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Skew-product representations of multidimensional Dunkl
Markov processes.

Oleksandr Chybiryakov*

Abstract

In this note we obtain two different types of skew-product representations of the mul-
tidimensional Dunkl Markov processes which generalize the skew-product decomposition
in dimension 1 obtained in [GY05d] and the skew-product of an n-dimensional Brownian
motion into its radial and angular parts. We also study the radial part of the Dunkl
Markov process, i.e. the projection of the Dunkl Markov process on a Weyl chamber.
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1 Introduction.

The study of the multidimensional Dunkl Markov processes was originated in [R©s98] and
[RV98]. They were studied further in [GY05¢|, [GY05d], [GY05b], [GY05a]. These processes
share some important properties with Brownian motion: for example, they are martingales and
enjoy the chaotic representation property as well as the time-inversion property. To a Dunkl
Markov process we can associate two processes: it s euclidean norm and its radial part. The
euclidean norm of the Dunkl Markov process is in fact a Bessel process and its radial part is a
continuous Markov process taking values in a Weyl chamber C. Note that a particular case of
the radial part process - Brownian motion in a Weyl chamber - is studied in [BBOO05].

It is well known that Brownian motion (and more generally any rotational invariant diffu-
sion) can be decomposed as the skew-product of a Bessel process and a time-changed spherical
Brownian motion (see [Gal63], [PR88]). In general, the following question can be raised: sup-
pose given a group G acting (not necessarily transitively) on R” and a Markov process on R”,
“invariant” by the action of GG. Does this lead to a certain skew-product decomposition of
the Markov process? In this paper we answer this question in the case of the Dunkl Markov
processes and the groups W - the group of symmetries of R™ and the orthogonal group O (R").

*Laboratoire de Probabilités et Modeles Aléatoires, Université Pierre et Marie Curie, 175 rue du Chevaleret,
F-75013 Paris. chyb@ccr. jussieu.fr



Then we derive some corollaries from the skew-product decompositions we have obtained. We
also study X" -the radial part of the Dunkl Markov process noting some analogies between X"
and Bessel processes.

The paper is organized as follows. In Section 3 we give the definition of the Dunkl Markov
process and its radial part. We also present the invariance property of the Dunkl Markov
process under the action of the group O (R").

Section 4 contains the study of the radial part of the Dunkl Markov process. We give the
condition on the parameters of X" which guarantees that it does not hit the walls of a Weyl
chamber C. This is done by applying a famous argument due to McKean (see Problem 7, p.47
in [McK69]). As a part of the proof we find harmonic functions for X" which are analogs of
harmonic functions for Bessel processes, i.e. the adequate power or logarithm function. Under
the condition that X" does not hit the walls of C' it can be characterized as the unique solution
of a stochastic integral equation or as the unique solution of the corresponding martingale
problem (if X" hits the walls of C it can still be characterized as a unique solution of the
stochastic integral equation up to Ty -the first time it hits the walls of C). With the help
of these properties, we establish the absolute continuity results between X" with different
parameters and evaluate conditional Laplace transforms which are multidimensional analogs of
Theorem 4.7 in [Yor80].

In Section 5 we generalize the skew-product decomposition given in [GY05d] to multidimen-
sional Dunkl Markov processes. From [GYO05b] it is known that the Dunkl Markov process
can jump only in the directions given by the roots of an associated root system. In Theorem
23 we construct the Dunkl Markov process from its radial part by adding the jumps in these
directions one by one. In order to add the jumps we do the time-change then add jumps in
the fixed direction and then do the inverse time-change. In order to add the jumps in a fixed
direction we use the perturbation of generators technique from [EK86]. We also see that under
a certain invariance condition for the extended infinitesimal generator this perturbation is given
by a skew-product with a Poisson process. From Lemma 22 and Theorem 23 we obtain that
the Dunkl Markov process can be characterized as the unique solution of a martingale problem.
Note a similar result from [RV98], which is recalled in Theorem 4. Our result holds for a more
general class of processes - the two-parameter Dunkl processes (see [GY05d] in dimension 1,
[GY05a] and [Law05]), but we need to impose the condition which guarantees that the radial
part of the Dunkl Markov process does not hit the wall of C. Using the skew-product decom-
position we also obtain the absolute continuity relations for the Dunkl processes which relate
two-parameter Dunkl processes with different parameters of jumps.

In Section 6 we define a spherical Dunkl Markov process and its radial part and prove
another skew-product decomposition of the Dunkl Markov process which is analogous to the
skew-product decomposition of Brownian motion. From [GY05c] the Dunkl Markov process
enjoys the time-inversion property. The Markov process obtained after time-inversion is called
the Dunkl Markov process ”with drift”. With help of the obtained skew-product decomposition
we prove that the first hitting time of the ball (centered at origin) of the Dunkl Markov process
"with drift” is independent from the hitting angle.



2 Notations.

We will constantly use martingale problems. Therefore, we need to recall here some definitions
from [EK86] which will be used later.

Let (S, d) be a metric space and Dg[0, co) (Cg [0, o0)) the space of right continuous
(continuous) functions from [0, oo) into (S, d) having left limits. P (S) denotes the set of
Borel probability measures on S. For any x € S, ¢, denotes the element of P (S) with unit
mass at . Let L be the space of all measurable functions on S. A is a linear mapping whose
domain D (A) is a subspace of L and whose range R (A) lies in L. Typically D (A) will be
C% (S) - the space of infinitely differentiable functions on S with compact support.

Let X be a measurable stochastic process with values in S defined on some probability space
(Q, F, P). For v € P(S) we say that X is a solution of the Dg [0, co) martingale problem
(A, v) if X is a process with sample paths in Dg[0, o0), P (Xo € ) = v (-), and for any
u € D(A)

u(X;) —u(Xo) — /0 Au (X)) ds

is an (.ﬁx)—martingale, where FX := F{X,, s <t}. Let U be an open set of S and X be a
process with sample paths in Dg [0, oo). Define the (fgx )—stopping time

T=inf{t>0|X; ¢Uor X, ¢U}.
Then X is a solution of the stopped Dg [0, 0o) martingale problem (A, v, U) if P(Xy € ) =
v(-), X. = X »; a.s., and for any u € D (A)
tAT
u (X)) —u(Xo) — / Au (X) ds
0

is an (]—"tX )—martingale. If there exists a unique solution of a (stopped) martingale problem we
will say that the (stopped) martingale problem is well-posed.

In what follows it will be convenient to work with the extended infinitesimal generator (see
[Kun69], [RY99], VII). We recall here the definition from ([RY99], VII).

If X is a Markov process with respect to (F;), a Borel function f is said to belong to the
domain D4 of the extended infinitesimal generator (or extended gemerator) if there exists a
Borel function g such that, a.s., fg lg (Xs)|ds < 400 for every t, and

FOX) =)~ [ (X, ds

is (F;, P,)-right-continuous martingale for every z.

3 Preliminaries.

Let z - y denote the usual scalar product for z and y on R™. For any a € R™\ {0}, o,, denotes
the reflection with respect to the hyperplane H, C R™ orthogonal to a. For any x € R", it is

3



given by
a-T
0o () =2 —2—q.
a-a

For our purposes we need the following definition (see for example [R6s03]):
Definition 1 Let R C R™\ {0} be a finite set. Then R is called a root system, if

1. RNRa = {£a} for all « € R;
2. 04 (R) =R for all « € R.

The subgroup W C O (R™) which is generated by the reflections {0, |a € R} is called the
Weyl reflection group associated with R.

One can prove that for any root system R in R", the reflection group W is finite and the set
of reflections contained in W is exactly {o,, a € R} (see [R6s03]).

Example 2 Root system of type A,_1. Let eq,...,e, be the standard basis vectors of R",
then
R={*x(e;—e€j), 1<i<j<n}

18 a root system in R".

Example 3 Root system of type B,. R = {%e;, 1 <i<n, £(e;te;), 1 <i<j<n}is
a root system in R"™.

Without loss of generality we will suppose that if R is a root system in R™ then for any
a € R, a-a =2, so that for any z € R”

Oo(z)=2—(a-2)a. (1)

For any given root system R take § € R"\Uyer Ho, then Ry = {a € R|a - > 0} is its positive
subsystem. For any a € R either a € R, or —a € R,. Of course the choice of R, is not
unique.

From [RV98], [GY05c] the Dunkl Markov processes X are a family of cadlag Markov
processes with extended generators £, where, for any v € C% (R"), Lyu is given by

Vu(z) -a  u(z)—u(oa) 5
T ik ©)

Lru(z) = %Au (x) + Z k() [

where £ is a non-negative multiplicity function invariant by the finite reflection group W asso-
ciated with R. It is simple to see that £ does not depend on the choice of R, . In what follows
suppose that Xo € R"\ Uyer H, a.s.

The semi-group densities of the Dunkl Markov process with the generator (2) are given by

2 2
*) 1 CJe[T+ 1yl Ty n
y2 ('Tv y) - th7+n/2 exp ( 9 Dk: \/E’ \/E Wk (y) ) (.T, Yy S R ) ) (3)
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where Dy, (u,v) > 0 is the Dunkl kernel (for the properties of the Dunkl kernel see [R6s03)),
a —lzl? ..
V= 0er, K (@), wi (y) = [loer, lo- y|*@) and ¢, = Jon €717 2wy, (z) d (see [R6s98]) .
We will need the following result from [RV9S]

Theorem 4 Let (P;),~, be the semigroup of the Dunkl Markov process given by its density (3)

and let Ly be given by (2). Let (X;),5, be a cadlag process on R™ such that its euclidean norm
process (|| Xil[),so on [0, +oo[ is continuous. Then the following statements are equivalent.

1. (Xi);5¢ is the Dunkl Markov process associated with the semigroup (F;),s-
2. For any f € C? (R")

(), = (ro0 -0 - [ as () as)

15 a local martingale.

>0

3. For any f € C% (R"), (Mtf) is a martingale.

>0

Consider now a fixed Weyl chamber C' of the root-system R which is a connected component
of R™\ Uper Hy.- Since C' is a fundamental domain of W, the space R’ZW of W-orbits in R"”
can be identified to C, i.e. there exists a homeomorphism ¢ : R" /W — C' (for any [z] € R"/W,

¢ ([z]) := C N O,, where O, := {y € R"|[z] = [y]}). Denote X}V := 7 (Xt(k))— a radial part of
the Dunkl Markov process (or a radial Dunkl Markov process), where
Ti=¢om (4)

and 7, : R™ — R"™ /W denotes the canonical projection. From [GY05c], X" is a Markov process
with extended generator

£V (z) = %Au @)+ Y k(o) LT (5)

Vu(z) -«
e
acR,

for any u € C2 (5), such that Vu (z)-a =0 for x € H,, a € R,. The semigroup densities of
XW are of the form

1 |z)* + [y]* Ty
w o . w
y2 ('Thy) - th’y—f—n/Q exp ( 21t Dk \/%7 \/g Wk (y)v (xvy € C)v (6)

where
DY (u,v) = Z Dy (u, wv) . (7)
weWw
From [RV98] the Dunkl Markov process (X;),», is a Feller process and its euclidean norm
([[Xell) > is a Bessel process of index v +n/2 — 1. Tt is easy to see that (XtW)t>0 defined above
is also a Feller process. -
In order to state the next result, we denote the trajectory of the Dunkl Markov process

starting at x by (Xt(k E, I)) . The following proposition is an analog for the Dunkl Markov
>0

processes of the rotational invariance property of the Brownian motion in R".
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Proposition 5 Let (Xt(k o w)> . be the Dunkl Markov process, O (R™) - the orthogonal
>0, z€R"
group of R™. Then for any 6 € O (R")

(9 Xt(k,R,:c)) @ ( Xt(kg,OR,O:c))

)
t>0, zeR" t>0, zeR™

where kg : OR > o — k (*0a) , '0 is the transpose of 0, R = {fa, a € R}.

Proof. It will be convenient to denote L the extended generator of (Xt(k R x))
t>0, zeR"

given by (2). By Theorem 4 it is enough to prove that for any u € C? (R") and z € R*
L0 (0) = £ (u00) (@).
From (1) one has

(uof) (o4 (x)) =u(lxr— (a-x)b0a) =u(fxr — (fa-0zx)0a) = u (o, (07))

and
V(uob)(z) -a= ("0 Vu(bz)) - o = Vu (z) - bav.
Then
Vu(0x)-0a  u(fz) —u(op, (01))
LE(wod)(z) = —Au (0x) + k(a - 5
fuod) (@) P [ (@7 ba)
= Eifu (Ox) .
u

4 Study of the Markov process X".

Consider the Weyl chamber C' = {z € R" |z -a > 0, a € R, } . We now study the radial part
of the Dunkl Markov process, i.e. the Markov process (XtW ) 0 With extended generator given

by (5). (XtW ) +>0 18 a continuous Feller process with its values in C.

Denote

o (@)= T (@), ®

acERy

then for any u € C% (6), such that Vu (z) -a =0 for z € H,, a € R+, and z € C

1
LY u(x) = EAU Zk‘ AAACI A

acR4

= %Au () + Vu(x) - Vlog wy ().

The following proposition gives a condition on the function k : R — R, in the definition of
the extended generator (5), which ensures that the process X" such that X}V € C a.s., never
touches 0C.



Proposition 6 Let X" be the radial Dunkl process, X}V € C a.s., with extended generator
given by (5). Suppose that for any a € R, k() > 5. Define

Ty :=inf{t >0|X]" €0C}, (9)

then
TO =400 a.s.

In order to prove this proposition we need the following two lemmas

Lemma 7 For xz € C define

§(x) =[] (a =), (10)

acR

then & is harmonic in C for L} given by (5), i.e. LIV6(x) =0 for any x € C.

Remark 8 It is important in the following proof that the function k in the definition of L]V is
constant on the orbits of R under the action of the associated Weyl group.

Proof. For i = 1,...,m let R* be the orbits of R under the action of the associated Weyl
group W. Denote R, = R'N R,. Then for any {iy,...,5;} C {1,...,m}

R, =R!U..UR!

is also a positive subsystem of the root system R=R"'U..UR"in R" (the two conditions in
Definition 1 for R are easily verified). Denote

then

and

We want to prove that £}V 6 (z) = 0 for any = € C. From Theorem 4.2.6 in ([DX01], p.140), for
any root system R, if m (z) = [[,cp, (o~ ), then

Ar (x) = 0.



By induction if m =1
Ar'=2F 42 (V! ™?* . Viog 7*) = 0. (11)

Indeed

Ar'™* = V.Vr'?* =V ((1-2k)7 *Vr)
= (1—2k) [-2kn 2 (V7 Vr) + 7 *Ar]
= —2k(1—2k)n 21 (Vr-Vr).

On the other hand
2 (Vr' ™. Vlegn") =2k (1 — 2k) 7~ (Vr - V)

and the result (11) follows.

For an arbitrary m denote

and
~ k km—
Toi=mtemr

We need to check that
A= A( =2kl 2{% Lrl- 2km)+2 (V( 12k Wlfffm’lwlf%m) - Vlog (W]fl...ﬂkm:llﬂ'km)) =0

m m m m

or
A (7r7r1 2km) +2 (V ( i 2k’”) Vlog (fmfnm)) =0.
One has
A (Frlo?n) = pl%n Az 4 7A (nl %) 12 (Vi Tl 2en)
and

V (7mhy 2Fm) - Vlog (Rrkm) = (7Vmy Fm + 7l 2 ¥r) - (Vieg i + Vlog #)

= (ﬁVﬂ}{%m -Vlog an’”) + (ﬁVﬂ}{%m - Vlog )+ ( (7?717;2’“’” V7) - Vlog anm) +( (W}n’%m V7). Vlieg7),
then
A = @l AT 4 2m) % (V- Vieg#) + 7A (m), 2m) + 27 (V) 2 - Vlog i)
+2 (V7 - Va2 + 2 ((7Vm,, ) - Vieg #t) + 2 ((m, 2" V#) - Vlegmyr) .
By induction
AT +2(Vm-Viogn) =0

and
A (mp2Fm) + 2 (Vi 2Fm . Vieg mim) = 0,

hence

A = 2(Vr-Vm, ) +2((7VnL, 2") - Vieg#) + 2 ((m), *»V7) - Viog mhm)
= 2am 2 [(Vieg# - Viogrl ) + (Vieg ), ?m - Vieg ) + (Vg7 - Viegnim)] .

m
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But one has
(Viogr- Vlogaly ) = (Vlog (w} 1.} %) . ¥ logl; o)
= (1 —2k;) (1 — 2k,,) (Vogm; - Viogmy,),

(Vg - Viog ) = (Vlogmy, 2 - Viog (n'..wiy))

m Tm—1

ki (1 —2k,,) (Vlogmy, - Viogm;),

(Vlogfr -Vlog W];nm) = (V log (7‘(%7%1 7r172k’”’1> -Vlog W];nm)
= ) km (1= 2k;) (Viogm; - Viog mp)

and for ¢ # j

(V lOgﬂ'i . VIOg 7Tj) = (Vﬂ'@ . Vﬂ'j)

Hence A = 0 and the lemma is proven. m

In the same way one can prove the following

Lemma 9 For xz € C define

a€ERy, k(a);é% acRy, k(a):%

then & is harmonic in C for L)V given by (5).

Remark 10 One can equally obtain this result while passing to the limit as € — 0+ in the
equation

EW H (Oé . x)l—ng(oz) _ O,

where for any o € R k. (o) = k () if k (o) # % and k. (a) =

2



One has
EV[: H (Oé . x)l—Zkg(Oé) _ H (Oé . x)l—Qk(oz) _ O,

acRy Q€Ry, k(a)#

=

then

-1 bta
a (2D T ) <o

and one recovers (12) ase — 0+ .

Proof. Suppose that k (o) = % for any a € R then for any u € C?(C), z € C

£Yu(@) = 5 (Bule) + (Vu(@) - Viogn (1)),

2

where 7 (2) = [[,cg, (o). Then

Alogm (z) = — !
s

and
Alogm (z) + (Viegn (z) - Vlegn (z)) = 0.
Denote
N VY S CI ) ey
a€Ry, k() #3 1<i<m, k;#1
a€Ry, k(a)#3 1<i<m, ki£3

7o = log H (- ),

then ), = 7172 and 6 = T 72. In order to prove Lemma 9 one needs to check that
A (77'177'2) + 2 (V (7_7'177'2) . V lOg (7%17%2)) = O,
but it is equal to

o [Afrl + 2 (V’frl - Vlog (frl))] + [A?TFQ + 2 (V’ﬁ-Q - Vlog (’frg))]
+2 (V71 - Vo) + 279 (Vg - Viog ) + 271 (Vg - Viog7y)

and in the same way as in the proof of Lemma 7 one can see that it is equal to zero. =

Using Lemma 7 and Lemma 9 one obtains the following result, which will lead to a presen-
tation of X" (see Corollaries 13, 14 below).

10



Lemma 11 Let @y, be defined by (8) and k (o) > 1 for any a € R. Suppose that X, € C a.s.,
then there exists a unique solution X of the stochastic integral equation

t
Xe=Xo+ 06, + / Vlog wy (X5) ds, (13)
0
where (B,),5¢ is a Brownian motion on R". Furthermore P (Vt >0, X; € C) = 1.

Proof. We will follow the proof of the similar argument given in ([ABJ02] Lemma 3.2).
As soon as the function Vlogw, € C* (C) the equation (13) has a unique (strong) maximal
solution in C, defined up to time (, where ( is an explosion time or the exit time from C.

Case 1(k(a) # 3 for any o € R) . From Lemma 7 the function é defined by (10) is har-
monic and positive on C. By Ito’s formula one deduces that {6 (X;), t < (} is a positive local
martingale, thus it converges a.s. when ¢ — (. But 6 = +o0 on 9C, therefore || X;|| — 400
when ¢ — (. On the other hand by Ito’s formula for ¢ < (

t t
I = Xl 2 [ (Gdg) 42 [ ads o
0 0
t
— Xl +2 [ X0 B, + e 20),
0
where v =} . k(@) and B, = fot | X, (X, - dB,), t < Cis a real-valued Brownian motion
up to time ¢. This shows that || X;||” is the square of a (n 4 27)-dimensional Bessel process up

to time ¢ (started at || Xo||* > 0 a.s.). Since || X;||> — 400, by standard results (see [RY99)],
XI.1) ¢ = 400 a.s. This implies that Tp = +o00 a.s., where Tj is defined by (9).

Case 2(There exists a € R such that k (a) = 3) . From Lemma 9 and Ito’s formula, {6 (X;), ¢ < ¢}

is a continuous local martingale. Let A, := (6 (X),6 (X)), fort < Cand 7, :=inf {s > 0[|A, =1},
then by Theorem 1.7 in ([RY99], Chapter V) B; = 6 (X,,) — 6 (X;) will be a real-valued Brown-
ian motion up to time A.. If ( < 400 we have already seen that || X;|| can not tend to infinity.
Hence, if t — (, either 6 (X;) tends to +o00 or to —oco. Therefore either B; tends to +oo or to
—o0o, when t — A¢, but that is impossible for Brownian motion, either because A¢ < +00, or
because A; = 400 and B, > 0 (B; < 0) infinitely often when ¢t — +0c0. m

Proof of Proposition 6. Let

Cm::{xGC

1
r-a>—, a€R, ||x||<m} (14)
m

Take g, € C* (R") such that g,, = logwy on C,,11 and g,, = 0 on R"\C,,.». For any u €
C%® (R™), define L, by

1
Lou(z) = §Au () + (Vu(x) - Vg (z)) .
Let (X}V),., be the radial part of the Dunkl Markov process and 7,,, := inf {s > 0 {XSW ¢ Cn}.

>0

11



For any f € C® (R") there exists f € C% (C) such that f = f on Cp,11. Then from (5)
tANFm
Pt - F O - [ el () as (15)

= ) - () = [ s (X2 ds
is a martingale.
Let X be the solution of (13) such that
P(Xoe)=P(X) €:)=0() (16)
forv € P(C). Let 7y, :=inf {s > 0| X, ¢ C,,, } . Then from Lemma 11 one deduces that
Tm — +00 a.s. (17)

Furthermore from (13) and Ito’s formula one deduces that

FXie) = (X0 - [ T L f (X,) ds (18)

is a martingale for f € C%® (R").

By Theorem 3.3 in ([EKS86], p.379) for any v € P (R") the Dgn [0, oco) martingale problem
(L, v)is well-posed. Then by Theorem 6.1 in ([EK86], p.216) for each v € P (R™) the stopped
Dgr [0, o) martingale problem (£,,, v, Cy,) is well-posed. But from (15), (18) and (16) X'V,
and X .- are solutions of (£,,, v, Cy,). Hence

(d)
(Xtv/l\/i'm)tzo = (Xt/\’?m)tZO (19)
and P (7,, < t) =P (7,, <t), for any ¢t > 0. Hence from (17)

Tm — +00 a.s.

and passing to the limit as m — oo in (19) one obtains that

(X7 o0 2 (Xm0

>0

and
To = 4+o0 a.s.,

where T} is defined by (9). m

Since X}V = 7 (X;), where X; is the Dunkl Markov process one obtains

Corollary 12 Let (Xt)t20 be the Dunkl Markov process, such that Xo € R"\ Uqer, Hy a.s.,
with extended generator given by (2). Suppose that, for any o € R, k (o) > % Define

Ty ;= inf {t >0 }Xt S UaeR+Ha} )
then

Ty = +00 a.s.

12



The proof of Proposition 6 leads to

Corollary 13 Let (XtW ) >0 D€ the radial Dunkl process, such that Xo € C a.s., with extended

generator given by (5). Suppose that for any o € R k () > % Then XV is the unique solution
to the stochastic integral equation

t
Xt:X0+/6t+/ V log g, (X5) ds,
0

where (8;),5¢ s a Brownian motion in R" and &y, is given by (8). This solution is strong in
the sense of ([IW81], IV).

Denote v (-) = P (XS’V € -), then XV is a unique solution to the C¢ [0, oo) martingale

problem (ﬁ}f’, 1/), where LIV is the restriction of LV on C (C).

Suppose now that there exists o € R such that k(a) < % and consider the radial Dunkl

2
process. The preceding results extend to this case if one works till T} - the first time the process
hits the walls of the Weyl chamber. Loosely speaking, here, Tj is considered as if it were an

”explosion time”. One gets the following

Corollary 14 Let (XtW ) >0 D€ the radial Dunkl process, such that Xo € C a.s., with extended

generator given by (5). Suppose that there exists & € R such that k(o) < % Let Ty be defined
by (9). Then (XtW , 1< TO) is the unique solution to the stochastic integral equation

t
Xt:X0+ﬁt—|—/ Vlog wy (Xs) ds, t < Ty
0

where (B;),5¢ s a Brownian motion in R" and &y, is given by (8). This solution is strong in
the sense of ([IW81], IV).

Proof. Is analogous to the proof of Lemma 11 and Proposition 6. =

We now turn to absolute continuity relationships between different radial Dunkl Markov
processes. For convenience define v : R — R by v (a) = k(o) — 3 for @ € R. v is called the

index of the radial Dunkl Markov process, P\") is the law of (x)

at x € C. We will also use notations pﬁ”) (z,y) for the semigroup density of the radial Dunkl
process with index v, DE/L’) (z,y) := D}V (z,y), V) = Za€R+ k(o) , cwy = ci etc. One obtains

the following (see also [Law05])

£>0 with index v, started

Proposition 15 Let X be the radial Dunkl Markov process with index v, started at v € C, and
To:=inf{s > 0|Xs ¢ C}. Then there are the following absolute continuity relationships:

a) Let v(a) >0 for any o € R, then

0 X« @ 1 “a-Brv(a)v(B y
Pﬂg)}ft: H (x-a) Pl 5 Z /0 ((a.))(s)((g).)é))ds PI()}]:t'

acER o,BERL
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b) Let v(a) <0 for at least one o € R, then

Xt e’ (ﬁ) v
PCL(‘O)‘]:t - H < T« ) eXp ( Z / Xs) ds P“"g )‘fm(t<To)’
oER, a,B€Ry °

c) Let v(a) >0 for any a € R, then

» X, -« —2v(a) V
ng )}j-'tm(t<T0) = H ( xt_ o ) ng )}}'t.

acRy

Proof. For a continuous local martingale M let £ (M), := exp {M; — 3 (M, M),} . Denote

D, = al;{ (?:;) exp ( aﬁze;% / T V)g) ) .

Take T, := inf {s > 0| X, ¢ C,,, } , where C,, is defined by (14) . For any ¢ < T,,,+1 one has

b ds
0 /BXS

Xe=Xo+ Wit > k(B)
BERL

B, (20)

where (W}), is a Brownian motion in R", then by It6’s formula

Z/ax ﬁX)d_/o(ad—m

BER

t
log (- X3) = log (- Xg) —I—/
0

for any o € R. Then one obtains

Z —v(a)log(a-Xy) = Z v (a)log (« )+ Z — / —(a-.)I(/I:S)

aERy acRy acRy
— (ﬁ) ds.
PO A SRS
Note that
d(a o) v (5)
—v () > ds.
(3o e aﬂ;/ i
Finally
B e “d(a- W)
Dtg(ae% @ <a-Xs>) |
One has
v (a) S b v,
S o[RS [ £ o |

14



where W, := (W}, ...,W/*). Now one can find continuous bounded functions f;, such that for

any = € Cpiq N
i

fi@) =3 —v(w)

o
acR

and
n

>/ ) dWi) .

i=1

[%ATh =& (

By Girsanov’s theorem

Qly, =€ (Z /0 g <Xs)dW;'> P (21)

and W, := (VAVtI, s V[Q"), where

t
Wi =W, —/ fi (Xs) ds,
0
is a Brownian motion under @). Now from (21)

Q‘]‘}/\Tm = Dt/\Tm Px(u)

}fme ’

But from (20)

X=Xt L[ B
t — 0 t 2 0 ﬁ . XS .
BER+

Hence by Corollary 14 @ = P In particular for any ¢; < ... < t, < t and any positive
function F

EQ (F (Xeyy s X)) Lip<ryy) = BY (Do F (Xay,s ooy X)) Ly
where E” and E{) are expectations under probabilities P and P respectively. Then by
Beppo-Levi letting T,, — Ty, one obtains

E(xo) (F (th, ceey th) H{t<To}) - E(Iy) (DtF (th, ceey th) H{t<T()}) 5
which proves b). Using that P (Th = 4o0) = 1 if v(a) > 0 for any a € R one obtains a).
From a) and b) one easily gets c). m

From Proposition 15 one can easily derive the following corollary.

Corollary 16 Let p, v : R — Ry U {0} be two functions invariant by the action of W, then
for any Fi-measurable variable Y

. 1 “a-B)v(a)v(B) X, -\ M)
B Ve |5 > / oo™ 1l (ma)

L ,BER a€ERy |
- EW 1 "o B)p(a) p(B) (Xt-a)u(a)
= EY |Yexp 20[;@/0 o X)X ag+ -



The following Corollary is a generalization of Theorem 4.7 in [Yor80].

Corollary 17 Let u, A : R — Ry U {0} be two functions invariant by the action of W and for
any a, f € R define v (o, 3) := A(a) A (B) — p(a) u(8), then for any y € C

EW |exp | — Z / (o X ﬁ X))ds Xi=vy

ozﬁER
c ) (5 %)
— ﬂt‘Y(u)*’Y )# H ((Oz . y) (Oz . x))k(a)—ﬂ(a) (22)
C(A) .DW (jz; \:l;‘) acRy

Proof. From Corollary 16 one obtains for any Borel, positive f

p ) Xt' —n(a)
B | f(Xesp [ —5 3 / aX ﬁX)d H(—Mf‘)

L OLﬁER acRy
i X, a\ '@
= EW |7(X,) H (xt‘a> , (23)

a€R4

Denote by G a Borel version of the following conditional probability

G()=E® |exp | — Z/ o %) BX))d X =-|,

a,BERL

then from (23)

EW | f(X)G (X)) [] (Xt'o‘)_u(a) =EV | F(x) [] (Xt.'o‘)_x(a) . (24)

e e
a€R+ a€R+
From (6) one obtains
Y- O‘)”(a) (1)
11 (— i (2,y)
acRy L-a
1 jz* + |yl < Ty ) (@)
= ———ex — D a-y) (a-x))" a-y).
o p( - 7v) I @ vy I @

The same expression can be written for pg)‘) (x,y). Then from (24) one gets (22). =

Remark 18 It is interesting to answer the following question Given v u R — R, U{0} -two
functions invariant by the action of W define A by A (« \/1/2 (). When is it true
that for any o, B € R

AMa)A(B) =v () v (B) + ple) u(B8)? (25)

16



If a and (8 is in the same orbit then A (a) = A (08), v(a) = v (6), p(a) = p(B) and (25) is
true. If a and B are in different orbits then by Cauchy-Schwarz inequality, the equality (25)
v(@) v (B) + () (B) = /12 (a) + 2 (@) V12 (8) + 12 (B)

implies that 3¢ > 0 such that v (o) = cv(B), p(a) = cu(B). But it is easy to see that this
implies that 3¢ > 0 such that for any o € R v () = cu ().

Remark 19 Denote

P

aERy s

then from (22) for any u > 0

0 [oep (4 [ IV 0001705) | %=

= 2O o0 )D (‘/ \[) H (o y) (- z))" M

C(u w T
() DY (5 %) ok,

This is an analog of the fact that the Laplace transform of the Hartman- Watson distribution is
given by a quotient of two Bessel functions (see [Yor80]).

5 Skew-product decomposition of jumps.

Let X be a Dunkl Markov process, 7 : R® — C be given by (4). Since X is cadlag and 7 (X)
is continuous it will be useful to introduce the space DE. [0, co) defined by

Dg- [0, 00) := {w € Dg» [0, 00) [Tow € Cx [0, c0)}. (26)

Let E := R™\ Uyer H,. Denote
D7 [0, 00) :={w € Dg[0, o0)|[row € C [0, o) }.

We will say that X is a solution of the D7 [0, oco) (DE. [0, 00)) martingale problem (A, v)
if X is a process with sample paths in D7 [0, co) (DE. [0, c0)) and X is a solution of the
Dg [0, co) (Dgr [0, 00)) martingale problem (A, v).

Let A >0and o € R,. Let D(A) C CR(E) and R (A) C C® (E). Suppose that for any
v € P (R") there exists X - a solution of the D, [0, co) martingale problem for (A, v). We will
need the following construction from ([EK86], p.256). Let Q = [[;2, (Dg= [0, co) X [0, c0))
and (X, Ay) denote the coordinate random variables. Define G, = F (X;, A;: | < k) and GF =
F(Xi, A;: 1> k). Then there is a probability distribution on €2 such that for each k X} is a solu-
tion of the D, [0, co) martingale problem for A, Ay is independent of F (X1, ..., Xg, A1, ..., Ag_1)
and exponentially distributed with parameter A, and for A4; € G, and A, € GFL,

P (A1 N Az) = B Iy, P [A2 | Xii1 (0) = 00 (X (Ak))]) (27)

17



and P (X, (0) € -) = v(-). Define 79 = 0, 74, = Zle A;, and Ny = k for 7, < t < 7441. Note
that IV is a Poisson process with parameter A. Define

Y (t) = Xpp1 (t —Tr), T <t < Ty, (28)

and F; := FY v FN.
Notation 20 We will denote Y in (28) by X *, N.

Lemma 21 Let D (A) C C® (E) and R (A) C C¥ (E) . Suppose that for any v € P (E) there
ezists a solution X of the DT, [0, co) martingale problem (A, v). Then for any v € P (E) there
exists a Poisson process N with parameter A such that Y = X %, N, where %, is defined by
(28), is a solution of the DT, [0, co) martingale problem (Ayq, v), where for any u € D (A)
and z € B

Arot () = Au(x) + A (u(oax) —u(2)).

Furthermore if for any u € D(A) and z € E
A(uooy)(x) =Au(o, (2)), (29)
then there exists a solution of (A, V) given by

(Yt)tzo = (Utht)tzw

where N is a Poisson process with parameter \ independent of X.

Proof. We follow the proof of Proposition 10.2 in ([EKS86], p.256). Since £ is not complete
one shall consider the DE, [0, co) martingale problem (A, 7). For any 7 € P (R") let X, be
such that P (X'O € ) =7 (-). If ¥ (E) = 0, then X, := X, for any t > 0, is a solution of the
Dg. [0, oo) martingale problem (A, 7). If 7 (E) > 0 let (X;),, be a solution of the D% [0, o0)
martingale problem (A, v) with v (-) = 7 (-NE) /U (E), v € P(E). Let Xy be independent
from (Xt),5q, then X; = XtI[{Xer} + XOH{X()%E} is a solution of the DE, [0, co) martingale
problem (A, 7). Taking 4 (z,) = 64,2 (-) and using Proposition 10.2 in ([EKS86], p.256) one
obtains that Y = X %, N is a solution of the Dgx [0, co) martingale problem (A, 7). Let
v =v € P(E), then X = X is a solution of the D}, [0, co) martingale problem (A, v).
Furthermore, from (27)

P (N1 {X11 (0) = 00 (Xi (A))}) =1
and
P (Mist Y (74) = 0a (Y (= ))}) = 1.
Hence
P (st {7 (V (1)) = 7 (¥ (re=))}) = L.

Since X}, has paths in D7 [0, co) for any &£ > 1 7 (Y) is a.s. continuous and Y is a process
with sample paths in Dg [0, co). Hence Y is a solution of the D7, [0, oco) martingale problem

(A)\,om V) .

18



Suppose now that (29) is true. Let N be a Poisson process independent of X and 7 :=

inf {s > 0|N, =k} . Let ¥; = o)t X;. Note that for any u € C%¢ (FE)
t
M = u(X;) —u(Xo) —/ Au (X
0

is a (ﬂX )—martingale.

Since (7;);, are independent from M*, for any k > 0

(tVT2k)AT 241
uux@vwwAT%H»—u@xu%»—/p Au (X.) ds

T2k

is a (F;)-martingale. From (29)
(tVTor+1)AT2k42
U (0aX ((EV Tops1) A Topro)) — U (06X (Top11)) — / Au (0,X5) ds
T2k+1

is a (F;)-martingale. Summing (30) and (31) over k one gets that

N

W X) —u(X0) — [ Au (@) ds = Y (u (EX,) —u (7hX)

k=1

is a (F;)-martingale. But

/0 (w(0aYos) — u(Yo))d (N, — As)

also is a (F;)-martingale. Note that since N is independent of X

Ny

/0 (w(oaYo ) —u (Vo)) dN, = 3 (u(0aYs0) — u(Ys,))

k=1

Adding (32) and (33) and noting that: c* X, =Y, , one gets that

u (¥) — u (Xo) ~ (/Au ds+A/0t<<an>—u<n>>ds)

is a (F;)-martingale. m

(32)

Lemma 22 Suppose that k : R — [%, +oo) 1s a W-invariant multiplicity function, | : R —

[0, +00), and for anyu € CR(E), x € E

zmu@):%Au@y+§:k<) + 3 1) “ﬂ’ S@X

acR acR $ O()

Letw: E — C be defined by (4) . For anyv € P (E), if there exists a solution of the D% [0, oo)

martingale problem (Ly;, v), then it is unique.
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Proof. Let X be a solution of the D7, [0, co) martingale problem (Lg;, v). Let us fix a
Weyl chamber C' and a projection m : E — C, defined by (4). Denote Y; := 7 (X;), then
taking functions u € C® (E) such that u (c,2) = u (z) for any @ € R and = € E one sees that
u(X)=u(Y) and

t
w(¥) - () - [ Lu(v)ds
0
is a martingale. Hence from the results in the previous section Y is a unique solution of the
Cc [0, 0o) martingale problem (L}Y, D), where (-) = v(77'(-)), i.e. Y is a radial Dunkl

process. Define
Bm = UwEWw (Cm) 5

where C,, is defined by (14) and T}, := inf {s > 0|X; ¢ B, or X;_ ¢ B,, } . Since X ¢ B,, <=
Y; ¢ C,, and Y is a.s. continuous

T =1inf{s>01]Y; ¢ C,,,} — 0o asm — oo a.s. (34)
and for any ¢ > 0 and m sufficiently large, such that X € C,,,
Xirt,, € Chn. (35)

As in the proof of Proposition 6 there exist bounded functions g,, € C> (R"), fao.m € C* (R"),
such that g, = logwy on B,,;1 and g, = 0 on R™\ B, 2, where wy, is defined by (8), and for
any a € R fom(x) = (I.la)z for x € B,41 and fo,, = 0 on R™\B,,,+9. For any v € C® (R"),
define A,,, by

Amu(x):%m(x)ﬂwm Vo (@) + 3 10) fam (2) (1 (00) — u (1))

aERy

By Theorem 3.3 in ([EK86], p.379) for any v € P (E) the Dga [0, c0) martingale problem
(A, v) is well-posed. By Theorem 6.1 in ([EK86], p.216) the stopped Dg- [0, co) martingale
problem (A,,, v, By,) is well posed. Since for any v € C¥ (R"), z € B11 Anu(x) = Ly u ()
and using (35) , X.ar,, is a solution of the stopped Dg= [0, 00) martingale problem (A,,, v, B,).
Hence the distribution of (Xiar,,),so i uniquely determined. Using (34) one obtains that the
distribution of (X;),», is uniquely determined. m

Suppose that R = {f+aq, *ao, ..., o}, Ry = {a1,as,...,a,,}. For any i = 1,...,m define
Ri = {:l:Oél,:l:Oég, ceey :l:Oéi}, Ri = {061,062, ...,Oél'}, RO = R0+ = @

Theorem 23 Let X be the Dunkl Markov process, with extended generator given b

y (2), such
that Xg =z € E a.s. and X" -its radial part. Suppose that for any o € Ry, k (o) > %

i) For i = 1,...,m there exist Poisson processes N with intensity k(o) respectively and
processes Y, defined recursively by

and



where

. t ds ) )
A= ——, 7, =inf{s>0| A, >t 37
t /0 (szl . Oéi)2 t { ‘ } ( )
and
Al = /t __ds 7ol = inf {s >0 ‘ Al > t} (38)
t 0 (Y;i—l X ai)Q’ t - s )

such that for any t > 0 A < 400 a.s., Ti < +00 a.s., fl,’;’l < 400 a.s., 7' < +oo a.s.,

and (Xt);59 = (V) isgs @-e. Y™ is @ Dunkl Markov process with extended generator given

by (2).
i) For anyi=0,...,m Y" is a Markov process with extended generator G*, such that for any
ue CE(F)
; aazn —u(x)
G'u(z) = —Au + ) k(o + ) k(o —. (39
acRy aERl ZIZ' Ol)

iii) If for some 1 =1,...m

0o (R7Y) =R, (40)
then Y can be given by ‘
Nlt S
i . (Ysij‘ai)z i—1
Y} = o, Y, (41)

where N' is a Poisson process with intensity k (o;) independent from Y1,

Remark 24 Let k(o) > 5 for any o € Ry. Fix a Weyl chamber C' and x € C' and suppose
that X}V = x a.s. From the previous section we now that X}V € C for anyt > 0 a.s. Let
Y¢ i =0,..,m be defined by Theorem 23. Then Y* € C; for any t > 0 a.s., where C; are
defined recurswely as follows:

Co=0C
Ci+1 = Cz U O, (Cz) (42)
and C,, =

Remark 25 The decomposition (36) depends on the way one enumerates the elements of R.
Different enumerations lead to different skew-product decompositions of the Dunkl process.

Remark 26 One has o,, (R™') = R™! and o,, (R°) = R°. Therefore Y' and Y™ can
always be taken in the form (41).

Remark 27 There is some analogy between this decomposition and the skew-product decompo-
sition of Brownian motion on the n-dimensional sphere in terms of the Legendre processes and
Brownian motion on n — 1 -dimensional sphere in ([IM65], 7.15): one can iterate the skew-
product decomposition of Brownian motion on n -dimensional sphere in order to get Brownian
motion on n — 2 -dimensional sphere, then Brownian motion on n — 3 -dimensional sphere etc.
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Example 28 Toke R = By and Ry = {aq, ..., au}, where ay := e; —eq, ag := €1+ €9, a3 := €y,
ay = ey, and C = {x = (21, x3) € R*|zy > 0 and x1 > x2}. Then the condition (40) is true
fori=1,...,4 and we obtain the skew-product decomposition (41).

Proof of Theorem 23.

The proof is done by induction. Let us fix a Weyl chamber C' of W and consider X" -the
radial part of the Dunkl Markov process. For any x € E there is one and only one w, € W
such that w, (z) € C. Define X" started at z € E by w, ' (X"), where X" is the radial part

of Dunkl Markov process started at w, (). One can see that the extended radial part X" is
a Feller process on F which is a.s. continuous with extended generator given by,

LV (z) = —Au + 3 k(a O‘, (43)

acR,

(u € C¥(E)). Note also that m (XW> is a.s. continuous. Let P, be the law of X"V on
Cg 0, o). For any v € P (E), let P, be the law on Cg [0, co) given by

amzﬁyu@am.

Then the process X" with the law P, is a solution of the DT, [0, co) martingale problem (G°, v)
(in order to recover the radial Dunkl process X" started at € C, one poses v = §,). By
Lemma 22 this solution is unique. Furthermore X" is a Markov process.

For any v € P (E) let Y7~! be the unique solution of the DT [0, co) martingale problem
(G7', v). Since the paths of Y9~1 are in DT, [0, co) the process log (a; - Y371)? is cadlag in
R. Therefore for any t > 0 log (o; - Y31)? is uniformly bounded on [0,¢] and (e - Y371)* is
uniformly bounded from zero on [0, ¢] . Hence

t

~ d

Al 1:/ %<+ooa.s.
o (Yi7' o)

t
AN e e
e T

But from (39) for any f € C® ((0, +00)) denoting 7, := HYt’*lH

Next

fmg—fmﬁ—l%ﬂMJ%mwun+mnwmn

is a martingale. Since 7 is the square of an (n + 2y)-dimensional Bessel process (started at 7,
with the law v)

t1
—ds — 00, ast — 00 a.s.
o Tls
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Hence 21{‘1 — 00, as t — oo, and 7~'~_j_1 < +00 a.s. Finally 77! is a.s. strictly increasing
continuous time-change with inverse A~!. As in ([Yor01], p.168) for any u € C¢ (E)

MY = u (Y}] 1) —u (YY) —/ (Y}] L. aj)zgj : (Y?] 1) ds (44)
0

is a local martingale Since (M}'),, is a.s. bounded on bounded time intervals it is a martingale.
Hence Y] “} is a solution of the DT [0, co) martingale problem ((--a;)*G/!, v). Next by

Lemma 21 there exists a Poisson process N7 with intensity k (c;) such that the process Z7 =
Y;ji %q, N7 is a solution of the D% [0, co) martingale problem (A’, v), where for any u €
Ci (B) | o

A (z) = (2 - 0y} ¢ (x) + k() (u (00,2) — u ().

Note that ( fg (o - Zg)2 ds) is an a.s. strictly increasing, finite, continuous time-change. Let
>0

7= limy o f (0 - 79)? ds. For any ¢ < 7, define 7 (t) as a unique solution of

(1) .
t:/ (o - Z7)" ds.
0
d 1

—7(t) = ——mm—.
dt . 2
(04]‘ : Zi(t))
for t < 7. Then

T(t) = /Ot (o Y9 ?‘;j)Q,

7(t) < 400 for any t < 7 and 7 (t) — +00, as t — 7. Hence there exists a sequence {7,} C

Then

Define now Y/ := Z7

T(t)’

(0, 7), such that 7, — 7 and (o - YTJn)2 — 0, as n — 4o00. Since for any u € C% (F)

() —u(z) - | (22 0) 0 (20) + K0 (u (00, Z2) - u(20))) ds
is a martingale, as for (44),
w(0) = (08) = [ (7 (72) o) () (0, ¥2) — (7)) ) ds, £ <7
is a martingale. Denote Y := 7 (Y7) | then for any u € C% (C)
u (YY) —u (¥yY) /Ek (Y)")ds, (t<7)
is a martingale. This shows that YW is a radial Dunkl Markov process up to time 7. Since

(a - YTJn)Q — 0, a8 n — 400, lim, 45 Y}V ¢ C and for any o € R, k(a) > 1, by the results
of the previous section 7,, — 0o a.s. and 7 = +00 a.s. Hence

t ds
————5 — +00, ast — +00
0 (a;-Y7)
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and for any t > 0 A} < +oo, 71 < 400 a.s. Furthermore Y7 is a solution of D7 [0, o)
martingale problem (G7, v). Now by Lemma 22 the D7, [0, oo) martingale problem (G7, v) is
well-posed. Since the DT, [0, co) martingale problem (G’ v) is well-posed for any v € P (E),
by the same argument as in Theorem 4.2(a) in ([EK86], p.184), Y7 is a Markov process.

Finally when j = m one obtains that Y is the unique solution of the D7, [0, oco) martingale
problem (G™, v), but for any u € C¥ (E)

G"u(x) = Lru(z).

Therefore Y™ is a Dunkl Markov process.

In order to get iii) note that from (40) for any u € C®¥ (F) and z € E
G (woay,) (x) = G u(og, (1)),
and by Lemma 21 one can take Y; = Z', where 7} = NG Z1)*ds and
7= oN'YiTh,

where N® is a Poisson process with intensity & (o;) independent from Y;"fl(hence, independent
from Y*°1). But

(Ca,T - Oéi)Q = (i - x) — (i - 7) (v - ai))2 =(z- az’)2

and

one gets that
and from (45) 78 = 7. Hence,

From Theorem 23 if (40) and (46) hold for a certain j we can deduce the following relationship
between the semigroups of Y7 and Y771,

Proposition 29 Under the conditions of Theorem 23 suppose that for a certain j (40) holds.
Fiz a Weyl chamber C. Let Yy € C a.s., then Y™t € Cj_1 and Y7 € C; a.s., where (C;) are
defined by (42). Suppose that P’~" (x,dy) and P! (z,dy) are the semi-groups of Y9~ and Y7
respectively, and

Cj_l N Uaj (Cj_l) = @, (46)

then for any x,y € Cj_4
P/™! (z,dy) = P/ (z,dy) + P/ (2,04, (dy)) (47)
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Proof. By Remark 24
Cj = ijl U O'aj (ijl) .

For any bounded measurable f : C;_; — R define g : C’; — R such that for any = € C}
g (.I‘) = f (.7?) I[{wEijl} + f (Uaj (QZ)) I[{Z‘eo'aj(Cj—l)}7

then for any z € C;_4

B () = [ JoR @[ (e 0) P e

= [ 1) (P @) + P (o0, ) (15)
On the other hand
Bag (1) = Buf (W) = [ F) P ). (19)

Comparing (48) and (49) one obtains (47). =

Using Lemma 22 and the analog of Theorem 23 (one should change &k to &’ in the proper
places) one can introduce a slightly more general class of Markov processes than Dunkl processes
- the (k, k’)-Dunkl Markov processes. These processes are introduced in dimension 1 in [GY05d]
and in general dimensions in [GY05a] (see also [Law05]) and are two parameter analogs of Dunkl
Markov processes. They are characterized by their extended generator, for any u € C% (F),

Liwu(z) = —Au + 3 k(a N AC ( “(20 at) (50)

aERy aERL Oé)

where k: R — [ , oo) and k' : R — [0, 00) are two multiplicity functions invariant by the finite
reflection group W associated with R. The rest of the notations is the same as in (2). Denote
such processes by X*+*)_ Tt is simple to see that the radial part of XW = & (X (k’k')) is the
same as for the Dunkl Markov process X®). Note that by Lemma 22 X **) started at z € E,
is a unique solution of the D7, [0, co) martingale problem (L, 6.).

It is proven in [GY05a] that one can pass between X*) and X (k+) by changing the proba-
bility. Here, we will give a proof based on a slight modification of Theorem 23.

Proposition 30 Let k: R — [ , ), E':R— (0, 00), and k" : R — (0, 00) be multiplicity
functions invariant by the finite reflection group W associated with R. Suppose that under P
X is (k,k")-Dunkl Markov process, started at x € E, with extended generator given by (50).
Define the change of probability

e

Ol = T e (— @@ =¥ [ ) ()" Bl o0

acR

where nl(fa) is the number of jumps of X in direction o (i.e. Xs = 04 (Xs-)) on [0, t], then

under Q X is a (k, k")-Dunkl Markov process.
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Proof. Suppose that under P X is (k, k’)-Dunkl Markov process. Let us enumerate the
elements of R, as aj, ..., a;,. One can see that the analog of Theorem 23 is still true for (k, £')-
Dunkl Markov processes (one should change k to k' in the proper places), in particular since
O (R™1) = R™ ! where R™! = {+ay, ..., *a,,_1}, as in (41) one has

X, = aathm 1

where N™ is a Poisson process with the intensity &’ (a,,) independent from Y™ ! and

t
d
At I:/ %
o (Y1 ap)

Note also that n*™) := N7 is the number of jumps of X in direction ay, (i.e. Xy = 04, (Xs-))
on [0, ¢]. In particular (N7') is (F;¥)-adapted and (Y;""') is (F¥)-adapted.
Define a new probability Q by

Qlyen = exb (= ()~ @) (5 220 ) Bl (52)

then under Q N™ is a Poisson process with the intensity k” (c,,) . Note that N™ is independent
from Y~ under Q. Let u € C% (E) . Under P X is (k, k')-Dunkl Markov process with extended
generator

[,kyk/u (l’) = —Au Z k‘ Z k‘/ — (;TOCZL")‘

aERy aERL x a)

Using (52) one obtains that for any bounded, measurable function F
Eg [F(Y," ' Ny ;u<t)] =Ep [F (Y, Ny ; u<t)Da,],

where

D, :=exp (— (K" (am) — k' () 8) <]:// ((Z::))) -

Then

Q‘EX = exp (— (K" (am) — K" (aum)) Ar) <I;:// ((Z;n))) : Plex (53)

and under Q X is (k:, k! )—Dunkl Markov process with extended generator

Ly pu(r) = —Au Z k(a ) o)
u(x) —u(oux)

— Z K (o) (- a)Q — k" (am)

acRi\{am}
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(i.e. we have defined &' as follows: k' (@) := k' (), for v € R\ {am}, and &' () := K (o).
Note that from the proof of Theorem 23 ii7)

/t ds B /t ds
0 (}/sm—l . Oém)2 0 (Xs . Oém)2'

Hence we can rewrite (53) as
! ds K" (o) IOL
. = Y ) — ’ . m Kaam? P|_ .
Q| eXp( (K" (o) — K ( ))/0 (Xs_am)Q) (k’(am)) |7

Of course the proof does not depend on the way we choose to enumerate R,. Hence, for any
6 € R, define the change of measure

Qs e (— 00— [ ) (H0) ot

where N¥) is a Poisson process with the intensity &’ (3), then if under P X is (k, k’)-Dunkl
Markov process with extended generator

Ly pu (x) = —Au + Y k(a -3 ¥(a U(gax)7

aERy aER, x ) a)

then under Q X is (k, % ) -Dunkl Markov process with extended generator

E}ak/’u(ﬂf) = —Au Zk‘ Oé

aERy

poyu(@) —u(oaz) o, o u(z) —u(ope)
k' (a —k
ae};{ﬁ} (a) ) (B) @ 5

(k" is defined as follows: k' (o) = k' (), for o € R\ {8}, and &' (8) = k” (3)). Now one can
use the fact that if Py, Py, P3 are probability measures such that

Pilg, = M} Poly,, Pslg = M7 Py,

then
Puly, = MIM? Py,

Hence iterating changes of measure over 3 € R, one obtains (51). =

6 Skew-product decomposition of the radial process and
applications.

Let n > 2. It is interesting to obtain the skew-product decomposition of the radial part of the
Dunkl process. For this we will pass to the polar coordinates in the extended generator

LV u(x) = %Au (z) + Z k() W,

acR4
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(u € C%(C), such that Vu(z) - =0 for x € H,, a € Ry). First of all it is simple to see that

2L u () = Au (2) +

(Vu(x) - Vwy (),

wy, (z)

where wy, (z) = a-2)*9  Denote r = ||z ,0=(04,...,0,), where
aERy

and z = r0. One has

a 2
A = (5) + (TL — 1) ;5 + ﬁAsn—l,

where Agn-1 is the Laplacian on the unit sphere. One can check that

Ou ()
or

where (Vou)' (z) = (a%lu (), ..., a%nu(x)) and

(0% (=)
J (=) = <M>1<i,j<n

is the Hessian of ||z||. One obtains also that for 1 <i,j <n

) 2D 5’2(H£BH)
O0x;0z;

Vu(z) =

V (llzll) + J ([l]) Vou (x)

= bi — 0:0; = P;; (0),

where P = (P;; (6)), <ij<n 1 the matrix of the orthogonal projection on the tangent space to
the unit sphere at the point 6. Finally,

lvtgwk (9) . Vwk (ZL")

rowp(0)  wr(x)
so that
wkl(x) (Vu(z) - Vwy () = <37f9§) (Nl + T ([]) Vou ( )) : (%Vz;"i’(ve()e))
= 22 (o (T ) 45 G el Vauan - (S22,

Since (9 . M) = > acr, 2k (a) = 27 one obtains

wi(0)
1 _ 2y0u(x) 1 1
5 (V) Vo (@) = 22 L (7 ) Vi () - Vo 6)
and finally
 10%u(z) n—1+2y0u(x)
Litulr) = 2 or? N 2r or

1 (1 1
- _A n—1
Tz |gBeu @) + 50
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For L the polar decomposition is given by

10%u (x) L 1+ 2y 0u(z)
2 0Or? 2r or

Lru(x) =

e ] u(oqr) —u(x)
g | gBe @)+ o (PO Vau () Vo (0) + 3 ko) =227

acRy
for any u € C% (R™).

Let us prove that this polar decomposition leads to some skew-product decomposition of
the Dunkl Markov process. First of all we give a definition of spherical Dunkl process. The
existence of such a process will be proved in the next theorem.

Definition 31 Let (6;")
generator given by

>0 b€ a Markov process on the unit sphere St c R™ with extended

£ (0) = %Asnlu(e)+2w: 7 (P (6) Vou () - Towr (6)+ 3 k(o 0 a)f(e), (54)

acR

(u € Ck (S™7)). Then (©y), is called spherical Dunkl Markov process.

Theorem 32 Let (Xy),, be a multidimensional Dunkl Markov process with extended generator
given by (2), then it can be decomposed as a skew-product

Xt - Tt@ 't ds
fo E’

where (rt),~, 18 a Bessel process of dimension 2y +n and (04),, is spherical Dunkl Markov
process, with extended generator given by (54) , independent from (rt),5 -

Notation 33 For a process X, if necessary, we will denote by X® the process started at x.

Proof. Let X be a Dunkl Markov process with extended generator given by (2). Since
r:= || X is a Bessel process of index vy +n/2—-1> 0

t
Ay ::/ . 2du
0

is a continuous strictly increasing time-change. Since

t
/ . 2du — 400, ast — 400 a.s.
0

/ ru2du:t} < +00
0
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for any t > 0. Denote Y; := X,,, &, := r;,. Then £ is a Markov process. Note that differentiating

the equality
Tt
t= / . 2du,
0
which is true for any ¢ > 0 one obtains that
t
Ty = / £ du. (55)
0

Y is a strong Markov process with respect to (G;) := (F7,).
Let us prove that © :=Y/|Y|| is a Markov process. One has for any ¢ > 0

S -2
2:inf{SZO/ du>t}.
¢ 0

I (d) e
(), 2 ()
c >0 >0

1 <w>) ( 1 (w>) (d) ( (%))
<\/E ! t>0 \/E C_Ct t>0 ! t>0

Since Y; is Markov, for any bounded, measurable function f and s < ¢

¢ () |77] =0e )

for a certain measurable function g; . But from (56) for any y € R™\ {0}

et = [ ()] =n [ ()|
B |1 () =0 ()

Hence O is a Markov process. Note that & and © are both Markov processes with respect to
(Ge).

Note that for any u € C% (R") C Dy (Dx is the domain of the extended infinitesimal
generator of X)

1
=X
Ve

Since

one obtains that

u(Xy) —u(Xo) — /Ot Lru (X;)ds
is a martingale. By Volkonsky’s formula (see [Yor01], p.168) C% (R") C Dy and
w¥) =) - [ Lu(vds
is a martingale, where Lu (z) := ||z|* Lyu (z) .
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Let £° be the restriction of £ to the functions f € C% (R"), such that for any z € R"
f(x)= f(x/|z]]). Then for any § € S™!

€91 (6) = 325 S () + gy (P (O) Vo (0)- T (0) + 3 (o) HEELLE)

2wy, (0) S )’

and

Df = £(,) — £ (©y) - / £OF(0,)ds

is a martingale. For any g € C% ([0, c0)) and 7 > 0 define £ by

1 ,0%(r) N n—1+2vy0dg(r)

3 —
Lrg(r) = 2T or? " 2 or

Since g (||-||) € Dy
O =g (&) — 9(€) - /ﬁ

is a martingale.

Take now a copy of O@/lzl) of @@/llzl) such that f(H‘T”) and ©@/IIz1) are independent processes.
We will show that the process Z, defined by

Zp1 sy = ENEDEEID

0Ss

is a Dunkl Markov process. Note that since @/l is a copy of O/ l=Il)

Df = f(6.) - 1 (6) _/Otcef (6.) s

is a martingale. Then by Ito’s formula

t

g1 (8) ~ | 96 £of (6.)ds + [ £(6) cacpas+ o). r(8)]. 7

where M; ~ N; means that M; — N, is a martingale.

Since ¢ is continuous
9. 7(0)] =[9©. 7(8)] +9&) £ (&0).
Since £ and @@/l are independent processes ( ) > [g ©), f (@)L — 0. Hence
9(6)f(60) - /0 96 £of (6.) ds+ /0 7(8.) £ e, ds
is a martingale. Let & (z) := g (||z]|) f (z/ |z])), then
g(€)L0F (6.) + 1 (6,) £59(6,) = £h (£,6,)
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and .
n(660) —h (2660) - /0 £n(£,6.) ds

is a martingale. For any R > 0 let Ag be a function such that A\g € C®¥ (R), Ag > 0, and
Ar = 1 on [0, R]. For any polynomial p define pg (-) :=p (-) Agr (||-||) , then

e (60) ~ e (600) = [ 2o (0.) ds (59

is a martingale. Now for 1 <i < n and u € C* (R") define T} by

T (2) = 62_5:) £ ka) &iu(x) ;‘ux(aaa:)’
¢ acRL

then from ([Ros03], 2.2)
1 2 : 2
Ly = 5 A Tl (59)

and
u(z) —u(oax) _

1

/ Opu(x —t(a-z)a)dt (60)
0

for any u € C! (R") and « € R. Note that polynomials are dense in C% (R") for the topology

of uniform convergence on compact sets of the functions and their two first order derivatives.
Hence using (58), (59), and (60) one obtains that for any u € C% (R")

u(600) ~u (&) - [ £u(e0.) s

is a martingale. Denote 7 := inf {s > 0 UOS Edu = t} = fg 1, 2du, then from (55) r, = &-, and
again by Volkonsky’s formula (see [Yor01], p.168) for any u € C% (R")

U (rt(:);t) —u (rt@;o) — /Ot Liu (7’3(:);5> ds

is a martingale. Then by Theorem 4 rt(:)ﬂ is a Dunkl Markov process.

a-x

Since o (¢, t > 0) = o (ry, t > 0), r and © are independent processes. ®

Using that XV = 7 (X;) one can introduce the following

Definition 34 Let (0]")
given by

o be a Markov process on C'NS* 1 c R™ with extended generator

1 1

(ue CZ(CNS™1), such that Vu(z)-a =0 forz € H,NCNS" !, a€ Ry). Then we shall
call <@t)t20 the spherical part of the radial Dunkl Markov process.

((P(0) Vou (0)) - Vowr (0)), (61)
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One can also easily get that

t—Tt@ftds-

Remark 35 In the case R* one can further compute explicitly the extended generator (5).
Passing to polar coordinates 0 = (cos ¢, sin qb)t one obtains

W . _ 1d%u . d¢ u (cos ¢, sin ¢) < 1wk (cos ¢, sin @)
L, u(cos ¢, sing) = 5(1752 (cos ¢, sin ¢) + Sior (05 ¢, 50 0)

Consider now a Dunkl Markov process X #)* with drift o started at 0. From [GYO05c| this
is a Markov process with infinitesimal generator given by

_
Dk: ('Tay)

1 3 £l Dy (3, 041) — D (29)) (1 (7a) — u (1)

+
Dy (2, y wcr, W)

LEu(y) = Li(u)(y)+ (Vy (Dk (2,9)) - Vu(y)) (62)

Note that if k (a) = 0, this process is the usual Brownian motion with drift . Moreover

X = x ) (63)

where (Xt(k’w)> is a Dunkl Markov process started at z.
>0

From (63)
-

Since HX(M)H is a Bessel process with index v := v+ n/2 — 1, HXt(k)’w ‘ is a Bessel process

"with drift” (see [Wat75], [PY81], [GY05c¢]), i.e. the process with extended generator given by
L® on p.158 in [GY05c¢]:

1 d? 2v+1 I d
(x) _ = v+1 ° 4
L >y + ( 5 +x T (:L“y)) m (64)

Extending the results of [PY81] which are given for Brownian motion with drift one obtains

Proposition 36 Let (X;) be a Dunkl Markov process X ¥ with drift x # 0 started at 0 and

let R, = HX}’“”” . Then
. > ds
x —re ([ 5). (65)
t s
where <@t)t20 is a Dunkl Markov process on the unit sphere S"~!, starting at ©g = ﬁ, and

independent of a Bessel process "with drift” (Ry), -
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Proof. Take X; a Dunkl Markov process starting at z # 0. Then
Xs == ||Xs|| ("’:)fos du _,

[l X2

where (0;),5, is a Dunkl Markov process on the unit sphere independent from (|| X;|),5,- Now
making substitutions s — % and u — % one obtains

@ fSOO du

5 Y

s X1 = HSX;
S S

uX q
u

which leads (65). m

Now it is not difficult to prove the following proposition which extends a similar result in
[PY81].

Proposition 37 Let (X;) be a Dunkl Markov process X ¥ with drift x # 0 started at 0 and

(k).
let Ry = HX(’“)””H. Define T, := inf {s > 0|Rs =a} and ¥, := X’}%t . Then the hitting angle
9 (Ty) is independent from Ty.

Proof. It is plain from (65) that ¥ (7},) = © ( Toao %) is independent from the whole radial

motion prior to 7T}, and the result follows. m

Remark 38 When (X;) is transient one obtains the same result for a last exit time L, :=
sup{s > 0|Rs =a}, i.e. 9(L,) is independent from L,.
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