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A Proof of Gromov’s Algebraic Lemma

David Burguet
September 13, 2005

Abstract : Following the analysis of differentiable mappings of Y. Yomdin, M. Gromov
has stated a very elegant “Algebraic Lemma” which says that the “differentiable size” of
an algebraic subset may be bounded in terms only of its dimension, degree and diameter -
regardless of the size of the underlying coefficients! We give a complete and elementary proof
of Gromov’s result using the ideas presented in his Bourbaki talk as well as other necessary
ingredients.

1 Introduction

Several problems in, e.g., Analysis and Dynamical Systems, requires estimating the differen-
tiable size of semi-algebraic subsets. Y. Yomdin developped many tools to this end [. M.
Gromov observed that one of this tools could be refined to give the following very elegant
statement :

Theorem 1 Letr > 1, d > 0, § > 0 be integers, there exists M < oo with the following
properties. For all semi-algebraic compact A C [0,1]% of mazimum dimension | and of degree
< 4, there exist an integer N, integers 0 < ly,..Ix <1 and maps (¢; : [0,1]% +— [0,1]%)i=1. N
satisfaying [|¢; p0 1 llr = maXﬁ:\mngI@%illoo < 1, such that Uﬁio $:([0,1)%) = A, where
N < M and deg(¢;) < M. Furthermore, ¢i/}071[’i is a diffeomorphism onto its image and the
semi-algebraic sets (¢;(]0,1[%))1<i<n are disjoint.

In his Seminaire Bourbaki [[L4], M. Gromov gives many ideas but stops short of a complete
proof which has never been given. On the other hand, this result has been put to much use,
especially in Dynamical System Theory. Y. Yomdin [[[3,[[[4] used it to compare the topo-
logical entropy and the “homological size” for C" maps (in particular, Y. Yomdin shows in
L3 Shub’s conjecture in the case of C>° maps). S. Newhouse [[LI]] then showed, using Pesin’s
theory, how this gives, for C°° smooth maps, upper-semicontinuity of the metric entropy and
therefore the existence of invariant measures with maximum entropy. J. Buzzi [{] observed
that in fact Y. Yomdin’s estimates give an even more uniform result called assymptotic h-
expansiveness, which was in turn used by M. Boyle, D. Fiebig and U. Fiebig [f to prove
existence of symbolic extensions. This theory, the dynamical consequence of the above theo-
rem, is still developping in the works of M. Boyle, T. Downarowicz [B], S. Newhouse and others.

The proof of this theorem is trivial for the dimension 1 and easy for the dimension 2 (See
part 6). To prove the theorem in higher dimensions, we introduce the notion of triangular
(C*, K)-Nash maps : it is the subject of the part 3. The fourth part is devoted to the structure



A PrROOF OF GROMOV’S ALGEBRAIC LEMMA 2

of semi-algebraic sets. In the fifth part, by taking the limit of “good” parametrizations,
we reduce the main theorem to a proposition about the parametrization of semi-algebraic
”smooth” maps in order to avoid the singularities. The other difficulties are dealt with as
suggested by M. Gromov. The proof by induction of this proposition will be dealt with in
the last section.

As I was completing the submission of this paper, I learnt that A. Wilkie had written a
proof of the same theorem [1J]. T am grateful to M. Coste for this reference.

2 Semi-algebraic sets and maps

First recall some basic results concerning semi-algebraic sets. We borrow from [§. For
completeness, other references are [II],[d],[f.

Definition 1 A C R? is a semi-algebraic set, if it can be written as the union of sets of the
form {z € R | Pi(x) > 0,...P.(x) > 0,P41(z) = 0,...P44(z) = 0}, where r,s € N and
Py, ..Pys € R[Xy...X4] . Such a formula is called a presentation of A.

The degree of a presentation is the sum of the total degrees of the polynomials involved with
multiplicities. The degree of a semi-algebraic set is the minimum degree of its presentations.

Definition 2 f: A C RY — R” is a semi-algebraic map if the graph of f is a semi-algebraic
set.

Definition 3 A Nash manifold is an analytic submanifold of R%, wich is a semi-algebraic
set.
A Nash map is a map defined on a Nash manifold, which is analytic and semi-algebraic.

We have the following description of a semi-algebraic set (See [}], Prop 3.5 p 124 and see
[[A] Prop 4.4 p 48) :

Theorem 2 Let A C R™ be a semi-algebraic set, there exist a minimal integer N (bounded
by a function of deg(A)) and connected Nash manifolds (A;)i=1.. N such that A = ]_[fil A;
and Vj # i (A;(adh(A;) # 0) = (Ai C adh(A;) et dim(A;) < dim(A;)). (11 : disjoint
union,).

Definition 4 (with the notations of the previous proposition) The maximum dimension of A
18 the maximum dimension of the Nash manifolds Aq,...AnN.
3 (C% K)-Nash maps and triangular maps

Definition 5 N¢ is provided with a total order <, defined as follows :
For a = (aq,...aq), 8= (B1,...0s) € N?

a2 Biff (o ==, 05 <|B]) or (|| = |B| et gy < By, where k:=max{l <n : o # F})

Notations 1 a + 1(resp a — 1) represents the following element (resp. preceding) o for the
order <.
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Definition 6 Let K € R, d € N, a € N — {0}. Let A C [0,1]¢ a semi-algebraic open set
of R:. A map f: A—[0,1]% is a C°-Nash map, if f := (f1,...f1) is a Nash-map, which can
be continuously extending to adh(A) (we call again f this single extension). A map f: A —
0,1]¢ is a (C*, K)-Nash map, if f is a C°-Nash map and if || f||o := maxs=<a1<i<dl|0° fillo <
K. If a =(0,0...,7), we write (C", K) instead of (C*, K) and we note ||f|, := || fla-

The two following lemmas are dealing with the composition of (C%, 1)-Nash maps.

Lemma 1 For all d,r € N*, there exists K < 400, such that if ¥, ¢ : [0,1]% — [0,1]? are two
(C",1)-Nash maps, then v o ¢ is a (C", K)-Nash map.

PRroOF : Immediate. O

One of the key points of the proof of Yomdin-Gromov theorem is the idea of triangular
maps, which allows us to control the derivatives one after one.

Definition 7 We say that a map ¢ : [0,1)" — [0,1]¢ is triangular if | < d and if there evists
a family of maps (¢; : [0,1]7"GAH1=0 10 1)),y 4, such that

= (Y1(x1...mp), o Vg_j11(@1.0.2p), Yg_iao (T2 )y o gk (e y), - Dg (7))

Remark 1 If ¢ : [0,1]" — [0,1]™ and ¢ : [0,1]™ — [0,1]P are two triangular maps, then
po:[0,1]" — [0,1]P is triangular.

In the case of triangular maps, we give the following version of the lemma [l], allowing an
induction on o € N rather than r € N, in the proof of the proposition 4.

Lemma 2 For all d,r € N*, there exists K < 400 such that if 1, ¢ : [0,1] — [0,1]¢ are two
triangular (C%,1)-Nash maps with || = r, then 1 o ¢ is a (C*, K)-Nash map.

PROOF : Immediate. O
Definition 8 (resolution of a semi-algebraic set) Let M : N> — RT and let K € Rt, d € N*,

A C [0,1]¢ a Nash submanifold od dimension | and o € N® — {0}. The family of maps
(¢ : [0,1)" — [0,1]%);=1..n s a (C°, M)-resolution [resp. (C*, K, M)-resolution] of A if :

e cach ¢; is triangular ;

e cach ¢; is a CO-Nash map [resp. a (C, K)-Nash map)] ;

e adh(A) = Uzj\il $:([0,1]") and each G0 B8 a diffeomorphism onto its image ;
o N, deg(¢;) are less than M(0,d,deg(A)) [resp. M(|a|,d,deg(A))].

Definition 9 (resolution of a family of maps) Let M : N* — Rt K € R, d € N*, a €
N¢ — {0} and let fi,...fr : A — [0,1] be k C°-Nash maps on A C [0,1]¢, a semi-algebraic
open set of RY. The family of maps (¢; : [0,1]¢ — [0,1]%);=1..n is a (C°, M)-resolution [resp.
(C*, K, M)-resolution] of (fi)i=1..x if :

e cach ¢; is triangular ;
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e cach ¢;, fjo¢i is a C°-Nash map [resp. (C*, K)-Nash] ;
e adh(A) = Uf\il $:([0,1]%) and each ®ifj0,1(¢ is a diffeomorphism onto its image ;
o N, deg(¢;), deg(fjopi) are less than M(0,d, k, max;(deg(f;))) [resp. M(|c|,d, k, maz;(deg(f;)))].

Eventually the function M can be chosen independently of the semi-algebraic datas (above
Aor f1,..., fr). We often imply such a function ; we note CV [resp. (C, K)] instead of (C°, M)
[resp. (C*, K, M))] and we will say "N, deg(¢;)... are bounded by a function of |al,d,...”.

The following remark is very useful later on :

Lemma 3 For all M : N> — R, there exists M’ : N> — R such that we have the following
property.

Let d € N*, o € N — {0}, and f : [0,1]% — [0,1] a (C*, M(|a|,d))-Nash map, then f
admits a (C*,1, M'")-resolution.

PROOF : Linear reparametrizations. O

4 Tarski’s Principle and ”saucissonnage”

Proposition 1 (Tarski’s principle) Let A a semi-algebraic set of R and 7 : RTH — RY
the projection defined by m(x1,...,xq11) = (x1,...xq) then w(A) is a semi-algebraic set and
deg(m(A)) is bounded by a fonction of deg(A) and d.

PROOF : See [f] Thm 2.2.1, p 26 and [[f] Prop 4.3 p 48 O

Corollary 1 Any formula combining sign conditions on semi-algebraic functions by conjonc-
tion, disjunction, negation and universal and existential quantifiers defines a semi-algebraic
set.

Corollary 2 Let f : A C RF — R! be a semi-algebraic fonction, then A is a semi-algebraic
set and deg(A) is bounded by a function of deg(f),k and I.

Corollary 3 Any linear expression or composition of semi-algebraic maps is semi-algebraic.
Furthermore, if ¢ and v are two semi-algebraic maps, such that the composition ¢ o) is well
defined, then deg(¢p o) is bounded by a function of deg(¢) and deg(v).

PROOF : See [f]] Prop 2.2.6 p 28 O

Proposition 2 (Cohen) For all Py, ...Ps € R[X1...Xq.1], there exist a partition of [0,1]¢ into
Nash manifolds {Ay,...An}, a finite family of C°-Nash maps *, Ci1 < ... < G2 2 Ai — [0,1],
for all 1 <1i <m, such that :

e for each i and each k, the sign Py(x1,y), with x1 € [0,1] et y := (v2,...,2441) € A,
only depends on the signs of x1 — (i ;(y), j =1,...q; ;

tin [E], M.Coste prove the result for Nash maps, but not necessarily C°-Nash, but the maps ¢; are onto
[0,1], and adapting easily the lemma 2.5.6 in [E}, we can assume that ¢; extends continuously on adh(A;)
2we can have (; () = (i pr1(x) for = € adh(A:)
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o the zeros’ set of Py, coincide with the graphs of (;; ;
o m, q;, deg(A;), deg((; ;) are bounded by a function of Y, deg(Py) and d.

ProOF : [§ Thm 2.3 p 112. 0

From the above we deduce easily the following proposition :

Proposition 3 For all semi-algebraic A C [0,1]%1 | there exist integers m, qu,...,qm, @

partition of [0,1]% in Nash manifolds Ay, ...An, and C°-Nash maps, Gia < oo < Cigi + Ai —
[0,1], for all 1 < i < m, such that :

e adh(A) coincide with an union of slices of the following form {(z1,y) € [0, 1] x adh(A4;) :
Gr(y) <1 < Girr1(¥)} 5

o m, q;, deg(A;), deg((i ;) are bounded by a function of deg(A) and d.

Corollary 4 For all A C [0,1]%! semi-algebraic open set of R4TY, there exist integers m,
Qs ey Gm, disjoint semi-algebraic open sets Ai,...A,, and C°-Nash maps, Gia < oo < Gigy -
A; — [0,1], for all 1 < i <'m, such that :

e adh(A) coincide with the union of slices of the following form {(x1,y) € [0, 1] x adh(A4;) :
Gr(y) <21 < Grr1(9)} = adh({(z1,y) € [0,1] X A; = Gr(y) <21 < Gr1(y)}) +

o m, q;, deg(A;), deg((i ;) are bounded by a function of deg(A) and d.

PROOF : Name A} the Nash manifolds as in the proposition 3, tiing up A like a sausage in
the direction of x1. Then 7(A) being open, we have according to the Thm 2, the following
options for each i : either Aj is open, or else 3j such that A} is open and A} C adh(A%). In
the last case, if A contains a slice T; = {(x1,y1) € [0,1] x AL : G1(y1) < z1 < (i 2(y1)}, then
A contains a slice of the following form T; = {(z1,51) € [0,1] x A} : (j1(y1) < 21 < G2(y1)}
such that T; C {(w1,91) € [0,1] x adh(A}) : (j1(y1) < 1 < (j2(y1)}, because A is open. From
this fact we deduce the corollary, where A; are the semi-algebraic sets A}, which are open. [J

In the following corollary, we reparametrize a semi-algebraic set with C’-Nash maps of
bounded degree. In this way a first step is achieved. But in order to show the Yomdin-Gromov
theorem the main difficulty is the control of the derivatives of the reparametrizations.

Corollary 5 There exists M : N> — R, such that all Nash manifold A C [0,1]% admits a
(CO, M)-resolution.

PROOF : We argue by induction on d. We note P(d) the claim of the above corollary. P(0)
is trivial. Assume P(d).

Let A C [0,1]F! be a Nash manifold of dimension /. The proposition M gives us integers
m, q1, .--qm, Nash manifolds Ay, ...A,, C [0,1]? and C%-Nash map, (i1 < ... < (g, ¢ Ai — [0,1]
such that :

e adh(A)coincide with a union of slices of the following form {(z1,y) € [0,1] x adh(4;) :
Gr(y) < o1 < Gir1(Y)}

e m, ¢;, deg(A;) are bounded by a function of deg(A) and d.
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Let 1 < i < m. We apply the induction hypothesis to A; C [0,1]? : there exists a
CO-resolution of A;, ie an integer N; (bounded by a function of deg(A;) and d, therefore
by a function of deg(A) and d) and C%Nash maps ¢;1,...,.n, : [0,1]) — [0,1]¢, such

that adh(A;) = Ué\zl ¢ip([0,1])). Then we define ;x, : [0,1]' — [0,1]9* as follows :
Vikp(21,9) = (@1 (Gt 1(Y) — Gk(Y)) © Pip(@1, .t) + G © Dip(T1, - @1), Dip (@1, ... w1)).

The v; 1., are CY-Nash triangular maps, such that

e the number of these parametrizations are bounded by >, ¢; N;

o adh(A) =, ., Yikp((0, 1))

e deg(1; ) is bounded by a function of deg(A) and d (See Corollaire 3)

Thus these maps form a C%resolution of A. 0

The following lemma is another application of the Tarski’s principle :

Lemma 4 Let A C R¢ be a semi-algebraic open set, f : A — R™ a Nash map defined on A.

The partial derivatives of f of all orders are also semi-algebraic maps of degree bounded by a
function of deg(f), d and n.

PROOF : Apply the corollary [I. O

5 Yomdin-Gromov Theorem

First we show the following technical proposition, in which we work with “smooth” functions.
Finally we explain how we reduce the proof of the main theorem to this proposition.

Proposition 4 Let (f; : A — [0,1])i=1..x be C°-Nash maps, where A C [0,1]% is an open
semi-algebraic set of RY and let oo € N, There exists a sequence (Ap)nen C AN of semi-
algebraic open sets of R%, such that

® a, :=sup,cqd(z,Ay) — 0, where d(z, Ay,) is the distance between x and A,, ;
n—-+0oo

o deg(A,) is bounded by a function of deg(A) and |o| ;
e f; is analytic in a neighborhood of adh(A,) ;

o (fi/a,)i=1..k admits a (C%,1)-resolution.
We will say that such a sequence (Ap)nen s a-adapted to (f;)i=1. k-
The following corollary follows from the above proposition :

Corollary 6 There exists M : N* — RT, such that all family (f; : A — [0,1])= of
C%-Nash maps, where A C [0,1]? is a semi-algebraic open set of R, admzts a (C, )
resolution.
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Now we show how the proposition 4, the corollary 6 and the Yomdin-Gromov theorem
deduce from the case k = 1 of the proposition 4. In fact we show stongers results, which are
very useful for the proof by induction in the last section.

Notations 2 We consider the set E of pairs (o, d), where d € N* and o € N?. The set E is
provided with the following order <, :

(B,e) < (a,d) iff (e<d) or (e=d and f < )

We will write :
P4(a, d) the claim of the proposition 4 for all pair (5,e) with (8,e) < (a,d).
C6(a, d) the claim of the corollary 6 for all pair (B3,¢e) with (8,e) < (a,d).
Y G(a,d) the existence of a (CP,1) resolution for all Nash manifold A C [0,1]¢, and for all
pair (B,e) < (o, d), so that : theorem 1 <= Y G(«a,d) V(a,d) € E.

Lemma 5 The claim C6(a,d) [resp. P4(«a,d)] for k =1 implies the claim C6(c,d) [resp.
P4(a,d)] for all k € N*.

Proor :

We argue by induction on k.

Assume that for all k-family g1,...gx : B — [0,1] of C°-Nash maps, with B c [0,1]¢ a
semi-algebraic open set of R?, admits a (C%,1)-resolution.

Let f1,..frp1 : A — [0,1] k + 1 be C°-Nash maps, with A C [0,1]? a semi-algebraic
open set of R%. According to the induction hypothesis for the maps (fi,...fs), there exists
(¢i)i=1..n a (C*, 1)-resolution of (fi,...fr).

Moreover, according to C6(a, d) for k = 1, there exists for each i : (5 ;)j=1..n, a (C*, 1)-
resolution of fiy1 0 ;.

According to the lemma, the maps ¢; o v; ;, of wich the number is Zf\il N;, are (C*, K)-
Nash triangular maps, as well as the maps fpo¢;01; ; for all 1 <p <k (with K = K(|a|,d)).
Finally, for each 4, (¢; j)j=1..~, being a (C%, 1)-resolution of fii10¢;, the maps fr410¢;01;;
are (C*,1)-Nash maps. Moreover, we have in a trivial way : adh(A) = |, ; ¢i o ¢;([0, 1]9).
We conclude the proof, thanks to the lemma fJ, amounting to a (C*, 1)-resolution.

We adapt the above proof for P4(«,d) as follows. Let (Ay)nen be a sequence a-adapted
to (fi)i=1..k. For all n € N, we consider (¢7);j=1..n, a (C% 1) resolution of (fj/a,)i=1..&
and (Ag’j JpeN a sequence a-adpated to fii1 0 ¢}. By uniform continuity of ¢7 on [0,1]¢,
Eléj,_n > 0 Vz,y € [0,1]¢ d(z,y) < 6, = d(gb;‘(:n),qb;‘(y)) < 1/n. Choose pj, € N, such that
ap?, < 6. Now, let show that B, := U;V:"l qﬁ?(AgJ]n) is a sequence a-adapted to (f;)i=1. ki1

B,, is open, because, for p € N, AZ’j C [0,1]% is an open subset of RY and ¢;L/}0,1[d is
a diffeomorphism. Furthermore, B, is a semi-algebraic set because P% is a semi-algebraic
map and AZ’j are semi-algebraic sets and deg(B,) is bounded by a function of deg(A) and
|af, as it is so for Ny, deg(¢}) and deg(Ap;.). Check the “density”condition. Let z € A,
Jx,, € A, such that d(z,z,) < max(2a,,1/n). 31 < i < N, and Jy, € [0,1]¢ such that
O (yn) = xp. But (Ap")pen is adapted to fri10¢7, thus there exists a sequence z, € Ay, such
that d(zn,yn) < din. Therefore d(¢} (2n), ) < max(2an,1/n) + 1/n and sup,ec 4 d(y, Bn) <
max(2an,1/n)+1/nm>0. O
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PROOF OF COROLLARY 6 (FROM P4((0,...0,r + 1),d) WE DEDUCE C6((0,...0,7),d).) :

Let (¢5);<n, be a (C"*1,1)-resolution of fa,- By hypothesis, Ny is bounded by a function
of deg(Ay) and r and thus by a function of deg(A) and r ; consequently (Ng)ken is a bounded
sequence. By extracting a subsequence, we can assume N, = N, for all k¥ € N. According
to the Ascoli theorem, [[,_; 55 B(r+ 1) is a compact set in [[,_; oy B(r), where B(r) is
the closed unit ball of C"(]0,1[%) (set of C" maps on ]0,1[% onto R). By extracting again a
subsequence, we can assume that (¢7),ey converge in norm |||, on ]0,1[' to a (C",1)-Nash
map, 1;, such that f o1); is a (C",1)-Nash map, for each i = 1...N. One only needs to see
Ui—y n%i([0,1]%) = adh(A). Tt’s enough to show that A C |J,_, »¢:i([0,1]%). Actually, by
convergence of ¢ to 1;, we have v;([0,1]%) C adh(A), for all i. Let y € A, recording to
the density condition, there exists a sequence x, € A,, such that x, — y. By extracting
a subsequence, we can assume that there exist 1 < i < N and a sequence (y, € [0,1]%),en
such that x, = ¢!'(y,). By uniform convergence of ¢! to v, we have 9;(y,) — y. Now
extracting a convergent subsequence we easily conclude that |J,_, n:([0,1]%) = adh(A).
Finally (¢;)i<n is a (C", 1)-resolution of f. O

Now we show that the corollary 6 for the dimension d implies the Yomdin-Gromov theo-
rem for the dimension d 4+ 1. More precisely, we will show C6(c,d) = Y G(a,d + 1).

PROOF OF THEOREM 1 (WE ASSUME C6(c,d) AND FROM IT WE DEDUCE Y G(a,d + 1)) :

Consider first the case, where A C [0, 1]%*! is a semi-algebraic open set of R4T!. According
to the corollary ], we can asume that adh(A) is a slice of the form adh(A) = {(z,y) €
[0,1] x A" | n(y) < = < ((y)}, where A’ C [0,1]¢ is a semi-algebraic open set of R? and
n,¢ : A' — [0,1] C%-Nash maps, where deg(n), deg(¢), deg(A’) depend only on deg(A) and on
d. Aplying C6(a, d) to ((,n), there exists (¢;)i=1..n a (C%, 1)-resolution of ({,n).

For each i, we define ¢; : [0,1] x [0,1]% — [0, 1]4*! par ¢;(z,y) = (2(C o ¢; —n o ¢;)(y) +
no ¢i(y), di(y)). Then (1;);=1..n is a (C%,2)-resolution of A. We conclude the proof thanks
to the lemma [

If A is a Nash manifold of dimension [ < d + 1, A admits a C%-résolution (¢; : [ 1]t
[0,1]%+1),_1. N, according to the corollary . We conclude the proof, using for each i, C6(a,
on the coordinates of ¢; /g 1.0

O& |

6 Proof of Corollary 6 in dimension 1

First we study the case of dimension 1, where we can prove right away Corollary 6. The case
of dimension 1 allows us to introduce simple ideas of parametrizations, which will be adapted
in higher dimensions.

The semi-algebraic sets of [0, 1] are the finite union of open intervals and points. So it’s
enough to prove the Corollary 6 for A of the form ]a, b[C [0, 1].

PROOF OF C6(1,1) (CASE OF THE FIRST DERIVATIVE) : : Let f :Ja,b[— [0,1] be a C°-Nash
map. We cut up the interval ]a, b[ into a minimal number N of subintervals (Jx)x—1...n, such
that Vo € Ji, |f'(z)| > 1 or Vo € Jg, | /()] < 1.

The assertion on N results from Tarski principle.
On each interval Ji, we consider the following parametrization of adh(Jy) = [c,d] C [0, 1], ¢:
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e ¢(t) =c+t(d—c)if |f| <1 and then we have deg(¢) = 1, deg(f o ¢) = deg(f)

o o(t) = fH_C?d}(f(c) +t(f(d)— f(c)) if | f/| > 1 and then we have deg(¢) = deg(f) (indeed
deg(f~") = deg(f)) and deg(f o ¢) =1

0

PROOF OF C6(r,1) (CASE OF HIGHER DERIVATIVES) : : we argue by induction on r : assume
C6(r,1), with r > 1 and prove C6(r + 1, d).

Let f :]a,b[C [0,1] — [0,1] be a C%-Nash map. By considering (f o ¢;);=1..n, Where
(¢i)i=1..n is a (C",1)-resolution of f, we can assume that f is a (C",1)-Nash map.

We divide the interval ]a,b[ into a minimal number n; of subintervals on which |f("*1)]
is either increasing or decreasing, ie the sign of f"+1) f(+2) is constant. Consider the case
where |f (T’+1)| is decreasing, the creasing case is sinilar : we have just to do the following
change of variable r +— 1 — z. We reparametrize those intervals from [0, 1] with linear maps
¢i;. We define f; = f o ¢;, noted g in the following computations.

Define h(x) = 22 ; we compute :
(go )" (@) = (22)" gD (@) + R, f(x), .. (x))
where R is a polynomial depending only on r. Therefore
vz e [0,1] |(goh) V()] < |(22)" ' g" TV (@?)] + O(r),

where C(r) is a function of r.
Furthermore, we have

z|g" ) (2)] :/0 9" (@) |dt < |/0 gt (@)dt] = g7 () — g™ (0)] < 2 (1)
thus

(2%)”‘1
2

(g o )" (2)] < C(r) + 2 < C(r)+2r+?

Enfin deg(éﬁv,- oh) =2 and deg(g o h) = 2deg(f). The claim concerning the integers n; results
from the Tarski’s principle. We conclude the proof of C6(r + 1,d) thanks to the lemma 3.
]

7 Proof of Proposition 4

Let us fix two integers 7 > 2,¢ > 1. In this section we show P4((0,...0,7 — 1),¢) for k = 1,
the general case deducing from it (See section 4).

We argue by induction on the set E,. of pairs («,d), where d € N*,d < cand o € N%, |a| <
r+c—d. E,.is provided with the order <.
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We assume now that P4(a, d) is checked and we distinguish three cases depending on the
values of the pair («a,d) :

| Increase of the dimension : PA((0..0,r + ¢ — d),d) = P4((1,0...,0),d + 1) |

PROOF : Let f: A C [0,1]%! — [0,1] a C°-Nash map, defined on a semi-algebraic open set of
R9*1. We consider the following semi-algebraic open sets : A, = int({x € A, |0, f(z)| > 1})
et A_ = int({z € A,|0,, f(z)] < 1}). We have adh(A) = adh(A+)|Jadh(A_). Actually,
we see easily that adh(A4)Jadh(A-) C adh(A). Let show A C adh(A+)Jadh(A_). Let
x € A Ifd(x,Ay) =0, then = € adh(Ay) ; if not, as A is an open set, there exists r > 0,
such that the ball B(z,r) C A(VAS C {z € A,|0,, f(x)| <1} and thus z € A_.

According to P4((0,...0,r+c—d),d) = P4((0,...0,2),d) = C6((0,...0,1,d)) = YG((1,...0),d+
1), there exist (C:0-+0) 1)-Nash triangular maps (¢;)1<;<x such that adh( _) = U1<]<N qﬁj([O 1]4)
and such that N_, deg(¢;) are bounded by a function of deg(A_), and thus by a function of
deg(f) (according to the lemma 4 and the corollary [f]). We have |9, (f o ¢;)| < 1. The maps
¢; can be used to build a resolution of f.

For Ay, we consider the inverse of f. Observe first, that according to the corollary [, we
can assume that A is a slice of the following form {(z1,y) € [0,1] x A”_ : ((y) < z1 < n(y)},
ou A, C [0, 1]¢ is a semi-algebraic open set of R? and ¢, 7 : A, —[0,1] are C%-Nash maps.

Deﬁne D: = {(f(z1,y),y) : (x1,y) € Ay}. We define g : Ay — Dy, g(x1,y1) =
(f(z1,y),y)). This map g is a local diffeomorphism, by the local inversion theorem. Moreover,
g is one to one, because g(z1,y) = g(z},y’) implies y = ¢/, and f(z1,y) = f(z},y) implies
x1 = '}, because |0y, f(z)| > 1 for x € A;. Therefore g extends to ¢ : adh(Ay) — adh(Dy),
a one to one bicontinous map.

We see that D, is a semi-algebraic open set of R4, On D, we define ¢ : ¢(t,u) =
g 1 (t,u) = (f(.,u)"(t),u). Observe that ¢ is a C°-Nash triangular map and deg(¢) = deg(f).
Define ¢(t,u) = (z1,y). We compute :

1 1
D¢(t7u) = ( Oz f(1,y) _6x1fvyf(x17y) >

0 Id
As (z1,y) € Ay, we have |0, ¢| < 1. Furthermore, we check

foo(tu)=t.

Therefore, ¢ and f o ¢ are (C (1,0,.-..,0) 1)-Nash triangular maps. In order to obtain a reso-
lution, we apply again YG((1,0...,0),d +1) to D,. That gives (C(1:9--0) 1) _Nash triangular
parametrization v; : [0,1]4"! — adh(Dy), j < N4, such that N, deg(1;) are bounded by a
function of deg(D, ), thus by a function of deg(f). Moreover

102, (¢ 0 93)] = 10, (9)]-10, ()] < 1
because 1; is triangular and
1001 (f 0 P09 = |0y 05| < 1,

where 1; = ( ]1-, ...,ngﬂ). The following parametrizations ¢ o t; : [0,1]F! — [0, 1]+ are

therefore (C(10--0) 1)-Nash triangular maps such that :
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o adh(A) = U2 douy([0,114) ;
e cach fopo,isa (c(1.0--0) '1)-Nash map ;

o deg(porpj), deg(foporp;) are bounded by a function of |a|,d, and deg(f) (See Corollary
3)

® po;g i+ is a diffeomorphism, because ¢ and ;o ja+1 are also diffeomorphism.

Finally, we combine the maps ¢1,...,¢n_ with the maps ¢ o ¢1,...,¢ o ¥y, so that we
obtain a (C190) 1)-resolution of f. The bound on the number of parametrizations is the
result of the bounds on N_ and N from the Yomdin-Gromov theorem and of the bounds
from the proposition f.

O

Increase of the derivation order : P4((0..0,s),d) = P4((s + 1,0...,0),d) pour s <r +c—d |
(untill the end, C (||, d) are functions of |«| and d)

Proor :

Remark 2 By applying induction hypothesis to f, we obtain a (C*,1)-resolution (¢; rn)i=1..N,,
of f/a,, with An an adapted sequence. Replacing f with the family of maps (fo@in, din), and
by applying lemma 5, we observe that it is enough to show the result for (C*,1)-Nash maps.

Let A C [0,1]? be a semi-algebraic open set of R? and let f: A — [0,1] be a (C*, 1)-Nash

map. In this case, we adapt the proof in dimension 1.
s+1 s+2
We cut up A according to the sign % %, and we can assume (See corollary []) that A
1 1

is a slice of the following form {(x1,y) € [0,1] x A" : ((y) < z1 < n(y)}, where A’ C [0, 1]¢~!

is a semi-algebraic open set of R? and ¢,n : A’ — [0, 1] are C°-Nash maps.
s+1
Applying the estimate ([l]) obtained in section 6 to the following function z1 %(ml, Y)

(we fix y), we get

as—i—lf 9

’W(wlay)’ < ol (2)
o 88+1f 2

‘6 o (z1,9)] < m% (3)

as+1f as+2f

suivant le signe de .
& 90571 oy

The induction hypothesis P4((0...0, s), d) implies the claim P4((0,...0, s+2),d—1), because
(0...0,54+2),d—1) < ((0...0, s),d)) and the claim P4((0, ..., s+2),d—1) implies C'6((0, ..., 0, s+
1),d —1). Apply C6((0,...0,s +1),d — 1) to (¢,n) : there exist (C*T!,d — 1)-Nash triangular
maps h : [0,1]971 — [0,1]%"!, of which the images cover adh(A’), such that ¢ o h and no h
are (C**1, d — 1)-Nash maps. Define ¢ : [0,1] x [0,1]"t — adh(A),

Y(vy, w) = (Coh(w).(1 —v?) + noh(w).v?, h(w))

¢ is triangular, 1/]0, 1[¢ is a diffeomorphisme and |[1)[|s11 < 2.
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In the new coordinates (v1,vs...v4), the previous estimates (f) and (f) become, with
w = (vg,...,vq) :

88+1f 2

ax—i_,_l(qﬁ(vlvw)” < U%|77 o h(w) — (o h(w)|

s+1(fq s s
Moreover, “tE (vy, w) = (201)* (0 h(w) = 0 h(w)) 7 (01, w)) + Rln o h(w) -
Coh(w),vy, (%(qb(vl,w)))kq), where R is a polynomial, which depends only on s. The first
1‘1 —

part is less than 257!, Consider the second part. The map f is a (C*%,1)-Nash map, thus

|ng{1§| < 1, for k < s ; thus |R(n o h(w) — ¢ o h(w), vy, (%W(vl,w)))kgﬂ is bounded by a

function of s, and therefore |%| < C(s,d). The derivatives of lower order than s of
U1

[ o1 are also bounded by a function of s. Thanks to the lemma [, we can assume that ¢ is

a (C*t1,1)-Nash map and f o is a (CCt19-0) 1)-Nash map.

We check with the lemma 4 and the proposition 2 that the number of cuttings is bounded
by a function of d and deg(f). Then by C6((0,...0, s+1),d—1) the number of parametrizations
h and their degree are also bounded by such a function. It follows that the total number of
parametrizations v is bounded by a function of d and of deg(f). At last, we conclude thanks
to the corollary [, that the same holds for the degree of the parametrizations .

O

| Control of the following derivative : PA(a,d) = PA(a +1,d) with a # (0,...,0,s + 1) |

PROOF : According to the remark ], we can assume that f :]0,1[%— [0,1] is a (C%,1)-Nash
map.

Define A4, =]1/n,1 —1/n[* and b, = 1 — 2/n.

According to the Tarski’s principle (See Corollary []), B = {(z1,y) € adh(4,) : ]g;TiJf(xl, y)| =

Supte[o,l](|g;T+i{f(t,y)|)} is a emi-algebraic set. We have introduce the concept of adapted
sequence, so that the sup above is bounded and attained (recall that f is not supposed
analytic near the boundary of A). According to the corollary [f), B is covered by sets
(Bi)i=1.n, Bi = {(z1,y) € [0,1] x adh(B!) : v(y) < x1 < 0i(y)}, where B, C [0,1]¢!
are semi-algebraic open sets of R9~!, such that (Y, adh(B}) = [1/n,1 — 1/n]%"! and where
oi,yi © Bl — [0,1] are C%-Nash maps. Moreover, we check thanks to the Tarski’s principle
and the proposition ] that N and the degree of o; are bounded by a function of deg(f) and

Ot (0i(y),y) with y1 € adh(B]), where (a + 1); represent the i

zlot1
coordinate of o + 1. 1The induction hypothesis P4(«,d) implies P4((0,...0,|a| + 1),d — 1)
and thus C6((0...0,]a|),d — 1), which aplied to o; et g; gives (C!®, 1)-Nash triangular maps
hi = [0, 1]t — [0,1]%"1, such that g; o hij and o; o h;j are (Cl*l 1)-Nash and such that
Uy hi((0,1)771) = adh(B;).

s. Define g¢;(y) =

Then,
8((a+1)2,---(a+1)d)(g. o hix) aa+1f Oh; i Oh,:
i i, . 7 ) i,k (a+1) .k \ (at1)
Or(at+l)2,...(a+1)q) vI= Oxotl (030 hik(y), hik(y)) x ( Oz, ) 2 0xg ) R

where R is a polynomial of derivatives of order =X «, and of the derivatives of h;; and
i o hjj of order less than |a|, R depending only on a. The map h;, is a (C‘O", 1)-Nash map
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and by hypothesis f is a (C%, 1)-Nash map, so that we have |R| < C(|a/,d).
After all gjoh; is a (C lof 1)-Nash map. Hence we have

> Oikey(at1), (i y(at1)y) < \8((a+1)2"“(a+1) (gi © ik

’W(Uiohi,k(y)7hi,k(y))(a—m - D@+ 1), (at1)a [+IR| < C(|af, d)

amd

Define ¢i,k : [07 1]d - [07 1]d7

bik(z1,y) = (1/n + bpw1, by (y))

¢k is a (C*T1,1)-Nash triangular map and @i 1 /10,14 18 & diffeomorphism onto its image.
We check the two following points :

o 9t (fopik) _ aaﬂf(l/n—i—b x17hik(y))X(bn)(a+1)1(%)(a—l—l)Q-.-(aahTi:)(a—l—l)d‘i‘SWhere

JzoTT dzoFT n ) Oy

S is a polynomial of the derivatives of f of order 8 < a (because h; j, is triangular) and
of the derivatives of h; j of order less than ||, S depending only on a. From above we
deduce that |S| < C(|al,d).

Moreover by definition of oy, ];Zil (1/n+bpxi, hik(y)) x (%—T)(O‘“)z..(?ﬂ)(a*l)d! <

xq —
gotl Ok (a O g (a
6T+]1C(O'i Ohik( ) hi e (y)) % (Tj)( s --'(aTdk) H)d\ < C(lal,d),
fO(Z’zk: ooty Ohi k \(a+1) Ohi k \(a+1)
thus |2 puss, )| < | Gzaer (1/n 4 bnays bk (y)) X (S0)' 2 (G ) e + 18] <
(Ial,d)

(f ¢z k:)

e finally for 8 < «, in the expression take part only the derivatives of f of order

= a, still because of the triangularity of hi k. Hence ]M] < C(lal, d).

The lemma [J gives us a (C%, 1)-resolution of f/4,.
U

This work is part of the author’s Master thesis (Master at Universite Paris-Sud) with the
supervision of J. Buzzi.



A PrROOF OF GROMOV’S ALGEBRAIC LEMMA 14

References

[1] R. Benedetti, J.-L. Riesler, Real algebraic geometry and semi-algebraic sets, Hermann
(1990).

[2] M. Boyle, T. Downarowicz, The entropy theory of symbolic extension, Invent. Math.
156 (2004), no.1, 119-161 .

[3] M. Boyle, D. Fiebig, U. Fiebig, Residual entropy, conditional entropy and subshift
covers, Forum Math. 14 (2002), 713-757.

[4] J. Buzzi, Ergodic and topological complezity of dynamical systems, Course given dur-
ing thr Research trimester Dynamical Systems, 2002, Pise.

[5] J. Buzzi, Intrinsic ergodicity of smooth interval maps, Israel J.Math.100 (1997), 125-
161.

[6] J. Bochnak, M. Coste, M.F. Roy, Real semi-algebraic geometry, Ergebnisse der Math-
ematik und ihrer Grenzgebiete (3), 36, Springer-Verlag (1978).

[7] G. Comte, Y. Yomdin, Tame Geometry with applications in smooth Analysis, L.N.M.
1834, Springer (2004).

[8] M. Coste, Ensembles semi-algébriques 109-138, L.N.M. 959 Géométrie algébrique
réelles et formes quadratiques, Springer (1982).

[9] W.Cowieson, L.-S. Young, SRB measures as Zero-noise limits Ergodic Theory and
dynamical systems 25 (2005), 1115-1138.

[10] M. Gromov, Entropy, homology and semi-algebraic geometry, Séminaire Bourbaki 663
(1986).

[11] S. Newhouse, Continuity properties of the entropy, Annals of Math. 129 (1989), 215-
237.

[12] A. Wilkie, http://www.newton.cam.ac.uk/webseminars/pg+ws/2005/maa/0203 /wilkie.
[13] Y. Yomdin, Volume growth and entropy, Israel J.Math. 57 (1987), 285-300.
[14] Y. Yomdin, C"-resolution, Israel J.Math. 57 (1987), 301-317.

David Burguet
CMLS
Ecole polytechnique
91128 Palaiseau Cedex
France
burguet@math.polytechnique.fr



