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ADDITIVE FUNCTIONALS OF A NON-DIVERGENCE
DIFFUSION IN A RANDOM MEDIUM

By FRANGOIS DELARUE

Université Paris 7

We study the asymptotic properties of a diffusion process associ-
ated to a pure non-divergence second order operator with stationary
and ergodic coefficients. We first remind the reader of the ergodic
properties of the so-called environment seen from the particle as es-
tablished in the earlier papers of Papanicolaou and Varadhan [21],
Yurinskij [35] and Zhikov [31], and then investigate the underlying
rate of convergence. We establish more specifically a central limit
theorem for additive functionals driven by suitable stationary fields.

Our analysis relies on earlier results for adjoint solutions to second
order non-divergence elliptic and parabolic equations.

1. Introduction. Homogenization theory for random second order dif-
ferential operators goes back to the earlier papers of Papanicolaou and
Varadhan [26], [27] and Kozlov [16] and extends the previous analyses for pe-
riodic structures (see e.g. Bensoussan, Lions and Papanicolaou [5]). It can be
briefly described as follows: the action of a differential operator with highly
oscillating coefficients (or, in other words, of a rescaled operator) driven
by a stationary and ergodic random medium can be approximated, under
certain conditions, by the one of a non-standard Laplacian operator driven
by a suitable effective diffusion matrix. From a probabilistic point of view,
this amounts to establish the weak convergence of the underlying rescaled
diffusion process towards a non-standard Brownian motion. We refer to the
monograph of Zhikov, Kozlov and Olejnik [36] for various applications of
this theory.

The basic strategy for stochastic homogenization relies on the central
limit theorem for martingales and on the ergodic properties of the so-called
environment seen from the particle, i.e. of the canonical Markov process with
values in the random medium and governed by the non-rescaled diffusion
kernel. In the case of an operator of pure divergence type, as considered
by Papanicolaou and Varadhan [2€]], Kozlov [16] and Zhikov et al. [36],
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2 F. DELARUE

Chapter VII, the invariant measure of the environment seen from the particle
exactly matches the measure of the random medium itself. Of course, the
general setting is far from being so trivial and the long run behaviour of the
environment seen from the particle remains a widely open question in most
of the cases. However, in the pure non-divergence framework, Papanicolaou
and Varadhan [27], Yurinskij [35] and Zhikov [31] proved the existence and
uniqueness of an absolutely continuous ergodic invariant measure. The main
argument follows from the earlier Aleksandrov and Pucci estimates for the
Green functions of a pure non-divergence elliptic operator.

Beside the homogenization property, the ergodic theorem provides for al-
most every realization of the medium a law of large number for additive
functionals of the environment seen from the particle. A natural question
then consists in investigating a central limit theorem for such additive func-
tionals. In the reversible case, Kipnis and Varadhan [15] provided a positive
answer for a large class of stationary fields driving the additive functional.
Several extensions to the non-symmetric case have been investigated for the
past twenty years (see for example Osada [25], Oelschliager [23] or the recent
review of Olla [24]). The most famous one applies under a suitable assump-
tion that is usually referred as “the strong sector condition” (see again Olla
[24], Chapter I, Section 5). Generally speaking, there is no way to apply
the strong sector condition or a variant of it to the pure non-divergence
framework except several specific cases where the density of the invariant
measure is bounded from above and from below by positive constants (see
e.g. Osada [24]). In practice, such bounds hold for periodic structures (see
e.g. Bensoussan, Lions and Papanicolaou [5], Chapter III) or in the one-
dimensional setting (for which the density of the invariant measure can be
explicitly written down).

In the current paper, we focus in a deeper way on the pure non-divergence
framework. We provide several new estimates for the density of the invari-
ant measure of the environment seen from the particle and then propose
a central limit theorem for additive functionals when driven by suitable
stationary fields. The strategy takes advantage of crucial estimates for the
adjoint solutions to non-divergence elliptic and parabolic equations (see e.g.
Bauman [4] and Escauriaza [[]). In short, when normalized by the density of
the invariant measure, these solutions satisfy a Harnack inequality that only
refers to the ellipticity and supremum bounds for the underlying diffusion
matrix. In the same way, the normalized kernel associated to the existing
operator fulfills a suitable version of the famous Aronson estimates.

Our result just holds when the initial distribution of the environment
seen from the particle matches the invariant measure. At this stage of our
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research, we are not able to establish a similar extension to the one proposed
by Kipnis and Varadhan [15] for Dirac initial distributions. This restriction
follows from our specific strategy: for technical reasons, we need to focus on
the time reversal of the environment seen from the particle, and thus, to
limit our investigation to the equilibrium situation.

Of course, our analysis leaves completely open the non-zero drift case,
for which the homogenization problem remains widely unsolved (see how-
ever Bricmont and Kupiainen [6] and Sznitman and Zeitouni [33] for deep
discussions on the topic). The basic difference between both cases can be
explained as follows: a given scaling procedure leaves unchanged the global
structure of a pure non-divergence operator but induces an explosive drift
in the general case.

The organization of the paper is the following. In Section B, we remind
the reader of the properties of the random medium and introduce the basic
objects for our analysis. We expose the main results as well as the strategy in
Section Bl The sequel of the paper is then devoted to the proof of the central
limit theorem. Crucial properties for the adjoint solutions to non-divergence
operators are detailed in Section ll. Section [ deals with the homogenization
property for pure non-divergence operators. In Sections [fl and [, we aim to
apply the strategy due to Kipnis and Varadhan [[15] to the time reversal of
the environment seen from the particle. We finally complete the proof in
Section B and then discuss several conceivable extensions.

2. General Notation and Assumption.

2.1. Random Medium. Our standing definition of the random medium
follows from the ealier paper of Kozlov [[16] and may be found in Zhikov et
al. [36], Chapter VII, and in the review of Olla [24], Chapter II, Section 7.
The standard set-up of the medium is denoted by (Z,G, (T),cgd, 1), where
= stands for a Polish space, G for its Borel o-algebra, u for a probability
measure on the couple (Z,G) and d for an integer greater than two. The
family (T,),cre denotes a group of transformations acting in a stationary
and ergodic way on (Z,G). This writes:

(RM1) (Stationarity) V(A,z) € G x RY, u(T,A) = u(A).
(RM2) (Ergodicity) YA € G, (Vx € RY, T, A= A) = u(A) € {0,1}.

(RM3) (Measurability) For any measurable function g on (Z,G, i), the
function (z,¢) — g(T,£) is measurable with respect to the product algebra
BRY ®G.

The expectation under p is denoted by £. For a measurable field g, we
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denote (except very specific cases) by g : (z,£) — g(T,§) the realization
mapping.

According to the previous references (see in particular Subsection 7.1 in
Zhikov et al. [36]), the structure (RM1-2-3) induces a strongly continuous
unitary group on L?(Z, ) given by Vo € RY, T, : g € L*(Z,p) — g(T,-) €
L%(Z, ). As a bypass product, the group (T;),cpe is stochastically contin-
uous, i.e.

(RM4) (Continuity) For every measurable function g : & — R and for
every 0 >0 :

lim p{¢ € Z, [g(Th) — &(&)| = 0} = 0.

For every i € {1,...,d}, the infinitesimal generator of the one-parameter
group (The;)aer (e; denotes the it vector of the canonical basis) is de-
noted by D;. The intersection of the domains Di,..., Dy is denoted by
H(Z,p). For every g € H(E, ), for p almost every £ € E, the function
z — g(x,&) = g(T.€) belongs to HE (RY) and satisfies, for i € {1,...,d},
0g/0x;(x,§) = D;g(T &) almost everywhere. We denote by Dg the gradient
field (D1g,...,Dgg).

Recall then the following integration by parts formula:

(2.1) VE,g € H(E,p), Vie {1,....d}, E[(D;f)g] = —E(ED;g).

The group (T),cgra is in fact strongly continuous (and unitary) on ev-
ery LY(E, ), ¢ > 1. In particular, the generators Dq,..., Dy may be seen
as unbounded operators on L%(=, ). The intersection of their domains is
denoted by W4(Z, 1). Of course, W"4(Z, ) € W4 (E, p) for ¢’ < ¢, and
D;h, with i € {1,...,d} and h € WY4(Z, i), coincides with D;h if h is seen
as an element, of Wh?' (2, ).

We finally define the space Sy of smooth functions on =:

Soo = Span{gx ¢ : { — /Rd g(To)p(x)dx, g € L™(E,p), ¢ € C*(RY)},

where C2°(RY) denotes the space of smooth functions on R? with compact
support (for g = g a.s., deduce from Lemma 7.1 in Zhikov et al. [36] that
gxp = g+ as.). For f € Sy, the mapping = € R? — f(z,£) belongs
to Cf°(R?) (space of bounded smooth functions with bounded derivatives
of any order) for every £ € = (up to the choice of a representative for
f). In particular, Soo C Ng>1WH4(Z, ), and, for g and ¢ as above and

ie{l,...,d}, Di(g*p) = —g* (0p/0x;).
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2.2. Non-divergence Operators. For 0 < A < A, we denote by Ag4(\,A)
the set of symmetric matrices of size d whose lowest eigenvalue is bounded
from below by A and whose largest eigenvalue is bounded from above by A.

Assumption (A) We say that a measurable mapping a from (£, G) into
R4 fylfills Assumption (A) if there exists three constants 0 < A < A and
K > 0 such that:

(A1) For every £ € Z, a(§) € Ag(\,A).

(A2) For every ¢ € Z, the coordinates of the mapping a(z,&) = a(T ;¢)
belong to C§°(R?) and their first and second order derivatives are bounded
by K.

Under Assumption (A), the coordinates of the field a belong to W2>°(Z,
M) = {g € ﬁqzlwl’q(E,u), Vi € {1, e ,d}, D;g e LOO(E,M) N ﬂqzlwl’q(E,
w), Vj € {l,...,d}, D};g € L*(Z,p)}. For (i,j) € {1,...,d}? Da;; and
D?a; j (Dj 4(-) = Dg(Dy(-))) are a.s. bounded by K.

Consider now the canonical Wiener space (2, A,P) = (C([0,4+o0o[, R%),
B(C([0, +o0o[,R%)),P), where P denotes the Wiener measure. The canoni-
cal process is denoted by (W})i>0. According to Theorems 11.2 and 12.12,
Chapter V, in Rogers and Williams [29], for every ¢ € =, the SDE:

t
(2.2) X, =z +/ a*?(X,,€)dWs, = € RY,
0

is strongly solvable. The solution is denoted by (X(z,§))t>0, or just by
(X¢)t>0 when possible. The operator associated to the process X is given
by:

A 0?

Since X can be defined through an iteration procedure of Picard type, the
mapping (z,&) € RYxE — X(z,£) € Q is jointly measurable with respect to
(z,&) € R? x Z (due to (A2), it is even continuous in x, see Theorem 13.1,
Chapter V, in Rogers and Williams [29]). Moreover, thanks to the strong

uniqueness property of (Z2):
(2.3) X(2,€) = 5+ X(0,T,).

Moreover, from Aronson [1] or from Theorem 4.5, Chapter VI, in Fried-
man [12], for every € =, there exists a fundamental solution q(t¢,x,y; &) to
the Markov process X(-,&). It satisfies Gaussian lower and upper bounds,
but locally in time (see also Stroock [31] and [32]):
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PROPOSITION 2.1.  There exists a constant (fgz1 > 0 such that for all
£ €2 and (t,z,y) €]0,+00[xR? x R?,

—1 75—d/2 eXp[—q P q 5—1’1, _ y’2]
< q(t,2,y;) < O™ exp (Gt — Gt~ e — w17

Due to (A2), q(t, x,y; ) is continuous in (¢, z,y). Due to the measurability
of X(z,&) with respect to (z,§), it is well-seen that ¢ is jointly measurable
with respect to (¢, z,y, &) €]0, +00[xR? x R? x Z endowed with the product
o-algebra. Derive also from (E3]):

(2.4) Vz € RY, q(t,2,y; T.€) = q(t,x + 2,y + 2;£).

In the same way, note from Bass [2], Chapter V, Section 5, that, for every
¢ € Z and for every (z, R) € R¥x]0, +oo|[, L5 admits a Green function with
respect to the ball B(z, R) (ball of center z and of radius R). It is denoted
by v(x,y; R, z,£). Thanks to the Feynman-Kac formula and to the measura-
bility property of X (z,§) in (z,&), v(x,y; R, z,§) is jointly measurable with
respect to (z,y,&). Moreover, standard computations show that for every
u € R%:

(2.5) Y, y; R, 2, Tu&) = v(x +u,y + u; R, 2 + u, §).

2.3. Environment Seen from the Particle. Following the review of Olla
(see [24], Chapter II, Section 7), we define the so-called environment seen
from the particle by setting:

(2.6) VEeE, VE=0, m(§) = Tx,0¢

Under the measure P, the process (7:(€))i>0 is a Markov process with
values in = starting from & at time 0. The associated semigroup writes:

vh € LOO(E,/J)7 Sth(g) — E[h(nt(f))]
- /Rd h(T,£)q(t,0,y;€)dy.

From Lemma 7.1 in Zhikov et al. [36], S is perfectly defined (i.e. Sth =
Sith a.s. for h = h a.s.). From Proposition 1] we derive:

LEMMA 2.2.  There exists a constant (g > 0 such that for every h €
L*°(Z, ), €|Sth|? < Gog exp(Gogt)E|h[?. In particular, (St)i=o extends to
L*(Z, ).
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We now prove that (S;);>¢ is strongly continuous on L*(Z, u). For every
h e L3(Z, p):

£|S;h — h)?
< Cgexp(Cra)t %€ [ | IB(T,€) ~ () exp(~Cryt ' ul)dy
= Crmesp(Czy) [ EIB(T /2,€) — h(O) exp(~Cerul)dy.

Since €[h(T,1/2,€) —h(£)]* < 4E[hJ?, the continuity of (T%),cga (seen as a
group of transformations acting on L?(Z, 1)) and the dominated convergence
theorem ensure that (S;)s>¢ is strongly continuous on L2(Z, u1). Its generator
is denoted by L.

For h € W2°(Z, i), the realization mapping h(-,£) belongs to the space
W2°(R?) for a.e. € € Z. Thanks to Krylov [17], Chapter II, Section 10, The-
orem 1, it comes, for every t > 0, Eh(X(0,&),&) = h(0,£) + fOtE[Egh(XS(O,
€),&)]ds, so that:

t d
Sih(©) = h(©) + [ Si[(1/2) 3 au; Db (s
ij=1
Due to the strong continuity of (S;)i>0, h € D(L) and
1 d
_ 2
1,]=

For a given probability measure m on (Z,G), (n:)i>0 is Markov process
with m as initial distribution under the probability measure m @ P.

3. Statement of the Main Result and Strategy. The basic objec-
tive of the paper consists in investigating the asymptotic behaviour (for large
r) of additive functionals of the form:

(3.1) /0 " E(.(6))ds,

for a given stationary field f.

3.1. Ergodic Theorem. Referring to Papanicolaou and Varadhan [27],
Yurinskij [35] and Zhikov [37] (see also Chapter X in Zhikov et al. [3€]),
we claim:
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THEOREM 3.1. Under Assumption (A), the E-valued Markov process
(m)e>0 admits an ergodic invariant measure v, which is absolutely con-
tinuous with respect to the measure p. The density of v with respect to
1s denoted by p. It is almost-surely positive, belongs to Ld/(d_l)(E,u) and
is the unique solution in L'(Z,u) to L*(p) = 0, E(p) = 1 (i.e. Vv €
W22 (=, 1), E(pLv) = 0). In particular, the measures p and v are equiva-
lent.

As a bypass product, for every f € L*®(Z, u), for p-almost every & € = :

7,.2
P—as., lim 72 / f(ns(€))ds = £(pf).
r—-+00 0
3.2. Central Limit Theorem. In this paper, we establish the following
central limit theorem:

THEOREM 3.2. Under Assumption (A), the density p belongs to the
space Wl’d/(dfl)(E,u), and there exists a constant (Jgg, depending only on
M\, A and K such that, u almost-surely, p~!|Dp| < Uz (where Dp stands
fO?" (l)lp7 cee ,de)).

Moreover, for every stationary field f € L>(Z, u) writing f = p~'Dy(pg),
for e {1,...,d} and g € WH®(Z, ) (i.e. g € L®(Z, ) N Ng>1 WH(Z, )
and Dg € L>®(Z,G, u1;R?) ), with £(pg) = 0, there exists a real op > 0 such
that, under v ® P:

7,.2
(3.2) ril/ f(ns)ds = N(0,0%) as 1 — —+oo0.
0

As in the divergence case (refer for example to Kozlov [[16]), the limit diffu-
sion coeflicient U% can be characterized through the solution of an auxiliary
equation (i.e. 0 = E(p(aV¥,V)) where U satisfies ([L3J) for every smooth
field ®).

3.3. Scaling Procedure. The strategy to investigate the asymptotic be-
haviour of quantities of the form (BJJ) highly depends on the scaling prop-

erties of the diffusion process X (0,&) for & € =. After a time change of
intensity r2, ([B) writes:

1
(3.3) r? /O f(Tx . (0,6)¢)ds.

Hence, we consider next the rescaled diffusion (r ~1X,2,(0,€))s>0 or equiv-
alently the rescaled diffusion (X¢(¢;0,&) = eX,-2,(0,))>0 for a small pa-
rameter €. It is then plain to see that the operator associated to the process
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X (g;0,&) writes again in a non-divergence form:

d 82
z:: ax oxj

(3.4) ¢ =

l\DI»—l

The elliptic non-divergence structure of the initial operator is thus pre-
served by the scaling procedure. In particular Assumption (A1) still holds
true for the underlying diffusion matrix a(e~!-, ). On the opposite, the reg-
ularity properties given in Assumption (A2) completely fail for small values
of €.

Focus again on (B3)) and note that (B3] writes as the solution of a linear
parabolic PDE associated to £5¢. It is then well-understood that most of the
proof of Theorem relies on several a priori estimates for the solutions of
a non-divergence PDE with a uniformly elliptic but discontinuous diffusion
matrix. Among them, the famous Aleksandrov and Pucci estimates (see
for example Theorem 9.1 in Gilbarg and Trudinger [13] and Krylov [17],
Chapter II, Sections 2 and 3) provide an L4Y(d-1) egtimate for the £5€ Green
functions and the Krylov and Safonov estimates (refer to [19]) provide an a
priori control for the Holder continuity of the solutions to £5¢ PDEs.

The Krylov and Safonov estimates apply in a very elegant way to the
homogenization of the operators (£5¢).. The usual procedure establishes
the pointwise convergence of the solutions to dv/0t — L5¢(v) = ¥, for a
suitable function y from R? into R, towards the solution of a parabolic
equation of the same kind, but associated to the Laplacian operator (up to
a non-trivial effective diffusion coefficient). Due to the Krylov and Safonov
theory, the convergence is also uniform on every compact subset.

This draws the basic background for our strategy. Due to the homoge-
nization property for the family (£5¢)., the fundamental solutions of the
operators (L£5¢). weakly converge (in (t,y)) towards the solution of a non-
standard Gaussian kernel. These transition densities write:

(3.5) qt,z,y;e,€) = e Yq(e ™, e tw, ey ).

As explained in the next Subsection, we then derive that the family
(G(t,x,y;¢,€))e (up to a normalizing factor) uniformly converges (in (¢, z,y))
on every compact subset of ]0,+oo[xR? x R?. Thanks to the backward
Kolmogorov equation satisfied by ¢ in (t,z), we deduce the (local) L2
convergence of the z-gradients of the (normalized) densities towards the
z-gradient of the limit Gaussian kernel. This result is the key step towards
Theorem B2 (see Subsection BI).
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3.4. Normalized Solutions. The strategy to establish the uniform con-
vergence of the transition densities relies on an equicontinuity property for
the solutions to the adjoint equations for (£5¢).. Here is a short summary.

Thanks to the Chapman-Kolmogorov equations, the density ¢(¢, z,y; ¢, )
satisfies in (,y) the adjoint equation dv/dt — (L5¢)*(v) = 0. Such adjoint
equations to non-divergence operators have been intensely studied in several
earlier papers. Mention among others Bauman [4], Escauriaza [1] and Fabes
and Stroock [10]. The common idea consists in normalizing the solution v
by a nonnegative solution w to the elliptic equation (£5¢)*(w) = 0 and
to investigate the Holder continuity of the product w~!v in terms of its
supremum norm. The resulting estimate relies on a relevant version of the
Harnack inequality for such normalized solutions.

In the stationary setting, the functional p(¢~!-; &), associated to the den-
sity p of the invariant measure, satisfies the adjoint equation (£5)*(p(e~!-,
€)) = 0 and thus plays the role of w. We then derive a uniform bound
(in (z,e)) for the Holder continuity (in (t,y)) of the normalized kernel
p e Yy, 6)a(t, z,y;¢,€) in terms of its supremum norm.

In the same way, the normalized fundamental solution p~*(e 1y, £)q(t, z,
y;€,€) satisfies a suitable version of the well-known Aronson estimates (see
Escauriaza [2] for this version and Aronson [ll] for the original one in the
divergence setting).

Gathering the Harnack inequality for adjoint solutions and the Aronson
estimates for the normalized kernel, we establish that the family of (¢,y)
functions p~t(e~ly, £)q(t, z, y; ¢, €) is locally (i.e. on every compact subset)
equicontinuous with respect to the parameters z and e.

Thanks to the Krylov and Safonov theory (bounds for the Hélder continu-
ity of the solutions to £5¢), we manage to establish that the family of (¢, z,y)
(and not (¢,y)) functions p~ (¢ ty, £)q(t, x,y; ¢, €) is locally equicontinuous
with respect to the parameter €.

3.5. Time Reversal. Forget for the moment the previous Subsections
and B4 and recall from Olla [24], Chapter I, the basic strategy to estab-
lish the central limit theorem for Markov chains. Under the assumptions of
Theorem B2, solve the family of auxiliary problems:

(3.6) —L(u(-¢)) +e*u(;e) = f.

Prove then, as e tends to zero, that su(-;¢) vanishes in L?(Z,p.u) and
that Du(-;e) converges (again in L?(Z,p.u)). Apply Ito’s formula to the
process eu(e 1 X (g;0,€);¢,€), with u(z;e,€) = u(T.&;€), to reduce (up to
negligible terms) the rescaled additive functional in (B2) to a martingale.
Derive finally Theorem from the central limit theorem for martingales.
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In our frame (see the writing of f in the statement of Theorem B2), the
solution u(z; ¢, &) writes:

+o0
(1) u@ed= [ (=) [ 07 Dipe)] (T Ealt.z,yi€)dyds
Thanks to the rescaling procedure (see (B3)):

(3.8)
cu(e lz;e, )

—c! /+oo exp(—t)/ [P~ De(pg)] (Te-1,€)(t, 2, y; 2, )dy dt
0 Rd
+oo 9
- _/0 exp(—t) /Rd(Pg)(e1y,€)8—yg(P1(€ly,§)f¥(t7x7y; e, §))dyadt.

From Subsections and B4l we are able to establish the convergence
of the z-gradients (and not y-gradients) of the normalized kernels. Unfortu-
nately, equality (B8) holds with respect to the y-derivative of the normalized
fundamental solutions.

The strategy then consists in reversing in time the process 7. This proce-
dure does not change the asymptotic analysis for (B3]) (see Olla [24], Chapter
I, and Wu [34] for earlier applications of this technique), and leads to focus
on the auxiliary problems (B associated to the normalized adjoint oper-
ator p~'L*(p-). In particular, the time reversal procedure permits to write
BX) with respect to the x-derivative of ¢ instead of the y-derivative. Ac-
cording to the strong convergence property given in Subsections and B4
and to the ergodic theorem, we derive that the last term in (B) vanishes,
as expected. We are then able to recover the classical strategy (at least in
its main lines), provided £(pg) = 0 (see Section [).

3.6. Boundedness of p. The central limit theorem directly follows from
the factorizing method due to Osada [25] when p is bounded from below and
from above by positive constants. This situation occurs in the periodic frame-
work (see e.g. Bensoussan et al. [5], Chapter III) and in the one-dimensional
setting d = 1, in which p can be explicitly written down: p =a~!/E(a™!).

In the current context, i.e. for d > 2, we are totally unable to predict if
such bounds for p might hold or not.

3.7. Centering Condition. At this early stage of the paper, the reader
may be doubtful about the centering condition £(pg) = 0. Indeed, any
asymptotic property for the quantity p~!D,(pg) remains unchanged by ad-
dition of an extra constant to the product pg, so that the reader might hope
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for an easy extension of Theorem to the general case. What we would
need to derive a generalized version of Theorem from the centered case
is in fact slightly stronger: to prove the central limit theorem for a given
function f of the form f = p~'Dy(pg) (£(pg) being possibly different from
zero), we need to write, up to a suitable pertubation term, pg as the prod-
uct of p times a centered function h € L*®(Z, u). For example, pg always
writes p(g — £(pg)) + pE(pg) or p(g —p~'E(pg)) + £(pg). The first trans-
formation (i.e. g — g — £(pg)) does not preserve the asymptotic behaviour
of p~1Dy(pg) (since p€(pg) induces a non-trivial term), whereas the sec-
ond one does but maps g onto g — p~'&€(pg). This latter function does not
belong to L®(Z, 1) unless p~! belongs to L>®(Z, u1).

As discussed above, there is no clear reason to ensure the boundedness of
p~ ! except in the specific case d = 1.

3.8. Frequently Used Notation. In the sequel, the generic notations “C”,
“C"™ and “c” denote constants appearing in the proof of Theorem If
nothing mentioned, these constants only depend on the parameters A, A
and K quoted in Assumption (A). Of course, their values may vary from
line to line.

Moreover, for z € R? and r > 0, we denote by B(z,r) the Euclidean
ball of R¢ of center z and radius r. For » = 1, its volume is denoted by
V4. For t € R, we denote by Q((t,z2),7) the cylinder of R¥! Q((t,2),r) =
Jt —r2 t+r}[xB(z,7).

4. Normalization with respect to the Density. Follow the strat-
egy described in Section B] and investigate the properties of the normalized
transition densities. To this end, focus first on the density p of the invariant
measure.

4.1. Density of the Invariant Measure. As said in Section Bl, the envi-
ronment seen from the particle admits an invariant measure denoted by
v = p.p. Thanks to Zhikov [37] and to Zhikov et al. [36], Chapter X, or to
Theorem B, p(-,&) = p(T.§) satisfies for a.e. £ € = the adjoint equation
(LE*(p(+,€)) = 0 in the following sense:

Vo € C°(RY),
(4.1)
le/ al’] z 6 CL‘ g)a 61'j( ) =0, p(-,f) € Llloc(Rd)'

Referring to Sjogren [3(], Section 3, Lemma 1, for almost every & € E,
there exists a continuous version of = — p(x,§). This version belongs to
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C?(RY) and satisfies the adjoint equation in a strong sense (see Theorem 1
and (2.5) in the previous reference). We will always consider this version
in the sequel of the paper. In particular, for almost every £ € Z, p(T,&) =
p(z,€) a.e. in .

From Escauriaza [1], we can provide an explicit writing for the version
p(z,€). Indeed, from Theorem 1.1 in [1], for every £ € E, there exists a
unique non-negative (continuous) adjoint solution w(z;&) to £ satisfying:

/ w(z; &)dr = Vy.
B(0,1)

-

According to the proof of Theorem 1.1 in 7] and to the measurability of
v, we derive that w is jointly measurable in (z,&).
Since p(z, &) satisfies, for a.e. ¢, the adjoint equation for £¢, we claim:

o) =V [, o p(T,)dyw(z: ).

Up to the choice of the version of p in L¥@=1(Z, 1), we can extend
p(z,€) to the whole set R? x Z (due to Lemma 7.1 in Zhikov et al. [36],
for two different versions p and p, p(+,&) = p(-, &) for a.e. £). The resulting
mapping p : R? x = — R is jointly measurable in (z,£) and satisfies the
adjoint equation for every £ € Z.

A first point consists in checking that p(0,§) = p(£) for almost every
ek

LEMMA 4.1.  For every x € R%, for almost every € € Z, p(T,€) = p(x, &).

PROOF. Assume first without loss of generality that = 0. Due to the
continuity of (7} ),cra seen as a group acting on LY== ), E|T,p—p| —
0 as y — 0. Thus,

wte [ (T, — p(€)ldy — 0 as h—0.
B(0,h)

Deduce that:

eVt [ by €y~ p(e) 0 as h— 0,
B(0,h)
so that,
15 —d p—probability
Vi h p(y,&)dy —p&)" "— " 0ash—0
B(0,h)

Since the function y — p(y,£) is continuous for every { € =, it comes
p(0,&) = p(§) for a.e. £ € E. O
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In the periodic framework, the function p(-, £) satisfies a Harnack inequal-
ity. As a consequence, it is bounded from below and from above by two
nonnegative constants. The story is rather different in the general setting
since just a few estimates are available for p. The L%(@~1) hound given in
Theorem Bl follows from the Aleksandrov and Pucci estimates, but is far
from being sufficient to establish Theorem On the opposite, we know
from Osada [24] that Theorem holds if p is bounded from above and
from below by positive constants.

It is then well-understood that we need to investigate in a deeper way the
density p to establish the central limit theorem. In this paper, we manage to
derive from (EJ) several new local and global properties for p. For example,
we establish the integrability of p® for a small exponent a (see Corollary
E3) as well as a local Harnack inequality (see Proposition EEI0). Since the
set of definition of p(-, &) (i.e. R?) is not compact, there does not seem to be
any way to derive a global bound for p as done in the periodic case.

The strategy relies on the theory of normalized solutions developed first
by Bauman [3] and [4] and then by Fabes and Stroock [10] and used more
recently by Escauriaza [1]:

DEFINITION 4.2. Let U be a nonnegative weak solution (in the sense of
@) of (L5*(U) = 0. A given function u from R? into R is said to be a
normalized solution with respect to (L8)* and U if the product function U xu
satisfies (L8)*(U x u) = 0.

This definition extends in a trivial way to a solution u(¢, z) of the parabolic
adjoint equation.
Here is a first property of v:

PROPOSITION 4.3. There exist two constants 73 > 0 and C@ >0
such that v(A) > C@u(A)m forall Aeg.

In order to prove Proposition B3 derive first the following Proposition
from Corollary 2.3 in Fabes and Stroock [[10]:

PROPOSITION 4.4. There exist two constants > 0 and U > 0

such that for every € € Z, for every r > 0 and for every E € B(R?),
EC Bd(O,r/4):

0,y;7,0,8)dy > ~g|) 4 0,;7,0,&)dy.
/Ev( i1, 0,€)dy = qrg(r=°|El) (0, y;7,0,8)dy

B(0,r/4)
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PRrOOF OF ProprosITION B3l Fix r > 0, drop the index 4] in the con-
stants ¢ and 7 in Proposition B2l and deduce that for every £ € =:

(4.2) E/ p(Xy)dt > c¢(r~ | E)) "E/ 10,0 /4) (Xe)dt,
where E denotes a Borel subset of B(0,7/4), X; stands for X;(0,¢) and 7(r)
for the first exit time of X from the ball B(0,r): 7(r) = inf{t > 0, | X > r}.

Choose now A € G and £ € =. Apply (B2D) to E = {x € B(0,r/4), T,& €
A} (€ B(RY) from (RM3)):

7(r)
B [ 1)
)
=r'E / Laerd, T,eeay(Xe)dt

(4.3) > 2R / 5(X2)dt
> c(r?|E])" _2E/ B(0,r/4)(Xe)dt

s o [ - 1A<sz>dx) 2R (r(r/4)).

Due to the ellipticity assumption (A1), it is plain to see that there exists
a constant C' > 0 such that C~! < r~2E(7(r/4)) < C. This provides a lower
bound for the Lh.s. in (B3] (up to a new constant C):

(4.4) 2R / ))dt > C~ ( / o 1A(T$§)da:)n.

Up to a p-negligible event, the r.h.s. converges as r tends to +o0o towards
C~147m2V7 1 (A)". Turn now to the Lh.s. in (EZ). Since the expectations
(r—*E(7%(r)))r>0 are uniformly bounded (in (r,&)) (apply Itd’s formula to
| X¢|?, take the square in each side of the formula and integrate w.r.t. IP), we

claim:
=7 @)t
() 2.1/2
ws) <) PR (v [ @) |

<ce|(r ) | " 1A(77t(f))dt)2 v
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The term inside the expectation appearing in the above r.h.s. is bounded
by 1. Moreover, thanks to Theorem Bl it converges up to a p-negligible
event P almost-surely towards (v(4))? (note that 7(r) explodes P-a.s.). From
@) and @), we derive that v(A) > C~1u(A)". O

Deduce the following corollary:

COROLLARY 4.5. There exists a constant ﬂ@ > 0 such that pin €
LY(E, ).

PROOF. For every t > 0, u{p~! >t} < C@til/m. Deduce in particu-
lar that p_l/(%m) belongs to L(Z, p1). O

4.2. FEstimates of the Normalized Densities. The Aronson estimates from
Proposition 1 do not apply uniformly to the rescaled transition densities,
since they are just local in time. To obtain uniform bounds in time for the
kernel ¢, we need to normalize the transition density by p(-,£) (see e.g.
Escauriaza [1], Theorem 1.2):

PROPOSITION 4.6. There exists a constant C[E > 0 such that for every
Ees:

V(t,z,y) €]0, +oo[xR? x R?,

C@max[(/fg(x,tl/2)p(z’§)dz) 71’ (/B(y,tlﬂ)p(z’f)dz)l}
x exp[~Cgt |z = yIlp(y, &)

(4.6) <q(t,z,y;§)

-1

= O@min[(/jg(x,tl/2>p(z’§)dz> ’ </B(y,t1/2)p(2’§)dz> 1}
X exp[—(@t_wx — y|2}p(y,€)~

Proposition provides a global Gaussian estimate for the normalized
kernel p~1(y,&)q(t, z,y;€) since the ergodic theorem yields for z € R%
p—a.s., limg_ o0 td/Q/[fB(xvtl/g)p(z,f)dz] = [Va€(p)]~' = V; ', According
to this global nature, the normalized rescaled kernels (p~!(e =1y, €)q(t, =, y;
g,€))e>o from (B0 satisfy a similar version to (L), uniformly in . Gener-

ally speaking, this amounts to say that the constant (g only depends on
A and A.
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4.3. Harnack Inequality and Holder Estimate. We now exhibit a local
Harnack inequality for the normalized transition density p~!(y, &)q(t, z,y; €)
as well as a bound for its Hélder norm.

Recall indeed that q(t,z,y; &) satisfies in (¢,y) the forward Kolmogorov
equation and refer again to Escauriaza [[4], Theorem 3.7 (with » = 1/2 and
T=23/2):

PROPOSITION 4.7. There exists a constant Cm such that for all £ € E
and x € R?:
sup Py, &)alt, =, y; )]
(t.y)€[1,5/4] x B(x,1/2)
< f -1 t . )
S Vo U SN (AL (CE79)

From Theorem 3.8 in Escauriaza [[7], derive the following Holder property:

PROPOSITION 4.8. There exist two constants > 0 and such
that for all € € Z, r > 0 and Q(z,r) C|0, +00[xR?, z €]0, +-00[xR%:

vz € R, (t,y), (1Y) € Q(z,r/4),
P (. &)alt,x,y:8) —p (Y, Ea(t x5 €
< gl 2(ly — o/ 1P + It — ¢ ) EF? sup [p' (. )ql. . €]

(2,

/

Mention carefully that the point (¢',4') in Theorem 3.8 in [{] coincides
with the center z of the cylinder. To choose, as above, (t',y') differently from
z, we need to pick up (t,y) in the smaller cylinder Q(z,r/4).

In the statement of Proposition B, p~!(y, &)q(t, z,y;€) is seen as a nor-
malized solution (in (¢,y)) to the operator d; — (£¢)*. However, p~'(y, £)q(t,
z,y;€) also satisfies in (¢, ) the parabolic equation [9; — £&](-) = 0. Hence,
the Krylov and Safonov theory (see e.g. [19] and [20]) yields:

PROPOSITION 4.9. There exist two constants o7 > 0 and such
that for all € € Z, r > 0 and Q(z,r) C|0, +00[xR?, z €]0, +-00[xR%:
Yy eRY, (t,z),(t,2') € Q(z,7/4),
I (y, Oalt,z,y:€) —p~ 'y, at', &', y; )|
—2 2 / wQ -1 .
< gl (' + [t — D) ER? sup o' (0, £)a (... :6))

(zr)
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Similarly to Proposition E6], Propositions 8 and B9 uniformly apply
to the normalized rescaled kernels (p~!(e ™1y, £)q(t, z,y;€,€))e>0 since they
hold in a global way. Again, this amounts to say that the underlying con-
stants arg, JrR, ogrg and Ggg) do not refer to the regularity of the matrix

a(z, §).

4.4. Oscillations of p(-,£). To complete the current section, we provide
several estimates for the oscillations of the function p(-,€). In particular, we
establish the gradient estimate given in Theorem

Choose first t = 1 in Proposition 1l and derive from Proposition BT the
following local Harnack inequality for p(-,&):

PROPOSITION 4.10.  There exists a constant C[E > 0 such that for all
£€= and z € R

Cm< yeBl(Izlvfl/Q @ Op(y, 9] < sup [p (2, Op(y,9)] < GrTg

yEB(x,1/2)

In particular, for every & € Z, the growth and the decay of p(-,§) are
at most exponential: up to a modification of C@, for every © € RY,

p(0,8) exp(=Czpglz)) < p(=.€) < p(0,8) exp(Cyl=))-

Derive now the required estimate:

PROPOSITION 4.11.  The density p belongs to WHa/(d=1(= 1) and there

exists a constant qm such that for a.e. £ € E: |p~1(€)Dp(€)| < 012171

PRrROOF. Thanks to the smoothness of a(z,£) (in x), Equation (ET]) also
writes:

0%p d Oa; ; Op
8.%'i(31'j (xvf) +ij:1 8-’15]‘ (x7€)8—xl(x7€)

[ axa } (2,6) = 0.

1,j=1

ai,j(x7 5)

1

.M&

1
2 7
(4.7) 7

w|>—~ Il

Note that the function p=1(0,&)p(z, &) still satisfies (7). From Propo-
sition BT, it is bounded on B(0,1/2) by a constant C' (C' does not de-
pend on ). Moreover, thanks to Assumption (A2), the coefficients of order
zero and one in (B7) are bounded and Lipschitz continuous. Apply Theo-
rem 6.2 in Gilbarg and Trudinger [13], and deduce that the Hélder norms
on B(0,1/4) of the gradient p~1(0,£)V.p(z,€) and of the Hessian matrix
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p~10,6)VZ .p(x,€) are bounded by C. By the mean value theorem and by
Lemma BT, p belongs to Wh4/(@=1)(= 1) and Dp(€) = V.p(0,€) a.s..
Due to Lemma Bl the bound for p~!Dp easily follows. O

5. Homogenization Property. We now investigate the convergence
of the family of rescaled kernels (p~! (e 1y, &) q(t, z,y; €, €))e>0. The analysis
can be divided in three different steps.

(First Step.)

Thanks to the ergodic properties of 7, we establish the homogenization
property for the family of operators (£5¢).sq for a.e. & € Z. Since these
operators are given in a non-divergence form, the effective diffusion coeffi-
cient just writes as the expectation of the diffusion matrix under the invari-
ant measure p.u. This proves, for every @ € RY, the weak convergence of
(p~ Y e, 6)q(-, 2,5 ¢,€))es0 towards a Gaussian kernel I' as & — 0:

PRrROPOSITION 5.1. Denote by I' the Gaussian kernel associated to the
diffusion matriz @ = £(pa). Then, for a.e. £ € E and for every x € R%, the

sequence offunctions (ZTL (t7 y); €T bean ﬁxed) (pil(gilyv £)Q(t7 T,Y; 876))6>0
weakly converges to T'(t,z,y) on |0, +0o[xR? as e tends towards zero, i.e.:

Vo € C2(]0, —i—oo[x]Rd),

+o0
(5.1) lim / o(t,y)p~ (e 1y, )q(t, =, y;6,€) dy dt
0 R4

e—0

+oo
= / / o(t,y)L(t,z,y)dy dt.
0 R4

(Second Step.)

Due to Proposition (bound for the normalized kernel) and to Proposi-
tions 8 and 29l (Holder continuity of the normalized kernel), we derive that
the fundamental solutions (p~!(e71-,€)q(-, -, ;¢, €))eso uniformly converge
on every compact subset of ]0, +oo[ xR? x R? towards the kernel T':

PROPOSITION 5.2.  For a.e. £ € 2, the family of functions (in (t,z,y))
(p~ Y e Yy, O)q(t, z,y;€,€))es0 uniformly converges on compact subsets of
10, +oo[xR? x R towards T'(t,x,y) as e tends towards zero.

Thanks again to Proposition L6l we deduce that the convergence also
holds in the following L? sense:
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PROPOSITION 5.3.  For every compact subset K C R and for every o €
10, 1[, the following convergence holds in p-probability and in p.u-probability
(thanks to Theorem [Z1 and Corollary [[-3, both are equivalent) as € vanishes:

sup sup
a<t<a~lyek

L P w0l att oy, 6)

Jpu— babili
—D(t, @, y) e | PRI

(Third Step.)

We finally obtain the convergence of the gradients:

PROPOSITION 5.4. For every compact subset K C R% and for every oo >
0, the following convergence holds in p and p.u-probability as € vanishes:

sup
yer

+oo
/ / .’IJ g ‘p 1(8_1y,f)vx5(t7%y3575)

(p.)pu—probability
RN O

— V. I'(t, z,y)|2dx dt

Moreover, the convergence in Proposition 3 is uniform over t € [a, +00]
and not just over t € [o, a™1].

At this early stage of the paper, the reader can skip (at least for a first
read) the detailed arguments to focus on the sequel of the proof of Theorem
0. 2

5.1. Proof of Proposition[idl. Consider a smooth function ¢ with a com-
pact support included in ]0,7[xB(0,R), R,T > 0, and a bounded sta-
tionary field h. For ¢ € =, consider the following backward Cauchy prob-
lem over [0 T[xR? (that admits a unique bounded continuous solution in
ﬂq>1VVl ’ q([O T] x R%), see Theorem 9.1, Chapter IV, in Ladyzhenskaya et

al. [21]):

3 a( Ly
u(t,x; e,
7] : 8 8 XT. &

+ x(t,z, e ta, &) =0, u(T,z) =0,

L\’JI»—A

gt[(tmeg

with x (¢, 2, y,&) = ¢(t, x)h(y,§)
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Referring to Theorem 2, Section 10, Chapter II, in Krylov [11], «(0,0; &, )
writes:

(5-2) MQ&&€%=EAT¢@XM&0£»h@1Xﬂa&§%@ﬁ‘

According to the homogenization literature (see e.g. the references in In-
troduction), derive from Theorem Bl and from the central limit theorem for
martingale processes (see e.g. Jacod and Shiryaev, Chapter VIII, Section 3)
that, for a.e. £ € Z, X(;0,¢) converges in law on C([0, +oo[,RY) towards a
non-standard Brownian motion with values in R? and @ as covariance ma-
trix. Using the tightness of the family (X (g;0,¢))es0 (see e.g. Pardoux [2§]
for the periodic frame) and referring again to Theorem B, it is then plain to
derive from (B2) that, for a.e. &, u(0,0;¢,£) — w(0,0) as € vanishes, where

@ denotes the (smooth) solution to the following PDE:

Oty LS as =Pt 1 x(ta) = 0, W(Toz) = 0
ot (10 ¥ 5 2 By, () + X(t) =0, 6ll\2) =0,

and x(t, ) the averaged functional £(ph)y(t,x). Of course, the same holds
for every x € R%: Vo € R?, for a.e. £ € E, u(0,2;¢,€) — u(0,2) as ¢ tends
to zero.

Recall now from Krylov and Safonov [19] that the functions (u(-,-;€,))e.¢
are uniformly Holder continuous. Deduce that the expressions “Yaz € R%”
and “for a.e. £ € Z” can be exchanged. In other words, for a.e. £ € = and
all z € R%:

e—0

—etoh) [ [ 1wt dy

T
limy [ [ alt,ayie et (e y,€) dy di
(5.3) o R

We now wish to establish (E3)) with h = p~!. Assume without loss of
generality that ¢ is R, -valued and choose first h = p~! An for n > 1.
Deduce from (B3):

T
tminf [ [ atogse O €y Oplty) dy e
0 JR

e—0

(5.4) .,
= am] [ [ Da ety dyd

Let n — +o0 in (B3) and derive the lower bound in (BJ).
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The upper bound is more difficult. The strategy relies on Proposition
For every ¢ € Z, for every (t,z,y) €]0, +00[xR? x R?:

-1

P Qalta i) < Coxp[-C o o] [ plag)as]
B(x,t1/2)
Hence, from (B3, for a given € > 0:
pH ey Oalt s, €)
-1
11y, o127 —d
(5.5) < Cexp|-C 't |z —yl’le [/}9(51x751t1/2)p(27§)dz]

-1
< Cexp[-C~ o —yf] /B(xvtl/g)p(e_lz,f)dz} )

Since ¢ vanishes in the neighbourhood of t = 0, there exists « > 0 such
that ¢(t,z) = 0 for t < a. Deduce from (BH):

T
|ty 0p . Olt ) dy e
0 JR4

T
S/ /dci(t,:c,y;s,i)(p‘lAn)(e‘lyvﬁ)w(t,y)dydt
(5.6) o 5
—1
+0(p,T) [/B(Mm)p(e z,€)dz

X / 1}n,+oo[(p_1(5_1ya§))dy7
B(0,R)

where the constant C'(¢,T) may depend on ¢ and T'. Plug now (BE3) into
EH) with h = p~! An and apply the ergodic theorem:

T
limsup/O /Rd q(t,z,y;:6,)p ey, Ot y) dy dt

e—0

(5.7) < Elp(p-" An)] /OT /]de(t,x,y)@(t,y) dy di

+C(a, 0, R, T)p{p~ " > n}.

Let n — +oo in (BEX) and complete the proof (use the separability of
C2°(]0, +00[xR%) to exchange “V¢” and “a.e.” in (BII)). O

5.2. Proof of Proposition [ZQ. For 0 < a <  and a compact subset
K c R4, deduce from Proposition B8 (see also (EH)) that for every ¢ € E:

-1

sup  [p (e 1y, O)a(t,x,y;e, )] < Csup U p(e™'2,&)dz
[, B] x K x R4 zek L B(z,al/?)
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Assume for the moment that there exists yo € R? such that X C B(ypo,
a!/2 /4). Hence, for every = € K, B(yo, a/?/4) C B(z,a'/?). Thus:

-1

sup [p71(€71y7§)5(t7x7y; 876)} S C|:/ p(gilz/’g)dz
[o,B] x K xRd B(yo,al/?/4)

Thanks to the ergodic theorem, for a.e. £ € =:

(5.8) sup  sup  [p (e 'y, )a(t, z,y;6,6)] < O, ),
€€]0,1] [a,B]xKxR4

where the constant C(«, &) may depend on « and £. Note now that we can
recover a general compact subset /C by a finite number of balls of the form
B(yo, /2 /4). Hence, ([E8) holds for any compact subset K C R?.

Thanks to Propositions and 9 for a.e. £ € =, the Holder norms of
the functions (p~1 (e~ 1y, &) @(t, x,y; €, €))eso are uniformly bounded on every
compact subset of |0, +-0o[xR9 x R?. Apply Proposition Bl and deduce that
these functions uniformly converge on compact subsets of ]0, +oo[ xR x R?
towards I'(¢, x,y). O

5.3. Proof of Proposition[3.  To apply Proposition B2l write for a cut-
ting function n : R — [0,1], matching 1 on B(0,r) and vanishing outside
B(0,r + 1), » > 0 (remove for the sake of simplicity the index &):

2 Dl e att 2, p:0) = Dt ay) o

= | P DT G yalt @ yse) = Tt 2, y) Pn(e)de

+ [l gt w ) ~ Ty PO - n)a)do
=T(t,y;1,e) +T(t,y;2,¢).
Note that:

sup supT'(t,y;1,¢)
a<t<a~lyek

< sup sup  sup[lp” (e 'y)a(t, z,yse) — (¢, 2,9)|?]
a<t<a~l! zeB(0,r+1) yek

X / p(e™12)dz.
B(0,r+1)

Thanks to Proposition B.2and to the ergodic theorem, sup <<, -1 Sup,ex
T(t,y;1,¢) tends to 0 as € vanishes (a.s. in &).
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Turn now to T'(t,y;2, ). Recall that the normalized kernel p~!(e~1y)q(t,
x,y; ) satisfies (BH) (with respect to the ball B(y,t/?) instead of the ball
B(z,t'/?), see Proposition B8] and that the transition I is Gaussian. Hence,

-2

T(t7ya276) < C|:</ p(6_1z)dz> +7f_d:|
B(y,t'/?)

< [ pe )1 = m)(a)exp[-C 1 o~ y)do
=T(t,y;2,1,¢) x T(t,4;2,2,¢).

(5.9)

Assume first that there exists yo € R? such that I C B(yo, al/? /4). Then,
for every y € K, B(yo,a'/?/4) C B(y,a/?). Since a <t < a~!, it comes:

—2
T(t7y;27156) S C|:(/ p(slz)dz) +Oéd:|
B(yo,al/?/4)

From the ergodic theorem, we derive:

p—a.s., sup sup supT(t,y;2,1,¢)
e€]0,1] a<t<a~l yek
-2

(5.10) < C[ sup (/ p(s_lz)dz> + a_d}
£€]0,1] \Y B(yo,a'/2/4)

< +00.

Finally, consider in (BHl) the supremum of T(t,y;2,2,e) over (t,y) €
[, a7 1] x K. Since |z — y|? > |2]?/2 — |y|?, we claim:

sup supT'(t,y;2,2,¢)
a<t<a~lyek

< eXp(Coz_lRQ)/ pletz)(1 —n)(z) exp[—~C a2 |*]da,

Rd
with R = sup ¢ |y|. Taking the expectation with respect to u, we get:

E[ sup supT(t,y;2,2,¢)]
a<t<a~lyek

(5.11)
< eXp(Coz_lRQ)/ (1 —n)(z)exp[—Ctalz|*]da.
R4
Let us now conclude. Fix to this end § > 0. From (EI0), we can find M >
0 (M being independent of 1) such that, for all € €]0,1], sup,<;<,-1 SUP e
T(t,y;2,1,e) is bounded by M up to the (u-)probability /3. For this M,
we can choose r (r + 1 being the radius of the support of ) large enough
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in (BII) to bound, for all e €]0,1], sup,<i<o-1 SUPyex T'(t,4;2,2, €) by
d/(2M) up to the (u-)probability §/3. In particular, up to the (u-)probability
20/3, supy<i<a-1SUPyex T'(t,y; 2,€) is bounded for all e €]0,1] by 4/2.
Choose now & small enough to bound sup,<;<,-1 supyex T'(¢,y; 1,€) by §/2
up to the (u-)probability §/3 and complete the proof when K is included in
B(yo,@'/?/4). In the general case, the compact set K can be covered with a
finite number of balls of radius o'/2/4. O

5.4. Proof of Proposition [0} Recall first that for all £ € E and y €
RY, the function p~'(y, &)q(t, x,y; €) is a solution (in (¢,2)) to the operator
Oy — LS. Apply the scaling procedure (B3) and derive for € > 0 and (¢, z,y) €
10, +oo[xR? x R%:

A~ (e 1y, Oat, =,y;¢,)]
ot

d 62 (e y, Oalts 2,56, )]
z:: 0x;0x;

(5.12)
= 0.

Apply Theorem 7, Section 6, Chapter IX, in Friedman [11] and note that
q(t,z,y;e,€) is a smooth function in (¢,x). In particular, (E212) holds in a
strong sense. Note also that ¢(t,z,y;¢,€), V.q(t,x,y;,£) and V%x(j(t,q:,y;
£,&) are bounded on every set [o,] x R x R%, 8 > a, by C(a,f,¢)
exp(—(C(a, B,€)) " Ha — y[?).

Recall that the Gaussian kernel I" (see Proposition BJI) satisfies for (¢, x,y)
€]0, +oo[xR? x R4:

d 2
or(t,z,y) 1 Z am’(‘? I(t,z,y)

at 2 8:618% =0

[\)

ij=1
We then deduce for (¢,z,y) €]0, +0o[xR% x R? (remove the index &):

Olp~ e ty)a(t, =, y;e) — (¢, z,y)]

ot
1 zd: a; 82 [~ e y)at, x,y;e) — D(t, z,y)]
(5.13) g 2 il 0z;0z;
1,j=1
1 d _ 82F(t T y)

Thanks to the previous Gaussian bounds and to Proposition (growth
of p), we can multiply both sides in (EI3) by p(e 'z)[p~ (e 1y)q(t, =, y;€) —
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I'(t,z,y)] and integrate with respect to z € RY. Since p(¢ 'z, £) satisfies in
the adjoint equation (£5¢)* (p(e~'x,€)) = 0, an integration by parts yields
for a suitable constant C' > 0 and for every t > «a:

(5.14)
/Rd P(sflx)[pfl(&tfly)q—(t,:c,y; £) — F(tafﬂ,y)]de
+ ! /at /de(671$)|vz [pfl(sfly)q(s’x,y;e)] _ vzr(&%y)ﬁd:cds

< [ pe ) € e i) ~ Naww,y))*da

+ % iél /at /]Rd {p(f_lx) [ai (e ) — @]

9T (s, z,y)

=1\~ N
Ox,01, P~ (e y)a(s,z,y;e) — (s, z,y)] |dzds.

The proof of Proposition B4l then follows from Proposition and from
the following Lemma:

LEMMA 5.5.  Under Assumption of Proposition

9T (s,z,y)

t d
-1 (el
/a |:ij1 /]Rd p(g (L‘) [aw(g (L‘) al,]} 85[7@8:6]

p—probability
— 0.

sup sup
t>a yek

x [p e y)als, w,yse) — F(s,x,y)}dx] ds

PrROOF. Recall first that the second order derivatives of I' satisfy for all
(t,z,y) €]0,+00[xR x I (denote R = sup, ¢k |yl):
‘Vizf(t,aj,y)‘
(5.15) < Ct™ 1 4 17z — y)?] exp(—C 1 o — y)?)
< Ct™ 1 4 t7Y(R? 4 |2)?)] exp(CtIR? — C 1 z)?).

Fix now T" > «a and deduce from the Cauchy-Schwartz inequality and
from Proposition

T %L (s,z,y)
-1 (1 = O Y
Zlel}é |:/oz Z-le /]Rd p(6 :C) [a%](s :C) aZ,J} 89018:6]

X [pil(gily)(ﬂsa z,Y; 5) - F(Sa z, y)}d.%'

—probabilit;
ds} p-probability
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It thus remains to establish the convergence of the above integral over the
interval [T, +o0[. Follow the proof of Proposition B3l (and in particular (53))
and assume for the moment that X C B(yo, T'/2/4) for a given yo € R%
Then, for t > T,

sup/ [p(slw)\ai,j(flw) — @i jl|
yek JR4

x (07 e y)q(t, , y;e) + F(t,x,y))] dz

82F(t) z, y) ‘
axiaxj

~1
< Cexp(Ct™1R?) [sup (/ p(e_lz)dz) + t_d/2]
yek \JB(y,t'/?)

(5.17) % |:/Rd p(gflx)t*d/Qfl [1 + t*l(R2 + ’37‘2)] eXp[—Cltllx\Q}dx]

-1

< Cexp(CT'R?) [td/Q (/B p(elz)dz) + 1}

(yo.t'/2/4)

X

e o T 1 R )] exp[-C e ol
R
= Cexp(CTR?) x S(t;1,¢) x S(t;2,¢).

Note that S(¢;1,¢) = (fB(t_1/2yO71/4)p(sfltl/Qz)dz)fl + 1.

In particular, following (B2I0), we can prove from the ergodic theorem that
SUpy>7 SUP.co,1) S(t; 1,€) is a.s. finite. Similarly to (BII), the expectation
E[[£1S(t;2,¢)|dt] can be made, uniformly in €, as small as necessary by
choosing T large. O

6. Resolvent Equation. In this new section, we investigate the resol-
vent equation —L*(pu(-;¢)) + e?pu(-;¢) = pf, ¢ > 0.

(First Step.)

In this frame, we first prove:

PROPOSITION 6.1.  The family (Ty),cra defines a strongly continuous
group on L*(Z,p.u) (so that the realization of a field in L*(Z,p.u) belongs
to L%OC(Rd)). The intersection of the domains of the generators D1, ..., Dy is
denoted by H(Z,p.p) (the definitions of (D;h)1<i<q coincide ifh € H(Z, )N
H(Z,p.u) since the convergences in p and p.u-probability are equivalent).

Moreover, for every k € H(Z,p.u), pk € WHY(E, u) with D(pk) €
L*(Z,p L. s RY), and the following integration by parts holds for all h €

H(E,p.n) andie€{1,...,d}:
(6.1) €[p(Dih)k] = —€[hD;(pk)].
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Finally, for every h € H(Z,p.u), h(-,€) € HL . (RY) for a.e. £ € = and
Vih(z, &) = Dh(T€) almost everywhere in x.

We then investigate the resolvent equation:

THEOREM 6.2. For a given h € L?(Z,p.u) and for every ¢ > 0, there
exists a unique stationary field v(-;¢) in the domain of p~'L*(p-) (adjoint
operator of L with respect to the scalar product induced by p) such that:

—p 'L (pv(+2)) +2v(2) = h.
It writes:
oo 2 1
vi6e) = [ esp(=2) [ BT, 0p(0. 0. C)alt.y, 05 dy .
+00
(6.2) _ o2 / {exp(—t)
0

<[ h(Te1y§>p(s‘1y,£>p—1<0,f)q(t,y,O;e,@dy} dt.
Rd

Moreover, for every h € L?*(Z,p.u), the solution v(-;€) belongs to the
space H(Z,p.p). In this frame:

63)  5EPADV(;6), D(50)) + E(pIv() ) = E(pv(se)h).

(Second Step.)

For h = f in Theorem 2], we write u(+; ¢) for the solution to the resolvent
equation. Since f = p~!Dy(pg), derive from (E1]) (since Dg € L>®(Z, u; RY),
g € H(E,p.u)) that E(pu(;e)f) = —&(pgDyu(-;¢)). Due to Assumption
(A.1), (E3) yields:

(6.4) sup[£ (p|Du(-+2)|?) + €2 (pu ()] < +ov.

We then prove the following asymptotic property for the family (u(:;¢))es0:

THEOREM 6.3.  For every compact subset K C R, the following conver-
gence holds in p-probability and p.u-probability as € vanishes:

52/ p(ﬁ_lx,g)lﬂ(g—lx; e, &)dx (p.)u—probability 0
K
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(Third Step.)
We finally improve Theorem

THEOREM 6.4. The family (u(-;€))e>0 satisfies: liII(l) e2E(pu?(;¢)) = 0.
E—

This result is well-known in homogenization theory and usually derives
from the properties of the weak limits of the sequence (Du(+;¢€))->0. Indeed,
if we manage to prove that every weak limit ¥ € L2(Z,p.u;R?) of the
sequence (Du(+;€))e>0 satisfies E(p(a¥, ¥)) = —2E(pg¥y), we easily deduce
that Theorem holds true (see e.g. Olla [24], Chapter I). Unfortunately,
we are not able to directly prove such an equality. Too little properties for
the density p are available. The strategy then follows from Theorem

6.1. Proof of Proposition [E. Consider first a function h € L2(Z, p.u).
Due to LemmaBTland to Proposition BZIT, T} h still belongs to L(Z, p.u) for
every x € R, We then aim to prove that lim, .o £(p(T;h — h)?) = 0. Since
the function h is u-a.s. finite, h satisfies (RM4) (stochastic continuity of the
group (Tz),era). It is then sufficient to prove that the family (p(h(T,-) —
h)Q)zeB(O,l/ll) is uniformly integrable with respect to u. For A € G:

E[14p(h(T,) — h)?] < 28[14ph*(T,-)] + 28 [1aph?].

There is no difficulty to handle the second term in the r.h.s.. Focus then
on the first one. Thanks to (RM1) (stationarity of the medium), to Lemma
BTl and to Proposition EET0, it writes for « € B(0,1/4):

(6.5)  E[1aph*(Ty)] = E[1a(To)p(T_2)h?] < CE[14(T_,-)ph?].

Since (T, A) = pu(A), we derive that the family (p(h(T,-)—h)?),ep(0,1/4)
is U.I. and thus establish the announced strong continuity property.

Turn now to the proof of the integration by parts (E1I). Following the
previous construction of H(Z,p.u), we can define in a similar way the
space H(Z,p~'.u) (mention carefully that p~'.u is just o-finite). Since
p € LY(E,p), it is well seen that H(Z,p~t.u) € WHY(E, ). In particu-
lar, the notation D;®, for ® € H(Z,p '.u) and i € {1,...,d}, still makes
sense.

From standard computations, we deduce that the product h® belongs to
Whi(Z ) if h € HE,p.u) and ® € H(Z,p t.pu). For all i € {1,...,d},

Thanks to Propositions and EETTl it is plain to prove that pk €
H(Z,p~'u) for k € H(Z,p.u). The integration by parts (1) follows easily.

The last assertion follows from Proposition EET0land from (7.18) in Zhikov
et al. [3€]. O
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6.2. Proof of Theorem[GA Since p.u is invariant for n, (S¢)i>o defines a
contraction semigroup on L?(Z, p.u) (see Subsection B3 for the definition of
(St)t>0). Following Subsection 23 we derive from Proposition (strong
continuity of (Ty),ege on L2(Z,p.p)) that (S¢)i>o is strongly continuous.
The domain of L, seen as an operator on L?(Z, p.u), is denoted by Dp(L).
It contains W2>®(Z, ).

We are now in position to construct the semigroup for p~!L*(p-):

PROPOSITION 6.5.  Define for a functionh € L*(Z,p.u) and a real t > 0
the following mapping:

Rih:§e = [ (TOPTOP (©alt.o.0:6dr (= h(g) if 1 =0)

Then, (Ry)1>o is a family of contractions on L*(Z, p.p) and induces a fam-
ily of contractions on L*°(Z, ). Moreover, it defines a strongly continuous
contraction semigroup on L?(Z, p.u) whose generator is the adjoint of L seen
as an operator on L?(Z,p.u). This generator writes formally p~'L*(p-),
where L* denotes the adjoint of L seen as an operator on L*(Z,p). Its do-
main is given by:

Dy(p~'L*(p-))
— {h e LA(E,p), Fe= 0, V€ W2S(E, 1), EPhLO) < cElpll2)},

and for h € Dp(p~'L*(p+)) and 1€ Dp(L), E[p(p~'L*(ph))l] = £[phL(l)].
In particular, W (2, u) is included in Dp(p~'L*(p-)).

ProoF. Note first from Lemma 7.1 in Zhikov et al. [3€] that R;h is well
defined for h > 0 (i.e. Rth = R;h a.s. for h =h a.s.).
From (EZ4)), for all h > 0 and ¢ > 0:

Elp(rb)] = [

Rd

BT p(T.E)alt. .0 5)du(§)} dz

(6.6) = [ | LBTOp(Tg)a(t.0.~55 T, €)du(€)| o

= o /_ h(&)p(&)a(t, 0, —xsg)du(g)}dx:ahp).

Recall that g(t,0, —x;€) is a density (in z) over R? to derive the last equality.

Deduce in particular that R;h defines an element of L'(Z, p.u) for h €
LY(Z,p.u). It is then readily seen that R; is a contraction on L!(Z,p.u).
We now prove that it defines a contraction on L2(Z, p.u) and L®°(Z, u1). We
need to this end the following lemma:
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LEMMA 6.6. For every & € =, the function x € R% — p=1(0,&)p(x, &)
q(t,x,0;€) is a density.

PrRoOF OF LEMMA [E6 Since p(x,§) is at most of exponential growth
(see Proposition ELTO) and is continuous with respect to the first argument,
derive from Theorem 15, Chapter I, in Friedman [L1], that for every ¢ € =:

(6.7) lim | p=1(0,€)p(x, aq(t, z,0;€)dw = 1.
— Rd

Recall now that ¢(t,z,0;&) is a solution to the operator d; — £¢ and
satisfies the bounds given in the proof of Proposition B4l Hence,

% URd P10, 8)p(x, &)q(t, z,0;&)d

2

-3 Ed:/ ~H0,6)p(x, E)ai (= é)ﬂ(t x,0; €)da
_2i,j:1 de » SIPUE &) Ox;0x; " "7 :

J

Since p(z,€¢) is a solution to the adjoint equation (£8)*(p(-,£)) = 0, the
above Lh.s. is equal to zero. From (1), we complete the proof. U

END OF THE PROOF OF PROPOSITION [B.5l Thanks to Lemmas BTl and
[E08 it is readily seen that R; is a contraction on L (=, i) (recall by the way
that L>°(Z, ) is also L>®(Z, p.u) since p and p.u are equivalent). From the
Cauchy-Schwarz inequality, it is also a contraction on L2(Z, p.u).

Thanks to the Chapman-Kolmogorov equation (applied to the kernel
q(t,z,y;€)), it is plain to see that (R;);>o defines a semigroup on L?(Z, p.u).
It thus remains to prove that the semigroup is strongly continuous. For ¢t > 0
and h € L%(Z, p.u), deduce from Lemma and Proposition Tk

Elp(Rih — )’
<&| [ (T8 - O Pp(TEat 2.0:¢)do
< Cr P exp(E| [ pTAOM(TE) ~ (P exp(~C 1t of o
= P expl(Cn) [ EpOMTLE) ~ BOF] exp(-C e faP)da

= Cexp(Ct) [ EpO)I(T,6) — B(OF] exp(—C~[af)do.

Following Subsection Z3] we derive the strong continuity property (apply
Proposition EEI0 to establish the domination condition &(p(&)h?(T,1/2,£)) <
exp(Ct'/2|z])€ (ph?)).
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Compute finally the generator A of (R¢);>o. For h,1 € L?(Z,p.u), it is
well-seen that £[p(R:h)l] = E[ph(S1)], where (S;)¢>0 denotes the semigroup
associated to L. Hence, for h in the domain of A and 1 in the domain of L,
Elp(R:h — h)l] = E[ph(S] —1)]. In particular, £[pA(h)l] = £[phL(1)]. We
easily derive that A matches p~'L*(p-).

The representation for Dp(p 'L(p-)) given in the statement of Propo-
sition is well-known when W?2>(Z, ) is replaced by Dp(L). To ob-
tain the announced representation, we need to prove that for every 1 €
Dp (L), there exists (1,)n>0 € (W?®(Z, u))Y, such that (1,,L1,) — (1, Ll)
in L2(Z, p.u;R?). This can be done as follows. Referring to the next para-
graph (end of the proof of Theorem B.2)), we can prove that (I — L)~ (I
denotes the identity) maps S. into W2°°(Z, ). Considering a sequence
(hy,)n>0 € S converging towards (I — L)l in L?(Z, p.uu) (obviously, Su. is
dense in L?(Z, p.u)), we can choose 1, = (I — L)~!(h,), so that 1, tends to-
wards (I —L)~}((I-L)1) = lin L*(Z, p.pu). Since (I —L)l,, = h,, — (I-L)l,
we derive that L1, — Ll in L*(Z,p.u).

It now remains to prove that W% (=, 1) C Dp(p~'L*(p-)). Choose h and
1in W2°°(Z, i) and investigate £(phLl) = (1/2) Z(ij,jzl 5(Paz‘,th¢27jl)- It is
clear that hl € W% (Z, i) and that D%j(hl) = hD%jl + lDzjh + D;hD;l +
D;hD;l. Since L*(p) = 0, it comes £(phLl) = —&(p(Lh)l)—&(p(aDh, DI)).
Apply the integration by parts (GJI) to complete the proof.

U

END OF THE PROOF OF THEOREM [6.2] The first integral writing of v(-; &)
(see (B2)) directly follows from Proposition B0 and Lemma BTl (to identify
p(§) with p(0,¢) in R:h). The second writing follows from an obvious change
of variable.

We now prove, for a given € > 0, that v(+; ) belongs to H(Z, p.u). Assume
first that h belongs to the space Soo and show that v(z;¢,€) = v(T.€;¢) is
a strong solution to the realization of the resolvent equation.

Referring to (EJ]) and to the proof of Proposition EET], for every £ € =, the
operator p~ (-, &)(LE)*(p(-, €)-) develops in a non-divergence form, with a as
diffusion matrix, with a bounded and Holder continuous drift and with a null
zero order term. Therefore, there exists a bounded classical solution w to
the equation —p~!(x, &)(LE)* (p(x, E)w(x))+e2w(z) = h(x,£) (see Theorems
4.3.1 and 4.3.2 in Krylov [18]). Since the first order term of the PDE admits
Holder continuous derivatives, w admits bounded derivatives of order one,
two and three (refer to the Schauder theory, Friedman [[L1], Chapter III,
Section 3) and the common bound for w, V ,w, Vi’mw and V3w does not

T,T,T

depend on £. Moreover, due to Theorem 15, Chapter I, in Friedman [[11], w
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writes:

68) w@) = [ (=) [ 1o Oply. O @ Oattsy.: ] ar

Comparing ([6.8)) to &2, v(-;¢,&) admits for a.e. £ € = a smooth version
that satisfies the realization of the resolvent equation in a strong sense. In
the sequel, we identify v(-;¢,&) with this version, so that, for every £ € =,
v(-;€,€) is three times differentiable with bounded derivatives. The bound
for the derivatives does not refer to ¢. Following Lemma EZT], for every = € R,
v(z;e, &) and v(TzE;€) coincide for a.e. £ € E.

Thanks to the mean value theorem, it is then well seen that v (and Dv)
belongs to Ny=1Wh4(Z, 1) and to H(Z,p.p). Of course, Dv and D?v are
bounded, so that v € Dp(L) N Dp(p~L*(p-)). Proposition applies:

E(p(p~'L*(pv))v) = E(pvL(v)).

Standard computations show that L(v?) = 2vL(v) + (aDv, Dv). Since p
satisfies L*(p) = 0, this proves that:

(6.9)  E((pT'L*(pv))v) = E(pVL(v)) = —(1/2)E(p(aDv, Dv)).

Plug [3) into the resolvent equation in Theorem B2 to get (E3).

It now remains to conclude when h ¢ S.. In this case, there exists
a sequence (hy,),>0 € SL converging to h in L?(Z,p.u). Since (I —
p !L*(p-))~! is a bounded operator (I denotes the identity), the regular-
ized solutions v, (+;€) to the resolvent equation converge in the same space
towards v(-; ).

Thanks to (B3) applied to the sequence (v, (;€))n>0, deduce that the
sequence (Dvy,(+;€))n>0 is bounded in L?(Z, p.y; RY). Thanks to the Mazur
theorem, there exists a sequence of convex combinations of (Dv,,(-;€))n>0,
still denoted by (Dv,(+;€))n>0, that converges in L%(Z, p.u; R?). The limit
is denoted by (wy,---,wq). Of course, the re-indexed sequences (hy,),>0
and (v (-;€))n>0 still converge towards h and v(-;¢) (and sill satisfy the
resolvent equation).

The strategy now consists in identifying w with Dv. We seek first for
uniform controls for Dv,(-;e) and D?*v,(-;¢). Apply to this end Theorem
9.11 in Gilbarg and Trudinger [13] and deduce from Proposition BT (to
obtain the second term in the r.h.s. below):

/ |vz,xvn(x§57§)|2dx
(6.10) BO.1/2)

< Cp~0,¢) [ /B o 1)(vi(x;e,£) + hi(2,8))p(x, &)dz |
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Complete now the proof. For ¢ € {1,...,d} and 6 € R\ {0}:

E[P|57 (v(Tseri8) = v(52)) — wil”]
= lim E[p |6 (vi(Tse, s )—vn(-;s))—Divn(-;e)}Z]

n—-+o0o

= 4dVdf1 lim 5[/ p(z,§)
n—+oo B(0,1/4)

‘6 Un T+ 6€la5 5) (IE;8,§)) 87}”

o, xef\dm}

< 4dVd_1 limsup &€ [/B(O L p(x, &)

n—-+o00

x UO [g;’c” (z + Adej;e, &) — gjc” (x;s,{)]2d)\] d:n]

i

n—-+o00

< 4dVd7161im sup £ [/ p(z,8)
B(0,1/4)

U / V2 o ? x—i—/\udez,a{)d/\d,u} dx}

Apply again Proposition to bound p(z, &) by Cp(0,&) (at least for o
small) and (EI0) to bound the partial derivatives of order two:

2
Elp A (v(Toe,16) = v(5€)) —wil]
< Colimsup E[p([val* ()] + [y ).
n—-+4o0o
From (&3]), bound the r.h.s. in (GI1l) and deduce that v(-;¢) € H(E,p.u).
Apply again (B3)) to the (re-indexed sequences) (hy,)n>0, (Vi (:;€))n>0 and
(Dvy,(+5€))n>0 and deduce that (E3) holds for v(-;¢). O

(6.11)

6.3. Strategy to Prove Theorem[fz3. Consider first, for a given € > 0, the
realization of the resolvent equation —p~!(x, &)(LS)* (p(z, &)w(z))+e?w(x) =
f(x,€). Since f(x,&) is not smooth in z, we cannot solve this PDE in a strong
sense as in the previous discussion. Considering a regularizing sequence for
the bounded function f(z,&), we can still build a sequence of regularized
solutions with uniform bounds in qulwlif(Rd) (apply again Theorem 9.11
in Gilbarg and Trudinger [13]). Extracting a converging subsequence, this
provides a bounded continuous solution in Ng>1 W}, ’q(Rd) to the realization of
the resolvent equation (due to the Sobolev imbedding theorems, its gradient
is also bounded and continuous). Passing to the limit in (E8), the resulting
solution writes:

(6.12) w(x) = /O+OO

exp(—¢*t) /Rdf(y,f)p(y,§)p’1(x7€)q(t7y,w;§)dy dt
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Up the choice of a version for the stationary field f, (E2)) and (E12) permit
to define, for every € > 0, a smooth version (i.e. bounded and continuous
with a bounded and continuous gradient and with second order derivatives
in Ng>1L{ _(RY)) for the realization of the field u(+;e). The resulting map-
ping u(;¢,-) : RY x £ — R is jointly measurable in (z,&) and satisfies the
realization of the resolvent equation for every & € E. Following Lemma ET]l
for every x € RY, u(x;¢e,€) and u(T,&; ) coincide for almost every &.

Consider now a given smooth cut-off function 7 from R into [0, 1], match-
ing 1 on B(0,r) and vanishing outside B(0,7 + 1), » > 0, and focus on the
product u(y; e, &)n(ey), the environment £ being fixed. From standard com-
putations, we claim that the cut-off solution satisfies:

—p N2, &)(LY)* [p(z, u(z;e, )nlex)] + *u(;e, E)nlex)
= f(x,&)n(ex)
—efa(z, §)Vau(x;e,§), Van(ex))

(6.13) — e(B(x,€), Vaon(ez))u(z; e, )
— %g (a(z,€), V2 n(ex))u(z; e, §)

= f(z,&)nlex) +m(w;e,€),

with Bj(z,) = p~ ' (2,6) SiL, 0laijpl/0i(2,€), 1 < j < d.
As above, the product u(z;e, )n(ex) writes:

+o0o
u(z;e,n(ex) = exp(—et) | (f(y,On(ey) +m(y;e, €))
(6.14) /0 [ /Rd

<y )p™ (. a3 €)dy .
Deduce from an obvious change of variable in (¢, z,y):
u(e™ e, E)n(x)
9 +oo L .
61— |een [ 0E ) + mietye)

x ple ty, O)p e e, €)q(t,y, m;e, €)dy | dt.

Assume for the moment the following results:
PROPOSITION 6.7.  Define for £ € = and (t,z) € [0, +oo[xR%:

mitie = o) [ 5 Ont) + mie e8]

x p(e ty, &)p e e, €)d(s, y, e, €)dy ds.
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Then, for every r > 0 (recall that r + 1 denotes the radius of the support
of n) and for every § > 0, there exists a(d,r) > 0 such that:

Ve >0, Vt < a(d,r), ,u{/dm2(t,x;8,§)p(51:c,§)dx > 6} <.
R

PROPOSITION 6.8. For every compact subset K C R* and for every § >
0, there exists r(0) > 0, such that:

Va > 0, Vr > r(9), Je(d,a,7) >0, Ve < e(d,a,r),

/:OO exp(—t) /Rd Lf(e Y, Only) +m(e y;e,€)]

u { g1 sup
zell

x p(e 1y, E)p~ e e, £)q(t, y, 73, €)dy dt\ > 5} <.

PRrROOF OF THEOREM B3 Fix a compact set £ € R? and a real § > 0 and
choose r large enough such that B(0,7) D K and r > r(6) in Proposition
Choose then o < (6, r) in Proposition Choose finally € < (6, a, 1)
in Proposition To conclude, note from (BEIX) that, for every =z € K,
eu(e~lz; e, &) writes as the sum of the terms considered in Propositions
and O

6.4. Proof of Proposition [0.7 Consider £ € E, ¢ > 0 and a €]0,1].
Remove for the sake of simplicity the index £ in the notations m and m. It
is then well seen that m satisfies in ﬁqleVl})’f’q([O,a] x R?) the PDE (see
Theorem 9.1, Chapter IV, in Ladyzhenskaya et al. [21] and Theorem 15,
Chapter I, in Friedman [[11]):

o d 2
om(t,z;e) lpfl(sflx) 0

———[(a; ;p) (e 'x)m(t, ;e

+m(t,zye) = e H[fe te)n(z) + m(ea;e)], (tx) €]0,a] x RY.

Referring to (EI3), the function fn(e-)+m(-;¢) is bounded by a constant
C. > 0 depending on ¢ (indeed, f is bounded and m is continuous with
a compact support) and vanishes outside B(0,r + 1). From Propositions
21 and BT, the quantity |m|(t,z;e) can be bounded by C.exp(C.(r +
20) [ Sy 52 exp(—Cx sz — y[2) dyds. For |a] > 2(r +1), every
y € B(0,r + 1) satisfies |z — y| > |z|/2. Hence,

[t wie)| < Ceexp(Ce(r + |a]) — CZHal*/8)

t
<[5 [  exp(-C s o - g /2)dy
0 B(0,r+1)

< Ceexp(Ce(r + [z]) — [z [*/8).
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From the gradient estimate in Friedman [[11], Chapter VII, Section 2, The-
orem 4, similar bounds hold for large x for the first z-derivatives of m(-, ;)
(recall from (A2) that a(z,§) is smooth in x). Due to the exponential growth
of p, we can multiply both sides in (EI8) by m(t, z;¢)p(¢ ') and integrate
with respect to (¢, ). An integration by parts yields:

1

1
—/ m2(t, zye)p(e a)dr — = [ m*(0,2;¢)p(eta)dx
2 Jrd 2 Jrd

+l zd: /t/ i[( ip) (e T a)m(s x'é)]a—m(s x;e)dx ds
2”:1 o Jra Ox; @i jPI\E =g N

J

t
(6.17) + /mQ(s,m;e)p(s_lx)dxds
0 Jrd
t
=1 /m(s,x;e)m(eilx;e)p(eflm)dmds
0 Jrd

+e7t /t/ m(s,x;¢)(fp)(e ta)n(x)dx ds

0 Jrd
Since £*(p) = 0, the second order term in (EIZ) writes + ¢ fic1 I3 fga(ai
p) (e tz)(Om/0x;) (s, x;€)(Om/Ox) (s, x;€)dx ds. Thanks to (A.1) (elliptic-
ity of a), deduce from the boundary condition m(0,z) = 0 that:

= l/ m2(t, z;e)p(e 1x)dx
+C~ / / 2)|Ven|?(s, z;¢)dx ds

(6.18) —i—/ /dm (s,2;6)p(e ‘a)dx ds
R
*1/ m(s,z;e)m(e*
R4
—i—afl/ / (s,2;¢)(fp) (e 2)n(x)dx ds.
Recall that m is given by (GI3). Plug (GI3) into ([EI8) and deduce:
T(t;¢) < C’/ / \Voul|(e ™ a; )| Von|(x) | (s, 2;€)p(e L a)dx ds
—i—C&?/ / lu| (e 1a; €)| V2 xn[(m)\m\(s,x;s)p(eflx)da:ds

B Z / /Rd 0x; ’Jp et )88;7]( )u(5_1$§5)m(8,$;6)dxds

1,j=1

z;e)p(e ta)dx ds

71/ / (s,z;€)(fp) (e a)n(x)dx ds.
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Due to the statement of Theorem B2, for a.e. £ € =, pg € Wl1 ,d/(d= 1)(Rd)
and (pf)(z,§) = d(pg)/0x¢(x,&) almost everywhere in x. Deduce from two
integrations by parts:

T(:0) <C// Vou|(e ™ a5 €)|Van|(2)|m (s, 23 €)p(e ) dar ds
+ 05/0 /Rd [ul(e™ 23 €)| V3 ol (2) || (s, 3 €)p(e ™ ) d ds
(6.19) + Ce /Ot /Rd lul(ea; €)|Von| ()| Vam|(s, z;€)p(e ') dx ds
+/Ot /Rd IVamn|(s, z;2)(|glp) (e~ 2)n(x)da ds
+/Ot /Rd M| (s, ;) (|glp) (e~ )| Vol (z)da ds.

Apply the standard inequality 2yz < y? + 22 to every term in the above
r.h.s. and remove as a bypass product the gradient terms in m in (EI9)
(compare with 7'(¢;€) in (6I8])). Apply then the Gronwall lemma to remove
the m term in the r.h.s. and take finally the expectation w.r.t £ € =. Derive
that there exists a constant C such that:

& [/Rd m2(t,x;e,&)ple e, €)da
< Caexp(Ca) [E[plg’] + E[pIDu(;e)’] + e*Elplu(¢)[?]]
x [ In@P + Van@) + 92 (o) ) da.
From (£4)), this clearly completes the proof. O
6.5. Proof of Proposition [lL8. Start first with the following term:

LEMMA 6.9. The term :

S(y;e,€) 56_1/ [eXp / fe 2, On(a)
x p(e 'z, p ey, a(t, z, y;6,8) da
writes S(y;€,8) = S(y;1,6,8) + S(y; 2,¢,§), with
.)u—probability

a) Vr>0, Ya>0, sup]S(y,l,ef)] — 0,

b) Vr >0, Va>0, u—as., hm sup|S(y,2 £,€)|=0.
yEIC
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PrOOF. Since (pf)(x,&) = 9(pg)/0ze(z,§) almost everywhere in z, de-
rive from an integration by parts that (remove the index &):

S(y;e)
- _/:OO exp(—t) /]Rd 77(5'3)(917)(813:)%(}91(513/)@1(573;7% £))dax dt

= [T enin [ @ e or e ats. o psede d

«

= S(y;0,1,¢) + S(y;0,2,¢).

Start with S(y;0,1,¢)

—S(y;0,1,¢)
—/m exp(— / n(w)(gp)(e‘lw)[%(p_l(ﬁ_ly)@(s%y%e))
gl; (t,z,y)]dz dt

or

+/ exp(— /77 (9p)(e™ ') 75— (t, =, y)dx dt
oxy

= 5(y;0,1,1,¢) + 5(y; 0,1, 2,¢).

Due to Proposition B4 (convergence of the gradients), note from the
Cauchy-Schwarz inequality that:
)| ,ufpro_ba)bility 0

(6.20) Vr >0, Ya > 0, sup |S(y;0,1,1,¢
yek

Turn now to S(y;0,1,2,¢). Since the kernel I" is Gaussian, derive a bound
for the first derivatives of I" similar to (BI3l). Hence, the ergodic theorem
yields p-a.s., for all £ > o and y € K (with R = sup e |y]):

[ n@an) e o)t 0,p)da
R Lo

sup
€€]0,1]
(6.21) <Ct™ U sup [ nz)(|z] + R)p(e ' w)dw
€€]0,1] J/R?

< Ca ¥ Y R+7r+1) sup / ple tr)dr < +oo.
c€]0,1] / B(0,r+1)

Hence, the ergodic theorem (applied to a sequence of simple functions
approximating the compact support function noI'/dxy), the dominated con-
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vergence theorem and (E21]) yield for every y € K and p-a.s.:

tim [ ep(-t) [ a@) o) a) g (b, )
(6.22) o e or ¢
— £(gp) / exp(—1) /R @) 5t y)dadt =0,

Note in fact that the convergence is uniform in y € IC, since the derivatives
of S(y;0,1,2,¢) are controlled in the following way (recall that 92T /dy;0x, =
—0%T' /0x;0x, and apply (EIH)): p-a.s., for all t > « and y € K:

9T

-1

su x e t,x,y)dx

S0 | (@) (gp) (e 2) 5 5 (L 2,9)

(6.23) < o1 sup/ n(z) [t (|x|* + R?) + 1]p(e 'a)dx
€€]0,1] JR?

< Ca™ %72 sup / (r’ + R* + 1+ a)p(e 'z)dr < +oc.
€€]0,1] Y/ B(0,r+1)

Hence, S(y;0,1,2,¢) satisfies b) in the statement of Lemma Note
that S(y;0,1,2,¢) satisfies a weaker version of b) if the centering condition
E(pg) = 0 fails (since the integral of the gradient of I' over R? vanishes,
S(y;0,1,2,¢) is small for large values of 7). This weaker form is still sufficient
to establish Theorem so that the centering condition is not crucial at
this stage of the proof.

The term S(y;0,2,¢) is treated in a similar way (use the last assertion in
Proposition BA). O

LEMMA 6.10. The term

T(y;e,8) = 5—1/;00 {exp(—t) /Rd m(e" s, €)

x p(ez, E)p~ (e y, ©)a(t, x, ys €, €)dx | dt,

writes T(y;e,&) = T(y; 1,€,6) + T(y;2,¢,§), with:

a) Vr >0, Ya > 0, sup|T'(y;1,¢,§)| —
yeK (p.)u—probability

b) V6 >0, Ir(6) >0, Vr > r(d), Ya >0, Ve >0, E[sup|T(y;2,¢,8)|] <.
yer

PROOF. Remove the index £. According to (GI3), write:

+oo
T(y;e) = —/ exp(—t)[T(t,y;1,e) + T(t,y;2,e) + T(t,y;3,¢)]dt,
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with:

T(t.yi1.0) = [ | [lale™ ) Vau(e aie), Vo)
e y)alt v, y;e)] da,

~la), Van(z))

e y)alt x,y;e)] da,
e 1), V3 n(x))
1.

“a)p e Ytz yse)] da.

x p(e” x)

T(ty:2.0)= [ (B )

X
[ Lt

X u(e™

u(e Lo e)p(e
T(t,y;3,¢) = %5/ (

x;e)p(e

(First Step: T(t,y;1,¢).)

T(t,y;1,¢)
= [ lae™2) V(e i), Van(a)p(e )
(6:24) < (0 1(5- Vilt,a.y:¢) = T(t,2,9))]da

+ / ) Vpu(e s e), Van(@))p(e )0 (t, 2, y)da
=T(t,y;1,1,e) + T(t,y;1,2,¢).

Deal first with the second term in (E24]). Due to the Gaussian decay of
[, we claim (with R = sup,¢k [y]):

1T (t,y;1,2,¢)|
62 % [, Vel T a@lp ) exp(-C 7 o — y)ds
< Ct= % exp(Ct™'R?)
X /]Rd \Veu(e s e)||[Van(z) p(ea) exp(—C 2|} da
Take the supremum over K in the Lh.s. in (E20) and then integrate with

respect to £ € =:

E[sup |T(t,y;1,2,¢)|] < Cexp(Ct 'R*)E[|Du(+;¢)|p]
yer

X / =2 exp(—=C™ 2| da
|z|>r
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Apply now the Bernstein inequality to estimate the Gaussian kernel:

& [Sup |T(t7 Y; 17 2a 5)H
yer

(6.26) < Cexp(Ct ' R2)E[|Du(-;)|p] exp(—C 't 'r?)
= Cexp(t " Y(CR* — C~'r?))&[|Du(-;¢)|p].

Deduce from (E26) that:
E [sup

(6.27) vek .
< CE[|Du(;¢)|p] / exp(—t +t 1(CR* — O~ 1r?))dt.
0

—+oc0o
/ exp(—t)T(t,y; 1,2, £)dtH

Due to (G4), the last term in (E2Z1) vanishes as r — o0, uniformly in ¢,
so that the term [ exp(—t)T(t,y; 1,2, ¢)dt satisfies b) in the statement of
Lemma

Focus then on T'(¢,y;1,1,¢) in (E2Z4). Thanks to the Cauchy-Schwarz
inequality:

+o00
| em-olr 1,10 ]

«

sup [
yeK

X sup
yeKX

/aJrOO /Rd exp(_t) [p—l(s—ly)q(t’ . 6)

) 1/2
—T(t,x,y)] ple '2)dx dt] )
Apply now Proposition B4l Thanks to (£4]), deduce that:

+oo p—probability
(6.28) sup / exp(—t)|T(t,y; 1, 1, £)|de “~Prebbiiey g
yek Ja

Deduce that f;oo exp(—t)T(t,y;1,1,¢e)dt satisfies a) in the statement of
Lemma

(Second Step: T'(t,y;2,¢).)
Deduce with an integration by parts that (refer to (EI3]) for the definition
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of B):
T(t, y;2,6)

i,j=1
d
_ on ouw , _ B
— 1 1 1
Z: / ) G @) (s T a2
- 877 - - 9q
— Ly 1 1 1
Z [ om0 e e ) s

= T(t, y;2,1,e) + T(t,y;2,2,¢) + T(t,y;2,3,¢).

Up to a multiplicative constant, T'(¢,y;2,1,¢) matches T'(¢,y;3,¢). It is
thus treated in the sequel. In the same way, T'(t,y;2,2,¢) is equal, up to
a suitable factor, to T'(t,y; 1,¢). It thus remains to deal with T'(¢,y;2, 3, ¢).
Write:

—T(t,y;2,3,¢)
_ o1 o wle L
z/ (i) ) (@)l i)
(6:29) < G i) - S ()]

0 or
+EZ/ pai ;)( ez 8;(x)u(5*1x;s)%(t,m,y)dx

1,7=1 J
=T(t,y;2,3,1,6) + T(t,y;2,3,2,¢).

Deal first with T'(¢,y;2,3,2,¢). Follow (G2H):

sup |T(t,y;2,3,2,¢)|
yeK

< Ce [ [ ) Van@)fue i) o — yle >
x exp(~C~ 1 Yz — y[?)] dx
< Ceexp(Co R [ (e ) Tan(@)llule 53 ) (o] + )
x exp(—C ™' x|?)] dx
< Ceexp(CH'R2)(r + R + 1)t~4/271 / p(e'2)|Van(@)lu(e " z; )|

R4
x exp(—C~ 1t Hz|?)] do
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Following (624l),

Elsup [T'(t,y;2,3,2,¢)|
yeKX

< Ce€(plul(;e)) exp(Ct™ R?)(r + R+ 1)t~ 427
<[ et s
|z[>r
< Ce€(plu|(5e)) (r+ R+ 1)t L exp(t" (CR? — C~'r?)).

Deduce finally:

+oo
E{sup/ exp(—t)|T'(t,y;2,3,2,¢)|dt
yek Ja

(6.30) < Ce€(plul(5e)) (r+ R+1)

400
x / exp(—t)t L exp(t{(CR? — C~142))dt.
0

Thanks to (E4)), the r.h.s. in (BE30) vanishes as 7 — +o00: the term
f(joo exp(—t)T(t,y;2,3,2,¢)dt satisfies b) in the statement of Lemma
Turn now to T'(t,y;2,3,1,¢) in (E2Z9). Follow the strategy to handle

T(t,y;1,1,¢) in @24) (see [B28)) and deduce that [ exp(—t)T(t,y;2,3,
1,e)dt satisfies a) in Lemma

(Third Step: T'(t,y;3).)

Note that the final term T'(t,y;3,¢) is treated as T'(¢,y;1,e) with the
following difference: eu(-; ) plays the role of Du(-;¢) (and V2 7 the role of
V). This completes the proof of Lemma O

(Conclusion.)

Complete now the proof of Proposition Fix 0 > 0 and deduce from
Lemma B3 that, for all « > 0 and 7 > 0, P(1) = p{sup,¢x [S(y;¢,§)| > 6}
vanishes as ¢ tends to zero. Choose now r > r(62/2) in Lemma We
claim from the Markov inequality:

P@) = pisup[T(y;e,€)| > o}
Y
6.31)  <p{swp|T(y;1,e 8] > 0/4} + p{sup|T(y;2,¢,§)] > 35/4}
yex yeK

< u{;lellg IT(y;1,e,8)| > d/4} + (2/3)d.

Deduce, that for every o > 0, P(2) vanishes as ¢ tends to zero. ]
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6.6. Proof of Theorem [0 The following notation is frequently used in
this subsection: every term labelled with the symbol (#) denotes a sequence
that tends to zero in p or p.u probability (recall that both are equivalent)
and that is uniformly integrable in L!(Z, ). In particular, every term la-
belled with the symbol (#) vanishes in L1(Z, u).

(First Step.)

The proof of Theorem relies on the following lemma:

LEMMA 6.11.  Let 8 be a convex even function from R into [0, +oo[ such
that 6(0) =0, 6'(0) =0, 0"(z) =1 for |2] <1,0<0"(2) <1 for1 < |z| <2
and 0"(z) = 0 for |z| > 2 (of course such a function does exist: integrate
twice 0") and let n be the smooth function from R? into [0, 1] given by n(x) =
exp(—1/(1 — |z|?)), |z| < 1 and n(z) = 0 for |x| > 1. Then, as € — 0,

[ fale™ 0, &) V(e i 2,), Vaule s, )
R4
(6.32) x n?()0" (cu(e ' a; e, &)n(x))p(e 1, €)dx
vz [ o) ) g (e e (s P

Assume for the moment that Lemma [E1T] holds. According to (E3):

ligljélfg(p<aDu<'§ g), Du(-;¢)))

< limsup E(p(aDu(-;¢), Du(-;¢)))

e—0
(6.33) < limsup[E(plaDu(-;¢), Du(-;¢))) + 2% (pu’(;¢))]

e—0

= —2lim i(I)le(pngu(-; g)),
E—

where the last equality follows from (B1I).

Since the family Du(-;¢) is bounded in L%(Z, p.u; RY), there exists (¥,
o Ug) € L2(E, pa; RY) and (g,)>0 €]0,1]N, &, — 0, such that Du(-;e,,) —
U in the weak sense as n — +oo. In this frame, (E33)) still holds true with
respect to (ey,)n>0 and the last liminf in (E33]) reduces to £(pg¥y).

Take now the expectation £ in (E32). Since 0" is bounded by 1, it comes:

lim inf [8(p<aDu(-;en),Du(-;an)>) /]Rd nQ(m)dx]

n—-+o00

(6.34)
> —25(pg\l'e)/Rd n’(z)dz.
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Plug (E34)) into (E33)) and derive that (e2€(pu?(+;&5)))n>0 vanishes. This
completes the proof of Theorem O
(Second Step.)

It now remains to establish Lemma Recall from (GI3)) that, for all
e > 0and ¢ € Z, u(e lase,&)n(x) satisfies in N> W29(RY) a truncated
version of the resolvent equation. Removing the index £, it comes:

P ) (L) (p(e )0 (eu(e™ e )n(x)))

= et/ (eule mien@)p (€ @) (L) (ple )ule i en(a)
€2
+ S0 cule ()

X (a(e™ @)V (ule™ a5 (), Ve (u(e ™ a; e)n())).
Apply [ETID) to develop the first term in the r.h.s.:
pH e ) (L) (p(e™ )b (eule s e)n(x)))
= e 10 (cu(e ™ ae)n(@)) (—f (e e)n(z) — m(e ™ a;e) + Pule ™ a; o) ()

+ %0"(5u(£_1x; e)n(z))a(e o) Voule  ase), Voule ta e))n (x)
2

+ %9”(5u(5*1x; en(z))u? (e zye){ale o) Van(a), Van(z))
+ &0 (eu(e Lz e)n(x))u(e Loy e)n(x) (a(e o) Voule s e), Van(z)).

Integrate both sides with respect to p(¢ ). Since the Lh.s. reduces to
zero, it comes:

L8 ute i)
% (a(e™10) Vyu(e 25 6), Vyu(e a; )P (2)p(e )] do
+¢2 /R [ (cu(e s () ae)
x {a(e™ ) Van (), Van(z))ple a)|dz (M)
G35 +2 [ 10" mem@)ule e en(a)
x {a(e ™ 2)Vau(e™ ae), Van(a))p(e ™ z)|de (W)
+2: [ 0eule e ma)uE e n(lp( a)de (W)

=2 Rd9'(6U(5_1$;5)77(93))f(€_1$)77(93)29(€_1ﬂf)dﬂc (T'(1,¢))

+2e70 | O (eulT m @) m(e wep(e a)de (T(2,2)).
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All the terms in (E30) labelled with the symbol (#) tend to 0 in proba-
bility as € vanishes: recall that #” and 6" are bounded and apply Theorem
and (64]). From (RM1) (see e.g. (X)) and again from (B4I), the la-
belled term containing ¢’ is clearly U.L. in L'(Z,u). To establish that the
remaining terms (i.e those containing 6” ) are also U.IL, note that, in each
of these integrals, §” vanishes for 5|u|( Lase)n(z) > 2. Hence elu|(e1z;€)
can be bounded by (2¢)/2[u|'/? (e~ ;€)= /?(x). Tt is then well seen that
the product V,n(z)n~'/2(z) is a bounded function with compact support.
Again, (RM1) and (&4)) permit to derive the required U.I. property.

Focus now on the term 7'(2,-) in (E30). Recall from (GI3)):

(6.36)
—T(2,¢)

=2 » 0 (cu(e ™ a;e)n(x))(pa) (e La)Vou(e tase), Von(z))dz (W)
+€/Rd 0'(cu(e™ z; e)n(a) Jule ™ ase)((pa) (e ), V2 pi(w))dz - (W)

12 /R [ cule () e )
< (Ble2), Ven(e)p(e D)]dr (T(3,6).

Recall that |0'|(z) < min(2,|z]) for 2 € R and apply again Theorem
and ([B4]) to derive that the labelled terms tend to 0 in probability as €
vanishes. Follow the previous argument to handle (E35]) to establish the U.IL
property. Focus then on the last term in (B30]) and refer again to (EI3):

£)

T(3,
d .
Z/ (eu(e oy e)n(z))u(e™ lx;s)a(g;’j)(a’%)%(m)dm

— —/Rdﬁ (eu(e™ a;e)n(x)) ((pa) (e L2)Vou(e tase), Von(z))dx

se)n(x)){(pa)(e™"2), V3 pn(x))de
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Again, all the labelled terms in (E37) vanish in probability as & tends to 0:
apply Theorem [E3 and (G4)). Follow the previous argument to handle (E33])
to establish the U.L property. From (E35), (630) and (E31), we derive the

following:

gy el N C Vel 5, Vo)

1=
x 12 (2)p(eLa)]dz — T(1,e) "4 0.

(Fourth Step.)

We thus investigate T'(1,¢) in (G3H). Due to the choice of f in Theorem
. 2

(6.39)
—(1/2)T(1,¢)
d(pg)

= ¢! o Tw(e_lx)n(x)ﬁl(su(s_lx; e)n(x))dx

= [ oo D2 @0 cule )i (@)
R Ly

+5/ (pg)(ﬁ_lx)ﬁ(ﬂﬁ)u(ﬁ_lx;6)@(56)9"(8“(5_1%5)77($))dl“ (W)
R4 Oxy
ou

+ [ o) @) o () cule men(e))de (T(.2).
R4 Ty
Again, the labelled terms in (39) vanish in probability as e tends to zero:
apply again Theorem B3 and (64]) and use the bounds |6'(2)| < |z|, |6"] < 1.
Recall also that g is bounded and derive the U.I. property. Moreover,

(6.40)
7(4,¢)
= [ o) @) ()0~ el () (8)
R Ly
ou

+ [ (o) o) () s— (e 'me)dz (T(5,¢)).

R Dy

To prove the above convergence in probability, note that [#” — 1|(z) <

1.>1 < |z|- Apply then Theorem and (G2). The U.L follows from the
boundedness of g and (G.4).

Plug finally (£39) and (E20) into (G38]) and complete the proof of (E32).
U
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7. Strong Convergence of the Gradient Fields. We now establish:

THEOREM 7.1.  The family (Du(-;€))es0 converges in L?(Z,p.u; R?) as
e tends towards 0. The limit field is denoted by (¥1,...,¥y).

The proof holds in two parts. We first assume that ¥ denotes a weak limit
of the family (Du(-;€))zs0 (recall that it is bounded in L%(Z, p.y; RY)) and
prove that the convergence holds in the strong sense. We finally prove that
the limit is unique.

7.1. Proof of the Strong Convergence. The following lemma will be very
useful. It derives from the maximum principle and from (A1):

LEMMA 7.2. There exists a constant Cm such that for all§ € E, R >0
and (z,2) € (RY)2:

r,y; R, z,&)dy < R2.
/B(Z,R)’Y( yi R, z,8)dy < (g

The Green function ’_y(x y; R, z,,€) of the rescaled operator £5¢ (given
by y(z,y; R, z,6,&) = 2 Iy(e™ lx,s_ly, 1R, e712,¢)) satisfies the same
bound.

From (G4]), we can extract a subsequence, still denoted by (Du(+;¢€))e0
that weakly converges in L%(Z, p.u; RY). The weak limit is denoted by W.
Note that ¥ satisfies several crucial properties. Recall indeed that for a
smooth function 7 : R* — R, null outside a compact set, for a bounded
stationary field ¢ € L (Z, i), and for e > 0 and (i, ) € {1,...,d}*:

[pw/ ;€,8) 8_77( )dm] =5[p@/ﬂ§d%(ﬂc;€,€)§; (w)dm]-
Letting € tend to zero, the same holds for i(x, &) = ¥(T,€):
elpe [ 05 @] = £[pg [ st 52 (@],

so that, p-a.s., for every smooth function n with compact support:

O (@)

(7.2) / Yi(, §) / ¥;(

Equality (Z2) permits to define, for almost every { € =, a primitive
functional to ¢ (see e.g. Kozlov [[16] for the original argument). Choose for
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example the primitive functional vanishing at zero:

d 1
z2(x; &) = jz:l/o xj;(te, §)dt

Due to Lemma 7.1 in Zhikov et al. [36], ¥ = ¥ a.s. implies p{¢, {z(z: &) =
Z(x;€) a.e.}} = 1, with Z given by the above formula with 1 replaced by .
For a.e. £ € E, the function t(z,¢) is then the L2 _(R?) Sobolev derivative
(in z) of z(z;€). Thanks to (RM3), z(z;§) is jointly measurable in (z,£).

Contrary to Kozlov [16], the classical relationship, £(¥;) =0, i € {1,...
,d}, fails in our specific framework, since ¥ does not belong to L?(u; R?) but
to L?(p.u; R?). A possible strategy would consist in imbedding L?(p.u; R?)
into L' (11; R?) to define the expectation under y of a given square integrable
field under p.u: this leads to assume that p~! belongs to L'(u; R?). Except
trivial cases, there is no way, to the best of our knowledge, to obtain such a
bound.

In the sequel of the paper, we aim to apply the strategy developed by
Kozlov [16] for the divergence case to prove that ez(s "1z, &) tends to 0 (in
a suitable sense), but we really miss the natural condition £(¥;) =0, i €
{1,...,d}. This is the reason why the specific centering condition £(pg) =0
appears in the statement of Theorem

(First Step.)

Anyway, the starting point of our strategy remains the same as in the di-
vergence case: we focus on the equation satisfied by the weak limit W. From
an integration by parts (see (1)), we derive from Theorem and Propo-
sition G0 that, for all fields h, ® € S and all € > 0, E(p(aDv(-;¢), D®)) —
S E(D;(pag ) Div(-)®) + 2628 (pv(5)D) = 26(ph®), with V(&) =
(2] — p~'L*(p-))"th € W2(Z, 1). From a density argument, the same
holds for h = f and v(-;¢) = u(-;¢) (see Subsection B2, Paragraph “End of
the Proof of Theorem [E2") . Letting ¢ tend to zero, it comes from (G1I):

d

d
(7.3) 5{2 (pai7j)\I/iDj<I>} —5{2 Dj(pai,j)q/ifb] = —2&[pgD,®].
i,j=1 i,j=1

Choosing ® = k xn, with k € L>®(Z, u), we claim that for a.e. £ € = and
for every smooth function n with compact support:

((pa)) (3, €), V(s dz—Z Apai) (o eypy(a, ()
(7.4) / / Ox;

_ on
=2 [ )@ O 5 @)z
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We deduce that there exists an event A € G, with full measure, such that
for every ¢ € A, z(x;&) satisfies the following PDE in H{ (R%):

((paij) (@, &)5— ((1‘;5)))

]
(7.5)

f;;‘j 5, €) s (2(0:)) = 25 (p0) 2. 8).

S
=t

Due to Assumptlon (A), to the boundedness of Dg, to the positivity of
p and to Proposition BTl z(x; &) satisfies, for every £ € A, the De Giorgi
and Nash estimates and thus admits a continuous version (see Theorem
8.22 in Gilbarg and Trudinger [13]). This continuous version is given by
the pointwise limit of Vd_léfd fB(O,a) z2(x + y;€)dy as 6 — 0. For the sake
of simplicity, we then assume z(x;&) to match this continuous version for
¢ € A and to vanish for & € A°. The resulting mapping z(z;§) is still
jointly measurable with respect to (x, &) and satisfies ([LH) for £ € A. Due to
Theorem 9.11 and to Corollary 9.18 in Gilbarg and Trudinger [13] (Calderon
and Zygmund inequalities for PDEs of non-divergence type), z(x; &) belongs,
for every £ € A, to the space Ng>1 W}, ’q(Rd)

Set now, for every £ > 0, 2(z;¢,&) = ez(e ta;e,€) and derive from (ITH)
that, for all £ € A and ¢ > 0, z(z;¢,&) satisfies the following equation in
2,q (md
N1 W29 (RYY;

loc

d ag
28 Y g ((paig) (e e )2(:e,0)
(7.6) =110

1, - 0 _
=2p (e 12 &) 5= ((pg) (e, ).
g
Here is the equivalent of Lemma 2 in Kozlov [16]:

PROPOSITION 7.3. For almost every £ € E, for all € > 0, the function
2(+6,&) writes z(+6,&) = 21(;6,&) + 22(56,€) +eu(e Loy e, €) +T (g, &) with:

a) hme[ / (072)p<e-1x,§>\zl<x;e,§>de} —0,

e—0

+ sup [z — y| T3\ zg (32, €) — 20(y; s,ﬁ)ﬂ)] <73

(z,y)€B(0,1/4),xy

for two constants T3> 0 and qm Moreover, T'(g,&) is independent of x.
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PrOOF. Consider z(x;¢,£) = z(x;¢,€) — cu(e ;e €). For € € A (see
([CZ) and (Z3) for the definition of A), Z(x;e,§) satisfies the PDE (remove

the index £ for notational convenience):

d 2
(7.7) —p Heta) Z 8;?6” ((pa; j) (e 1x)2(w;€)) = 2eu(ew;e).
ij=1 Y%

Denote by zi(x;¢) the solution to the PDE (see Theorem 9.15 in Gilbarg
and Trudinger [13] since the operator writes in a non-divergence form):

d 2
3}
| -1
—p (e x pa; ;) x)z(zse
= 2eu(eta;e), |z] <2, zi(x;¢) =0 for |z| = 2.
The solution z;(z;¢) is continuous and belongs to ﬂqzl(WOl’q(B(O, 2)) N
W24(B(0,2))). We can multiply both sides in (ZH) by p(¢~'z)z1(z;¢) and
integrate over R%. An integration by parts yields:

/ p(s_lx)lvmzl(x; 8)\2dx
B(0,2)
1/2
(7.9) < 0{62/ p(slx)UQ(slx;e)dx]
B(0,2)

1/2
X / p(e_lx)\zl(x;e)]2dm] .
B(0,2)

Write 27 with respect to the Green function of p~t(e=1)(L%)*(p(e~1+)):
(7.10)  zi(x;e) = 25/ u(e Yy e)p e ta)pe 1) Ay, 2:2,0,€)dy.
B(0,2)
Deduce from Young’s inequality that for every ¢ > O:

|21 (z;6) > < 6% /B(O . u? (e tyse)p N a)p(e T y)A(y, 732, 0,€)dy

#8 [ pe p(e Ay2,0,)dy.
B(0,2)

Precise now the index ¢ and apply Z3): 7(y, z;2,0,¢,&) = e2~ 4y (e 1y,
elw;2e71,0,8) = 27 4(0,e7(z — )2, —e Ty, T 8) = (0,2 —
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Y;2,—y, ¢, To-1,€). Thus,

ple ', )|z (z;6, )
< 5‘262/ e yre, Ope Y, )70,z — y; 2, —y, &, To-1,€)dy
B(0,2)
+ 52 / p(gilyag):)/(()ux - y;27_y767T5*1y§)dy'
B(0,2)

Integrate now with respect to z € B(0,2) and then with respect to u
(thanks to (CI), 21(z;e,€) is jointly measurable in (z,§)):

E [/3(072) p(sflx,g)\zl (x; 8,{)]2dm]
<2 [ o JRECEEGI R )dz | du(€) dy

vo [ o Le©][ WRCERSEEE €)da | dy du(¢).

Recall from Lemma [ 2 that the integral of the Green function is bounded
by C'. Hence:

5[/ p(etz, €)|z ($;6,6)2d$} < 06228 (WP (+e)p) + Co2.
B(0,2)

Thanks to Theorem 4], this proves that:

£ [/ ple ™ w, €)|z (2 8,{)]%[4 —0ase—0.
B(0,2)

Hence, thanks to ([Z9) and again to Theorem

(7.11) & {/ p(e™ 1z, &)|V ez (z; 5,§)|2d4 —0ase—0.
B(0,2)

This gives a) in the statement of Proposition

Set now 2o(z;¢,€) = Z(x;¢,8) — z1(x;e,§), * € B(0,2). For £ € A,
deduce from (L) and (L)) that zo(z;e, ) satisfies the following PDE in
Ng>1W*9(B(0,2)):

(7.12) p_l(e_lx,§) Z W((pai,j)(e_lx,f)m(x;&?,f)) = 0.
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Note that Vi,zo(x;¢,€) = Vi 2(z;6,€) — Ve (x;6,8) = (e 1a,€) —
Vaeu(e ™tz e, &) — Vazi (736, €). Derive from (B4 and ([ZI) that:

(7.13) 5[/}3(0 Q)p(eflx,g)\vx@(m;e,5)\2dx <C.

We now aim to apply the Poincaré inequality for normalized solutions
established in Escauriaza and Kenig [§], Lemma 10. The proof given in the
previous reference applies to a slightly different normalization procedure:
a solution v(x) to the adjoint equation (5_5’5)*(1)) = 0 is not divided by

p(e~tz, &), but by ¥(xo,;20,0,¢,&) with |zo] = 9 (see page 277 in [d]).
According to Theorems 2.3, 2.4, 2.5 and 2.7 in Escauriaza [[1] and to Lemma
2.0 in Fabes and Stroock [10], the reader can verify that the following still
holds in our frame:

sup |z2(w;e,&) — 22(0;¢,€)?
z€B(0,1)

(7.14) »
-1 -1 . 2
=¢ UB(O,Q) Pl e, {)dx} /3(0,2) p(e™ @, §)[Vaz(r;e, &) dr.

Thanks to the Harnack inequality for normalized adjoint solutions (see
Theorem 2.5 in [1]), there exists a real a > 0 such that (ZI4) holds with
SUPy ye B(0,1/4),02y 1T — Y|~ “[22(25€,§) — 22(y; g,€)|?] in addition to the Lh.s..

Plug finally (ZI3)) into (ZI4)) and complete the proof by setting I'(¢, ) =
29(0;€,€) and by substracting z2(0;¢,&) to 22(+; ¢, &). O

(Second Step.)

Considering z(+;¢,&) — I'(g,€) instead of z(-;e,€) itself, we can assume
without loss of generality that I'(g, &) vanishes (of course z(0; ¢, ) may then
differ from zero). Note in particular that z(-; , §) still satisfies ([LH) for £ € A.
Of course, the gradient of z(x; &) is still given by v (z, ).

Consider now a smooth function ¢ with compact support. Removing the
index ¢, derive from ([ZH) (see also ([LH) for the divergence form):

/Rd«pa)(a_lx)w(g_lx),Vm@(x»dx

o1 pam dr
(7.15) Z L2 S (e (e ) (o)
_— /R (pa)(e) §f< \da.
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Choose now ¢(z) = eu(e1x;e)n(x) in (CIH), where n denotes a smooth
function with compact support included in B(0,1/4). We claim:

[ {@a)(e 2yl a), Vaule 2 e)n(a)de
+e [ (e )" e), Vanla)ule zs)do

pa” ~1 ~1 -1
— )Y (e x)u(e” "x; e)n(x)dx
(7.16) ;1/11@ o, )i(e™ @ )u( )n(x)
=2 [ (o)D) ()
R axg
-1 1 In
2 / (pg) (= )u(e Ve ) 2L ().
Rd Oy
We now exchange the role between z(z;¢) and eu(e ™ x;¢). Recall to this

end that eu(e~lx;e) satisfies (ZH), but with —2eu(elw; 5) in addition to
the second member. Following (IZTH) (up to an integration by parts for the
second term in ([LTH)), write for a smooth function ¢ with compact support:

/R((pa)(s_lx)vzu(s_lx;5),ngo(a:)>dm

paz,] agp
+ Z / oz, “lr)u(ea; E)amz( x)dx

i,7=1

= —9¢ /Rd pe ) u(e a;e)p(x)dr — Q/Rd(pg)(s 1:6)3;0( )dx.

Choose now ¢ = z(z;e)n(z) with the same 7 as in (ILT6):
{00 ) Vau(e a6, 0 ) n(a) o
+ d((pa)(a_lx)vmu(s_lx;e),Vxn(ac))z(x;s)dx ()

R
d
O(pa; ;) _ B B
i-,jzlfm i) (e apule sy (o)

d .
+ Z/ M(e—l )u(g—lx;s)ggi(x)z(qj;é)dl“ ()
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Apply an integration by parts to the term (<{») to get rid of the term (é):

[ (@0 )V aue i), vl a)n(a)da
pa” g (e z)n(z)dx

+Z R e e

—e /R ((pa) (=™ ) =), Van(@)yu(e i)

(7.17) —€ Z/ (pa; ;) (e tr)u(e tr;e)2(w;€) Sl

ig—=1 8:1:18%
= —25/dp(e_lx)u(s_lsc;5)2(93;5)77(x)dx
R

~2 [ (o) (e n(a)da
Rd

—2 [ o) st 5 (e

(x)dz

Add together equalities ([ZI6) and ([ZI7):

[ {0a) e ) V(e o), vl a)n(a)da

Ly L u(e L ) (s ) .
— §€i;1 /Rd(pai,j)(s Yoyu(e ey e)z(x; ) 92101, (x)dx (T(1;¢))

= [ ple e o) m@)ds (T(2:e)
1) e [ o) e g @ (T6:2)
— [ 0o ) g o)
- [ @o)(e 2y o m(a)da
— [ oo n)sm g @ (T(w:2))
xg

(Third Step.)

From Theorem B3, 7'(3;¢) in (CI¥) tends to 0 in probability. Focus on
T(1;¢) and T'(2;¢). From the Young inequality and the boundedness of the
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support of 7, there exists a constant C' such that for all § > 0:

T(l;e) +T(2;¢)

< 057152/ ple 1 z)u? (e a;e)de

(7.19) O

+ 05/ p(e™ta) 2% (x; ) da
B(0,1/4)

=T (5;¢) + T(6;¢).

Note from Theorem that T(5;¢) converges towards zero in L(Z, ).
Focus then on T'(6;¢). Referring to Proposition [L3]

T(6;¢) < 3C§ {/ p(e™ ) 21| (z; €)da
B(0,1/4)

b s (laP@e)] [ pe )
(7.20) x€B(0,1/4) B(0,1/4)

+ 52/ p(e_lx)u2(5_1x;s)d4.
B(0,1/4)

=T(7;¢) + T(8;¢) + T(9;¢).

Again from Proposition [, T(7;¢) tends to zero in L(Z, u). From Theo-
rem [£4 the same holds for T'(9;¢). Finally, again from Proposition [[3, the
quantity pu{€, T(8;¢) > §'/} is bounded (up to a multiplicative constant)
by 6/2. Hence, from ([ZI9) and [ZZ0), we deduce that T'(1,¢) and T'(2,¢)
in (ZI8)) tend to 0 in probability.

Focus now on T'(4;¢). Refer again to Proposition and note that:

T(e) < [

B(0,1/4
(7.21) 4| [ o) ateie) 5 (@)

=T(10;¢) + T(11;¢).

: Ipgl(e™ ) [[1l(zs ) + elul (e ws )] da

As done for T'(1;¢), T(2;¢) and T'(3;¢), the term T(10;¢) tends to zero in
probability. It thus remains to deal with 7'(11;¢).

Note from Proposition and from the ergodic theorem that the family
of measures on the space of continuous real-valued functions on B(0,1/4)
induced by the family of processes (z2(-; ¢, -))o<e<1 is tight: for every 6 > 0,

there exists a compact subset L C C(B(0,1/4),R) such that, for all € €]0, 1],
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w{€ € E, z2(:6,§) ¢ K} < 4. Since the set K is compact, there exists a
family (¢;)ieq1,.. vy, N = 1, of continuous functions on B(0,1/4) such that:

N N
(7.22) K=J{teKk, sup |l(z)—tix)<d6}=]4,
i=1 z€B(0,1/4) i=1
with A; = {£ € K, sup,epo,1/4) [0(x) — Li(x)| < 6} \ (AgU--- U Aj—q), for
ie{l,...,N} and Ay = 0.
Focus then on T'(11;¢) for z3(-;¢,&) € K. Thanks to (L22) (remove again
the index &):

[ 9 sl ) o (@)
R Ty

-t (59) [ )0 (alase) = @) D1 ()
i=1 A RO ? Oxy
N
. O
+;1Ai(22(',€))/Rd(pg)(£ 1x)€l(m)8:cg (x)dx.

Hence,

/(pg)(5_1$)22($‘6)§—n(x)dx
R4 Ty

(7.23)
L) (a) g ).

< 05/ )| Van|(2

Since £(pg) = 0, derive now from the ergodic theorem (applied to a
sequence of simple functions approximating the compact support function
¢;0n/0xy) that for every i € {1,...,N}:

a2 [ a0 D@5 @ — 0 L E ).

From ([ZZ3) and ([L24), deduce that T'(11;¢) tends to zero in probability.
Return back to (ZIH): the terms T'(1;¢), T'(2;¢), T(3;¢) and T'(4;¢) tend
to zero in probability as € vanishes. Deduce in the end that:
L {00 ) Vau(e a6, 0e e n(a)do
1O
(7.25) + [ o)) 2 (s ()
Rd Oxy

+ [ o) 2y (e,
Rd
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tends to zero in probability.
(Fourth Step.)

We now aim to prove that the term in ([ZZH) also tends to zero in L'(Z, ).
To this end, we need to establish the uniform integrability of ([ZZHl) with
respect to the parameter € €]0, 1]. The U.IL of the last term in (ZZ0) follows
from (RM1) (see (61)).

Turn now to the first term. Due to (E4]), we claim for A € G:

|

5{1,4

[ {0a) () Vol i), vl apn(a)ds

<Ol [ ELAQEIERTr, )i "

Again from (RM1), the first term in ([ZZ0) is also U.L.. The second term
in (ZZ0) is treated in a similar way.

Hence, the quantity in (ZZ25) tends to zero in L'(Z, i). In particular, the
expectation of ([LZH)) vanishes as € tends to zero. Due to the weak conver-
gence (up to a subsequence) of the gradient, this proves that E[p(a¥, ¥)] =
—2E[pg¥yl.

Since limsup,_,o E[p(aDu(-;¢), Du(-;¢))] < —2E[pg¥/| (see (E3T)), this
completes the proof of the strong convergence. O

7.2. Uniqueness of the Limit. We finally prove the uniqueness of the
limit ¥. Assume to this end that ¥ € L?(Z, p.u; R?) denotes another weak
limit (and thus strong limit from Subsection [1]) of the family (Du(-;€))zs>0.
Noting that the L!(Z, ) convergence in (Z25]) holds for ¢ — 0 and not just
for a subsequence tending to 0, and making the difference between both
([ZH) associated to ¥ and U, derive that AW = ¥ — ¥ satisfies:

lny ¢ | / (pa) (e, )V e\, €), AU(T 1,6 (x)dx

e—0

(7.26)
+ [ Bo)(e 2 AT, n(a)da| 0.

Hence, for any weak limit W of the sequence (Du(:;€))o<e<1,
(7.27) E[((pa)¥, AT)] = —E[pg(AT)].

Both ¥ and ¥ satisfy (Z27). In particular, the difference AW satisfies
El{(pa)A¥, AW)] = 0. This completes the proof of uniqueness. O
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8. Conclusion.

8.1. Proof of Theorem[Zd. We now complete the proof of Theorem
Under (p.p) ® P, for every r > 0, the process (9,2_;)g<i<,2 is a Markov
process with p~'L*(p-) as generator (see e.g. Nagasawa [29]). Hence, from
Proposition 1.7, Chapter IV, in Ethier and Kurtz [9], for every r > 0, (p.u)®
P a.s.:

u(no; ') = (e

2

T 7‘2
+ r_2/ u(n,e_g;r Hds — / f(n,2_,)ds + MT(Q),
0 0

where (Mt(r) Jo<t<r2 is a continuous square integrable martingale with respect
to the filtration (0{n,2_4,0 < s < t})o<i<,2. From Lemma VIIL.3.68 in Ja-
cod and Shiryaev [14], the quadratic variation writes ( [y (Du(-;~1),aDu(;;
) (2 _s)ds)o<i<,2 (following the regularization argument in Subsection
B2 Paragraph “End of the Proof of Theorem B2’, we can prove that
u?(;r7Y) € Dp(p~'L*(p-)) and that p~'L*(pu?(;7 1)) = 2u(;r1)(p~!
L+ (pu(7~1))) + (@Du( 1Y), Du(71) € L(E, p.j).
Thanks to Theorem 4] deduce that:

,',,2
lirf E® E{p r_l/ f(n,2_4)ds — T_lMg)
T—1T00 0

| -0

Note to conclude that r_l(Mgg)ogtgl is a martingale (with respect to a

rescaled filtration) whose quadratic variation writes (r=2 [; 22t(Du(-; r=1)a
Du(:;r 1)) (n,2_,)ds)o<t<1. Apply Theorem Bl (ergodic theorem), Theo-
rem [Tl and Theorem VIIL.3.11 in Jacod and Shiryaev [14] and deduce that

r_l(Mgz)ogtgl converges in law towards a non-standard real valued Brow-
nian motion with o = £(p(¥,aV)) as variance. O

8.2. Further Extensions and Investigations. Note first that Theorem
still holds true if f writes as the linear combination of terms of the form
(p_lDﬁi(pgi))lgiSNa with N > 1, (61, ce ,EN) € {1, R ,d}N and g1,...,84
as in the statement of Theorem The arguments to establish such an
extension are just the same as those used to prove Theorem

A natural question then consists in investigating Theorem when g
(or more generally g1,...,g4 as above) belongs to H(Z,p.u) and satisfies
E(pg) = 0. In this case, the field g can be approximated in L?(Z,p.u) by
a sequence of the form (g, * k,)n>0, for a sequence (g, )n>0 € (L°(Z, u))N
converging towards g in L?(Z, p.u) and a sequence (ky)n>0 of mollifiers on
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R?. Choose for example g, = ¢,(g), with ¢, (t) = t for [t| < 7, ©u(t) =
rpsign(t) for [t| > 7, 7, — 400, and ky(z) = nk(nz) for a smooth non-
negative function k with compact support. Considering g,, xk, —E[p(gn*kn)]
instead of g, xk,,, we then recover the centering condition for the regularizing
sequence. Thanks to Proposition EET0l we then prove that, for every n >
0, g, * k, belongs to H(Z,p.u) and that D(g, x k,) = —8gn * Vik, €
L>®(Z, u;R?), so that the regularizing sequence fulfills the assumption in
Theorem For a suitable sequence (7y)n>0, we can prove that D(g, *
ky) converges in L%(Z, p.y; R?) towards Dg. In the end, p~'D[p(g, * kn —
Elp(gn * ky)])] converges in L?(Z, p.u; R?) towards p~'D(pg). The central
limit theorem for the field p~'D,(pg), 1 < £ < d, then follows from Theorem
applied to the regularizing sequence and from the crucial Proposition 2.2,
Chapter I, in Olla [24] which provides an estimate for the L?(Z, p.u) norm
of the additive functional driven by p~!Dy(pg) in terms of the L?(Z, p.u)
norm of g.

More generally, the same proposition permits to extend the result to
L?(Z, p.ut) converging infinite combinations of the form 3, <, p Dy, (pPgn),
(Cn)n>0 € {1,...,d¥N, (8)n>0 € (H(E,p.u)Y, Vn > 0, £(pgn) = 0, such
that:

(8.1) Y= Z E(pg2)Y? < +oo.
n>0

Indeed, due to (&Il), for every smooth function h € S,

£ (ph > p Dy, (pgn)> = > &(hDy, (pgn))

n>0 n>0

= - &(pgnDe,h)

n>0

< S€(p|Dh[*)"2,

so that Proposition 2.2, Chapter I, in Olla [24] applies.

A more challenging problem would consist in dicussing the centering con-
dition £(pg) = 0, from which we derived the strong convergence of the
gradient fields of the resolvent. This condition appears as a trick to over-
come the lack of centering properties for the gradient fields in L?(Z, p.u),
since this latter space is not imbedded into L'(Z, ;). At this stage of our
research, we have no clues for such a possible extension.

Another interesting open question concerns the choice of the initial con-
dition. Due to the specific time reversal procedure for the process (1¢)¢>0,
our central limit theorem just holds under the invariant measure, and we are
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not able to follow the discussion of Kipnis and Varadhan [[15] about initial
distributions of Dirac type. Again, right now, we have no ideas to improve
our result in this direction.
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