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Approximation of rough paths
of fractional Brownian motion

Annie Millet and Marta Sanz-Solé

Abstract. We consider a geometric rough path associated with a fractional
Brownian motion with Hurst parameter e]i %[ We give an approximation
result in a modulus type distance, up to the second order, by means of a
sequence of rough paths lying above elements of the reproducing kernel Hilbert
space.

Mathematics Subject Classification (2000). Primary 60G15; Secondary 60HO5,
60HO7.
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1. Introduction

Consider a d-dimensional fractional Brownian motion W# with Hurst parameter

H €]1,4[U]4, 1] and integral representation

WH = /01 K*(t,s)dBs, (1.1)
where K (t,s) =0, if s > ¢ and for 0 < s < t,
Kot s)=cy(t—s)F 2+ 73R (2) (1.2)
with

Fi(z)=cn (% - H) /021 uf=3 (1 — (u+ 1)H*%) du, (1.3)
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for = > 1 (see for instance [, equation (42)). In ([.]), B denotes a standard
d-dimensional Brownian motion and in ([[.g), (L), cu denotes a positive real
constant depending on H.
Let p €]1,4[ be such that pH > 1. In [{J], it is proved that the sequence
of smooth rough paths based on linear interpolations of W# converges in the p—
variation distance. The limit defines a geometric rough path with roughness p lying
above WH . We will call this object the enhanced fractional Brownian motion.
In the recent papers [E], [, the p—variation distance on rough paths is re-
placed by a strictly stronger, modulus type distance defined as follows:
[p] (3 (4)
Jp(x,y) —  sup Z |$s,t ys.,tl

0<s<t<1 \ 7= (t—s)%

In [E]7 it is proved that the enhanced fractional Brownian motion can actually be
obtained by means of the Jp distance and also that linear interpolations of W
define stochastic processes with values in H¥, the reproducing kernel Hilbert space
associated with W# (see Theorem 3.3 in [[f] for a description of this space). Then,
the authors state a characterization of the topological support of the enhanced
fractional Brownian motion among other results.

Our aim in this work is to give a new approximation of the enhanced fractional
Brownian motion by means of a sequence of geometric rough paths which, unlike
those based on linear interpolations, are not smooth, but also belong to H.
For the sake of simplicity, we restrict to [p] = 2. We are pretty confident that our
results extend to [p] = 3; however, dealing with higher generality would most likely
produce a very technical paper. Our result, as is stated in Theorem @, provides
in particular a new approximation of the Lévy area of the fractional Brownian
motion.

For any m € N, we consider the dyadic grid (¢}* = k2™, k=0,1,...,2™)
and set A" =t} 1, 1;'] and AJ'B = Byr — By . Define B(m)o = 0 and for
t € AY', B(m); = By +2™(t — t7" 1 )A;* B. Our approximation sequence is
defined by

W(m)f:/o KH(t,s)B(m), ds, (1.4)

m € N, where B(m)s denotes the derivative with respect to s of the path s —
B(m)s. Notice that W (m)H ¢ H.

Let KM be the orthogonal projection of K*(t,-) on the o-field generated by
(AP, k=1,---,m). That is, for any 0 < s <t < 1,

om

KH(t,s)=> 2™ / KM (t,u)du | 1am (s). (1.5)
h—1 AN]0,t]
We clearly have
1
W(m)ff:/ K (t,s)dB,. (1.6)
0
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For H €]3,1[, we set W = (W, = (W(l)

s,t

0<s<t<1),Wm)=(W(m),_, =

S

t
(W(m)st),o < s <t <1), while for H €]1, 1[ we set W = (W, = (WS(;), Ws(i),
0<s<t<1)and W(m) = (W(m)_, = (Wm),wm)?,0<s <t <),

s,t
m > 1.

The main result of the paper states the convergence of W(m) to W in the
d,— metric for p €]1,3[. For p €]1,2[, the result is an almost trivial consequence
of Lemma B.3 which establishes Holder continuity in the L2[0,1] norm of the
kernels K| K respectively, and a control of the quadratic mean error in the
approximation of K by K. For p € [2,3[, the approximation of the Lévy area
relies on representation formulas for the second order multiple integrals by means
of the operator K* given in (R.3) and introduced in [} (see also [[]). There are two
fundamental ingredients. Firstly, Proposition E, giving the rate of convergence of
the approximation at the second order level in the L4(2)-modulus norm; secondly,
Lemma @, an extension of the Garsia-Rademich-Rumsey Lemma for geometric
rough paths of any roughness p. Other technical results used in the proofs, mainly
on the kernels K and K| are given in the Appendix.

For simplicity, in general we shall not write explicitly the dependence on H;
thus W stands for WH, K(t,s) for K*(t,s), etc. For any q € [1,00[, we denote by
Il 114 the L7(£2)—norm. We make the convention Zzza xp =0 if b < a and denote
by C' positive constants with possibly different values. For additional notions and
notation on rough paths, we refer the reader to [E]

2. Approximation result
For p €]1, +o0[ we set d, = dpp2, that is

pIA2 40 0

7 | s Yy
dp(z,y) = sup [ Y =20

o<s<t<1 \ = (t— 3)%
The purpose of this section is to prove the following approximation result.

Theorem 2.1. Let H €], 1], p €]2,4 (resp. H €]%,1[, p €]1,2[), be such that
pH > 1 and q € [1,4+00[. The sequence (czp (W(m), W), m > 1), converges to 0
in LY(Q) and a.s. Thus for H €]%,1[ and p €]1,2], if G, denotes the set of dyadic
geometric rough paths endowed with the norm cip(O, .) and P* denotes the law of
the fractional Brownian motion W then the triple (X, H", P™) is an abstract

Wiener space.

The next Proposition provides the auxiliary result to state the approximation
of the first component of the enhanced fractional Brownian motion.
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Proposition 2.2. Let 0 < s <t <1, g€ [l,o00.
(i) For any H €]0, [, A € [0, H|,

ng}t) —wm) D] < o2 sH (2.1)
q
(it) For any H €]5,1[, € € [0, H[, p €]0, AEATT L
Wi = wm) @ < commege— s (2.2)
q

Proof. By the hypercontractivity inequality, it suffices to prove the results for
q = 2. In this case, it is an easy consequence of the identity

2 1
) = [ 10 ) = K 5.) = (onlt0) = o, d
0
and of Lemma B.3. Indeed, by (B.14), we have

B (s - wom)

2
E (‘WSF}} —wW(m)) ) <Ot — s?H.

Hence, if t — s < 27™, we easily obtain (R.1)) and (.3).
Assume now H €]0, 3[ and t — s > 27™. By (B.1J), for € € [0, H],

2
E (‘W;? - w<m>g}g] ) < 027 2mH < 0 2me|p _ g|2(H—e)

Hence, (.1]) follows.
Let H €]i, 1] and ¢ — s > 27™. Let a €]0,1[ ; then (B.14) and (B.1d) imply

W = w3 <l - sp-egmae,
q

with A €]0 . By taking a = £, we obtain (.4) with = \5. O

|
P 2H+1

Throughout the rest of this section, H E]i, %[ Following [l]], let Hx denote
the set of functions ¢ : [0,1] — R such that
2

ol = | (s K (1, 5)%ds + / s (/ () - (9) K ) <40,

For any p € Hi, 0 < s <t, set
K* (]l]s,t](') ((,0. - 905)) (u) = ]l]O,s] (u) / (‘Pr - (Ps) K(d?“, u)
) (Koo -e+ [ (o - p)Klarw). 23
Following [],

1
* 1
W = [ (O V= W) (B + gl —sP (24)
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Moreover, by Theorem 9 in [fi], for W (m) defined in ([.4) we have

1
W) = [ K (100 W ). = Wm)) (Blm)ude.  (25)
Proposition 2.3. For eachm e N, 0<s<t<1, g€ [l,0],
W = Wm) 3l < C27mH e = 527, (2.6)
for some positive constants C' and any € €]0,2H — [ and p €0, £[.

Before proving this proposition, we give an equivalent expression for W (m)?2 ,,
as follows. The integration by parts formula of Malliavin calculus (see e.g. |

Equation (1.49)) and () yield W (m){?) = AL ,(m) + A2 (m), with

Al,(m Z/ dulay (u)2"K* (M()/ dB, (W(m ).—W(m)s)> (u),

(2.7)

Ait Z/ dulam(u)2™K* (}St]()/ dr (K (-, T‘)—Km(S,T))> (u).

(2.8)

By definition, for r € AP, K,,(t,r) = 2™ fAmmOt] K(t,u)du = 2™ K (Iam)(t).

Since h := K (]lAm) € Hg, the duality relation given in [ﬂ equation (58) and
Lemma E yield

ALy (m Z/ driap (r 22’"/0 dulap (u) K (]lls,t](')K (IA?)S,) (u)

:Z / drlag (r)22m / K (1ap) (du) (K (Lag) () — K (1ag) (s))
Z / driap (r)2°m (K (lap) () — K (Lag) (5))°

2

2

1
5/0 dr | Ko (t,7) = Ko (5,72 = HW( )

Thus, since E|W; — Wy|? = [t — s[>, Schwarz’s inequality, (B.14), (B-15) imply
1
42, m) = gl = 27| < C2mmep - s 2.9)

for some positive constant C' and ¢ €]0, H|.
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Hence, in order to establish (@) it suffices to prove that for any small pa-
rameter ¢ €]0,4H — 1] and p €]0, ¢,
2
) < C27MHt — s

d
(2.10)

for all m > 1. We devote the next lemmas to the proof of this convergence, using
the expression of the operator K* given in (@)

1
| @ OV = W) @B, = AL ()

Lemma 2.4. For any0 <s<t<1, m>1, we set

Ti(s, 1) = /O dB, (/:(WT W) K (dr, u)) ,
Ti(s,t,m) = :zj:/w dB, 2™ </Amo,s] du (/:(W(m)v - W(m)s)K(dMU))) :

Then for any € €]0,2H]| and p €0, €[, there exists C' > 0 such that
E (|T1(s,t, m) — Ti(s, t)|2) < C2mH|t — s[4H e, (2.11)

Proof. Assume s € A}', I > 1; we consider the decomposition

3
E (|T1(s,t, m) — Tl(s,t)|2) <O 7, tym),

j=1
/ dB, 2™

k

with

Tl,l(s,t,m): Z E(

ke{1,1—1,I}

y </A?m]oﬁs] du </St(W(m)v —W(m)S)K(dv,u)>> D (2.12)
/A I ( / W, —w) K(dv,r)) r ,

(2.13)

ZZ_:/? dB, 2™ /A? du (/:(W(m)v —W(m)s) K (dv,u)

). (2.14)

By Lemma B.4, (B.4), Schwarz’s inequality and (B.14), any term in the right
hand-side of (B:13) is bounded as follows. Let ¢ €]0,2H][, A €]*=CF=<) 1| then

’ 2

Tl)g(s,t,m) = Z E

ke{1,1—1,I}

7'113(S,t,m) = E<

- [ o= W)
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2H —-34+2 < —-1,1-2\—(2H —¢) <0 and

/ZL dB, 2™ </A;Cnm]0)s] du (/:(W(m)v — W(m)s) K(du,u))) }2

1 t
<c [ ar [l [ du [ (@n(wp) - Kol ) Kdou)
A 0 A™N]0,s] s

1 t
< C/ dr/ dp2m/ du </ dv|v—u|2H3+2A)
w 0 AN]0,s] s
t
< ([ dolno.p) = Kon(oup)Plo - ul )

C/ du (S _ u)2H72+2A|t _ S|2H (|t _ u|172>\ _ |S _ u|172)\)
AT™N]0,s]

C/ du (S _ u)2H72+2A|t _ S|2H |t _ S|2H75 |S _ u|172)\7(2H75)
AT™N]0,s]

E

2

IN

IN

< C|t—s|4H75/ du|s —ult™t < C27™e|t — s|1HE,
ATN]0,s]

Each term of the right hand-side of (R.1J) can be studied using a similar
strategy. Thus we obtain for € €]0,2H] :

T1,1(8,t,m) + 112(s,t,m) < C27™¢|t — s|4H75. (2.15)

Set for s > 3-27"™, and hence I > 4,
t
X, Z]I_Am 2’”/ du(/ (W(m), — W(m)s) K(dv,u)
i s
t
—/ (W, = W) K (do,r) ).
Notice that X, fo r, p) dB,, with
-2
g(r,p) Z]lAm 2m/A du / K(dv,u) (K (v, p) — Km(s, p))

/Kdvr ,p) — K(s,p))).

Hence, by Lemma @ and Schwarz’s inequality, 71 3(s,t,m) < C(71,31(s,t,m) +
71,3,2(s, t,m)), with

-2 1
71,3,1(8,t7m)=z2m/ dr/ du/ dp
k=2 AR W 0
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t 2
x]/’unAup»—Km@wwﬁxuuuw—K«ww»\,

I—2 1 t
7173,2(s,t,m):2/ dr/ dp‘/ K(dv,r)
k=2 AL 0 s

X (Km(vvp) - Km(s,p) - K(va) + K(S,p))
Owing to (B-4), (B-7), we have for A €]0, 1[, u,r € A",

0K 0K
B0 W T g )

‘ 2

oK 0K MoK oK =2
< il _ - -
< 0|50 - S (v,7) Ommw +b¢w>
<C2™ Mo — (V) [war) T o — (wv )T (2.16)

Thus, taking A := H yields 71 31(s,t,m) < C272m# 2521 T1,3,1,5 (8, t,m), with

-2 1 t
T1,3,1,1(8,t,m) :22’”/ dr/ du/ dp(/ dv| K (v, p) — K (s, p)|
k=2 k' [ 0 s
2

X v — (u\/r)|H_%(u/\r)_H) ,

-2
T1,3,1,2(8,1,m) :sz/ dT/
k=2 [
3

X |v — (u\/r)|_§) .

1 t
dU/O dp(/ dv| Ko (v, p) = Kin(s, p)|
2

m
k

Let a = 2 — ¢, with € €]0, 2H[. Schwarz’s inequality along with (B.14) yield

-2 t
T1,31,1(8,t,m) < C’ZQm/ dr/ du </ dvlv — (u Vv T)|ad’U)
k=2 s IS s

¢
X </ dvlv — s|4H3+a|u/\r|2H>
S

m
(3 4

<Clt- s|4H_6/ du(s — ) (u,,) 2
tm
< O|t _ S|4H75 S572H < |t _ S|4H7€ 27m(572H). (217)

Indeed, fst dvlv — (u vV r)[72te < C(s — Uy) ! for Uy, defined by (B.13). Let
€ €]0,2H| using Schwarz’s inequality and (B.14), we obtain

-2 ¢
T1,3,1,2(8,t,m) < CZ Qm/ dr/ du(/ dvlv — (u Vv T,)|7272H+5)
k=2 s I s
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t
X (/ dvjv — (uV )PPy — s|2H)

e, ¢
<Ot — s e / du/ dv(v — Ty, ) 27 2Hte
tr s

448
< C|t _ S|4H75 / du(s _ Em)7172H+s
t

m
1

< Ot — s|tH—eg=m(e=2H) (2.18)
From (R.17), (B.18) we deduce that for e €]0,2H],
T13.1(s,t,m) < C|t — s —c27me, (2.19)

Let 6 €]0,2H], a €]0,2H[, A €]0,1[ and p €]%,1— H|. Notice that for these choices,
—2u+1—2H + § < 0. Holder’s inequality together with (B.14) and (B.19) yield
for any A €]0,1],

T13,2(8,t,m) < CT1321(5,t,m)* 71 3,22(s,t,m)'

3

where

t7 o t t
T1,321(8,t,m) = / dr (/ dv(v — 7")2H_3+2“> (/ dv(v — r)_z“(v - 5)2H) ,
trm s s

1

tr t t
T1,3,2,2(5,t,m) = / dr (/ dv(v — T)2H3+2u> </ dv(v — ,r)2,u22mH) '
e s s

1

For the first term we have

17y
maza(sytim) £ Cft = o[ 10 [ dn(s = P22 (s g2t
28

S C|t _ S|4H_5,
while for the second one, we obtain

7o

maza(sytim) < C2 20— o [ (s gt gy e,
tm

Consequently,

Taa(s,t,m) < Ot — 5| HH-OMEH-0)1=X) g=2mH(1-X)

Take «a, ¢ arbitrarily small and 1 — A = %. Then for § < € < 2H, we have
proved that

T1,3,2(s,t,m) < C|t — S|4H7€2,mﬁ'
This inequality, together with (13) and (19) yields (R11). .

Lemma 2.5. For any 0 < s <t <1, set

Ty(s,t) = /t dBy, K (t,u)(W, — W,),
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gm
Ta(s,t,m) = Z/ dB, 2™ (/ duK (t,u) (W(m), — W(m)s)> .
=17 A AN]s,t]
Then, for b €]0,2H]|, there exists a constant C > 0 such that for each m > 1
E (|T2(s, t,m) — Tg(s,t)|2) < 2™t — s[4H, (2.20)
Proof. Let s € AT, t € A?. We have

E(|Tg(s,t,m) Ta(s,t)] ) < CZTQJ (s,t,m),

=1

with for T={I,]+1,J —2,J — 1J}
Tyo(s,tom) =S B ‘/ dBT2’"/ duk (t,u) (W (m)u — W(m)s)

)

kel ArN]s,t]
2
Tyo(s,t,m) = ]/ dB, K(t,r)(W, — W,) )
kGI ArN]s,t]
Ty.5(s,t,m) ‘ Z / dB, 2’”/ duk (t,u) (W (m)u — W(m)s)
k=I+27 A% Aprn]st]

— K(t,r) (W, = W,)] \ )
Owing to Lemma @ applied to the Gaussian process

1
X, = IA?(T)/O dB, <2m /Amﬂ] ) duK (t,u) (Km(u, p) — Km(s,p))>

and Schwarz’s inequality, we have for any k= 1,..- 2™,
2

T(s,t,m,k):=FE

/ dB, 2™ / duK (t,u) (W(m), —W(m)s)
m AN, t]

1
< 022m/ dr/ dp </ duKz(t,u)>
i 0 AMN]s,t]
([ dulKntwp) - Kasp) ).
ArN]s,t]

Let k = I, I + 1; since fA;jm]st] duK?(t,u) < 5.1 duK?(t,u) < Ot — s|*2, we
have for any b €]0,2H],

T(s,t,m, k) < C2™|t — s|*H / dulu — s|*H
ArN]s,t]

< Ccompt - s|4H_b/ dufu — s|b < C2-mblp — 54D,
ATN]s,t]
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Let k = J—2,J —1,J with J —2 > I+ 1 then for u € AY, (B.H) implies
|K(t,u)|> < Clt —u?’~1 and |t — u| < C27™; we obtain for b €]0,2H],

T(s,t,m, k) < C2™ / dult — u[=17bo=mb gy, / dulu — s|*H
AN, t] AN, t]

< O|t o S|4H7b27mb'
We therefore have proved that for b €]0,2H],
Taa(s,t,m) < C270m |t — 5[0, (2.21)

The analysis of the term Tb o(s,t,m) is easier. Indeed, the isometry property
of the stochastic integral yields for any k=1,---,2™,

E

/ dB, K(t,r)(W, — W)
AMN]s,t]

:C'/ dr K2(t,r)|r — s|*H.
AMN]s,t]

(2.22)
For the particular values of k € Z, the right hand-side of ) can be analyzed
following similar ideas as for T 1(s,t,m), which yields for b €]0,2H]

Tao(s,t,m) < C27™0|t — 5[40, (2.23)

We now study 75 3(s,t,m) and note that T5 3(s,t,m) = 0 if [t — s| < 27". Thus,
we may assume that ¢t —s > 27 First, we apply Lemma @ and obtain

Ty 3(s,t,m) < C(Tz3,1(s,t,m) + Ta32(s,t,m)),
where

Em_2177n 1 Fyn
To31(s,t,m) = / dr/ dp‘2m/ du(K(t,u) - K(t,r))
E 0 T

m

2
)

% (K, p) = Kun(s,))

t 7217771 1 '
dr/ dp‘2m/ duK (t,r)
0 T

Tr32(s,t,m) = [_m
’ 2
% ([Em (. ) = Kon(s,p)] = [K(r,p) = K(s.p)] )|

By Schwarz’s inequality and (B.14), for b €]0,2H],

t/yn_217m Fnl
To31(s,t,m) < / dr2m/ du| K (t,u) — K (t, r)|2|u — s|2H

m

t _217711

< Clt — s?H /
Sm

< C2—2mH|t o S|2H < 02_mb|t o S|4H_b

dr2m/ dul K (t,u) — K (t,r)|?

—m

where the last inequalities follow from (B.19) and |t — s| > 27",
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Owing to (B.19), we have for u € [r,,,, Tp)

1
| doln(s.p) = Ks.p)P <c22m
0

1 1
/ dp| K, p) — K (r, )2 <C / o (1Ko, ) — K (u,p)
0 0
+ 1K (u,p) = K(r,p)?) < G221,

Schwarz’s inequality, along with @) and the above estimates yield

i —glm
Ts3.2(s,t,m) < C'/ dr2—2mH (|7“|2H_1 +|t— T|2H_l)
Sm

< C2—2mH (t2H _ S2H + |t _ S|2H + 2—2mH)
< C2f2mH|t _ S|2H < C2fmb|t _ S|4H7b

for b €]0,2H[. Indeed, for each H €]0, 1[, and s < ¢, t*7 — ¢ < (t — 5)?" and
we are assuming that 2= < |t — s|. Thus, (R.20) is proved. O

Lemma 2.6. For any 0 < s <t <1, set

Ts(s,t) = /t dB., /tK(dr, w)(W, — W)
Ts(s,t,m) = ZZm/mdB /Amﬂst]du/Kdvu (m)y — W(m).) .

There exists a positive constant C' such that, for any e €]0,4H — 1|
E (|T3(s,t, m) — Ts(s, t)|2) < C27me| — gtH<, (2.24)
for each m > 1.

Proof. Assume s € AT, t € A'}'; we consider the upper bound
E (|Ts(s,t,m) — Ts(s,t)|? <C’ZT3Jstm

where for 7 ={I,I+1,J—1,J}

Tsq(s,t,m) = ZE]Q’”/ dB/ du/Kdvu)
m AT s8]

keJ
x (W(m), — W(m)u)|2), (2.25)

ngstm ZE‘/
A

keg mﬂst]

2), (2.26)

dB, /t K (dv,r)(W, — W)
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J—2
T3,3(s,t,m):E(‘ 3 2m/ dBT/ du
k k

k=I+2

X (LtK(dv,u)(W(m)v — W (m)a) — /:K(dv,r)(Wv - WT)) ]2)

Lemma @ along with Schwarz’s inequality yield for each term of the sum in the
right hand side of (R.2§) the upper bound

1 t 2
C dr/ dp2m/ du (/ K (dv,u) (K (v, p) — Km(u,p))> .
A 0 AN, t] U

Fix a €]2 — 4H,1]. From Schwarz’s inequality, (B-4) and (B.14) we deduce the
following estimates for this integral:

t t
C dr2m/ du (/ dv|v — u|_“) (/ v — u|4H_3+“>
A ArN]s,t] U u

SCE2™AE—s|)|t— s| ML

A similar analysis yields the same result for each term in the right hand-side of

(B-26). Consequently,

Ts1(s,t,m) +Ts(s,t,m) < C(27™ At —s|) [t — s[* 71 (2.27)
If |t — s| < 27™ then T53(s,t,m) = 0. Hence, let us assume that ¢t —s > 27™; in
this case T3 3(s,t,m) is equal to £ (fol d/BTXT)2, with X, = fol dB,g(r, p), and

J—2
s = Y api2” |

k=I+2 A

_ /TtK(dv,r)(K(v,p) — K(r, p))]-

We at first study the contribution to 75 3(s,t,m) of the integrands

] [ R0 (on(0:) ~ o)

J-2 uVr
o) = 3 ap(2" [ du [ Kdow)(Ene,p) = Konlu ).

k=I+2

J—2 uVr
wlip) = 3 lap(2" [ du [ KoK w.p) - KGp)),

k=I+2

which we denote by T3 3 ;(s,t,m), j = 1,2. Actually, both are similar and therefore
we only study the first one. Lemma @, (E), (B-14) and Schwarz’s inequality
imply, for each a €]2 — 4H, 1],

J=2 uVr u\Vr
T331(s,t,m) <C Z Qm/ dr/ du/ dvlv —u|7a/ dv|v — |3t
A A u u

k=I+42
< O mUEH=D ) _ g, (2.28)
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We end the analysis of the term T53(s,t,m) by studying the contribution of
T5.3.3((s,t,m) defined in terms of the integrand

Z / dr2m/mdu/ K (dv,w)(Km (v, p) — Km(u, p))

k=142
— K(dv,1)(K(v,p) = K(r.p))|.

Notice that g3(r, p) is the sum of two analogous terms where the set A} of the
integral with respect to the variable w is replaced by [r,,, 7], [r,Tm][, respectively.
Again, the contribution of both terms is similar, so that we concentrate on the
first one. That is, we consider

T;&B(s,t,m :=F k;_22m/mdB /Tm)r du/ K(dv,u)
X (W () — Wlm)a) — K(do,r) (W, —W,)][).

As before, all the arguments rely on Lemma B.4, (-4), (B.14), a suitable factoriza-
tion of the integrands along with Schwarz’s inequality. In order to deal with the
singularity at v = r, we first replace the integral with respect to the variable v by

meJrT Given a €]2 —4H, 1], the corresponding contribution to T3 3.3(s,t,m) is
bounded by

Tm+2~
2m/ dr/ du/dp’/ K(dv,u)
k=I+2 K L

2 Tm+27 2
< () = Kwp)| + | [ KoK () - K|
T +27 T +27
<C Z 2m/ dr/ / dv|v—r| “/ dv|v | =3 +a
[707] r

k=I1+2
<O mUH=D | g, (2.29)

Let us finally consider the range |r,, + 27", [ for the variable v. We have to
study two terms:

1(s,t,m) 227”/ dr/ du/dp/
m rm,r Tm+2—m

k=I+2
oK oK
o (0) = Fos ) [ S (0,20 = S0

My(s, t,m) = Z 2m/ dr/ du/ dp / dv
m r ,r m+2—m

k=I+42

)2,

0K
0

v, T)
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< [(Kon(v.) — Ko, )) — (K(v.) ~ K(r.p))])

For M;(s,t,m), we proceed in a similar way as for the term 7y 31(s,t,m) in
Lemma P4, as follows. By means of (2.14) we obtain for A €]0,1] M, (s, t,m) <
C272m> (My 1(s,t,m) + My 2(s,t,m)), with

1 t
Mia(s,t,m) = 227”/ dr/ _2)‘/ dp(/ dv
k=I+2 rm,r 0 T -

m+27™

2
_3
Ko (v, p) = Ko, )0 = 71774,

M 2(s,t,m) = 22’”/ dr/ du/dp(/ dv

k=I+2 mF27m
K (v, ) —Km<u,p>|v—r|H-%-A) .

Let a €]2 — 4H,1[, A €]0, 3[. Since t — s > 2™, for u € [r,,, [, we have

t
/ dv|v — r|PH=3 )y — 27 < Ot — [ Fe72,
T F2-m
Consequently, since r» > u > r,, > tr+1 implies u > %

t
M (s, t,m) <CZ2’"/ dr/ w2 / dv|v—r|_“)
k=I+2 M’T Tm+27T
¢
X (/ dvlv — r|PH=3%aly —u|2H>
S

m +2 m

t
< c/r*% _ s[H=1gp < Ot — o|MH-2 (2.30)

Analogously, for b €]2+2X —4H,1[, A €]0,2H — [ and |t — s| > 2™

M o(s,t,m) <C 2m/ dr/ du / dvlv — ’I”|7b)
k=I+2 m r r Tm+2—™
t

% (/ d’U|’U _ T,|2H7372)\+b|,u _ u|2H)
Tm+27™
t
< C'/ [t —r| 71720 = Ot — s|*H 72, (2.31)

Finally, if we additionally use (B.15), we obtain for a €]2 — 4H, 1]

(s,t,m) < C Z 2m/ dr/ /tdv|v—r|_“)

k=I+42
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t
% (/ dolv — T|2H—3+a2—2mH)
r,t2 ™

t
< c/ [t —r[ime o mUEH=24a) g < 0ommb|p — g0 (2.32)
forb €]0,4H — 1]. We easily check that (R.24)) follows from (R-27)-(£.33). O

Proof of Proposition : We remark that Lemmas yield the upper bound
(R:1d). Therefore, for ¢ = 2, (R.6) follows from ( and ). The hypercontrac-
tivity inequality yields the vahdlty of the same mequahty for any q €]2, 00l O

Proof of Theorem @:

Let H €]i,1[ and p €]%,2[. The convergence of d,(W(m), W) to zero in
L%(€2) is a consequence of ) and the usual version of the Garsia-Rademich-
Rumsey lemma (see e.g. [{], Theorem 2.1. 3).

Consider the metric space (gp, »). The canonical embedding H” — @,
is continuous. Indeed, let h;, i = 1,2, belong to L2([0,1]). Then for h;i(.) =
Jy K(r)hi(r)dr and 0 < s <t < 1,

1(h1)S) — (h2) ) < 1t = 817l = halls < |t = s]7||h1 — ha]lpen.

Consequently, the preceding convergence shows that (G, HH, PH) is an abstract
Wiener space.

Let now H €)%, 3[. We follow the outline of the proof of Lemma 3 in [E
but refer to the extension of the Garsia-Rademich-Rumsey lemma stated in the
Lemma E

Fix p €]2,4] such that pH > 1. We shall prove that there exists § > 0 such
that for every ¢ € [1, o0,

- a
E (}dp(W,W(m))} ) < C27m0, (2.33)
Indeed, for a fixed ¢ € [1,00[, let M > q and N = 2M satisfy N > ﬁ. Let
a6>0deﬁnedbyo¢_—+M, :%—l—%.
By virtue of (P.]) and (R-6)), we easily check that the random variables
1,1 |W(1) o W(m)(1)|2N
= / / dsdtlyssy 5t QN;’t ,
o Jo |t — s
1,1 |W(2t) —W(m )(2)|2M
= dsdtl =
/0 /0 Sat{s<t} |t — s[2Ma ’
satisfy
E(A1(m)) < C27™2N [ B(Ay(m)) < €27 meM (2.34)

for some p > 0.
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Furthermore, the hypercontractivity property and the inequality (B.14) imply
that for 0 < s <t <1 and g € [1,00],

1 1
sup (W Nlg + W (m)Q ) < Clt— s

This yields
sup E(n(m)) < C, (2.35)

where

1 1
[ [WLP PN+ [W ()3 P
n(m) := dsdtl {s<ty 2NA
0 Jo |t — s[NP,

By Lemma @, we deduce that for any 0 < s <t <1,

W = Wm)R| <C A (m)? |t - 5|7, (2.36)
W = Wm)2| <C [Aa(m)2l + A1 (m) 2y n(m)? | e —sl?. (237)

Finally, Schwarz’s and Hélder’s inequalities together with (2.34)-(2-37) conclude
the proof of the theorem. O

3. Appendix

Let WH = (WH ¢t € [0,1]) be a d-dimensional fractional Brownian motion with
Hurst parameter H €]0, $[U]1, 1] and integral representation given in ()R

Assume H E]%, 1[; by computing the integral of the right hand-side of (E),
we obtain the following expression for the kernel K defined in ([.2):

1 t
K (t,s) =cy (H - 5) T3 F, (—) , (3.1)
s
where for z > 1,
z—1
Fy(z) = / W32 (u+ 1)~ 2 du. (3.2)
0
From ([[.9)), it follows that
8KH 1 S %_H H-—3
holds for any H €]0,4[U]$,1[ and 0 < s < ¢ < 1. Consequently, for H €]0, 1],
oK :
5 (1.9)| < Clt — 5|3, (3.4)

The next Lemma collects some technical estimates on the kernel K* (¢, s).
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Lemma 3.1. Let 0 < s <t < 1.
(1) Assume H €]0, 3[. Then,

IKH (t,5)| < c( Ho3 1 o ((s) + (t — s)H 2 1[%,,5[(3)) , (3.5)
85—}1@ s)| < O( " 4(s) + (t—s)H*%]t[%,t[(s)), (3.6)
R ] (R IO RN R L) B )

(2) For H €]3,1],
K (1, 9)] < C (=910 41(5) + 571 4(5)) (3.8)

OKH _ _ 1 _ 1
‘ <Ot — )21 (s H+D 4, 1 ((5) + (¢ — 5) (H+2)]l[%)t[(s)). (3.9)

a5 (0?)

Proof. Assume first H €]0, 1[. It is easy to check that, for any u > 0,

0<l—(u+1)f3< (<%—H)u>/\1.

Hence7f01r0<s<t,0<u<%—17
_s
H=3 (1—(u+1) ) <Cu ]0 1/\( 1)[(11,)
+Cuf? -3 ]1/\(%—1),%71[(”)' (3.10)
Thus, from (L.J), (B.10), it follows that

t 1
P (-)‘ gc/ uH=2du < C,
S 0

for%§s<t,whilefor0<s<%,

t ! >
B (-)‘SC/ uH_%du—i-C/ w3 du < C.
S 0 1
0<s<t

t
n(5)
s
and the identity ([[.9) yields (B-).
By differentiating with respect to the variable s in ([.J) and using (B.11), we
obtain

Consequently

sup <C (3.11)

oOKH
a5 B9

which yields (B.d). The inequality (B.) follows by differentiating with respect to
the variable s in (B.3).

<C (|t— L A s|H*%) ,
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Suppose now H €]%,1[. Consider the function F, given in (B2). Clearly, if
%—1§1,thatis,if%§s<t,
t
F2 <_) ‘ S C
5

Assume £ —1> 1. For any u €]1, £ —1[, (1 + w)H=2 < Cuf~2. Consequently,

t S £\
F (—)} <C (/ uH_fdu—i-/ u2H_2du> <C (—) .
S 0 1 S

The previous upper bounds, together with the representation of the kernel K
given in (B.J), imply

. s [\ ot
|[KH(t,s)) <C|sT2 (= Lo ¢((s) + 5777 1z 4(s)

1 — 1 _ _1
< (SH 2110)%[(5)4—5 H+2(t—8)2H 1][]@)%[(5)"'5[{ 21[%)15[(5))

and (B.g) follows.
Differentiating with respect to the variable s in (@) yields

H—3 H-1
t t (1 2/t 2
S S S S

-3 [t A —(H+1),H+1 H—
SC’(S (3 g, £ ((s) + 5 DETI(E - 5)

oOKH
5 B9

i

_3
+s2 l[g,t[(s)),

where in the last inequality we have applied the upper bounds for F5 obtained
before. Replacing in the last expression t*7-1 by C(s27=1 4+ (¢ — 5)?#~1) and
tH+3 by C(sH+2 + (t — s)H+3), respectively, yields

oKH :
'a—“’ s)| <cC (sH—% F(t—s)H 3 4 s (1 = 3)2H—1) . (3.12)
B
If 0 < s < % then, s <t—sand (t — s)H-3 < sH-3 < g~ (Hta)(f — 5)2H-1
while for % < s < t, the previous inequalities are reversed accordingly. Hence (@)
clearly follows from (B.12). O

We introduce the notation
to=[2m2"" and In=t, +2°™, (3.13)
for any m € N. Notice that, K given in ([.]) satisfies K/ (t,s) = 0 if s > Z,,.

In the next result, we give a bound for the approximation in quadratic mean
of the kernel K by its projection K.
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Lemma 3.2. (1) Let H €]0, $[U]4,1[. There ezists a positive constant C' such that
forany 0 <s <t <1,

1
Sup/o (}Kﬂ(t,u) - K;Z(s,u)’2 + | K7 (t,u) — KH(S,U)}Q) du < Ot — s,

m>1

(3.14)
(2) For H €]0, %[,
! 2 2H
/ |[K7(t,u) — KX (tu)|” du<C(EA27)77. (3.15)
0
(8) For H e]%, 1[ and any X €]0, ﬁ[,
1
/ |KH(t,u) — KH(t, u)\2 du < C272mA2(H=A) (3.16)
0

Proof. The operator m,, is a contraction on L?[0,1]. Thus,

m>1
1
< 2/ | K (t,u) — KH(s,u)y2 du = 2E (|WH —WH?) = 2|t — 5",
0

proving(B.14)).

By the same argument,

1 1
/|KH(t,u)—K,{{(t,u)|2dug4/ \KH (t,w)|? du = 4427 (3.17)
0 0

Therefore (B.13) holds for ¢ < C'27™.
Fix t € A7 with I > 7. We assume first H €]0, [. Consider the decomposi-
tion

/1|KH(t,u)_K,{{(t,u)|2 du < CY (1), (3.18)
0 X

with

ty"
T2<t>:/ K () — K (¢, ) d,
t’VrL

-3
[2m71t

]
Ts(t)= Y. / \KH (t,u) — KE (t,u)[ du,
k=3 k

I-3
T = 3 / K (1 u) — K2 (1 )| du,
427 Ak

k:[znlflt
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Ts(t) = |KH(t,u) — K2 (t,u)|” du.

Agmflt]ﬂ

Schwarz’s inequality and (B.j) imply
t3" t5
Ti(t) < 4/ |KH(t,u)]?du < C / w?H =1y = ¢ 272mH,
0 0

Similarly,
e t
To(t) < 4/ K (,u)2 du < C / t— w21 gy = ¢ 2= 2mH
s s
Let A\ €]H,1[ and k = 3,...,[2" '], which implies A}* C]0, 3[. By Schwarz’s
inequality, the mean value theorem and (B-J), (B-§), we obtain

/ ‘KH(t,u)—Kg(t,u)‘z du§2m/ du/ dU‘KH(t,u)—KH(t,’U)’Q
Ay k' k'

= 2m/ d“/ do [ K (1) — 7 (0 0) [ | K (8 )|+ K 2,0
K k'

< C2~mAD / du/ dv ((uAv)?H 71722
ke k'

For w,v € A", u Av>wu—27"; thus,

m
am—14)

Tg(t) < 0272m>\/ du (u _ 27m)2H7172)\ < O2f2mH'

3

Fix now k = [2"71] 4+ 2,...,1 — 3, so that A" C [£,¢[. In this case

/ |K7(t,u) — K (¢, u)‘2 du < ¢2~ A1)
AP

X / du / dv (t — (u Vv )12
’;CYL ’;CYL

Since for u,v € A", t — (uVwv) >t —u—2"">17", — u, the previous estimate
implies
g

T4(t) < C2—2m>\/ du( 7In72 _ u)2H—1—2)\ < O2—2mH'

m
bam—1y

We study the term T5(t) using the same method as for T3(t), Ty(t), as follows:
Ts(t) < 2™ du dv |[KH (t,u) — K (t,0)]°

Agm,lt]ﬂ Agmfltlﬂ

2
< 02D / !du/ dv ((u AI=E 4 (t—(uv v)H_%)

[2m—1¢)41 A[zM*ltHl
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2(1-X)
X ((u/\v)Hi%—i-(t—(u\/v)H*%) .
For u,v € Agm,lt]H, uAv > %—2_’”, uVo < %+2_m and t — (u Vo) > %—2_’”.

Thus, the last integral is bounded by

. 2H—-1-2X\
/ du/ dv (5 - 2m> .

[2m—1le+1 [2m—1e]+1
Moreover, since we are assuming that ¢ € A}, with I > 7, % —27m > 2=mtl
Thus, we finally obtain for A = %,
Ts(t) < C272mH,
Then (B.17) follows from the upper bounds obtained so far for Tj(t),i=1,...,5.
Notice that we have also proved that for H €]0, 1],

~

3
2’"/ du/ dv|KH (t,u) — KH(t,0)]> < 02728, (3.19)
k=3 i i

Assume now H €]3,1[ and fix X €]0, T{H[, so that H — A > 0. Since the
inequality (B.17) holds for any H €]0, $1N)5, 11, (B.14) holds for any t < C27™.
Let now t € AT*, with I > 7. We apply a similar method as we used in the case
H €]0, £, using the decomposition (B-1§). In fact, owing to (B.g),

e
Ty (t) < O/ (t —u)?2 =1 du < C27mH =1
0

tm

I
Ty(t) < O/ w?H =1 du < 027m2H -1,

m
tI—3

Fix k = 3,...,[2™ !]. Schwarz’s inequality, along with the mean value theorem
and (B.8), B.9), imply

/ ’KH(t,u)—Kg(t,u)IQ du§2m/ du/ dv’KH(t,u)—KH(t,v)‘Ql\
AR ¥ i

2(1-))
K (8 u)| + K (¢, 0)]|

< C27mD / du / dv ((t — (uw A ) PTHVEITY (4 p ) TARHHD
*;CTL *;CTL

< C2—2m)\ t()\+1)(2H—1) / du (u _ 2—m)—)\(2H+1)'
AR

1

SHT1 we have

Since \ <

Tg(t) S 02—217’7)\ t2(H_>\).
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Let now k = [2™71¢] +2,..., I — 3. With similar arguments as before, we deduce
/ |K™ (t,u) — K2 (t,u)]” du < 2m/ du / do |K (t,u) — K7 (t,0)[*
AR 8 4

2(1-2)
x |KH (t,w)| + K ()]

< c2-mA-1) / du / dv(t — (uV v)))‘(zH*B) (uV v)<17A)(2H71)
Ln Ln

< 22 ((1I=)(2H-1) / du (t —u— 2—m),\(2H—3)_
am

For A < ﬁ, A2H — 3) +1 > 0. Hence,

i
Ty(t) < C2-2m (=N @H-1) / ! B(t _ = 2 mACH3) < cgm2mA 2(H-N),

t

2

Finally, we study the contribution of T5(t) as follows.

Ts(t) < 2’”/ du dv | KM (t,u) — KM(t, v)ﬁ
EM*ltHl Agmﬂt]ﬂ
< C2~mAD / du/ dv((t — (uAv))?Ht
fom—1 AT 1
[2m—1¢]41 [2m—1¢]41
L Loy 22
x ((wA v)THFD) L (t— (uV v))f(HjLi)))
_1 2(1-2)
x ((t—(u/\v))H 2ﬁ—l—(u\/v)H*%) .
For u,v € Ap—1y,q, uhv > Cit, uVo < Cat, t—(unv) < Cst and t—(uVv) > Cyt.
Thus,

Ts(t) < €27 mEANg=2m2(H-N =1 < cig=2mA (2(H=2)
The estimates obtained so far imply (B.16). 0

In the next Lemma we prove a simple extension of a well-known integration
formula for bounded variation functions.

Lemma 3.3. For any h € H,t >0,

/ h(u)h(du) = = 2@, (3.20)
0

where the integral is understood in the sense of Proposition 5 in [ﬂ]

Proof. Let n > 1 and let h(n) be the function obtained by linear interpolation on
the n-th dyadic grid of h. We have proved in [ﬂ], Theorem 9 that
t

lim h(n)(u)h(n)(du)z/o h(u)h(du),

n—oo 0

for any ¢ > 0. Since (B.20) is true with h replaced by h(n), the result follows. O
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The following result gives an upper bound for the L? norm of a Skorohod
integral of a Gaussian process.
Lemma 3.4. Let X; = fo (t,s)dBs, t € [0,1], with g a deterministic function
belonging to L*([0,1]?). Then, the Skorohod integral fol XsdBs satisfies

E (/l XsdBS)2 < C/l ds/l drlg(s,m)]?. (3.21)

Proof. The isometry property of the Skorohod integral (| I |, Equation (1.48)) yields
2

(/XdB) <c/ ds+/ds/drE|DX|)

Since E(X;)? = fo lg(s,7)|?dr and the Malliavin derivative D, X is equal to

g(s,7), (B:21) follows. O

We conclude this section by proving an extension of the Garsia-Rademich-
Rumsey lemma used to estimate d,(X,Y) when X and Y are geometric rough
paths with roughness p € [2, 00| (see [}, Definition 3.3.3).

Lemma 3.5. Let X and Y be geometric rough paths with the same roughness p €
[2,+00[. Set k= [p]. Fori=1,--- k, let M; > 1, a; = & ot M . Suppose that

1 pl |Xs(it)|2Mi + |Ys(it)|2zm .
/O / dsdt] oy — | eI <A, 1<i<k-—1, (3.22)
(Z) Y(l |2M: .
/ / dsdtl{sq} |t s|2M — <B;, 1<i<k. (3.23)
Then, there exists a constant C' > 0 such that for any 0 < s <t <1,
X+ YD <CFlt—sl7, 1<i<k-—1, (3.24)
X(” YO|<caGilt—sl7, 1<i<k. (3.25)

where F; and G; are defined recursively by
i—1

F; A2Ml+ZFFZ i 1<i<k-1, (3.26)
7j=1
1—1

Gi BZMIJFZG Fij, 1<i<k (3.27)
Jj=1

Remark: For rough paths X, Y of roughness p € [1, 00|, Xs(}t) - Xs(}t) =(X- Y)glt)
The usual version of the Garsia-Rademich-Rumsey lemma yields the following. If

1 1
| | / it oy Pt Y
0 o {Sgt} |t _ S|2M10¢1 - 1
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1
then [ XY — V)| < C BT |t — s|7. Similarly, if
1,1 |X(1)|2Ml + |Y(1)|2M1
dsdtl St St <A
/0 /0 S {sgt} |t—8|2M10‘1 = 1,

_1
then | X[+ [V < C AP |t — s

Proof of Lemma @ Throughout the proof, the constants F;, 1 < ¢ < k—1 and Gy,
1 < i < k are defined by (B.24), (B.27), respectively. We introduce the following
assumption:

(H:)

X y@pu,
/ / det1{5<t} | S|2]W¢Olz S Bi7

XD+ VD <CFlt—s5, 1<j<i—1,
XU -YD 1 <coq -5, 1<j<i-1,

1 €{2,...,k}, and we prove that (H;) implies

X3 - Y (3.28)
For this, we use an argument similar to the proof of Theorem 2.1.3 in [E]
Indeed, for every ¢ € [0, 1], set
t |X(i2 . Y(?|2Mi 1 |Xt(i) o Y;(i)|2Mi
I(t) = 5t SYT ds. J(t) = e WY du.
() o |t sPMiai % () /t lu— ¢2Miar
Then fol 1(t) fo t)dt < B; and there exists tg > 0 such that I(¢p) +
J(tg) < 2A;. We construct by induction a decreasing sequence (t,, n > 0) such
that lim, ¢, = 0 and an increasing sequence (s,, n > 0) such that sg = to,
lim,, s,, = 1, and such that there exists C' > 0 such that for every n > 1,
i—1
‘Xt”to -V <0/ 18 B;| ™% widu+C > FiGiy, (3.29)
j=1
1—1
’XSOS — Y, ’<0/ I8 B;| % u¥ Tdu+C Y FiGi (3.30)
7j=1
Then Chen’s identity implies as n — 400,
XG5 = Yo | < XG0, — Yoo |+ 1X0h — Yl
i—1
+ 3 (1K, =YX+ I IX ) - ). 38

j=1
With the hypothesis (H;), we obtain (B2) with s = 0 and ¢ = 1.
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To construct (tn), we suppose that t,,_1 has been chosen. Let d,,—; be defined
by dp'; = 4 tn' ;. Then there exists ¢, €]0,d,—1[ such that

4 B | 15(:‘1);1571 1 tEj;tn 1 |2M ZI(tnfl)
< and i < .
dn 1 |tn—1 - tn| i%i dn—l

Indeed, the sets where each one of these inequalities may fail has Lebesgue measure

doiy = ton, < dvio= 1t and
[t — tn+1|o” § 1o =2d% S 4(d¥ — dg;l) Hence there exists a €]0, 1[ such that

tn+1 < at,, so that lim, ¢,, = 0 and more precisely,

I(tn) <

tn < a”to, (3.32)
while for any n > 1,
L1
|'th+1;tn n+1 tn| < |2I( )| 2M; d"l M tn - tn+1|al
<18 By 26 |dy dp 1| 4]dS¢ — d|
d’Vl
§4ai/ |8 B;| 7 M T gy, (3.33)
dn41

Let b=ar < 1; Chen’s identity, (H;) and (B.33) imply that for any n > 1,
‘th+17t0 - Y;(l

n+1,t0

‘Xnt _}/;nt()

(1)
0 ‘th+17tn }/tn+17tn

(9) ) i—j) (i—7) _ y-(i—3)
+ Z ( th+17tn - }/tn+17tn| |th7t0 | + |}/tn+1;tn| | tn7t0 tn7 0 |)
j=1

. dn i
’Xt P AL +O/ I8 B;| 27 wr L du

dnt1
1—1 ) o
A 13
+CY (GiFij + FiGij) [tn — tnia|?[to — tn] 7
=1

j 1
Since sup;<;<;_1 [tn — tny1]|? < th < Cb™ < 1, an casy induction on n implies
that for any n > 1,

’Xt(jl{to - }/tgj to

1—1 n—2
<O/ |8B|2Z\/IZU;J 1du—|—C’ ZGE j <Zbl>
7j=1 =0

which implies () To prove (B.3(]), we proceed in a similar way, exchanging
the endpoints of the interval [0, 1]. Recall that sg = to; suppose that s,_; has

been defined and let §,,—1 be such that |1 — 6, _1|* = _1|%. There exists
Sn €]0n—1, 1 such that
4Bz XS(Z) . — }/S(Z) s 2M; 2.] e
J(sn) < and [Xon-1,n nolofn < (sn-1)

- 1_577,71 '

1-— 577,71 |Sn
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Then for every n > 1, 2|1 — §p,41]% = |1 — spp1|* < |1 =6y
that s, < 0, < $pt1 < dp41 and for some a €]0, 1]
1—sn < a" (1 —to), (3.34)

so that lim,, s, = 1 and computations similar to those proving (B.33) yield

@
i S0

%= 21—t

(0 e T

g _ | 2M; g, M T

|X5n,8n+1 Sn;Sn+1| < 4O[Z /(s |8 BZ| i U i du
n

Thus if b= ar < 1, Chen’s identity and (H;) imply

1—1 n—1
t((?s _}/tol)s <c/ 18 B;| 2% wp ' du + C ZFGZ j (Zi’l)’
=0

to

which completes the proof of (B.30)) and hence that of () fors=0,t=1.
To deduce () for any s,t € [0,1] with s < ¢, define X, = X, 4 gu, Yo =

Y (t—s)u for u € [0,1]. Then X and Y are geometric rough paths with the same
roughness p. Moreover, for 0 <u<v <1,j=1,---k, X&J% Xs(i)(t S)uyst(t—s)v"
In fact, by a change of variables, we see that this identity is obvious for smooth

rough paths and therefore it is trivially extended to geometric rough paths.
Furthermore,

|X() Y'u(1v|2MZ
//dudvl{u<v} | _u|2M7,az

(1) (1) |2
_ —24+2a; M; |X = Yu|*M
= (t / / dudvl{u<v} | u|2M o

S (t _ ) 242a; M; B )2M pB

Hence, if the pair (X,Y") satisfies (H;) then (X, Y) satisfies a similar property
with constants A4; = (¢t — )2MJP Aj, Fj = |t — s|v Fj1<j<i-1, B =
(t—s)*5B;, G; = |t — s|», 1 < j < i. This finishes the proof of (B-29.

Taking in the preceding arguments first X = 0 and then Y = 0, we see
recursively that (B.29) implies (H;) for any i = 1,...,k — 1, with B; = A;. Hence
we obtain (B.24)). Moreover, we also see that (H;) holds true for any i = 1,... k,
whenever (B.22), (B.29) are satisfied. This concludes the proof. O

Acknowledgments The first named author whishes to thank the Centre de Recerca
Matematica in Bellaterra and the Universitat de Barcelona for their support and
hospitality in the fall of 2004, when discussions on the content of this paper started.

References

[1] E. Alos, O. Mazet, D. Nualart: Stochastic calculus with respect to Gaussian pro-
cesses. The Annals of Probab. Vol. 29, No. 2, 766-801 (2001).



28 Annie Millet and Marta Sanz-Solé

[2] L. Coutin, Z. Qian: Stochastic analysis, rough path analysis and fractional Brownian
motions. Probab. Theory Relat. Fields 122, 108-140 (2002).

[3] L. Coutin, P. Friz, N. Victoir: Good rough path sequences and applications to antic-
ipating and fractional stochastic calculus. arXiv:math.PR/0501197, January 2005.

[4] L. Decreusefond, S. Ustiinel: Stochastic analysis of the fractional Brownian motion.
Potential Analysis 10, 177-214 (1999).

[5] P. Friz, N. Victoir: A note on the notion of geometric rough paths.
arXiv:math.FA /0403115, March 2004.

[6] T. Lyons, Z. Qian: System Control and Rough Paths. Oxford Mathematical Mono-
graphs. Oxford Science Publiccations. Clarendon Press, Oxford 2002.

[7] A. Millet, M. Sanz-Solé: Large deviations for rough paths of the fractional Brown-
ian motion. Annales de I'Institut Poincaré (to appear), arXiv:math.PR /04122000,
December 2004.

[8] D. Nualart: The Malliavin Calculus and Related Topics. Probability and its Appli-
cations. Springer Verlag, 1995.

[9] D.W. Stroock, S.R.S. Varadhan: Multidimensional Diffusion Processes. Grundlehren
des mathematischen Wissenschaften 233. Springer Verlag, 1979.

Annie Millet

Laboratoire de Probabilités et Modeles Aléatoires
Universités Paris 6 - Paris 7

Boite courrier 188

4, Place Jussieu

F-75252 Paris Cedex 5

and SAMOS-MATISSE, Université Paris 1

e-mail: amil@ccr. jussieu.fr

Marta Sanz-Solé

Facultat de Matematiques
Universitat de Barcelona
Gran Via 585

E-08007 Barcelona

e-mail: marta.sanz@ub.edu



