1
—NtK:St/\K—So/\K+Jf+§L{{.

In order to get (2) it is enough to prove that N/ is in class (D), i.e. the family NX1¢ o,
where 7 ranges all (F;) stopping times, is uniformly integrable. Indeed, again from Tanaka’s
formula

1 t
(Se= K)" = (S0 K" = I = 5L = [ 1a ads.
+



Let (74),51 (Tn — +00 a.s.) be a sequence of (F;) stopping times which reduces both (S;),-
a(fy1 as,) . Th ¢
and ( [y, (s, >k} o en one gets

1
EJ[, + §EL§TH =E [(Siar, — K)" = (S0 — K)*] < ESinr,, = ESp.

Finally, by Beppo-Levi:
1
EJE + §EL{< < ES,

and ]
BJE + 5Eng < ES,,

then for any (F;) stopping time 7
1
{Nf(]-{T<+oo}} < 2K + J£ + ELi(o a.s.,

which ensures that (NtK ) 1> 18 in class (D) . Therefore (NtK ) is a uniformly integrable mar-

>0
tingale and the result follows. m

Let 7 be an (F;) stopping time which is a.s. finite. With notations from [LN05] suppose
that S € M3, and moreover that: (S)_ < oo a.s., ST isin class (D), |AS| < C and

Ee®™ < 0o

for some positive constants C' and €. Then from Theorem 1.1 in [LNO5] the term cg (1) :=
E (Sp — S;) in (2) can be characterized as

¢s (1) = lim /\\/gﬂ’) (4927 > 2) = lim A\/glf" (1,81 > A).

Besides as a consequence of (2) one obtains

1
¢s (1) = lim <IE‘4Jff + —ELf) :

K—oo 2
Let 7 be an a.s. finite (F;) stopping time. Define
Coriet (K, 1) == lim B (Spap, — K)©, (4)

where T;, — 00 a.s., T, reduces (S;),5, - The following proposition shows that this limit exists
and does not depend on the reducing sequence 7,,, n > 1.

Proposition 2 Let T be an a.s. finite (F;) stopping time. Then
Coriet (K, 1) =B (Sy — K)* + BJEX + %ELf : (5)
Furthermore, if the process (ASt),s is in class (D), then
C (K, 1) =E [(S; — K)'] + lim nP (S > n),

n—oo

where Sf := SUPy<,<; Su-



Proof. By Tanaka’s formula

t
1
(S, — K)" —(Sy— K)" = / lis, »kydS, + 5 + =
0

LK,
+ 2

where J/€ is defined by (3) . Since (Sy),-, is a local martingale,

t
SK ::/ 1¢s, >Kk}dSy
0+

is also a local martingale. We have seen in the proof of Theorem 1 that

t
NtK = / 1{Su,>K}dSu + S() - St
0+

is a uniformly integrable martingale, then
Sf = NF+8,— S

is the sum of a uniformly integrable martingale and a local martingale (St)tzo- Therefore a

stopping time which reduces (S;),-, reduces (SF) 1o s well.

Let T be an (F;) stopping time which reduces (St)tZO‘ Then Siar and SE ;. are uniformly
integrable martingales. For any 7 - an a.s. finite (F;) stopping time one gets

1
E(S;pr — K)P =E(Sy — K)" + EJE . + 5EL?AT, (6)

now taking for 1" a stopping time T),, such that 7,, — oo a.s. and 7T, reduces (St)t207 one
obtains that .
Ceriet (K, 1) == lim B (Synp, — K)©

n—oo

exists and does not depend on the sequence of stopping times reducing (S;),s . Furthermore,

. 1
Cstmct (K, 7_) = (SO _ K)+ + EJf{ + §EL,{.{

In order to move further suppose that the process (AS;),, is in class (D). Take
T, :=inf{u>0|S, >n}.
Since (S),5 is an adapted cadlag process, T, is an (F;) stopping time and 7;, — oo a.s. Since
|Sint,| < n+ ASr,,

(StaT, )= 18 in class (D) and subsequently is a uniformly integrable martingale. In particular
T, is an (F;) stopping time which reduces (S;),.,- Now one can get for any 7 - an a.s. finite
(F:) stopping time

E(Soar, — K)" =E[(S- — K) " 1peny] +E[(St, — K) 1amy] -

4



The left hand side converges and equals C*'"“* (K, 7). The first expression on the right hand side
converges as well (by Beppo-Levi) to E [(S, — K)*] . Hence E [(S7,, — K)" 1{,>1,}] converges
as well. Besides one has for n > K

(Tl — K) P (T > Tn) S E [(STn — I()+ 1{T>Tn}] S (Tl — K) P (T > Tn) + E [ASTnl{T>Tn}:|
and
E[(St, — K) 1amy] —E[AST1ary] < (n—K)P(r>T,) <E[(St, — K)" 1iamy] -

Since (ASTnl{T>Tn}) is a uniformly integrable family [E [ASTnl{an}} — 0, as n — 0o, and

n>1

lim E [(Sg, — K)* liro7y] = lim (n— K)P(r > T,,) = lim nP (S: >n).

n—oo n—oo n—oo

Finally
lim E (Syar, — K)" =E[(S, — K)*] + lim nP (S} > n),

n—oo n—oo

where S} := supg<,<; Su. ®

Remark 3 Note that from Theorem 1 and Proposition 2 for any positive local martingale S,
such that (ASy) s, is in class (D), and for any a.s. finite (F;) stopping time T

cs (1) = lim nP (S > n).

Remark 4 Under the conditions of Proposition 2
Csriet (K, 1) = sup E (Sopnr — K)© . (7)

o-(F) stopping time

Proof. From (6) one obtains that for any pair of (F;) stopping times 7, ¢ and a sequence
of stopping times R, such that R, — oo a.s. and R,, reduces (St)tzo

1
E (Sraonr, — K) =B (So— K)" +EJE . \n. + §EL5MARn.
Then by Fatou’s Lemma

1
E (ST/\O' - K)+ S E (SO - K)+ + hggolf E‘]’fg\a/\Rn + §EL7I'</\U/\Rn

1
= E(So— K)" +EJX, + -BLE

TNO 2 TN

1
< E(So— K)" +EJX + 5ELfF.

Now (7) follows from (5) and (4). m
Remark 5 The original proof of Proposition 2 in [MY05] differs a little from ours. In order
to obtain (6) the fact, that the stopping time which reduces (S),>, reduces as well (SF) is

>0
not used. Let us go through this other proof and see that there is no contradiction.

5



Proof. Let T be an (F;) stopping time which reduces (S),5, and 7,5, n > 1, T — oo be
a sequence of stopping times that reduce (StK ) Then for any 7 - an a.s. finite (F;) stopping

time - one gets

t>0 "

1
E (STATATf - K)+ =E (SO - K)+ + E‘]ﬂfi\T/\T,{{ + §EL7]—{/\T/\T,{<‘

On the right hand side one can pass to the limit as T — oo by Beppo-Levi and get a finite
limit as soon as we already know from the proof of Theorem 1 that

1
EJE + 5I@ng < ESp.

On the left hand side, (STATATf)n
L' to S;nr. Finally one gets

=1 is a uniformly integrable martingale, thus it converges in

1
E(S;ar — K)T =B (Sy — K)" + BJEX , + EELﬁ(AT, (8)

which is the same as (6). m

For any p - a finite measure on R, define
400 n
Fa@)= [ w(K)(@-K)
0

and i := f0+°° p(dK). As in [MY05] we have the following Proposition and Corollary (the
proofs are the same as in the continuous case).

Proposition 6 Under the notations and assumptions of Theorem 1

BIF (5] = Fu(s)+B| [ () (75 + 128 ) |~ es o)

Corollary 7 The process

Fu (S) = Fy (So) — /0+°°u(dK) (Jf‘f+%L{<) (S, —So), >0

18 a martingale.

2 Examples.

One can trivially construct strict local martingales from continuous strict local martingales:
indeed, M; := Mt(c) + Mt(d) and (Mt(c)) is a strict local martingale and (Mt(d)) is a uniformly
integrable martingale, then (M;) is a strict local martingale.

We now obtain strict local martingales with jumps which are generalizations of the strict

local martingale (1 / Rf’)) , Where (Rf”) is a Bessel process of dimension 3. As in the case of

6



(1 / Ris)) such strict local martingales can be obtained from absolute continuity relationships
between two Dunkl Markov processes instead of Bessel processes. For simplicity, we consider
here only one dimensional Dunkl Markov processes (see [GY05]).

The Dunkl Markov process (X;) with parameter k is a Feller process with extended generator
given for f € C*(R) by

1 1 f(z) = f(—=)

Cuf (@) = " @)+ (310 - LT,

where k& > 0. Note that |X| is a Bessel process with index v := k — % Denote by P% the law
of (X;) started at z € R, and by (F;*) the natural filtration of X.

Proposition 8 Let 0 < k < % < K and x > 0. Define Tp :=inf{s >0|X;_ =0 or Xy =0}.
Then PP (Th < +o0) = 1 and there is the following absolute continuity relationship:

K=k ;30N\ Neaty N2 _ 1.2 ptATp
— [Xenzy | K exp _K) -k ds p(k)} ., (9)
.7:tX |$‘ k 2 0 X2 rF

P

T

S

where Ny denotes the number of jumps of X on [0, t|. Furthermore

() (L) e

18 a strict local martingale under Pé"“'), and
PW (T > t) = B M, (11)
where Eék/) 18 the expectation under P;,gk,).

Remark 9 Note that the law of Ty under ngk) is that of x*/ <2Z<l_k)) , where Z<l_k) s a
2 2

gamma variable of a parameter % —k (see p.98 in [Yor01]).

Proof. Let X be a Dunkl Markov process. Note that AX, = X, — X,_ = —2X,_, when
AX, # 0. Hence if X, =0, then X, = 0 and

To=inf{s >0]|X,- =0} =inf{s > 0| X;| =0}.

In order to prove (9) we proceed as in the proof of Proposition 4 in [GY05]. First we need to
extend Theorem 2 in [GY05] for k < 3. Since |X| is a Bessel process with index (k — 1), for
k< %, Ty < +o0 a.s., and, for k > %, Ty = 400 a.s. Denote

) * du
'rt::mf{sZO i YEL: },




then 7, is a continuous strictly increasing time change and 7., = Tp. Denote Y, := X, . Since
for any f € C*(R)

t
FO0) = £ (X0) — [ £uf (X s
0
is a local martingale,

500 - [ V2L (v ds

is a local martingale. Then as in the proof of Proposition 4 in [GYO05] one obtains that Y is in
the form
Y, = exp (/BS’) + iﬂN&k/Q)) ,

where v == k — %, (ﬁg’)) is a Brownian motion with drift v, (stk/ 2)) is a Poisson process with

parameter k/2 independent from (ﬁ(”)> . Denote

u

t
du
) x
then 74, = t, for t < Tj. Hence
Xy =Yy, t <Tp. (12)

Note also that differentiating the equality A,, =t with respect to time one gets

d

—1=Y7

et

and A; = inf {s >0 }fos Y2du =t} t < Tp. Note that (9) is equivalent to

k'—k N¢ 2 t
P _ (el FNY o (B = F / ds '\ o)
v lF <y T\ X k! 2 o X2) 7

Indeed (9) is equivalent to

. (13)

/ 1 1
B (F (X, 5 <)) = BY (F (Xo, s < 1) ) = (F (X, s < 1) Mlm}) |
t

xr xr
tATo

for any bounded measurable F', (M;) is given by (10). Then
E;k/) (Mt]-{t<To}F (Xs> s < t)) = E;k) (F (Xsa s < t) 1{t<To}) )

which is equivalent to (13). By (12) X is associated to the pair (ﬁ(”), N(k/2)) under P and
to the pair (ﬁ(”/), NG/ 2)) under P*). Both pairs consist of a Brownian motion with drift and

a Poisson process which are mutually independent, and v := k — %, V=K — % Now in the
same way as in the proof of Proposition 4 in [GY05], for any bounded measurable F,

B (F (89, N0, s <t)) =B (DF (82, N9, s <t)),

8



where

NC)

D : —exp ((V _ )8 - % (2~ 07) t) (g) " e (—% (h— ) t)

1 e
-l (9

and Dy, = M, t <Tp. Denote G, := o {5&’% Ns(k//Q)’ s < } then F ( N(k /2) ) 1ia,cuy is
Ga,nu measurable and

Eik) (F (/B(Zs)aN/(i/m) 1{A5§u}> — Eik,) (E(k/) (Dy |Gane) F( E:S’)’Nngﬂ)) 1{As§u}>
= B (D0 (AN 100,20).

As u — +00 one gets
B (F< X),NXZ/Q)) 1{As<+oo}) =E}) (DAS (5,4 N /2)> 1{As<+oo})- (14)

Noting that {A4s < +o0} = {s < Tp}, (14) leads to (13). From (13) one easily obtains (11).
Suppose that (M;) is a martingale then from (11) for any ¢ > 0 p¥ (To >t) = 1 and
pk) (Ty = +o0) = 1, which is impossible because k < 2

5. Hence (M;) is a strict local mar-
tingale. m

Other examples of strict local martingales with jumps can be obtained from absolute conti-
nuity relationships between two non-negative semi-stable Markov processes. We shortly recall
the definition of a semi-stable Markov process (see [Lam72]):

A semi-stable Markov process (with index of stability & = 1) on R, := [0, 4+00) is a Markov
process (X;) with the following scaling property: for any ¢ > 0

1 z (d) xzc™t
<EXc(t)) = (Xt( )) )
>0 >0

where (Xt(w)> denotes a semi-stable Markov process started at x > 0. Denote
=inf{s>0]|X;- =0o0or X; =0}, (15)

then Lamperti in [Lam72] showed that: either Ty = +o0 a.s., or Ty < +o00 a.s. and X, =0
a.s., or Ty < 400 a.s. and Xp— > 0 a.s. Furthermore this does not depend on the starting
point = > 0.

Note that for a semi-stable Markov process the following Lamperti relation is true. We
suppose that there is no killing inside (0, c0).

Proposition 10 Let (§,) be a one-dimensional Lévy process, starting at 0. Define

t
A ¢=/ zexp (&) ds,
0

9



for any x > 0. Then the process (X,), defined implicitly by
rexp&, = XA@, t < T, (16)
15 a semi-stable Markov process, starting at x, and
AY) =Ty, (17)

where Ty is defined by (15). The converse is also true.

Denote
7 = inf {s>0]A" =t}.

Let (ff) be the natural filtration of (¢,) and (FX) be the natural filtration of (X;). As

in [CPY94|, using Proposition 10, one obtains the following absolute continuity relationship
between two semi-stable Markov processes.

Proposition 11 Suppose that (X;) is a semi-stable Markov process associated with Lévy process
(&,) via Lamperti relation (16) and Epe®: = e*®) < oo. Define Q by

Xt b t ds
Qlrxnpeny = <7) exp <—P<b> /O ﬁ) Plrxapeny

where Ty is defined by (15). Then under Q (X3) is still a semi-stable Markov process associated
with Lévy process (§;) via Lamperti relation (16)and

U (u) = U (u — ib) — W (—ib),

where U, U are the characteristic exponents of (&,) under P and Q) respectively.

Proof. Let us consider the change of measure given by the Esscher transform:
Ql s = exp (b€, — p (b)) Py .

Since Eebét = etr(® < o
M; := exp (b§; — p (b) 1)
(z)

is a martingale. Furthermore (&,) is still a Lévy process under Q. Note that {Tt < +oo} =
{t < Ty} and for any ¢t < Tj
AW — ¢, (18)

=

Denote G; := ff(m), then for any A € G;
Q (A N {Tf‘f) < u}) =Ep <1Am{7—§m)§u} exp (bngx) —p(b) Tf‘f))) : (19)

10



Note that (X;/z)" = exp (bﬁT@)) on {t < Ty} . Differentiating (18) one gets that

Letting u tend to infinity, from (19) one gets

Q(An{rf? < +oo}) =En <1AH{TEE><+OO} (%)bexp (—p(b) /Ot ;i)) .

But from (17) {Tﬁw) < +oo} = {t < Ty} . Hence

X\’ tds
Q(AN{t <To}) =Ep [ Lanp<ry | — ) exp (-0 () | ) |-
x 0 X2
Let us find the range of the parameter b such that

M, = (%)beXp (—p(b) /Ot ;i(iz)

is a strict local martingale. Note that it is sufficient to find b such that @ (7o < +00) = 1 and
P (Ty = 4+00) = 1. Indeed, given such a parameter

Q (t <To) = Ep (M)

and as in the proof of Proposition 8 (M;) is a strict local P-martingale.

Now let ¢ be a Lévy process under P with the characteristic exponent ¥, given by Lévy-
Khintchine formula

U () =iaX+ %UQ)\Q + / (1 — e 4 Z')\:L"l{‘wkl}) I (dz),
R
where a € R, 62 > 0 and II is a positive measure on R\ {0} such that [ (1 A \x\2) II (dz) < oo.
Let us suppose that IT has compact support. Then Epe?t = () < oo for any ¢ and b. Let
the semi-stable Markov process X be associated to ¢ via Lamperti relation. Conditions for
P (Ty = 4+o00) =1 or P (T < +00) = 1 bearing on (a, o2, II) can be deduced from Theorem 1
in [BY05]. Note that Ty < 400 if and only if £, — —oo. Since II has compact support, from
the Central Limit Theorem for a Lévy process, £, — —oo if and only if Ep&; < 0 i.e.

—a —I—/ zll (dz) < 0.
|z|>1

Let Q be given by Proposition 11. Denote by ¥ the characteristic exponent of ¢ under @, then

1 . 5
T (\) = i) [a —bo? + / z(1—e")11 (da:)] + 50'2)\2 + / (1 — e + idzlyz<1y) I (dz),
|z|<1 R

11



where II (dz) = eI (dz) . Hence, in order to have Q (Tp < +o0) = 1 and P (T = +00) = 1
one can choose b such that

and

—a+ /x|>1 Il (dz) > 0 (20)

—a+ bo? — z(1—e™ T ze’ x )
+b /m<1 (1 )H(d)+/ I (dx) <0 (21)

lz|>1

It is easy to see that (20) and (21) imply that b < 0. For example, for any given a and II, such
that (20) is true, one can always choose b < 0 such that

bo? — eb/ 1 |z| I1 (dx) < a — / 133H (dx), (22)
r<l— >

which implies (21) . Note that condition (22) is more restrictive than (21).
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