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Error estimate for the Finite Volume Scheme applied
to the advection equation

Benoit Merlet*and Julien Vovellef

Abstract

We study the convergence of the Finite Volume Scheme for the advection equa-
tion with a divergence free C' speed in a domain without boundary. We show
that the rate of the L°(0,T; L')-error estimate is h'/? for BV data. This result
was expected from numerical experiment and is optimal. The proof is based on
Kuznetsov’s method. This method has been introduced for non-linear hyperbolic
equations but for the improvements presented in this paper, the linearity of the
initial equation is crucial.

Keywords: scalar conservation laws, advection equation, Finite Volume method, error
estimate
MSC Number: 35L65, 65M15

1 Introduction

The Finite Volume method is well adapted to the computation of the solution of pdes
which are conservation (or balance) laws, for the reason that it respects the property of
conservation (or balance) which is the root of the pde under study. The mathematical
analysis of the application of the Finite Volume method to hyperbolic first-order conser-
vation laws can be dated from the mid sixties (see [[S6J] for example). Concerning the
specific problem of the estimate of the rate of convergence of the method, the first result
is due to Kuztnetsov [Kuz7q], who proves that this rate of convergence in L>°(0,T; L') is
of order h'/?, where h is the size of the mesh, provided that the initial data is in BV and
the mesh is a structured cartesian grid. Ever since, several studies and results have come
to supplement the error estimate of Kuznetsov. Before describing them, let us emphasize
two points:

1. The analysis of the speed of convergence of the Finite Volume method is distinct
from the analysis of the order of the method. In the analysis of the speed of convergence
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of the method, general data (e.g. BV data) are considered. Indeed, here, the problem
is to show that the Finite Volume method behaves well regarding the approximation of
the continuous evolution problem in all his features (in particular the creation and the
transport of discontinuities). On the other hand, in the analysis of the order of the
method, restrictions on the regularity of the data are of no importance.

2. If, numerically, the speed of convergence of the Finite Volume method applied to first-
order conservation laws is observed to be (at least) of order h'/? in the L>(0,T’; L')-norm,
whether the mesh is structured or not, the theoretical and rigorous proof of this result
appears to be strongly related to the structure of the mesh.

Indeed, in the case where the mesh is unstructured (see Section — what we call
a structured mesh is a cartesian mesh with identical cells but this can be slightly re-
laxed [[CGY9Y)), the result of Kuznetsov has been extended, but to the price of a fall in
the order of the error estimate: h'/* error estimate in the L°(0,T; L')-norm for the Finite
Volume method applied to hyperbolic conservation laws on unstructured meshes has been
proved by Cockburn, Coquel, Lefloch [CCL39], Vila [Vil9]] and Eymard, Gallouét, Herbin
[EGHOQ] for the Cauchy-Problem (h'/% error estimate for the Cauchy-Dirichlet Problem
OV04]). We repeat that numerical tests gives an order h'/2? for structured as well as
unstructured meshes; still, concerning these latter, numerical analysis did not manage to
give the rigorous proof of the order h'/2: there is an upper limit at the order h'/4. In this
paper we prove this expected h'/2-error estimate in the case where the conservation law
is linear , i.e. for linear advection equation with a free divergence speed: see Theorem B

This result is optimal [[['T9H, Bab97|. If one is interested in the order of the Finite
Volume method applied to the approximation of linear advection equation, then things
are different: the rate h'/? is no more optimal, i.e: for quite regular initial data, the scheme
can converge at speed h: see the recent work of Bouche, Ghidaglia, Pascal [BGP0J| on
that purpose. In the same direction (the study of the order of the Finite Volume method
on unstructured meshes), we also make reference to the works of Després [Des04H, [Des044|
on the one hand, who proves an h'/2 error estimate in the L°L2-norm for the upwind
Finite Volume method applied to linear advection equations with constant speed and
H? initial data. On the other hand, we refer to the work of Vila and Villedieu [VV03],
who prove an h'/? error estimate in the L? space-time norm for the approximation of
Friedrichs hyperbolic systems with H! data by energy estimates (they consider explicit in
time Finite Volume schemes, for implicit schemes in the case of scalar advection equation,
see, as they underline it, the result of Johnson and Pitkiiranta [JP8@] who show an h'/2
error estimate in the L? space-time norm for H! data).

In the three papers [Des04H, Des04d, BGP0Y|, the interested reader will also find ref-
erences to the finite difference approach for error estimates. However, this approach is
mainly devoted to the study of Finite Volume schemes on structured meshes. More cen-
tral in our context (Finite Volume schemes on unstructured meshes applied to hyperbolic
conservation laws with BV initial data) is the question of a BV -estimate on the approx-
imate numerical solution. Indeed, a uniform bound on the BV norm of the numerical




solution is known to be a key to the proof of an h'/?-error estimate (whatever the equa-
tion and the scheme are linear or not) but such bounds are impossible to obtain (see
the counter-example of Després in [Des04d]). Fortunately, uniform bounds on the total
variation of the numerical flux and not on the numerical solution itself are sufficient to
get an h'/2-error estimate. We prove this bound as a by-product of our error estimate

(see ([J) in Theorem [)

The paper is divided into three parts: first we continue this introduction by describing the
linear advection problem, the Finite Volume scheme, our results and we give the main lines
of the proof. In Section f] we give some classical results on the Finite Volume scheme, in
Section | we derive the approximate entropy inequality satisfied by the numerical solution
and settle the technic of the doubling of variables for comparison of solutions. In Section [
various and successive estimates are derived to complete the proofs of our results.

Notations

If (X, ;1) is a measurable set with finite (positive) measure and ¢ € L*(X), we denote the

mean of ¢ over X by
fe = s )
pdp = —— -
X n(X) Jx

If X is a set, 1x denotes the real function constant equal to 1 on X.
If U is an open subset of RY, ¢ > 1, we say that V € C}(U,R?) if all the components of V
are differentiable, are bounded and have continuous derivative on U.
If U is an open subset of R? d > 1, we let BV (U) denote the set of L' function with
bounded Radon measure as derivatives, which, by the Riesz representation theorem is
known to be the set of L' functions with bounded variation:

- +oo}

where ||| := ||/ + - + @2 | () for ¢ € C°(U)* and div is the divergence operator.

/U w(z)divip(z)da

peCe(U)% llell<1

BV (U) = {u e L'(U); sup

1.1 The linear advection equation

Let Q := T or Q := R? and let T > 0. We consider the linear advection problem with
periodic boundary conditions

u +div(Vu) =0, ze€Q,te(0,7T),
(1)

u(z,0) =up(x), z€9Q,
where we suppose that V € C}(Q x [0, T], R?) satisfies
divV(,t)=0  Vtel0,T]. (2)



The problem ([) has a solution for uy € L(Q); for the purpose of the error estimate, we
will consider initial data in BV ().

Theorem 1 Assume V € CHQ x [0, T],R?). Let ug € LY(Q). The problem () admits a
unique weak solution u, in the sense thatu € L*(Q2x(0,T)) and: for all p € C*(2x[0,T)),

T
/ / u(ee +V - Vo)dadt + / uop(x,0)dr = 0.
o Jo Q

Moreover, u € C([0,T], L*(Q)), u is the entropy solution of (1) and its L*-norm is con-
served:

vVt e (0,7), /Quz(a:,t)dm = /ng(:c)da: (3)

Besides, there exists a constant C' > 0 independent from wuy such that, if additionally
ug € BV () then

u(, )||Bve) < Clluollsvy — for allt € [0,T], } (4)

||| Bv@xiom < ClluollBv@)-

Proof of Theorem [I] All the results cited in the theorem follow from the characteristic
formula:

u(z,t) = uo(X(0;2,1)) ()
where X (7;z,t) denotes the solution of the Cauchy Problem
dX
d—(Ta T, t) = V(X(Ta L, t)a 7_)7 T E [07 T]>
! (6)
X(t;z,t) = .

We only give the sketch of the proof: the Cauchy Problem (f]) admits a global solution X
for V' is locally Lipschitz continuous (it is continuously differentiable) and bounded. By
regularity of the flow, X € C'([0,T] x Q x [0,T]). Besides, by (P)), the flow preserves the
Lesbegue measure on R%: for every 7.t € [0, 7T,

X(1,,t)g A=A (7)

where ) is the Lebesgue measure on R?. Existence for ([J) follows from the explicit formula
(B) and, by an argument of duality, uniqueness also. Formula ([]) also gives the stability
of L>*(Q) and, by a change of variable, the fact that u € C(0,T; L*(2)), that u satisfies
the entropy conditions (see (R4)). The conservation (f) is a consequence of (), as well as
() which also relies on the fact that X has bounded derivatives. n

Remark 1 Notice that we consider domains without boundary. In particular, for a
Cauchy-Dirichlet Problem, equality ({3) (used in the proof of Theorem [) would not hold.
However, the Cauchy-Dirichlet Problem would deserve a specific analysis.



1.2 Finite Volume scheme

The Finite Volume Scheme which approximates ([l) is defined on a mesh 7 which is a
family of disjoint connected polygonal subsets of Q (called control volumes) such that
Q is the union of the closures of the elements of this family. We also suppose that the
partition 7 satisfies the following properties: the common interface of two control volumes
is included in an hyperplane of R?; there exists a > 0 such that

ah? <|K|, (8)
0K| < Lhi-' VK €T,

where h is the size of the mesh: h := sup{diam(K), K € T}, |K| is the d-dimensional
Lebesgue measure of K and |0K]| is the (d — 1)-dimensional Lebesgue measure of 0K.
If K and L are two control volumes having an edge ¢ in common we say that L is a
neighbour of K and denote (quite abusively) L € K. We also denote K|L the common
edge and ngy the unit normal to K|L pointing outward K. Set

(n+1)d
VKL —/ ][ v'nKL
K|L

0K = {L € 0K, V¥, > 0}.

We denote by OKF the set

We also fix a time step 0t > 0. We denote by M := 7 x N the space-time mesh
and by K, := K X [ndt,(n + 1)dt) a generic space-time cell. In the same way we set
K|L, := K|L x [ndt, (n + 1)dt).

We will assume that the so called Courant-Friedrich-Levy condition is satisfied: there
exists £ € (0,1) such that

YootV < (1-9IK|,  VK,eM. (9)

LedK,T

Remark 2 Under condition (§), the CFL condition ([) holds as soon as

i< (1-¢)

The Finite Volume Scheme with explicit time-discretization is defined by the following
set of equations:

1
ule = (&) /K up(z)de, VK € T, (10)
n+1
L Z Vi (ug —up) =0, VK € T,Vn € N. (11)
ot |K| LEOK,T



We then denote by w, the approximate solution of ([[) defined by the Finite Volume
scheme:

up(x,t) =ulf, V(z,t) € K,. (12)
From now on, we suppose that 0 < A < 1 and that (fJ) is satisfied. We fix a time
T > 0 and we denote by N the integer such that (N + 1)dt < T < (N + 2)dt (so that
u(T) = ger u%Hl\K)'

Finally, let us introduce the relative (to V') variation of wy,

N N
Qluo, T) = Y Y K[ =i+ > otViglup —ugl.
n=0 KeT n=0 K€T [cpK;t

In the sequel, C' denotes various constants which are non decreasing functions of «, T,
/&€ IV lloo, |0:V]|s0 and ||VV]|« but independent from h or ug. We now state the main
result of the paper.

Theorem 2 Assume V € CL(Q x [0,T],R?) satisfy (B). Let ug in L' N BV(Q) and
u € LY(Q x (0,T)) be the solution to (). Let uy, be its numerical approximation given by
the upwind Finite Volume method (I0)-(3)-(Z3). Then, if the CFL condition ({) holds
with € € (0,1), we have the following error estimate:

/\u(x,T)—uh(x,Tﬂdx < Clluo|lsvh?,
Q

Quo, T) < Clluollpv, (13)
where C' is a function of T, ||V ]|oo, [|VV |loo, [0V ]| and €.

1.3 Sketch of the proof of Theorem

We emphasize the main ideas of the proof of Theorem P Let us first describe the classical
method (see [EGHO(]). Using a discrete entropy inequality and performing the doubling
of variable technic of Kruzhkov, we have, for ¢ > 0,

/ lup(z, T) — u(x,T)|dx < C (||uo||pve + (I + 1)), (14)
Q
(In this summary, we do not express I/, estimates on /[ are similar to those on ). We
have

N

I=>"> rk, (15)

n=0 KeT

with

= [ [0 = w90 = e~ )

(n+1)dt
/K <][ pe(r —y,t — s)dt — p-(x —y, (n+ 1)0t — s)) dt] dyds. (16)

ot



where the function p. is defined by p.(-,-) := (1/e)™'p(-/e, /) where p is a smooth
compactly supported non negative function satisfying [ p = 1.

In order to estimate rx, we bound |u™ —u(y, s)| — [u% —u(y, s)| by |[u%
have

nH | and we

.| < C1KJufc™ — uil /e (17)

Summing these estimates and using Cauchy-Schwartz inequality, we get

N 1/2 1/2
Il < (6t)V%/e (ZZWW) (ZZWHU"H—U%P)

n=0 KeT n=0 KeT

1/2
< (8t)'2/e(T|0)' (2:2:IKIIU"+l U?Az) :

n=0 KeT

Then we use the L2—estimate

X:XNKIIU"H—U%I2 < Clluollz:- (18)

n=0 KeT

Plugging these estimates in ([[4) and optimizing in €, we are led to
/ Jun (2, T) = u(a, T)|da < Cluo| 5 |uol|g5h' .
Q

(thanks to the CFL condition, we have 6t < Ch.)

The preceding method is classical and is also valid in the non-linear case. In this article,
we remark that (in the linear case and) if ug is a characteristic function, we have rg, =0
for most of the space-time cells K,, := K X [ndt, (n + 1)dt). More precisely, if ug is a
characteristic function, then u is also the characteristic function of a subset B of 2x [0, T'].
Now, let us define

Mr. = {K, : d(K,,0B) <c¢}.
Roughly speaking, we will have
> |KIst < Clluollpve.
KneMT,s

If K,, & Mr,, then (y,s) — u(y, s) is constant on the support of p.(x — -, ¢t — -) for every
(x,t) in K x (ndt, (n+ 1)0t] and a direct computation yields to rg, = 0. For K,, € Mr_,
we use inequality ([7). Summing the inequalities and using Cauchy-Schwartz inequality,
we obtain

1/2

1/2
1] < (@) Pe | Y Kot (ZZIKHU"“ U%P)

KneMr n=0 KeT

1/2
< ol Y2 (5t /) (Z > K| g - U%IQ) - (19)

n=0 KeT



Plugging ([§) in ([9) and optimizing in & would lead to an error estimate of order h'/3.
To obtain h'/2, we notice (see Lemma f) that ([[§) may be improved in

N
E(T,up) = Y > |K|luf —ujl” (20)
n=0 KeT
< O (fluoll7z = llun(- T)|I72) - (21)

Now, using the preceding inequality, (J) and the fact that ||u|l. < 1, we compute
E(Tw) < C [ fun(,T) = u(,T)
Q

Plugging this estimate in ([[9), using (I4) and optimizing in €, we obtain

/Q un (- T) —u(- T)|) < Cllul|et/3n/3 </Q (- T) — U(-,T)|)1/3_

And the Theorem is proved when wug is a characteristic function. The general result follows
by linearity, using the decomposition of Lemma [

2 Classical results

By continuity in BV of the L2-projection on the functions piecewise constant with respect

to the mesh 7 (see [Coc91]]), we have:

Lemma 1 There exists a constant C' > 0 which depends on «, d only such that for every
Uy € BV(Q),

Clluol| Bv,
CHUOHBV}L-

|un(-,0) || Bv

<
[un(-,0) = uol[r <
The free divergence assumption (f]) leads to the following identity

Lemma 2 Under the hypothesis of free divergence (B), one has

S Vip= ). Vixk  ¥n>0,VKeT.

LedK;F L:KedLy

Monotony
Under a CFL condition the Finite Volume scheme is order-preserving (hence stable in

L*>):

Proposition 1 Under condition (), the application T : (u) — (ui') defined by (1)
1S order-preserving.



Proof of Proposition [ll: Eq. () gives

VLot Vot
n+1 KL n KL n
=13 TN u (22)
K K L
. K| . |K|
LedK;! LedK!

. = n+l - . .
i.e., under (f), u is a convex combination of uf, (u})cox+- n

Corollary 1 Assume ([9), then, for all { € R,

e =gl = ¢l | 1
5t K]

> Vip(luk =€ = lup —€]) <0,VK € T,Vn € N. (23)

LedK,T

Proof of Corollary fl: Write |u — &| = uT§ — ulg, where aTb := max(a,b) and
alb := min(a,b). Since T : (u}) + (u%) is non-decreasing, (ux) < T(u%TE) and
also (&) = T(&) < T(uTE). Therefore (uiTE) < T(ukTE). Similarly, (up'LE) >
T(u%1€) and by subtracting these two results we get (B3)).

L'-stability

From Lemma [ it is not difficult to see that the quantity ), ., |K|u is conserved. This
fact and Proposition [[] implies:

Proposition 2 Under condition (), the scheme T : (u}) — (ui) is stable for the
L*-norm:

YOIKIE < YKkl Vn>0.
KeT KeT

3 Entropy inequalities

The solution u of the linear problem ([]) satisfies the following entropy equality (see
Theorem [l):

Proposition 3 for all £ € [0,1], for all ¢ € C°(2 x [0,+0)), ¢ >0,

/ / = €]+ V - Vo)dadt + / 1y — €l 0) = 0, (24)
0 Q Q

This is an entropy equality and not just entropy inequality since the problem is linear;
somehow an entropy inequality would be sufficient. We intend to prove that uy satisfies
an entropy inequality up to an error term:



Proposition 4 for all € € [0,1], for all ¢ € C°(2 x [0, +00)), ¢ >0,

/OOO / fun — El(u + V- Vig)dadt + / un(0) — Elp(-0) > —ml&, o),

n+1 .
meg) = Y |K|6t(‘“ 5‘& k 5‘<@%—¢K<<n+1>6t>>
Kn,eM
Y — u} = EN(Vitzek — (Vo))
LeaK+
where
no.—= dxd = d
o fﬂm vlt, ot ]i ol t)de,

(n4+1)dt
(Vo). = / ][ oz, )V (x,t) - ngp(x)dtde.
K|L
Proof of Proposition @: We develop the first term of the inequality:

| [ w = €lte+ v Voo
0 @ 1 (n+1)6t
= > \KWW%—QW/ /(%+V'V90)

KneM

=Y Kt — €] |K|/ ((n+1)6t) — |K| H(n6t))

KnpeM
(n+1)5
V-
" Z 5t|K|/ /KLSO nKL>

LeOK
= 3 (K18t uk — €l (wx((n+ 1)5t) — prc(ndt))

KneM
I Z (V)i V‘P)LK)

LeoK

and by rearranging the terms in the first and second sum we get

/ /|Uh—f|(80t+V V) dxdt—l—/|uh —&|o(+,0)
- > |K|6t( juf — €| - |u"+1 ENere((n + 1)01)

KneM
+ Y ~ g = ED(Veis)
LeaK+
= 3 1Kot (i — ¢l - |u“+1 él)
KneM v
+ 2 Tl =€~k = €)) ek —m(& )
LedK,}

10



This is the discrete entropy inequality (BJ) satisfied by w;, which shows that the first term
of the last equality is non-negative (multiply Eq. (B) by ¢ and sum over n > 0 and
K € T), from which follows the approximate continuous entropy inequality (B3)-(BG).

n

3.1 Doubling variables

To perform the technic of doubling of variables [Kru7(, [Kuz76], we introduce an approx-
imation of the unit (p.) and a test function .

Definition 1 We set pl(t) = e~ 1pl(t/e), p(z) = e 4p(z/e) and

pe(xv t) = pg(x)p; (t),

where p' € CYR), suppp' C [-1,0], [p' =1, p' > 0 and p € CHR?), suppp? C
BRd(]l fp—lpd>0

Let us also introduce the characteristic function V¥r = 1l ns1)s). Eventually, we set
0t P X R?2 =R, (z,y,t,5) — Yr(t)p.(x —y,t — 5).

We will need a sequence (W), > 1 approximating vy, satisfying % € C*(R,,R), 0 <
1%2 <1 and

wg}(t) =1 for (N + 1)dt,
YE(t) =0 for (N 41+ 1/k)ét

We then set o : QO x R? = R, (z,y,t,5) — V() p-(x — y, t — 5).

I\/ I/\

Proposition 5 Assume the CFL condition (). Suppose uy € L' N BV(Q). Let u
be the solution of (1) and wy, the numerical approzimation given by the Finite Volume

method ({I0)-(Z1)-(L3). Then, for T >0,
/ lu(x, T) — up(x, T)|dx
Q

SC||u0HBV(8+h+6t)+//nh(u(yvs%SOE(7y77S)dyds (27>
RJQ

Proof of Proposition [
Let € > 0. For k > 1, let us write (B3) with £ = u(y, s), and

(x,1) = ¢L(w,y,t,5)

as a test function and sum the result with respect to (y, s) to get

/w//w/ Jun(, 1) = u(y, $)|(0 + V - Vo) (V5 p. ) dwdtdyds
/ // |un(,0)—u(y, s)[1r(0)pe (v —y, —s)dvdyds > — / /77h uly, s), o) dyds.

(28)

11



Similarly, write (24) in the (y, s)-variables, choose & = uy(x,t), (y, s) — ©*(z,y,t,5) as a
test function and sum the result with respect to (x,t) to get

[ [t - utwol@.+v-v,)@h)dsdagds =0 (29)
o JaJo Ja
(The term involving the initial condition vanishes because p.(z—y,t) = 0 for non negative

times ¢.) Use the identities (0; + 0s)p-(x —y,t —s) = 0 and (V. + V,)p:(z —y,t —s) = 0,
sum (P§) and (P9) and let k& tend to +oo to obtain the following inequality:

/000 /Q /Q lun (2, T) = u(y, s)|pe(x — y, (N + 1)dt — s)dxdyds

N / " / / [un(2,0) — u(y, 5)\pelz — y, —s)dadyds
—/OOO/th(U(y,S),sDa)dde-

And since / / / pe(x —y, —s)dxdyds = 1, we have

[t 1) = e Do [ [ a9, v

—Aml;ém@JU—u@ﬁmax—%UV+D&—sMM@®

_/OOO/Q/Q\UO(I)_u(y,s)\pe(x_y,—s)dxdyds—/ﬂwo(x)—uh(x,0)|dx- (30)

The speed of convergence of the remaining terms of (B() is related to the speed of con-
vergence of the translations of uy and u(+,0) in L', which is known since they are BV
functions (see e.g. [Kru7(] for the proof of the following lemma)

Lemma 3 Let g € N*, let U be an open convex bounded subset of R, let (0.) be a sequence
of non-negative functions on RY x R? such that supp(0.) is a subset of the e-neighbourhood
of the diagonal {(x,y) € R* x =y} and such that for all x,y € RY,

/U .(z,) = / 0.(y) = M.

Then, for f € L* N BV (U),

[ [ 1@~ 6., )dody < M1 Flav e

12



From Lemma [, inequality (f]) of Theorem [l] and the second inequality of Lemma [I], we
have

/ //|u(x,T)—u(y,s)|pe(:)3—y,(N—l—1)5t—s)dxdyds < Cllugl|gv (e + dt),
o JaJa
| [ 10 =ty 9lonte . ~s)dadyds < Clulave,
o JaJa
/ //|u(:)3,0)—uo(x)|p5(x—y,—s)dzdyds < Cllugl|gvh-
o JalJa

The Proposition follows from these estimates and (B0). n

4 Proof of Theorem

We begin with three lemmas

Lemma 4 (Energy estimate) Suppose ug € L*(). Let uy be the numerical solution
defined by (L0)-(11)-([Z3). Assume ({9), then, for all t > §t, we have the following bound

E(t)= Y > IK[ug™" —uif

n<t/6t—dt KT

Y oY Viesluk —uil < C (Jun(O) o — lun(®)3x.) (81

n<t/st—5t KeT LEOK

where C' = (2 — &)/ is a positive constant.

Proof of Lemma f: Multiply Eq. ([1) by u, use the identity
1 1
a(b—a) = 5(62 —a?) — i(b —a)?

with (a,b) = (u%, uxt) and (a,b) = (u,u}) and sum the result over K € T, 0 < n <
t/ot — 1 to get

= > DK gl

0<n<t/5t—1 K€T

oYty > Viglug —ui P = flun( 0)Fag) — ()1 (32)

0<n<t/6t—1 KeT LEOK

13



By ([d]), we have

Yoo D IRl = Y Y /K| Y Vig(ug —up)

0<n<t/st—1 KT 0<n<t/st—1 KT LedK;
n n n n|2
< E E ot E 6tV /K| E Viplug — uf]
0<n<t/st—1 KeT LedK; LedK;

<A=& D 6> D Vi luk —up)? (33)

0<n<t/dt—1 KeT reok;t

by (B). Using this estimate in (B2) gives

Z ot Z Z Viplug — UL|2 > f (Huh( )||L2 0,1) — [lun(t )||L2(01>

0<n<t/6t—1 KeT LedK

Together with (B3), this yields (BI)). n

Lemma 5 [Fed06y, Let ug € BV (). For every ( € R, define

1 if 0<wug(x) <,

Xuo(2,C) = -1 if (<up(zr) <0,
0 in the other cases.

We have ug = /XUO(-,C)CZC, almost every where. Moreover, by the co-area formula, we
R

have

luollsy = / 1 (- ) | vC.

Lemma 6 [Translations of ./

Recall that the test-function @, is defined in Definition[]. For all K,, € M, for all L € 0K,
we have

(n+1)d

(2 y, ', s)dt' — p. (2, y, (n+ 1)dt, s)| da'dyds

QXR+

/QXR+ /I{|Ln

< C|K[(0t/e)  (34)

][ o2y, s, t")dd'dt’ — p.(x,y, s,t)| dedtdyds < Cot|K|L|h/e.  (35)

n

14



Proof of Lemma B: We prove (B4), the proof of (BJ) is similar. Set ¢, := (n + 1)dt.
Since ¢ is constant on (ndt, (n + 1)dt|, we have

n+1
/ / gpa oyt s)dt — g (2 y, (n+ 1)dt, s)| da'dyds
QXR+
(n+1)dt
< orlelK] / Fo k= st e, - )| ds
R4 |Jndt
(n+1) .
= [orlol] ][ (DLt — 5) — pl(t — 5))dt'| ds
(n+1)d
< |K]| / ‘pe —5) = p'(t, — )| dsdt
n+1
< |K|||pa||Bv][ W= talat
not
< |K|lotlsvot < CIK|ot/e.

The main step in the proof of Theorem B is the following

Proposition 6 Suppose that V € C1(Q x [0,T],RY) satisfies (). Let ug be the charac-
teristic function of a connected set A C Q. We suppose that ug € BV (). Let u be the
solution of ([@) with initial data ug and uy be the approzimate solution defined by ([[0)-

(I1)-(13). Then
/ fun(@, T) —u(@, T)| < Clluollpyh>.
Q

Moreover Q(ug, T) < Cluo| sy

Proof of Proposition [§ Notice that, insofar as wuq is the characteristic function of the
set A, the fact that ug € BV(Q)) precisely means that A has finite perimeter. Indeed,
|uo||By = |0A|. Similarly, the function u is the characteristic function of a set B and we
have |0(B N (Q x [0,T]))| = ||ull av@xjo,m)-

Remark 3 Along the proof, we will use a small parameter . At the end of the proof this
parameter will be set to h'/%. In particular, since 0 < h < 1, we have h < €.

From the isoperimetric inequality, we have / lug(z)|dx < Clluel| 5. Thus if [|Juo|| v <
Q

e’:‘d_lz

/ uo(@)de < Clluollsve,
Q

and, in this case, the Proposition is a consequence of Remark [ and of the L'-stability of
the scheme.

15



We now suppose that
||u0||BV > Ed_l. (36)

Using Proposition ], we have to bound the quantity

/0+oo /Q m(uly, s), ¢e(,y, -, 5))dyds

/+OO/Q Z Z |u"+l )|_|u?<—u(y,8)|)

Kn€EMr LedK;

(n+1)6
x ( / [][ %(x',y,t',s)dt/—mxcy,(nmat,s)l dx') dyds
K

S A A S SR SRR

Kn€EMr LepK;F

‘ ( / {][ %(a:cy,t',s)dx'dt/—%(a:,y,t,s)} v<x,t>-nKLda:) dyds. (37)
K\Ln

n

Remark 4 Since Yr = 1o ny1), the sums on M have been restricted to
Mp={K,eM :0<n<N}

Let us note / and II the two terms of the right hand side of (B7).
Step 1. Estimate of I1:
In order to bound 11, we introduce the set

Mr. = {K,e My : dK,,0B) <ec}.

An important fact is that, up to terms of order h + d0t, the volume of UKnEMTs K, is
bounded by Ce. Indeed, the Hausdorff measure of dimension d of 0B is |lu| sy @x[o1),
thus

Z §t|K| < lullpviaxpr)(e + h+ 6t) + C(e + h + §t)*

KnEMT,g
< Clluol[sve, (38)

where the second inequality is a consequence of (f]), (f), Remark f and (Bg).
Using Fubini’s Theorem, we write:

= > ko

KneMr LeK;F
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with
PE,L = / [][ qr, (2 )de'dt — q, (2, t) | V(x,t) - ngpdadt,
K|Ln LJKn

+o00
drn(@,t) = / / (I — uly, )] — | — uly, 5)|) 9u(z, 9, 8, s)dyds.
0

If K,, ¢ Mr. and (2",t") € K, then the function (y,s) — u(y,s) is constant on the
set supp @.(x”, -, t”,-) (in the sequel, the corresponding constant is denoted by (). In this
case we have

—+o0
G ) = (ul — ¢ — [ — C]) / / oo (" g, 1", s)dyds
0 Q
= (e — ¢ — [ — <)),

Thus, for K,, & Mr., we have pg, , =0
If K,, € Mr,., we bound ||[u} —u(y, s)| — |u} —uly, s)|| by |ug — u}|. We have

Pk ol < [uge — ul

QxR, JK|L,

1
Since V' € C*(Q x [0,T]), we have |V (z,t) - nxr| < WV}{‘L + C(h + ot) for every
(z,t) € K|L,, and therefore, by (B):

][ (p(xlv Y, S, t,)dl',dt/ - (Pg(x, Y, S, t) |V(QE‘, t) ’ nKL\dxdtdyds
Kn

CVE St — u| + |K|L|5t(h + 5t) [ — ul|)h/e
OV, Stluls — u?| + 6t| K |)h/e.

We used (§), (B) and the L bound on uy, to derive the last estimate.
Summing these estimates, we get

11 < o Yo > stV lu —upl+ Y tK| | h/e.

KneMT,s LE@K:{ KneMT,s

By Cauchy-Schwartz inequality, we obtain

1/2 1/2
<ol Yo Y otV ful —up)? SN otV | hye
KneMre Leok;t Kn€Mre LeaKk;h
+C Y GtK|he.
KneMT,s
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and from inequality (B§) and assumption (f), we have

> StE| < Clluol|sve, > Y athVid, < Cllugllsve.
Kn,eMr . Kn€Mr,e LedK;h
Thus
11| < CE(uo, T)?|lugl gih? /"2 + Cllug|| pve. (39)

Step 2. Estimate of I:

We rewrite
I = > 7.
KpneMrp
with
(n+1)dt
Tk, = / ][ sk, (z,t)dt — sk, (z, (n + 1)dt) | dz,
K not
+oo .
slent) = [ [ = ut.9)] - = ooyt s
0 Q

As previously, we split the sum over M in the definition of I in two blocks. Let us first
consider that K,, ¢ My.. For (z,t) € K,, the function (y,s) — u(y, s) is constant on
the support of ¢.(x,,t,-) and we have

sic (wvt) = (=l =i = <) [ [ et s)dyds
R; JQ
= (lui" = ¢ = luk — <)
and a direct computation yields 7, = 0.

If K,, € Mr,, similar estimates as those used to bound the term I/ (in particular we use

(BY)) gives

i, < CIElug™ — ug| (0t /e).

By summing the result over K, € My, we get

1] < Cdtfe Y |K|lug —

KneMT,g
1/2
< C(0)"?/eE(ug, T)'* [ Y |K|ot
KnEMT,g
< Cllullgy E(ug, T)Y?(? + (5t/2)2). (40)
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Step 3: End of the Proof
Collecting the estimates (B9) and ([0) and using Proposition i, we get:

[ oo )~ w1z <€ (Iuallav bz +2) + Eun, T ol 20/
Q
Setting € := h'/?, we get
/ u(e, T) = un(w, T)ldz < C (Jluoll vk + E(uo, T) 2wl fE011) . (41)
Q

Now, we may use the last inequality to estimate F(ug,T’). Indeed, from () and Lemma [,
we have

E(uy, T) < C/Q(uh(:v,())2 — up(z, T)?)dx
C'/Q(u(x, 0)? — up(z, T)?)dx
- C/Q(u(x,T)z — up(a, T))da

< 20||u0||00/ lu(z, T) — up(x, T)|dx
0

IA

< 20 (Jluollsv k"2 + Euo, )2 Juo [ /1)
Solving this inequality in E(ug, T, we get
E(ug, T) < Cllug| pyh'/> (42)

Plugging this estimate in ([]), the proof of the first part of Proposition [j is achieved.

Since E(ug,T’) is bounded by /(u(m,T)2 — up(x, T)?)dx, the estimate ([) is also valid
)

when (B@) is not satisfied. Thus from (f2) and the Cauchy-Schwarz inequality, we have

1/2
Quo,T) < CE(uo, )| Y K|+ > > Vet
KneMr KneMr LE@K;{
< Clluollsv,
which ends the proof of Proposition . n

Proof of Theorem P. Taking into account Lemma [ and the fact that the scheme and
the equation are linear, it is sufficient to prove Theorem P when ug is a step function:
ug = 14. This is Proposition fj. ]
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