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Abstract

We study the transversal spin-spin correlations in the eguilibrium steady state of
the XY chain constructed by coupling a finite cutout of theisha the two infinite parts
to its left and right acting as thermal reservoirs at différiemperatures. We prove that the
spatial decay of these correlations is at least expongntzest.

Mathematics Subject Classifications (200016L60, 47B35, 82C10, 82C23.

Key words. Non-equilibrium steady state, XY chain, correlations, gide operators.

*aschbacher@ma.tum.de
Tbarbarou@univ-tin.fr


http://arxiv.org/abs/math-ph/0505062v2

2 W.H. Aschbacher, J.-M. Barbaroux

1 Introduction

The XY chain is the one-dimensional integrable spin systatmduced inl[11] (see alsal[9]),
whose formal Hamiltonian is specified by

1 1
H=—~ z {@+yolof™+@a-yoflof ™ +220)}, (1.1)

er

Whereaj(x) denotes the Pauli matrix at site= Z in the transversal direction$,= 1,2, and in

the longitudinal directionj = 3. The parametey € (—1,1) describes the anisotropy of the
spin-spin coupling whereas € R stands for an external magnetic field.

Since the discovery of their ideal thermal conductivityaguone-dimensional Heisenberg spin-
1/2 systems, made from different materials, have been intelysstudied experimentally (see
[14,15]; SrCuQ and SpCuQ;s are often considered to be the best physical realizationa®f
dimensional XYZ Heisenberg models).

Not only this highly unusual transport property motivatkes theoretical study of such non-
equilibrium models, but the XY chain also represents onehefdimplest non-trivial testing
grounds for the development of general ideas in rigorousetprilibrium theory.

Already in [11], for vanishing external magnetic fiekd= O, the transversal spin-spin corre-
lations in the ground state and at nonzero temperature ¢tmukkpressed by means of deter-
minants of large truncated Toeplitz matrices. Moreoveyrats on these correlations implied
vanishing long-range order, at least in the isotropic gas®. Later, in[12], this study was con-
tinued yielding an asymptotic evaluation of the transverseelations with the help of Szego’s
theorem. Afterwards, ir[6], almost the complete phaserdiagin y andA for the behavior
of the correlation functions both in the longitudinal andte transversal directions were ob-
tained, and so for zero and nonzero temperature: The rdshlsstudy for the case of nonzero
temperature is that all the correlation functions are aggiigally exponentially decaying with
a decay rate which depends on the magnetic fietohd the anisotropy.

In this note, we study the largebehavior of the transversal spin-spin correlations,

Ci(n) = w(aj(o) aj(”)), j=1,2,neN, (1.2)
in the non-equilibrium steady state (NES8)onstructed in[5] (and already inl[3] for= 0)
in a setting which has become to serve as paradigm in nomi@qun statistical mechanics:
a “small” system which is coupled to two infinite reservoirkigh are in thermal equilibrium
at different inverse temperatur@s and Br. We prove that the spatial decay Gf(n) is at
least exponentially fast. This behavior contrasts withahe generally expected by the folklore
which predicts quasi-long-range order out of equilibrium.

In the following section, we give a brief informal descrgti of our non-equilibrium setting
for the XY chain. We refer td 14,15, 10] for a precise formutatiwithin the framework oC*
algebraic quantum statistical mechanics.
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2 The non-equilibrium setting for the XY chain

Consider the XY chain described by the Hamiltonignl(1.1) esrdove the two bonds at the
sites+M, M > 0. Doing so, the initial chain divides into a compound of threninteracting
subsystems. This configuration is what we call the free systhose Hamiltonian

Ho =HL +Hs+Hg

is built as in [Il) according to the unidh UZsUZg, whereZ, = {x € Z|x < —M — 2},
Zr={X€ Z|x>M+1}, andZs= {x€ Z| —M <x <M — 1}. The infinite pieceZ, andZg
will play the role of thermal reservoirs to which the finitessgm onZs is coupled by means of
V =H — Hp. In contrast, the configuration describedHyi.e. the original XY chain on the
whole ofZ, is considered to be the perturbed system.

In order to construct a NESS in the sense o7 [13], we choosmitied statewy to be composed
of (14, Bj)-KMS stateswj onZj, j = L, R, and of the normalized trace stabg onZs (7; denotes
the time evolution generated by;, and; is the inverse temperature), i.e. we set

W = W ¥ WX WR.

It is well-known that the Jordan-Wigner transformation majpe XY model on a model of
free fermions with annihilation and creation operatggc;. Using scattering theory on the 1-
particle Hilbert space of these fermions, the NES®.r.t. the initial statew and the perturbed
time evolutiont! have been constructed id [5],

w(cx) = lim ap(T'(cx)).

t— 400
It has been shown i ][5] thab is a quasi-free state with 2-point operar
w(B"(f)B(g)) = (f,S), (2.3)
wheref,g€12(Z)@C? ~12(Z)@I1%(Z), andB(f) = T yez( fr (X)Ci+ f_(X)cx) for f = (f, ).

Moreover,S has been explicitly computed inl[5]. In the Fourier pictuféZ) ~ L%(T) (with
T ={zeC||z =1}), itreads

(¢)

with the parameter8 andd given by

<1+eﬁh(£)+6k(f)>_l7 (2.4)

1 1
B=§(BR+BL), 0= E(BR—BL)- (2.5)
The 1-particle operatotsandk have the form

h(§) = (cosl —A)® a3 —ysing ® gz, k(&) =sign(k(§)) H(§) @ do,
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where the functiong (§) andu(¢) are defined by
K(E) =2AsiNE — (1—*)sin2E, p(&) = ((cosE —A)?+y*sin’€)

Furthermoregy is the identity onC2, andoy, 0», 03 denote the Pauli matrices,
10 01 0 —i 1 0
Goz{o 1}, 012{10}, Gzz[i 0}, 032{0_1} (2.7)

3 Exponential decay of the correlation function

vz, (2.6)

Let us now state our result.

Theorem Let w be the quasi-free NESS characterized®y), and G(n), j = 1,2, the corre-
lation functiong(L.2). For all values of the parametefs< d < B < o0, y € (—1,1), andA € R,
the transversal spin-spin correlations, (@) decay at least exponentially fast, and

limsup
n—oo

lo g\ n] < 2/ 4us Iog th(BLu(&)/2)th(Bru(&)/2)) <0

Remarks 1) If the temperature difference of the reservoirs vanishesd = 0, the total system
is in thermal equilibrium at inverse temperatyse = fr, and our bound estimates from above
the asymptotically exponentially decaying behavior friéh [

2) For & # 0, the correlation in thes-direction decays likd/n? at infinity for all y € (-1, 1),
A € R, see [5]. In contrast to this result, our theorem does notfconthe folklore about the
change in the type of decay — from short range to long range ervgassing from equilibrium
to non-equilibrium.

Before we begin the proof of the theorem, we rewrite the daticn functionC;(n) as the de-
terminant of a & x 2n block Toeplitz matrix, in the same way as it has been donerat aed
non-zero temperature ihl[6,111]. The reader not familiahwibeplitz theory may consult Ap-
pendiXA before entering the proof. We restrict our attemtmthe transversal correlation func-
tion C1(n) = C(n) in the 1-direction (the 2-direction being analogous, seedibrdan-Wigner
transformation foio in (3.8) below),

cin =w0%"), neN.

The well-known Jordan-Wigner transformation expressesstiinso.*, o\, a{”, x € Z, by
means of fermionic creation and annihilation operatsugr(;_ ,Cx),

T (x+c), o) =TSV (e—c), off =2cic—1, (3.8)
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wheres® =gV .. a{* Y forx>1,5Y =1, ands® = o ... o for x < 1, see for example
[5]. The elemenT stems from Araki’sC* crossed product extension of the CAR algebra for the
two-sided chain, se€][2]. It has the properfids= 1, qu) =— gT, andToi = ¢iT for x > 0.

Plugging the Jordan-Wigner transformatibnl3.8) into tlmjpctal(o) al(n), we find

01(0) a{”) = (—1)”a(0) a&” at af) a?. . . agf_l) a"v agf),

whereag) = ¢} £ ¢x. Moreover, we defing. = (1,+£1) € C?2 and aix) =0®nN+ (with & €
12(7Z), 5(y) = 1 fory = x and zero otherwise). With the linear mBgntroduced inl[1])?(Z) ©

12(Z) 5 f = (s, f_) > B(f) = Tyen (Fr(X)C + f_(X)cx), we havea” = B(a'"). Hence, we
can express the correlation functifn) as

c(n) = (-1)"w(B(a”)BaM)B@™)-...-B(a{"")B@")B(a{")).
Sincew is quasi-freel[b], the correlation functi@(n) is a Pfaffian,
C(n) = PfQ(n),
where the matriXQ(n) jx)_, € C*™*"is defined to be skew-symmetric, and, for k,

i—1)

Q(n)k = wB(f)B(f) with fa1=a' fr=al i=12_.n

The Pfaffian PA of a matrixA € C2™2" is defined by PA = S ;sign(1) [TR_; A, 7, With
the sum running over alfr in the permutation groufp, which satisfyroy, k.1 > mx_1. If A
is skew-symmetricAT = —A (AT denotes the transposeA, the Pfaffian ofA is related to the
determinant ofA through(PfA)2 = detA. Thus, we are led to study the largasymptotics of
the determinant of2(n),

C(n)? = detQ(n). (3.9)

In order to casf2(n) into the form of a truncated block Toeplitz matrix, we congtite matrix
entries

A, = wB@)B@), 1< j<k<n (3.10)

For this purpose, we rewrite the 2-point opera®of ) on L?(T) ® C? from (Z2) as

3
S(&) =s(§) @0+ H «(é)@a (3.11)
K=1
using the Pauli matrices frori(2.7). The first compors(§ ) looks like

DE) = 5+ 5SiOK(E) 95(6) (3.12)
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ands(&) = (s1(£),5(€),s3(&)) has the form

SE) = SoE)r(), r(f)=$(07—vsin€,0086—/\), (3.13)

with the functions (§) andu(&) from (Z.8). Moreover, we used the definition

shlau(£))
ch(Bu(®)) +chiou®) < (3.14)

Let us start with the computation a&ﬂlﬂr in (3.10). Using the propert*(f) = B(Jf) for
J:f=(f,f)—(f_,f,)from [5], and the expressions IN{3111}.(3.12), dnd (3.4@)find,
for 1 < j < k< n, and with the definitiorej(§) = e71¢, that

(bor(ff) =

A, = (6/®N.,S&®NL) 2uc
_ ., [#dé i(k—])E
= 2 5 E_[SO(E)G
ZHdE . T
27 SIIN(K(€)) $5(8) e (VE.

The computation oAl yieldsAlf = —Aﬂ'_ﬂr. Next, the entryﬂ\j'_‘_ looks like

A = (e®n.,Se®n-) sy

21 . .
= 2/0 g—i (s3(&) +isp(&))e k18
Z"ﬁ cosé — A —iysiné

dp(€) g i(k=1)¢

o 21 u(é)
Finally, Aﬂ‘+ =— '_‘J_. Due to translation invariance, we can defiie, = Al with x € Z.
UsingA* _ = —A%¥ |, A, = —A}%, and the symmetry proper,” = —A%_, we can write

Q(n) in (339) in the form of a A x 2n truncated block Toeplitz matrix with 2 2 blocksay,

aQ a a_(n-1)
a cee A (-
om-| % A (3.15)
-1 -2 ... ap
where the blocks are given by
AX _Ax—l }
ax=| = |, xeZ. (3.16)
=an Tk



Out of equilibrium correlations in the XY chain 7

Using the relationsy = [Zd& /(2m)a(&)e *¢ from &20), we can extract froni{3116) the
symbola(¢)

Sign(k (€)) 65(&) —a() da(é)
) =1 q&) pp(é) —sign(k(£)) #(&) |° (3.17)

Here,dq (&) is defined in[(3I4)k (&), (&) in (.8), andq(&) is the complex conjugate of

cosé — A —iysiné dJé
u(é)

Therefore, denoting by [a] the block Toeplitz matrix associated with the symbdaiiven by
@.17), we can writ€)(n) as a truncated block Toeplitz matrix (s€e(A.23)),

aé) =

Q(n) =Ty[a] = P T[alR.

Proof of the Theorem Forn € N, lets\” < sV < ... < s be the singular values d[al, and
denote byN; , the number of singular values jf, €], 0 < £ < 1, including multiplicity. From
the above computations, we have

2n 2n
C(m)2=| detQ(n)| = | defTyfa]| = []s” <& ] 5"
=1 j=Nent+1

Thus,

&l M- Dy
log|detTy[a]| < | NZ logs;” < z Xe(s;)logs;”,
J=Ngn+1 =1

where 0< x¢ < 1 is a smooth characteristic function with supportén||T[a]|| + 1) and value
1 on[e+ €2 ||T[a||]. Since the symboh of T,[a] has the two singular valugpz — ¢5 and
¢p + ¢5, the Avram-Parter theorernl[8, p.203] (see also(A.26))dgel

21T

Ilmsup log|detT,[a]| < ; d—itr[(xelogma(f)\)]

n— oo 2
21
- | % (Xe100) (95(£) — 95(8)) + (Xe100) (95 (£) + 95(£).

Since the inequality holds for all > 0, and since for alf < [0,2mr] we have 0< ¢g(¢) —
$5(8) < dp(&)+d5(&) < 1, we obtain

Ilmsup log|detTy[a]| < /OZH%Iog[th(BLu(E)/Z)th(BRu(E)/Z)] (3.18)

n—oo



8 W.H. Aschbacher, J.-M. Barbaroux

which concludes the proof. O

Remarks 3) We do not provide a lower bound in our proof (but see remaiide D = 0). Due
to the lack of results on the invertibility of block Toeplitmtrices Ta], the behavior of the
singular values of J[a] close to zero is, in general, rather difficult to control.

4) In the critical regime of the XY chaity,=0, A € [-1,1], andy # 0, A = £1, where the
nonnegative functiom(¢) from (Z8) can have zeroes ofd), 2r], the bound@.I8) remains
finite due to the integrability dbgx at the origin.

5) A straightforward proof using the inequalitiedetT,[a]| < || T[a]||?" and
[Tnal]| < [[T[a]l| = ess supla(& )| #(cv) = ess supz(a(g))

¢eT EeT

(see [8] and(A24)-(E2T)) yields the weaker boungletT,[a]| < th®"(Br||u||»/2) which, in
contrast to(@.18) is valid for all n. On the other hand, in the limBr — o, this bound is void
whereag3.18)still implies exponential decay as long s < .

A Toeplitz operators

Toeplitz operators [B, p.185] LetN € N. We define the spadé of all CN-valued sequences
f={fi},, fieCN, by

. 1/2
IR={f N CN[|[f]| <o}, |Ifll= (_ZleiH%N> : (A.19)
i=

where|| - |cn denotes thé? norm onCN. We writel? =12, Let {ay}xz be a sequence &f x N
matrices,a, € CN*N. The Toeplitz operator defined through its action on elemeht,% by
f—{3_1a; f;}{, is a bounded operator dg, if and only if

ay = /Ozng—ia(f)e‘ixf (A.20)
for somea € Ly, \ (seelB, p.186]), where we define (with= {z€ C| |7 = 1})
RN ={@: T —CVNjg; € L™(T),i,j=1,...,N}. (A.21)
In this case, we write the Toeplitz operator as
Q@ a1 a2
Tlaj=| % % &1 - f (A.22)

PQ a &
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The functiona € Ly, is called the symbol of [a]. If N =1 the symbokh e L” =L7_ ; and
the Toeplitz operatof [a] are called scalar, whereas fdr> 1 they are called block.

Forn e N, let B, be the projections otﬁ,
Pa({X1, ---s Xny Xnt-1, --- ) = {X1,..-,%,0,0,...}.
With the help of thes®,, we define the truncatedn x Nn Toeplitz matrices as

Tn[a] = PaT[a]Pa[imp,- (A.23)

Norm of Toeplitz operators [8, p.186] The norm of a Toeplitz operator is related to itabypl,
IT[alll = l[alle, (A.24)

where||a| . is defined to be the operator norm of the multiplication ofmeracting onsL2(T)
by multiplication with the matrix functio € Ly, . From [7, p. 95], we have

18]l = esssugia(é) | #(cw), (A.25)

&eT
where|| - || »(cny is the operator norm induced by tilenorm onCN,

Avram-Parter theorem [B8, p.203] Lets,(lr‘),...,s1(\,r‘r)1 be the singular values of the truncated
Toeplitz operatofTy[a] with block symbola € Ly, \, andg a continuous function with com-
pact supportg € Co(R). Then,

1 2nd§

Nn
im =5 g(s™) = = [T % g jacg). (A.26)
=i

n—o NN

where tA is the trace of the matriA € C™™, me N, and|A| = VA*Aits modulus.
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