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Estimation of the Memory Parameter of the Infinite
Source Poisson Process

Gilles Fay* Francois Roueff Philippe Soulier?

September 16, 2005

Abstract

Long range dependence induced by heavy tails is a widely reported feature of
internet traffic. Long range dependence can be defined as the regular variation of
the variance of the integrated process, and half the index of regular variation is then
refered to as the Hurst indez. The infinite source Poisson process (a particular case
of which is the M /G /oo queue) is a simple and popular model with this property,
when the tail of the service time distribution is regularly varying. The Hurst index
of the infinite source Poisson process is then related to the index of regular variation
of the service times. In this paper, we present a wavelet based estimator of the Hurst
index of this process, when it is observed either continously or discretely over an
increasing time interval. Our estimator is shown to be consistent and robust to
some form of nonstationarity. Its rate of convergence is investigated.

Keywords: long range dependence, heavy tails, semiparametric estimation, wavelets, Pois-
son point processes, internet traffic.

1 Introduction

We consider the infinite source Poisson process with random transmission rate defined by
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where

- Ky is the number of users at time zero, and (7, Ug), {=1,..., Ky are their departure
times and transmission rates; these variables will be referred to as the initial conditions;

- the arrival times {;}s>0 are the points of a unit rate homogeneous Poisson process on
the positive half-line, independent of the initial conditions;

- the durations and transmission rates {(n, U)} are i.i.d. random variables with values
in R, x R and independent of the Poisson process and of the initial conditions.

This process was considered by [Resnick and Rootzén [2000], Mikosch et all [2002] among

others. The M /G /oo queue is a special case, namely, for Uy = 1. An important motivation
for the infinite source Poisson process is to model the instantaneous rate of the workload
going though an Internet link. Although too simple models are generally not relevant
for the Internet traffic at the packet level, it is generally admitted that rather simple
models can be used for higher level (the so called flow level) traffic such as TCP or HTTP
sessions, one of them being the infinite source Poisson process (see Barakat. et all [2009]).
One way to empirically analyze the Internet traffic at the flow level using the infinite
source Poisson process would consist in retrieving all the variables {t,, n,, Uy} involved in
the observed traffic during a given period of time, but this would require to collect all the
relevant information in the packets headers (such as source and destination addresses)
for separating the aggregated workload into transmission rates at a pertinent level (see
] for many insights about this problem).

It is well known that heavy tails in the durations {n;} result in long range dependence
of the process X(t), cf. for instance [Resnick and Samorodnitsky [2001]. Long range
dependence can be defined by the regular variation of the autocovariance of the process
or more generally by the regular variation of the variance of the integrated process:

var ( /0 "X (s) ds) e,

where L is a slowly varying function at infinity and H > 1/2 is often refered to as the
Hurst index of the process. For the infinite source Poisson process, the Hurst index H
is related to the tail index « of the durations by the relation H = (3 — «)/2. The
long range dependence property has motivated many empirical studies of Internet traffic
and theoretical ones concerning its impact on queuing (these questions are studied in
the M/G /oo case in [Parulekar and Makowski [1991]). However, up to the best of our
knowledge, no statistical procedure to estimate H has been rigorously justified. It is
the aim of this paper to propose an estimator of the Hurst index of the infinite source
Poisson process, and to derive its statistical properties. We propose to estimate H (or
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equivalently «) from a path of the process X(t) over a finite interval [0,7], observed
either continuously or discretely. In practice this can be done by counting all the packets
going through some point of the network and then collect local traffic rate measurements.
Our estimator is based on the so-called wavelet coefficients of a path. There is a wide
literature on this methodology to estimate long range dependence, starting as early as
[Wornell and Oppenhein ] for instance, but we are not aware of rigorous results for
non Gaussian or non Stable processes. The main contribution of this paper is thus the
proof of the consistency of our estimator. We also investigate the rate of convergence
of the estimator in the case o > 1. If the process is observed continuously, the rate of
convergence is good. In the case of discrete observations, the rate is much smaller. Also,
the choice of the tuning parameters of the estimators is much more restricted in the latter
case, and practitioners should perhaps be aware of this; see Section for details.

Outline of the paper The process X is formally defined in Section Bl We state our
assumptions and, using a point process representation of X, we establish some of its main
properties. The wavelet coefficients are defined and the scaling property of their variances
is obtained in Section Bl The estimator is defined and its properties are established in
section @l The Appendix contains technical Lemmas. A Monte-Carlo study and a real

data analysis are reported in a companion paper lEa.;LeI_al] ﬂZODH]

2 Basic properties of the model

2.1 Assumptions

We now introduce the complete assumption on the joint distribution of the transmissions
rates and durations.

Assumption 1. (i) The random vectors {(n,U), (n,,Us), ¢ € Z} are i.i.d. with distribu-
tion v on R x R and independent of the homogeneous Poisson point process on the
real line with points {¢y}sez such that t, < ¢,y for all £and t_; < 0 < ty;

(ii) there exists a positive integer p* such that E[|U|P"] < oo;

(ili) there exist a real number o € (0, 2) and positive functions Ly, . .., Ly« slowly varying
at infinity such that for all¢ > 0 and p =0, ..., p",
E[|UPLsa] = L6t . (2.1)

For p=0,...,p* define
Hy(t) =E[|U[PLypn] = Lpy(t)t™>, t>0,

3



Since n € R, the functions H), are continuous at zero and H,(0) = E[|U[?]. Condi-
tion () is equivalent to saying that the functions H,, p = 0,1,...,p*, are regularly
varying with index —a. If @ > 1 and p* > 2, Assumption [[] and Karamata Theorem
imply the following asymptotic equivalence:

E [0y t},] = /t " Hy(v)do ~ ﬁLp(t)tl_o‘ | (2.2)

Remark 2.1. We do not assume that U is nonnegative. This allows to consider applications
other than teletraffic modeling. For instance, the process X could be used to model the
volatiliy of some financial time series.

Remark 2.2. In the sequel, we will often have to separate the cases E[n] = oo and E[n] <
0o. These cases are respectively implied by o < 1 and o > 1. If o = 1, the finiteness of
E[n] depends on the precise behavior of Ly at infinity.

Example 2.1. Assumption [ implies in particular that the tail of the distribution of 7
is regularly varying with index a. This in turns implies Assumption [ if U and 7 are
independent and E[|U[P"] < oo, in which case the functions L, differ by a multiplicative
constant.

Example 2.2. Assumption [[also holds in the following case which is of interest in teletraffic
modeling. In a TCP/IP traffic context, n and U represent respectively the duration of a
download session and its intensity (bit rate). Then W := Un represents the amount of
transmitted data. We assume that there exist two regimes, U > uy (xDSL/LAN/Cable
connection), and U < ug (RTC connection), for some ug > 0.

e The distribution of W given U = u > wug is heavy tailed and independent of wu:
P(W > w|U =u) = L(w)w™* ;

e The distribution of W given U = u € (0, uy) is light-tailed and independent of wu;
for instance, we assume expontially decaying tails:

P(W > w|U =u) < exp(—pw7),
for some > 0 and v > 0.

If E[|JU|7*¢|U < ug] < oo for some € > 0 and E[|U
PP,

P"] < oo, then () holds. Indeed, for

E[Upﬂ{n>t}|U Z UO] - E[Upﬂ{w>Ut}‘U Z Uo]
E[UPL(U)(U)|U > uq]
L E[UP~ L(Ut)/L(t)|U > ) -



Since L is slowly varying at infinity, lim,_, L(ut)/L(t) = 1, uniformly with respect to u
in compact sets of (0, +00) and there exists ty > 0 such that for u > ug, t > 1

L(ut)

L(t)

See e.g. ﬂm, @, Proposition 0.8]. Then by the Dominated Convergence Theorem,
tlim E[UP™ L(Ut)/L(t)|U > uo] = E[UP"|U > uy

< (1+ a)u/?.

and thus, the following asymptotic equivalence holds as t — oo,
EUP1 >0 |U > ug) ~ E[UP*|U > uo) L(t)t™* . (2.3)
Consider now the low-bitrate regime. For any € > 0,
E[UP1 (>0 |U < up) = E[UP exp{—B(Ut)"}U < up) < Ct™*“E[UP~*"|U < uy
for some positive constant C'. Hence

lim t* L OE[UP 1 sy U < up) = 0.

This and (Z3) imply ETI).

2.2 Point Process representation and stationary version

Let N denote a Poisson point process on a set F endowed with a o-field £ with con-
trol measure p, that is a random measure such that for any disjoint A;,..., A, in &,
N(Ay),...,N(A,) are independent random variables with Poisson law with respective
parameters p(A;), i = 1,...,p. The main property of Poisson point processes that we
will use is the following cumulant formula (see for instance ﬂB.ﬁs.n.idJ, , Chapter 3]). For
any positive integer p and functions fi, ..., f, such that [|f;|%dy < oo foralli=1,...,p
and ¢ = 1,...,p, the p-th order joint cumulant of N'(f1),...,N(f,) exists and is given by

cum(/\/(fl),...,/\/(fp)):/fl---fpdu. (2.4)

Let Ng be the point processes on R* with points (t¢, 7, Ur)eez, i.¢. Ns =3 ez Otpmote-

Under Assumption [(f), it is a Poisson point process with control measure Leb ® v,
where Leb is Lebesgue’s measure on R. For ¢, u € R, define

A ={(s,v) ERxR, |s<t<s+uv};
B, ={Xu|Xe[l,00)}

We can now show that if E[n] < oo, a suitable choice of the initial conditions makes
X a stationary process.
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Figure 1: The set A,

Proposition 2.1. If Assumption @) holds and E[n] < oo, then the process

Xs(t) = Z UeLit,<t<ty+ne} (2.5)

Le

1s well defined and strictly stationary. It has the following point process representation

Xs(t) = /OOO Ns(A; x By) du—/_o Ng(A, x By)du . (2.6)

[f Ky = Sup{ﬁ >0 | t_g+n_¢ > 0}, Ug =U_, and ﬁg =n_p+1t_y, then X(t) = Xs(t)
for allt > 0.

Proof. The number of non vanishing terms in the sum ([ZH) is Ng(A4; x R) and has a
Poisson distribution with mean

/R . 14,(s,v) dsdv = / vu(dv) = E[n] .

R4

Thus Xg is well defined and stationary since Ng is stationary. The number of indices
¢ > 0 such that t_, +n_y > 01is Ng(Ap x R), hence if K is the largest of those (s, it is
almost surely finite and

Ko
> Udg,<ictiony = Y Uil -

ty<0 /=1
]
In (ICT), define Xo(t) = 3", Urljs<z,y and
X-i-(t) - Z U ﬂ{tzSt<tz+m}> t>0. (27)

leN



Then, X = Xy + X,. If Ky and 7, ¢ > 0 are finite, then, almost surely, X(t) = X, (),
for large enough ¢. This is true in particular if X = Xg, when Xg is well defined, i.e.
if E[n] < oco. In practice, the initial conditions are arbitrary. The previous results show
that their effect is limited in time. Thus, without loss of meaningful generality, we will
henceforth only consider the two cases X = X, (zero initial conditions) and X = Xg
(stationary initial conditions), the latter being only defined for E[n] < co. Finally note
that X, also admits a point process representation:

00 0
X, () = / Ng(AF x B,)du — / Ng(AF x B,)du | (2.8)
0 —00

where A = A4, NR2.

2.3 Second order properties

Applying the Point process representation (28) and (Z8), Formula (24) gives the follow-
ing expressions for the first and second moments of X, and Xg.

Proposition 2.2. Let Assumption [ hold with p* > 2. The process X, is nonstationary
with expectation and autocovariance function given, for s <t by

EX,(8)] =E[UMnA)],

cov (X4 (s), X (£)) = BIUP{s — (t — )+ }4] = / Ha(v)d

IfEln] < oo p* > 2, then Xg is weakly stationary with finite variance and expectation and
autocovariance function given by

E[Xs(8)] = E[Un]

cov(Xs(0), X5(t)) = E[U?(n — t)4] ~ Ly(t)t'™ , t — 4o0.

—

If € (0,1) and if ¢ and s tend to infinity at the same rate, the following asymptotic
equivalent of cov(X(s), X1 (t)) holds. For all t,s > 0, as T' — o0,

Ly(T)T (s vV )" — |t — s|' 7} . (2.9)

COV(X+(TS)>X+(Tt)) ~ 1 i 10

In accordance with the notation in use in the context of long memory processes, we
can define the Hurst index of the process X as H = (3 — «)/2, because the variance of
the integrated process as T?H.



3 Wavelet coefficients

3.1 Continuous observation

Let ¢ be a bounded real valued function with compact support in [0, M] and such that

/O W(s)ds =0. (3.1)

For integers j > 0 and k € Z, define

Yin(s) = 2792p(277s — k). (3.2)
The wavelet coefficients of the path are defined as
d;; = / Vi e(s)X(s) ds . (3.3)
0

Assume that a path of the process X is observed continuously between times 0 and 7.
Since ;. has support in [k27, (k + M)27], the coefficients d;; can be computed for all
(4,k) such that 7277 > M and k= 0,1,...,7277 — M.

If the stationary version X = Xg is observed, then we denote d;; = d . Since the
process Xg is stationary, for each admissible j, the coefficients d] ks k 0,..., 7277 — M
form a stationary sequence.

Recall that the process Xg is well defined only if E[n] < oo, in which case the coefficient
ds ' can be expressed as

k—waMmk> (3.4)

LeZ

Nevertheless, Lemma [AJ] shows that it is possible to define coefficients dS . as in (34,
even if E[n] = oo, and that the sequence of coefficients at a given scale j, {d] v k€ Z} s
stationary and, When p*>1, E[df «) = 0. Thus, we will take (B as a definition of the
coefficients dj x» which will be used to prove our results. This representation and (24))
easily yield an expression of the variance of the stationary wavelet coefficients.

Lemma 3.1. Let Assumptiond hold with p* > 2. We have
E[df,] =0, var(dj,) = £(27)277 (3.5)

e /0 h /_ Z /_ Z { /t e ds}2 dt | wi(dv,dw)  (3.6)

where



15 slowly varying as z — oo. More precisely, as z — 0o, we have the asymptotic equiva-

2
lence L(z) ~ CLy(2) with C = o [J° [ {fmeryw(s) ds} do t=*7dt > 0.

[e.e]

3.2 Discrete wavelet coeflicients

Let ¢ be a bounded R — R function with compact support included in [—=M + 1, 1] and
such that

d o(t—k)=1, teR (3.7)

kEZ

Let I, denote the operator defined on the set of functions z : R — R by

Lyla](t) = Y a(k)o(t — k).

keZ

The discrete wavelet coeflicients of x are then the wavelet coeflicients of Iy[x].

From a computational point of view, it is convenient to chose ¢ and % to be the
so-called father and mother wavelets of a multiresolution analysis, cf. [Danbechies ﬂ]ﬁ&ﬂ]
or M @] The simplest choice is to take ¢ and 1 associated to the Haar system,
in which case M =1, ¢ = Tjg1) and ¥ = Tjg1/9) — 1j1/2,1)-

If the process X is observed discretely, we still denote d; its discrete wavelet coeffi-
cients:

def = /¢]7k(8)1¢[X](S) ds . (38)

If we observe X(0), X(1),...,X(7"— 1) for some positive integer 7', we can compute d;
for all j, k such that 0 < k < 279(T— M +1)— M. Roughly, for 2/ > T'/M, no coefficients
can be computed and if 2/ < T'/M the number of computable discrete wavelet coefficients
at scale 277 is of order 7277 + 1 — M for j and T large.

If the stationary version Xg is observed discretely, we will denote d; 5 = dff I X s
observed discretely, we will denote d; ;, = dfk. As in the case of continuous observations,

di,]f has a series representation that can be extended to the case E[n] = occ.

Remark 3.1. Observe that the choice of time units is unimportant here. Indeed, in As-
sumption [l changing the time units simply amounts to adapt the slowly varying functions
Ly’s and the rate of the arrival process {tx}. Clearly both adaptations do not modify our
results as far as precise multiplicative constants are not considered.



3.3 Averaged observations

We describe now a third observation scheme for which our results can easily be extended.
Suppose that T' is a positive integer and that we observe local laverages of the trajectory

. k+1
X(k) = X(t)dt:/X(t)ng(t—k)dt, k=0,1,...,T—1,
k

where ¢ 1= 1jg ) is the Haar wavelet. Let I, denote the operator on locally integrable
functions x defined by

Ll = X ( [ a(o)onts — bas) ot

keZ

For this observation scheme, as in Section B2, one may compute the wavelet coefficients
of the function I4[X] at all scale and location indices (j, k) such that 0 < k < 279(T —
M+1)—M. If ¢ = ¢y

and 1 is the Haar mother wavelet, ¢ = T(g1/2) — T{1/2,1), then,

the wavelet coefficients of I4[X] are precisely the continuous wavelet coefficients defined
in (B3). For any other choice of ¢ and 1, this is no longer true. We will not treat this
case but all our results can be extended at the cost of more technicalities.

4 Estimation

Tail index estimation methods do not seem appropriate here for estimating the parameter
a. Indeed, the parameter « is the tail index of the unobserved durations {7}, whereas the
observed process X(t) always has finite variance (E[|X(t)[?] < oo if and only if E[|U?|] <
oo and the marginal distribution of X(¢) is Poisson if U = 1 a.s.). But as shown by
Proposition 2 « is related to the second order properties of the process: the coefficient
H = (3 — a)/2 can be viewed as its Hurst index, i.e. H governs the rate of decay of the
autocovariance function of the process. Therefore it seems natural to use an estimator of
the Hurst index.

4.1 The estimator

Lemma Bl provides the rationale for the following minimum contrast estimator of o which

is related to the local Whittle estimator, cf. [Kiinsch [1987], [Robinson [1993]. Let

10



(i) d;x denote the wavelet coefficients which are actually available; these may be the
continous/discrete, stationary/nonstationary coefficients;

(ii) A be a set of indices (7, k) of available wavelet coefficients;

Denote the mean scale index over A

1 .
5::M Z J.

(4,k)eA
The reduced local Whittle contrast function is

2

) d
W(a)=log | Y 2(2375” +6log(2)(2 — o) . (4.1)
(J,k)eA

The local Whittle estimator of « is then defined as

g = in W 4.2
G=arg min () (4.2)

In order to simplify the proof of our result, from now on, we take A of the form
A={G.k);o<j<h, 0<k<n;—1},
with

J=max{j;2 < (T —M+1)/(M+1)},

nj = 2J_j
and integers Jy and J; such that
0< Jo < J1 < J. (43>

The sequence of integers J depends on T in such a way that 27 =< T. Note that the
dependence of the sequences J,Jy,J1,n; etc. with respect to 7" is omitted in our notations.

4.2 Consistency

Our first result is valid in the case a € (1,2).

11



Theorem 4.1. Let Assumption [ hold with o € (1,2) and p* > 4. Assume that Jy and
J1 depend on T in such a way that

limsup Jo/J < 1/a . (4.5)
T—o0

Then & is a consistent estimator of a.

Our estimator is also consistent in the potentially unstable case, that is when « is
not assumed to be in (1, 2), provided that the assumptions on the functions ¢ and 1 are
strengthened. We assume that

/_OO s(s)ds =0, (4.6)

and there exist constants a and b such that for all ¢t € R,
D ko(t—k)=a+bt. (4.7)
ke

These conditions are not satisfied by the Haar wavelet, but hold for any Daubechies
wavelets; cf. [Cohenl M}

Theorem 4.2. Let Assumption [ hold with @ € (0,2) and p* > 4. Assume that Jy and
Ji depend on T in such a way that {{4) and [f-3) hold, and

limsup J,/J <1/(2 — ). (4.8)
T—o0

Then & is a consistent estimator of .
Remark 4.1. Conditions ([@4l), (EH) and (L) are satisfied by the choice Jy = |.J/2] and
Ji=[J/2+1og(J)].
Proof of Theorems 1] and[[-3 For clarity of notation, we denote »; = Z;‘II:JOH’ A=
{k: (j.k) € A} and #A, = n;. Elementary computations give

§=Jo+2+ (Jo— J1)/(20 — 1) (4.9)

so that § — (Jp + 2) — 0 under (4]). By Karamata’s representation theorem, the slowly
varying function £ defined in (BH) can be written as

£(2) = ¢(1+ 1(2)) exp {/1 @ds} |

S

12



with ¢ > 0 and lim, ., ¢(2) = lim, .., 7(2) = 0. Define Ly(z) = cexp {flz @ds}, r*(z) =

sup,,s, [r(2')| and £*(2) = sup,.>, [¢(2’)|. The functions 7* and £* are non increasing and
tend to zero at infinity. Introduce some notation that will be used throughout the proof.

W(a') = log (Z] 2(“/_a)jnj£(2j)> + dlog(2)(2

(
Wo(o') = log (ZJ 2(°‘,_a)jnj£0(2j)> + dlog(2)(2
Q(a’—a)jnjﬁo(gj) 2(&’—a)jnj£(2j)

_0/)7

a),

. N (o = - -
wj’o(af ) . Z]/ 2(a/_a)j/nj/£0(2j/) ) w,? (OK ) Z]/ 2(0/_05)]’7’[,]'/5(2]’) 3
nj—1
v = L) 2070 Ay =0t Y o) — 1)
k=0
Bla') = 3 ()
We have

=)y 0 (25) (2
W (o) — Wo(e/) = log <1+232 i £o(Z) (2)> .

;2= in; Lo(27)

The fraction inside the logarithm in the last display is bounded by r*(27), thus for .J
large enough
sup [W(a') — Wy(a')| < Cr*(27) .

Standard algebra yields

Wi(e) =log2y  wjola’)(j = 9)
Wi(a') =10g’(2) y_ wjo(e)(i =D wyola))*

By Lemma [AT3, under (E3),
lim Wi(a) =0, Tlim Wi(a)=2.

T—o0

Thus, there exist n > 0 and ¢ > 0 such that

liminf  inf W (o) > (.

T—oo o €(a—n,a+n)

This implies that for large T, and some positive constant c¢

W(a) — W(a) > Wi(a)log(2)(@ — a) + (@ — a)? — 2r*(27) (4.10)

13



Since W/(a) — 0 and |& — a| < 2, this implies that for all € > 0,

limsup P((& — a)? > €) < limsup P(W (&) — W(a) > ce) . (4.11)

T—o00 T—o00 -

Write

W(a') = W(d) +log {1+ E(a/)}
W (&) — W(a) = W(a) — W(a) —log {1+ E(&)} + log {1 4+ E(a)}
<2 ,86%)2) llog {1+ E(</)}]| . (4.12)

Consistency will follow from (LTTI) and (ETZ) provided that we can prove that sup, ¢ (g2 | E(a')| =
op(1). If > 1, take ¢ € (0, (ae—1)/2) such that limsup Jy/J < 1/(a+¢) which is possible
by assumption (EEH). Define

if o <1
A (4.13)
JIN[T(a+e)] ifa>1.

so that, for T" large enough, Jy < Jo < J;. Write

J2 Jl
E(@)= > wila)A+ > wild)A; = Ei(o)) + Ea(a)
j=Jo+1 j=Ja+1
with the convention Z;h: Jo1 = 0if Jp = Ji. By Lemma [ATT]
sup |Ey(a))] = Op(2757) (4.14)
a’€(0,2)

for some positive . Treat now E, for @ > 1 and Jy = [J/(a+¢)] > J;. Forall o € (0,2),
we have o/ —a—1 < —2e¢. Since L is slowly varying, we obtain, for some positive constant
Coforall j=Jy+1,Jo+2,...,J;, wj(a)) < C27¢V2=%) Using Lemma A0, it follows
that

E | sup |Ey()|| < C(Jy — Jp)27<V2=h) = O(27%7) | (4.15)
a’€(0,2)
for some & > 0 because limsup Jy/J < 1/(a+ €). This concludes the proof. O
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4.3 Rate of Convergence in the stable case

Theorem 4.3. Let Assumption 0 hold with o € (1,2) and p* = 4. Assume moreover
that Ly is bounded and that L(z) = ¢+ O(z7) with ¢ > 0 and 8 > 0. Assume that the
observed process X s either X, or Xg.

If X is observed continuously on [0,T], so that d;, = d5 or d;x = djx. Then the
rate of convergence in probability of & is T—P/25+%) " obtained for Jy = |J/{28+ a}| and
J=J.

If X is observed at discrete time points 1,2,...,T, so that d;;, = df’i) ord;, = fk
Then the rate of convergence in probability of & is T~/ 21+ with v = BA(2—a), obtained
for Jo = |J/{2v+ a}] and J, = J.

Remark 4.2. These rates of convergence are infeasible in practice since the choice of Jj
depends on the parameter to be estimated o and the unknown smoothness parameter (3.
They do not depend on the stationarity of the observed process but only on the obser-
vation scheme. The rate of convergence in the case of discrete observations is at most
T-(@=a)/(4=a) " This degradation of the rate of convergence is caused by a phenomenon
similar to aliasing. It is clear that these rates of convergence are the best possible for
our estimator under the assumption on L, since this choice of Jy makes the squared bias
and the variance of the same order of magnitude. But this of course does not prove that
this is the best possible rate of convergence for the estimation of a under this observation
scheme.

The rate of convergence of our estimator is derived under non primitive assumptions
on the function £. The following lemma allows to check them through conditions on the
joint distribution of (U, n).

Lemma 4.4. Let Assumption O hold.

(i) If there ezists positive constants ¢ and 3 such that, ast — oo,
Lo(t) = c+ O(t™7),

then there exists a constant ¢ such that, as z — 00,

O(z7P) if B<2—a,
L(z)=4+0(=*2logz) if3=2-a, (4.16)
O(272) if B>2—a.

(i1) If there exists positive constants ¢ and [3 such that, ast — 0,

E[U*{cos(nt) — 1}] = c[t|™{1+ O(|t|")} ,
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then there exists a constant ¢ such that, as z — 00,
L(z) = +0(:z"), (4.17)
provided that 1) belongs to the Sobolev space W(e+H/2=1,

Ezample 4.1. Assume that n has a Pareto distribution, i.e. P(n > t) = (1 V ¢)~%, and
is independent of U. This corresponds to Lemma EAIH) with 5 = oo, and we can easily
compute an exact expression for the O(z*7?) term:

The best possible rate of convergence of & is thus 7-2~/(4=%) ‘irrelevant of the observa-
tion scheme.

Ezample 4.2. Let o € (1,2) and suppose that 7 is the absolute value of a symmetric
a-stable random variable. Then Assumption [ holds, say, if U is independent of n and
has sufficiently many finite moments, and

Elcos(nt)] = exp(—c [t|*) = 1 — o [t[* + O(Jt[**).

By Lemma Bl the best possible rate of convergence of & is thus 777+ with v = «
for continuous time observations and v = 2 — « for discrete time observations.

Proof of Theorem .3 In the following, we give a decomposition of the error valid under
the assumption
0 < liminf Jo < limsu Jo <1
il B

Optimizing Jy in this decomposition will then give the result. We use the same notations
as in the Proof of Theorems BTl and with J; = J. We first give a first rough rate of
convergence for & by adapting the proof of Theorem EE2 Under the present assumptions,
Ly(2) = ¢, which implies W}(a) = 0, and r*(z) = O(27") as 2 — oo. Then, {@I0), [ETD),
EIA) and [EIH) yield:

(& —a)? = 0p(27¢ 4 270%), (4.18)

Since & is consistent and « is an interior point of the parameter set, the first derivative
of the contrast function vanishes at & with probability tending to one. Hence

 Ymead 207d3,
Z(j,k)eA Q(é_md?,k

0 — dlog(2) .
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By definition of ¢, this yields

0= 3 (j-d)2ea,

(J.k)en
= > (j=0)20d, +log(2)(a—a) Y (i —0)20id3,
(J,k)eA (J.k)eA

for a random & between « and &. By definition of A;, the last display implies

G- 02L@) 1+ A
log2 32, j(j — 026 DL@)(1+Aj)

Denote the sum in the denominator of the last expression by D, and write
D= Z (j—6)277L(2) +Z L£(29)279 (2097 — 1)(1 4 A,)
‘I‘Z]]— ]ﬁ(QJ)Aj:ZS—l—Rl—I—RQ.

Using Lemma [AT3 and @3), one easily gets that S ~ 21770 as J — oo.

Using Lemmam and the fact that |@ — a| < |& — a| = op(J~?), one gets similarly
Ry = 0p(27%). To bound Ry, we proceed as for bounding E( ') in the proof of Theo-
rems ET] and (here with o/ = a > 1): we write >, = Z] Jor1 T Z;']:JQH and apply
Lemmas and ATl to obtain Ry = 0p(277). Hence, we finally get
270

R {Zj(j —9)27L) +Y (- 5)2—15(21)Aj} (1+0,(1)}. (419

In (1), the terms inside the curly brackets are interpreted as a deterministic bias term
and a stochastic fluctuation term. The bias is bounded as follows:

270 Z (j—6)277L(27) =27 Z (5= 6)279(L(27) — ¢) = O(27F0) . (4.20)
J
In the case of continuous time observations, i.e. d;, = d5; or d;x = d;, we have
Zj(j — §)277L(2)A,; = Op(27 /227100y (4.21)

Gathering this bound with [I9) and ([E20), and setting Jy = J/(26 + «) yields the
first claim of Theorem B33 i.e. & — a = Op(279/25+2)) We now prove [@ZI). Define

B = n_l an_l fl(dik)z — 1}, Then §; = A; if dji = dfk Since o > 1, Lemmas Bl
and [A2 yield, for some positive constant C,

L4(2J)

2(2) = Lo (4.22)

E[3?] = var(5;) < C
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Since £ is bounded away from zero and L, is bounded, the ratio L,/L? is also bounded.
The Minkowski inequality then yields, for some constant C' > 0,

S N2 V? .
E [(Z (j - 0)277£(2)5;) } <O | — 0|20/ = O(aTIerD)

J

If dj = dj, we use [A40) in Lemma [AT0 and obtain E[|A; — §;]] < C’n;l/2 for some
constant C' > 0. Hence, in this case, since —1/2 < o/2 — 1,

E[|Y G -027L@) (4 - 5)

The last two displays imply EZT).

} <Co2” Z =8| £(27)279/2 = o(2~ /2 (/2= Do)
j

We now briefly adapt the previous proof to the case of discrete observations. Define

vP = E[(d57)?). Lemma A [ implies vP = v;4O(1). Thus we have vP = L£p(27)22~)

and
Lp(z) = L(2) +O0(z""?) =c+0(z7),

with v = G A (2 — «). Then, defining
AV =0ty {(P) 5~ 1),

we obtain that ([ET9) still holds with £p and A replacing £ and A, respectively. Lemma[AT2]
implies that A]D has the same order of magnitude as A;, so that the stochastic fulctuation
term has the same order of magnitude as in the previous case. The difference comes
from the bias term, which is O(277%). Thus, & — a = Op(277%0 + 277%) and setting

Jo = J/ (27 + ) yields the second claim of Theorem

O

5 Concluding remarks

We have showed in this work that wavelet methods for estimating the long memory
parameter of a standard traffic model are consistent, robust to non-stationary situations,
even when the process do not converge to a stationary state, and robust to discrete data
sampling. However the study of the rates raises some questions as it might cast some doubt
on the quality of the estimator of the tail index «, the main parameter of the model from
a traffic modeling point of view. To make a comparison, let us recall that, if an sample of
size n of i.i.d. random variables with survival function of F(t) = t~*{1 + O(t~?)}, then a
rate of convergence n~%/(+) can be obtained, for instance using the Hill estimator, cf.
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Hall and WelsH [1984]. For instance, a sample of size n of i.i.d. Pareto random variable
is observed, then a parametric rate can be obtained, while the wavelet estimator has a
dramatically deteriorating rate for a close to 2. But this comparison is not completely
relevant, especially in the case of discrete observations, since the durations 7 are not
observed. Finally, let us draw a practical conclusion from our study. Some precaution
should be made on the choice of scales used in the estimation as shown by the conditions on
Jo and Jy. In particular, if only discrete observations are available, the best possible rate
of convergence is obtained for a much bigger value of .Jy than if continous observations
are available. Too small a value of Jy will induce an important bias in finite samples.
Pratictioners should be aware of this restriction and be careful in the interpretation of
the results.

Appendix

A Technical results

Lemma A.1. Let Assumption hold. Let f be a bounded measurable compactly supported
function such that [ f(s)ds = 0. Define

f(t>%w):w/t+vf(s)ds.

Then [ |f(t, v, w)|P dt v(dv, dw) < oo,
E[Ns(f)] = 0 and [;° X1 (s)f(s)ds = Ns(flg, xr,xz). If moreover E[n] < oo, then

Ns(f) = [ Xs(s) f(s)ds.

Proof. Assume that f has compact support in [0, M]. Then ftt+v f(s)ds=0ift+v <0

or t > M. If moreover fOM f(s)ds = 0, then the former integral also vanishes if ¢ < 0 and
t+v > M. Then, denoting || f|l; = [|f(s)| ds, we have

[ o

Thus [|f(t,v,w)[”dtv(dv,dw) < 2°M||f|¥E[JU|?]. The fact that E[Ng(f)] = 0 is then
a straightforward application of Fubini’s Theorem. The other properties follow directly
from the definition of Ng. O

V4 [e'e)
at < | £|7 / (Loan(6) + Loan(t +v)}? dt = 220 F|
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For p=1,...,p* define the signed measures
vp(dv) == /upl/(dv,du) : (A.1)

Proof of Lemma[Ed. Using the above notation, we have d~, = Ns(1;1), since &) im-
plies that [4;,(s)ds = 0 for all j, k, hence the wavelet coefficients have zero mean by
Lemma[AJl To compute the variance, we apply the cumulants formula (4]) and a change
of variable.

var(dik):/o de/ {/ byals) }
= [Ty [ { [ ") ds}th = 20 VL(),

by definition of £. To conclude the proof, we show the asymptotic equivalence for £. For

p=2,. . define
- / M vwad a = [Cweg-vora. @)

where W(u) := [ (y)dy. By ), ¥ has compact support in [0, M] and,
M
[ Ko ()| < / (Wt +y) —WE)[Pdt <2M |95 [y, yeR. (A.3)
—M

If |y| > M, either W(t + y) or ¥(¢) vanishes for any ¢, hence
Kp(y) = L+ (=DM, lyl =M. (A4)

From ([A2), the two first derivatives of K, can be expressed as
M
= / D) (V) — Bl — y)P du, (4.5)

K"(y) = plp— 1) / () — y)(W(u) — D — )2 du. (A.6)

which are continuous by continuity of ¥, and with support in [—M, M] by ([A). Inserting
Ky(v/z) = OU/Z K(t)dt in (BH) and inverting the integrals yield

5(2)22‘“/0 Ké(t)Hg(zt)dt:Lz(z)/ La(2t)

A >K’( W dt ~ye O Lo(2), (A7)
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Indeed, for any € € (0, M)

MLQ(Zt) ’ —a -~ P M ! -«
Lo(2) / 20~ L) / K(t) dt

as z — 00, by the Uniform Convergence Theorem for slowly varying functions. Since
| K5 (y)| < c|y|, we have for z > 1/¢

/ Lo () KL ()0 dt = 207! / Lo (u) K (u/ ) u—du

0

0
1 ze
SC’Z”‘_2{/ L2(u)u_a+1du+/ Loy(u)u™*tdu}
0 1

Using u=%Lo(u) ~ E|U|* as u — 0 and Karamata’s Theorem, we obtain the bound

2—« LQ(ZE)

< 22—« .
Lo() = Ce

LQ(Z)_I/ LQ(Zt)Ké(t)t_a dt S CLQ(Z)_IZa_z +€
0

(A1) follows by letting € go to zero and noting that since K3(0) = 0, C' := fOM Ki(t)t=>dt =
a fOM Ky (t)t=*~1dt is a positive constant. O

Proof of Lemma 4 From (&), we have
M M
L(z) = / Kyt)t™*{c+r(zt)}dt = + / Ky(t)tr(zt)dt,
0 0
where Ly(t) = c+7(t). Since r(t) = O(t™?) as t — oo and r(t) = Ho(t)t* — ¢, there exists

C > 0 such that |r(t)] < Ct=#. By (&) and ([AH), we have Kj(t) ~ [|[Ky||ot as t — 0.
If § <2—«, Eq @I0) follows immediately. For § > 2 — «, let us write

/0 N K8t r(2t) dt‘ -

z~1 M
/ Ky(t)t=*r(zt)dt + / Ky(t) t™*r(zt)dt
0 z—1
5,1

M
<4 / todt + Cy 27" / to=fde,
0 z—1

where we used that r(zt) = Hs(zt)(2t)* — ¢ is bounded for zt < 1 for the first integral,
and |r(t)| < Ct=? for the second one. This yields [EIH).

Let us now show (EEIT). Let ¢)* denotes the Fourier transform of 1,

M
(€)= /0 Bty dt
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The Sobolev condition on ¢ and (BI) imply that

[1e2 i @rae < o

so that the lemma is a direct consequence of the following formula; for all z > 0,
P 0o - i}
£l == [~ OP B feostng/2) - 1)1 de (A8)

Prove now ([AF). For p = 2, (&) gives, since 1V integrates to ¥?/2 and ¥(0) = U (M) =
0,

M o0
Ky =2 [ o) - Bla-y)du=-2 [ ) ¥lu-y)de.
0 —00
Using standard calculations, one gets
2i

/ Ki(y)e ¥ dy = 7

The function K7 is bounded and compactly supported (see the proof of LemmaBl), hence
square integrable. By Parseval’s formula, we find, for all y > 0,

[ ().

[e.e]

Ka(y) = /_oo Ljo,g)(u) Kp(u) du =7~ / E7 (O (e — 1) de .

00 E=—o00

From (A7), we have
£(z) = =° / Ky (2 1) dt = 2 "E[U*Ks(n/2)]

Since £72[y*(€)|? is integrable, we may replace Ky by the above formula and exchange
expectation and integration signs, giving

™ _

=—00

Lo =2 [T e OP BT - 1)
3
Observing that €72 [*(£)|? is an even function of ¢ and that the imaginary part of the
expectation is an odd function of &, we get (AF). O

Lemma A.2. Let Assumption [ hold with p* > 4. Then, there exists a positive constant
C > 0 such that

n—1
o (Z(di;f) < Cn {L3(27) 21720 4 L, (27) 2007}

k=0

Note that the first term dominates for o < 1 and the second one dominates for a > 1.
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Proof. Write
n—1 n—1 n—1
var (Z(dfk)2> =2 Z cov? d] k,d] w) + Z cum(dsk,djk,d] k,,d] ) - (A.9)
k=0 kk'= k,k'=0

For p e N*, k € Z and v > 0, define

K, (v, k) = /: {/ttﬂ@b(s—k:) ds}p{/tt+vw(s’) ds’}p dt .

We have the following properties: K,(v, —k) = K,(v, k), by Cauchy Schwartz Inequality,
forall k € Z and v > 0, |K,(v, k)| < K,(v,0) = K,(v), where we use the notation (A2);
if & > v+ M, then the support [0, M] of ¢ cannot intersect both [t — k,t — k 4 v] and
[t,t + M] so that K,(v,k) = 0; if £ > M and v > k + M, then the support of ¢ cannot
intersect both [t — k,t — k + v] and [t,t + M| without being included in one of them, so
that, by BJ), K,(v, k) = 0. Gathering the above facts gives, for all k € Z and v > 0,

[ Kp (v, k)| < Kop () {1([K] < M) +1(v € [[k| = M, |k + M]) . (A.10)
Recall that df, = Ns(th;x). Thus Formula 3)) implies

cov(dsy, d3 ) = 22j/ Ki(v, |k —K]) va(27dv) , (A.11)
0
Cum(dsk, dj ks d] k! d] k') — 23] / KQ(U, |k — k,|) 1/4(2de) . (A12)
0

Thus, separating the cases |k — k| < M and |k —k’| > M in the sums of the RHS in ([A29)
and using ([(AT0), we get

n—1 2
n~'var (Z djsk 2) < 4(2M +1)2Y </ Ks(v V2(2”dv)) (A.13)
k=0

- nol I+M ‘ 2
+429 Y < K5(v) V2(zﬂdv)) (A.14)
I=M+1 \I=M
+2(2M +1)2% / Ky(v) vy (27dv) (A.15)
l+M
+22% Z / ) va(27dw) (A.16)
I=M+1

The RHS in [AT3) is 4 (2M + 1) (var(d5,), cf. the proof of Lemma Bl In this proof,
the properties of K, are similar to those of K, (see (A3) and (AI)) and this yields
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similarly that (AZ13) is asymptotically equivalent to 2(2M +1)L,(27)263~%) . By elementary
computations, the term ([AI0) is less than

) n+M-—1 ]
22% (2M + 1) / Kyi(v) vy(27dw)
1

which is less than ([ATH). The term ([ATd) is treated similarly by noting that

I=M+1 \I=M I/ =M
00 2
< (2M +1) (/ Ky (v) 1/2(2jdv))
0
so that it is of the same order as ([AT3)). This concludes the proof. O

Lemma A.3. Let Assumption [ hold with p* > 2. Then the following assertions hold.

(1) If a € (1/2,2), there exists C' > 0 such that, for all j >0 and n > 1,

—

3

(E[d; )2 < C2B-2099 [2(23) | (A.17)
0

B
Il

(i1) If o € (1,2), there exists C > 0 such that, for all 7 >0 and n > 1,

Zvar ik —dS)) < 0207 [,(29) (A.18)

(111) If a € (0,1], for all € > 0, there exists C' > 0 such that, for all j >0 andn > 1,

Zvar e — d5y,) < C 237 Ly(27) plete (A.19)

() If @-8) hold then, there exists C' > 0 such that, for all j >0 and n > 1,

3
—

(E[d;x))* < €282 [2(27) . (A.20)
0

=
i
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Proof. By Lemma [ATJ] we have that d;, = Ng ¢] k1R, xr, xr). Thus

E[dﬁk]:/:oyl dv/ du/ Y p(w
:_/Oooyl dv/ du/ e (A21)

since (B)) implies that [°7 du [ 44 (w)dw = 0. Define W(t) = [ 4(s)ds. Again,
(B0 implies that ¥ also has compact support in [0, M]. Thus

‘ (27 Fv—k) L AM
= 2%/2 / U(z)dz , (A.22)
0

Inserting (A22) in [(A2I) and exchanging the two integrals give that

[Eld,)] < 2972 / ()| H (2 + k) da

Li(29(z + k))
Ly(29)

Along the lines that lead to (A1), we get |E[d;o]| < C26/29) [, (27) fOM |U(x)| 2z~ dx .
The integral in this RHS is finite for since ¥(x) = O(z) at = 0. Note now that for any
e > 0, there exists some constant C, such that Vj,¢ > 1, Li(tx)/Li(t) < Cex. Then, for
k>0

M
_ 9@/2-a)i [, (97) / U ()| (2 + k) dz
0

M
[E[d; ]| < C2B/2) [, (27) / W (2)| (x+ k) de < O20/27 L (27)(k v 1)~
0
(A.23)
Hence (A1) for o > 1/2 by choosing € small enough.

We now prove ([(AIX) and (AT9). By Lemma [AT] dik —d;jp = Ng(z/ZLkILRJRMR).
Applying (7)) yields
2

var(ds), — dj) = /0 h vy(dv) /_ : du ( /u o V;x(w) dw) : (A.24)

Proceeding as for ([A22), one obtains

/_(; du </uu+v Vi (w) dw)2 = 2% /_:(\Il(:): 4 270) — U(e)) da

o p@7Iv—k) 4 AM
= 2% / U2 (y) dy . (A.25)
0
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The case a > 1 is then similar as for establishing ([(AT7) from [(A22) and [A2]]). The case
a € (0,1] is also similar except that the sum 37~} is no longer bounded independently
of n.

We now show ([A20). If the function v satisfies (EG) then fOM U(s)ds = 0. In [(A22),
it gives

‘/0 du /W s (10) dw‘ < MUl (v e [k, (k+ M)27)) . (A.26)
Hence, by inserting this in ([A21), for £ > 1
[E[d;s]| < C 207299 Ly(2)){H (k, j) — Hi(k + M, j)} , (A.27)
where : : ,
(k) = 2 H, (k2') _ k_aLl(kQJ)

Ly(29) Ly(27)

Since Ly(k27)/L1(27) is less than any positive power of k, there exists K > 0 such that,
for all K > K and j > 0, Hy(k,j) < 1. Note also that by definition of H,(k,7), it is
nonincreasing with respect to k. Thus, for all n > K + M,

ST (k) — Bk 4 ALY < S (k. ) — ik + M)}
k=K k=K
=S W) - Y ) <M

Inserting this in (A1) and using ([(A23) for bounding >_r ' (E[d;4])? yield (A20). O
Lemma A.4. Define, for allt € R and v > 0,
Gt = Id)[]l[t,t—i-v)] and ht,v = ﬂ[t,t—i-v) — Gtv- (A-QS)

We have the following properties for all t € R and all v > 0.

(Z) fgs,v(t) ds = v,
(ii) |giwlloo < M ||@]loo and the support of g, is included in [[t] — M + 1, [t + v]],

(iii) the support of 1 — gy, is included in (—oo, [t]]U[[t +v] — M + 1, 00),

(1v) [[hiwllo <1+ M||p|loc and the support of hy, is included in [t — M + 1, [t]] U [t +
v—M+1,[t+v]].
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Proof. By definition of g, in [A28), we have, using that ¢ has a compact support and

then (B1),
/gsv dS_/Zﬂ(k vk] t—k>dS:UZ¢(tk):’U

keZ kEZ
We have, for all non-integer s € R,
1960 (8)] < 18llo D T-arsay(8) < M | 6lloc.
kEZ
Hence the bound ||hyyllec < 1+ ||g1]|co- Denote by [s] the smallest integer larger than
or equal to s. We have

[t+v]—-1

gio(s)= > d(s—k), seER, (A.29)

k=[t]

so that ¢, has its support included in the segment [[t] — M + 1, [t + v]]. It follows that
the support of h,, is included in [t — M + 1, [t 4+ v]]. Now, by ([B1), we have

I—g10= I¢[1 - ll[t,t+u)] = _I¢[ﬂ[t,t+v)c]v
hew = Lpagoye — o[ L tro)e],
where A° denotes the complementary set of A in R. The support of I[1 ¢4.)e] is included
in (—oo, [t]]U[[t +v] — M + 1, 00); thus hy,’s one is in (—oo, [t]]U [t +v— M + 1, 00).
Hence the result. O

Lemma A.5. Let Assumption hold. Let f be a bounded measurable compactly supported
function such that [ f(s)ds = 0. Define

fltvw) = [ o)1) ds mw—w/ oo (s

— 00

Then, forp = 1,....p%, [|f(t,v,w)Pdtv(dv,dw) < oo, [|f(t,v,w)|Pdtv(dv,dw) <
oo, [Is[X4](s) f(s )ds = Ns(fﬂR+XR+XR), and E[Ns(f)] = E[Ns(f)] = 0. If moreover
E[n] < oo, then Ns(f) = [14[Xs](s) f(s)ds.

Proof. Assume that f has compact support in [0, M]. Applying Lemma [AZf) and
proceeding as in the proof of Lemma [AT], we have, for some numerical constant C' whose
face value may change upon each appearance,

\ | st as

(e}

< Ol A= 2n—y ([E]) + Lo an ([t +2v1)}

/ (v, 0) P df o(do, dw) < C || FIZEJUP] .
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Applying Lemma [AZI[), we obtain a similar bound for [ f(t,v,w)dtv(dv, dw). Thus
we can apply Fubini’s Theorem and Lemma [Af).

E[Ns(f)] = /MR (/_Z {/_: Gi(5)f(s) ds} dt) wv(dv, dw) |
[ mrssga= [ [ s} sisss = [ sis0s=0

Finally, f = f — f, thus E[Ns (/)] = E[Ns(f)] — E[Ns(f)] = 0. .
Applying Lemma[A5, we can extend the definition of dj in (B8] to the case E[n] = oo

by
d5Y = Ns(¥ip) - (A.30)

Lemma A.6. (i) Let Assumption[ holds with p* > 1 and o € (0,2). Then E[d5]] =0
forall 7 >0 and k € 7Z.

(it) Let Assumption [ hold with p* > 2 and o € (0,2). Then var(ds, — d3}) is bounded
independently of j € N and k € 7Z.

(iii) Let Assumption 0 hold with p* > 2 and o € (1,2). Then |var(d3,) — var(d;})| is
bounded independently of 7 € N and k € Z.

Proof. The first claim is given by Lemma By Lemma [AT we have d5, — d7 =
Ng(j1). Hence, applying (E4),

var(df = azp) = ") [ ( | s sats) ds)2 at.

— 00 [e.e]

By Lemma [A4] (1) and since the support of ¢ is in [0, M], we have, for all ¢ € R and
v >0,

‘/_OO heo(5) ia(s) ds| < 2772 (14 M ||¢lloe) [Wl]oe (Bt + 1) + B(t +v +1)), (A.31)

[e.e]

where, for all u € R,
B(U) = Leb([u — M, U] N 2‘7[]{3, k + M]) S M 1{2jk§u§2jk+(2j+l)M} . (A32)

This implies that [ B(u)?du is bounded by 27 up to a multiplicative constant and it
follows that Var(dfk — df,i)) = O(1). We now suppose that a € (1,2). Using that
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var(d?p) = var(d5,) +var(d5p — d5, )+ 2cov(d3 ., d5)) —d5,), it only remains to show that
cov(dfk, d>Q —d3 ) = O(1). Applying (E), we have

COV(d}g,ka df,k - df,g) = cov (Ns(% k) Ns(% k))

et [ ([ o) ([ )

< e 2790

By ([A31)), ([(A.32) and

s)ds

we get cov(d5,, d5P — df,) = O(1). O
Lemma A.7. For all « € (1/2,2), there exists C > 0 such that, for all 7 >0 andn > 1,

—_

3

(E[dD])? < €262 [2(27) . (A.33)
0

For all a € (1,2), there exists C > 0 such that, for all j > 0 andn > 1,

B
Il

Zvar (dD, — d5F) < €207 Ly(27) . (A.34)
For all « € (0,1] and all € > 0, there exists C' > 0 such that, for all j > 0 and n > 1,
> var(df, — d5) < C 2G0T Ly(27) n' ot (A.35)

If moreover (Z3), F), @-4) and Z73) hold, then, for all o € (0,2), there exists C > 0
such that, for all j >0 and n > 1,

3
—

(E[dD])? < €262 [2(27) . (A.36)
0

=
i

Proof. Using the previous notation, we can write dfk = N S(@Ej,kﬂRMRMR)- Thus
dP, = Ns(1jxlr_xr, xr) and

s = [ o) [ [ antvaash o
var@if ~ i) = ) [ OO ( | oo sato ds)2 dt.
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By B [ gt.0(s) ¢¥jr(s)ds = [{1 = gr(s)} 1;x(s) ds. Hence this integral vanishes when
the support of ¥, does not intersect the support of g, or when it does not intersect the
support of 1 — g;,,. The support of 1, is included in 2’[k, k + M] and Lemma [A7] gives
the supports of ¢g;, and 1 — g;,,. We thus obtain

2k >t+wvor 2j(k+M)<t—M+1:>/gt,v(s)¢j7k(s)ds:0
2jk>tand2j(k+M)<t+U—M+].:>/gt7v(8)wj7k(5)d(9:0.

From Lemma [A] we know that ||g;,]|cc < M||¢||o; hence

‘/wA@¢m@NSSANWMJ%MhZMﬂMmWMﬂW.
The three last displays give that, for all t <0,
/gtﬂ,(s) Yin(s)ds| SC2P1(0 <t —2k+v<2M+M-1)

and, finally, for all £, j > 0,
V){ %v s) ¥ju(s)d }ﬂgc?mﬂﬁ—r%ﬁA@M—m} (A.37)
([w{/ﬁm(ﬁ%ﬂ$¢%iﬁSCQ%Hk—Qﬁw+A@MF&H,

which are similar bounds as those given by (A22)) and [A2H]). The proofs of (A33)), (A34)
and ([AZ3H) then follow as in the proof of Lemma [A3 It only remains to show (A30).

Again the proof is similar to the proof of (A20) in Lemma[A3 One only needs to provide
a bound similar as ([(A20), namely,

U]{ wv 5) Yik(s)d }ﬂsofmnwewhw@+Mm%

for some constant M’. As we already have ([A37) at hand, it is now sufficient to show
that, for all v > 29(k + M)+ M — 1,

[ [ smrasta=- [ [ uamata=o

Since by Lemma [A4l g1, o has support in [[t +v] — M + 1,00), we have, for all v >
2(k+ M)+ M—1and t >0,

/gt—i-v,oo(s) Yik(s)ds=0.
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By [A229), we have g;4, + Gt+v.00 = Gt.00, hence we only need to show that ([A38) holds for
v = 00. Observe that, by (A29) and (&),

/Ooogt,oo(S)dt:/OOZﬂ(k}Zt)¢(t_k)dtzzk¢(t_k)

0 kez kez

is linear in t. By Fubini’s theorem and using ([BJ]) and ([4), we obtain ([A38) with v = oo,
which concludes the proof. O

Lemma A.8. Let Assumption [ hold with p* > 2 and o > 1. Then, there exists C > 0
such that, for allm > 1 and j > 0,

n—1
> E[(djx — dy)’] < Cy ;
k=0

n—1
> E[(djx — d5})%] < Clvj+n) .
k=0

Lemma A.9. Let Assumption [ hold with p* > 2 and o € (0,1]. Assume that ¢ and
satisfy [{-8) and (). Then, for all € > 0, then there exists C' > 0 such that, for all
n>1andj>0,

n—1
ZE[(de — df,k>2] < C(L%(Qj) 9(3-2a)j 4 ,anl—cH—e + n) ’
k=0

Proof of Lemmas XA and A9 Write E[(d;x — d5,)?] = (E[d;])* + var(d;; — d5,) and

apply Lemmas Bl [A3 [A0 and A7 O
Lemma A.10. Let Assumption[d hold with o € (1,2) and p* > 2. Then
sup E[A;| =O(1) ; (A.39)
0<j<J
n—1
sup n V2R vj_l 2:{(0lfk)2 — &2} ] < 00 . (A.40)
n>1,5>0 P

Lemma A.11. Let Assumption [ hold with o € (0,2) and p* > 4. If a < 1/2, assume
moreover [{f.0) and (77

Let J* be a sequence depending on J such that limsup J*/J < (1/a) A (1/(2 — «)).
Then, there exists € > 0 such that

J*
sup Z ujAj| = Op(2=¢7) (A.41)
ueS J=Jo+1

where S is the set of sequences u = (ug, ...) satisfying Yy |u;| < 1.
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Proof of Lemmas[AT0 and AT Recall that d7, is always well defined, though unob-

servable in the case E[n] = oo. As previously, we denote (3; = n "' Z"j_l o7 H(d5)? — 1}
and r; = A; — ;. By Jensen’s inequality, we have

Z ujﬁj < Z 52,

Jj=Jo+1 Jj=Jo+1

sup
ueS

hence, applying Lemma [E2 we obtain, for some slowly varying function £,

2

J*
E |sup Z wily| | <27 Y L(20) 2V < L2720 = o(1) .
€S | j=Jo+1 j=Jo+1

To bound the remainder terms, the cases @ > 1 and a < 1 must be considered separately.
n;—1
2
Ellr;]] < (nju;)~ Z E[|( —dj]

nj—1

(njv;)~ Z E[(d k) + 2(njv;)” 12 {
If o« > 1, we can apply Lemma and obtain

Ellrsll = O (1/y/75 + 1/v/T) - (A42)

Since E[3;] = 0, this proves (A39). In Lemma [AF for d;; = d;;, (AZ2) can be made
more precise, giving ((A40). Now, noting that o > 1 implies J* < J/«, we obtain

E , U;Ty

j=Jo+1

sup
ueS

] < 3 Elln) = 0@ ).

j=Jo+1

If « <1, we apply Lemma and obtain, for some arbitrarily small € > 0,

E[r;]] < C <2<1—a/2> /2y gl 1/\/—) (A.43)

§ : )
J

E {sup =

ueSy

} = O (210" =T}2 | 9" =Dlema)/2 | gle/2-1)100)
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Lemma A.12. Let Assumption O hold with p* > 4 and « € (1,2). Then, there ezists a
positive constant C' > 0,

n—1
ar (Z(dﬁfﬁ) < CLy(27)n2B3-)i, (A.44)
k=0

Proof. The proof is along the same line as the proof of Lemma except that (AT
and ([AI2) are replaced by

cov(dSP, d5P) / Ki(v, j, [k — K]) va(dv) , (A.45)
cum(dj . ,d] . ,dj w d37 o) / Ky (v, 7, [k — K'|) va(do) . (A.46)
where
) 00 00 ) p 00 ) p
KD (v,j.k) = 2_”/ {/ Gro(8)(277s — k) ds} {/ Gro(s)(2775) ds'} dt
Denote

KP (v, j) =279/ /_Z {/: G (1) (2770) du}p dt

It first check that KpD (v,7,k) and KpD (v, ) satisfy similar properties as the ones needed
for K,(v, k) and K,(v) in the proof of Lemma[A2 Since, for any integer k, g; ,(s+k27) =
Yik2iw(s), we have KP(v,j,k) = KP(v,j,—k) and, by Cauchy Schwartz Inequality,
|KP(v,7,k)] < |K3)(v,7)]. Recall that Lemma [AZ implies that the support of g, is
included in [t — M + 1, + v+ 1]. We thus have that, if 27k > v+ M(1 + 27), the support
of ¥(277) being included in [0,27M] cannot intersect the one of g; sy, and the one of
v at the same time, implying K (v, k) = 0. If k > M and v > 27k + M(2/ — 1), the
support of ¢ cannot intersect both the one of g;_si;, and the one of g, without being
included in one of them, so that, by (BI), K:z? (v,7,k) = 0. Hence we obtain the property

corresponding to ((A-I0)
K (v, 5. k)| < Kop(v, ) {L(Ik] < M) + 1(v € [27|k] = M(1+27),27[k] + M(2” — 1)]) .

(A.47)
Proceeding as in the proof of Lemma [AZ2] this bound yields

nlvar<nzld51’><c{</ KDUJVQdu) /K vgu4dv)}. (A.48)

0
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From ([(A2]), we have

/OO Gio(u) W(279u) du = /t +v¢(2_ju) du — R(t,v, ),

— 00

where

R(t,v,7) = /_00 hy o (w) V(27u) du = 27/2 /00 heo(w) 1 o(uw) du .

[e.e] —00

Hence, since [ 4(277u) du < M (v A 27) ||1)]|, using that, for any real numbers a and
b,l(a+b)P —a?| < p|b] (]bP~ V |a|P~!), we find

Kf(y’j) — 9i(1+p/2) Kp(2_jv) +0 (2—jp/2 /
t

=—00

R(t 0, 7)) (IR(E 0, )71 v o) dt) .

Using ([(A31) and ([A3J) gives that R(t,v,7) = O(1) and that [ R(t,v,j)dt = O(27);
hence the above O-term is bounded by 27(=7/2)(y A 27)?~! up to a multiplicative constant
independent of v. This in turn gives

/ KP(v, ) vy(dv) = 27040/ / K, (2790) 1, (dv)+O (2“1—1’/2) / (U/\2j)p_11/p(dv)).
0 0 0

We know that ([A3J) and ([AH) yield [ K,(v)(2dv) ~ Ly(27)27%; hence, since
|K)(v) — K,(v)] is bounded independently of v,

/OO Kf(v) vo(27dv) ~ L,(27) 27
0
Applying the two last displays to the cases p = 2 and p = 4 with a > 1 successively yield
| B ) £ € (L) 26 4.
0
/ N KP (v, 7) va(dv) < C (Ly(27) 283709 4 [4(27) 23|
0

This, with (AZ48) concludes the result. O

Lemma A.13. Let p be a positive real and p' := (2° — 1)L, Let {* be a non increasing
function on [1,00) such that lims_, €*(s) = 0, and let ¢ be a function on [1,00) such that
[0(s)| < €%(s) for all s € [1,00). Define

L(z) = cexp {/j @ ds} and w; = S 2_pj§_(§;/)L(2j/) :

J'=Jo+1
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Then, as Jy — oo and for any € > 0

Ji
ST wg = Jo+ 1+ AL+ O(E(27)) + O(1i(2 — %) (A.49)
Jj=Jo+1
J1
Z wii? = J3+2Jo(1+p) + 207 + 30 + 1+ pJO(*(27)) + O(J3 (2 — €)= 7))
j=Jo+1
(A.50)

Proof. Denote Sy = ">, ., 277 L(27). Then,

St D GLEN2Y =k+ S Y (G-RLE)2Y =k+ 1485 ) S (A5

Jj=k+1 j=k+1 j=k+1

Note now that 277 = p/(27°0~1 — 277). Hence

e}

Sp=p > (27D — 9 ) [(2)) = 2 I L(24) + R
J'=j+1
with
00 o] 2j/+1 g(S)
Ry =p Z 9= (L(2+1) — L(27)} = f Z 2P (27" {exp/ Tds - 1} :
=it jr=j+1 2’

Thus S; =277 L(277){1 — R;/S;} ™. Since [¢| < ¢* and ¢* is non increasing, we obtain:

L(27+Y) 27 0(s) _
— — 1| = —ds — 1| < Cr*(2) .
‘L(2?) 1 exp/z‘ . ds < O (27)
Hence |R;| < Cp/'S;¢*(27) and for any j > k,
S = p27PTL(27PY {1+ O(£*(27))} = p2 P L(2)){1 + O(¢*(2))}. (A.52)
Using this expression in ([(AX]) yields
St D) GLEN2Y =k 414 g1+ 0(07(2Y)) . (A.53)

j=k+1

The left-hand side of ([A49) writes

o 1o L
Su ™ D A2 L)+ ST D 2L = ST Y 2 L))

J3>Jo J>Jo J>J0
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with U = Sy, /Sy, By (B5D), U = 2%~ 28231 + O(£+(27))}. Noting that |£55)| <

L(270) L(270)
exp{l*(270)(J; — Jo)}, we have U < (28" @) o=11f1 4 O(¢*(27))}. BEq. (AZJ) follows.
Similarly to ([AZS3)), we have

S Zj (20277 = k2 + 2k(1 4 p) + 20+ )2 — (1 + p)) + JO(L*(29)) .
j=k+1

and ([AA0) is derived along the same lines.
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