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A Zn-homology version of the Borsuk-Ulam
theorem

Frédéric Meunier∗

1 Introduction
The aim of our paper is to show that is it possible to generalize the homology version of the
Borsuk-Ulam theorem of James W. Walker [2].

A topological space X is called a free G-space, if G is a group acting on X such that
for any µ ∈ G, µ 6= id, µ has no �xed-point. De�ning Sd as {x ∈ R

d+1 : ||x|| = 1}, the
d-sphere Sd can be seen as a free Z2-space where the nontrivial Z2-action is the antipodal
map x 7→ −x.

Let G be a group acting on two topological spaces X and Y . Let f : X → Y be a
continuous map such that µ ◦ f = f ◦µ for any µ ∈ G, then f is called a G-equivariant map.

The celebrated Borsuk-Ulam theorem asserts that there is no Z2-equivariant map from
the d-sphere Sd to the (d − 1)-sphere Sd−1 with respect to the antipodal map.

The homology version of James W. Walker is the following one (we consider reduced
homology):

Theorem 1 Suppose X is a Z2-space and g : X → Sd is an Z2-equivariant map with
respect to the antipodal map. Then there exists an integer j ≤ d, and a homology class β
of H̃j(X; Z2) such that β is nonzero and ν∗(β) = β, where ν is the non trivial Z2-action.
Furthermore, if no such β exists for j less than d, then β can be chosen such that g∗(β) is
the nonzero element of H̃d(S

d; Z2).

We show in this note that if we endow the sphere Sd with a free Zn-action, we can obtain
a direct generalization of the theorem above, and this following step by step Walker's proof.

We recall that if n 6= 2, the existence of a free Zn-action implies that d is odd (for
instance, see Matousek's book [1], p. 135).

2 Tools and Notations
We will denote Z/nZ by Zn.

id will always mean the identity map.
If A and B are sets, we write A ⊎ B for the set (A × {1}) ∪ (B × {2}). So A ⊎ B is a

disjoint union of A and B.
If K and L are two simplicial complexes with vertex sets V (K) and V (L), the join of K

and L, denoted by K ∗ L, is the simplicial complex with vertex set V (K)⊎V (L) and with the
set of simplices

{F ⊎ G : F ∈ K, G ∈ L}.
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The join of a complex K n times by itself is denoted by K
∗n.

Suppose that X and Y are two topological spaces which have respectively T and T
′ as

triangulations. The join of X and Y , denoted by X ∗ Y , is then the geometric realization of
the join T ∗ T

′. The join of X n times by itself is denoted by X∗n.
Let K be a simplicial complex and let σ = [v0, v1, . . . , vr], σ′ = [v′

0, v
′

1 . . . , v′s] be two
simplices of K, then we de�ne the following notation:

[σ, σ′] =

{

[v0, v1, . . . , vr, v
′

0, v
′

1, . . . , v
′

s] if vi 6= v′

j for any i, j
0 if not.

This allows us to de�ne [c, c′] for two chains c =
∑

i niσi, c′ =
∑

j n′

jσj as
∑

i,j nin
′

j [σi, σ
′

j ],
and to de�ne inductively [c, c′, . . . , c(t)] for t chains.

An elementary j-chain is a j-simplex with coe�cient 1.

3 The Theorem
Theorem 2 Let X be a topological space. Suppose that Zn acts freely on X and on Sd,
where d is odd if n 6= 2. For ν the Zn-action corresponding to 1, we de�ne α :=

∑n−1
k=0 νk

#

and ᾱ := ν# − id#.
If f : X → Sd is a Zn-equivariant map, then there are β ∈ H̃i(X; Zn) and i even ≤ d

such that β 6= 0 and α∗(β) = 0, or there are β ∈ H̃i(X; Zn) and i odd ≤ d such that β 6= 0
and ᾱ∗(β) = 0. Moreover, if there is no such i strictly less than d, then β can be chosen
such that f∗(β) is a generator of H̃d(S

d; Zn).

Remark that for n = 2, we have α = ᾱ, and it is straightforward to check that, in this
case, our theorem is exactly the theorem of James Walker.

Proof of theorem: In the following, all the chains will be taken with coe�cients in Zn.
It is easy to see that α and ᾱ commute with f# and that αᾱ = ᾱα = 0. Furthermore, as
ν#α = α, we have αα = nα = 0 mod n.

If there exists a collection (hi)i=0,...,d of i-chains of Sd such that

• h0 is an elementary 0-chain,

• ∂hi = ᾱhi−1 for i odd and ≥ 1,

• ∂hi = αhi−1 for i even and ≥ 2,

• αhd generates H̃d(S
d; Zn),

the theorem falls following the scheme used in [2]:

suppose that for i < d, there is no β as in the terms of the theorem. We have to prove
that there is β ∈ H̃i(X; Zn) such that ᾱ∗β = 0 and that f∗(β) is a generator of H̃d(S

d; Zn).
We construct singular i-chains (ci) in X (singular because X may be not triangulable)

such that

• c0 is an elementary 0-chain,

• ∂ci = ᾱci−1 for i odd and ≥ 1,

• ∂ci = αci−1 for i even and ≥ 2.
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Such a construction is easy: X is not empty because we have assumed that H̃−1(X; Zn)
contains no nonzero β such that ᾱβ = 0 (we work with reduced homology). Pick a vertex
in X, and let c0 be the corresponding elementary 0-chain. ᾱc0 is a cycle, and, as αᾱc0 = 0,
there is a 1-chain c1 such that ∂c1 = ᾱc0.

Suppose that ∂ci = ᾱci−1 for some i odd ≤ d. We compute ∂αci = α∂ci = αᾱci−1 = 0,
so αci is a cycle. Since ᾱαci = 0, there exists a (i + 1)-chain ci+1 such that ∂ci+1 = αci.

Suppose that ∂ci = αci−1 for some i even ≤ d. We compute ∂ᾱci = ᾱ∂ci = ᾱαci−1 = 0,
so ᾱci is a cycle. Since αᾱci = 0, there exists a (i + 1)-chain ci+1 such that ∂ci+1 = ᾱci.

This completes the inductive de�nition of c0, c1, ..., cd.
Still assuming that the collection (hi) of i-chains exists, we de�ne another collection (ei)

of i-chains of Sd such that hi − f#ci − ᾱei is a cycle of Sd if i is odd and hi − f#ci − αei is
a cycle of Sd if i is even.

e0 := 0 works: ∂(h0 − f#c0) = 1 − 1 = 0.
Let i be even and suppose that ei is de�ned such that hi − g#ci − αei is a cycle. As Sd

is (d − 1)-connected, there is a (i + 1)-chain ei+1 such that

∂ei+1 = hi − f#ci − αei.
Applying ᾱ, we obtain

∂ᾱei+1 = ᾱhi − ᾱf#ci − ᾱαei.
Using the de�nition of hi+1 and ci+1, this becomes

∂ᾱei+1 = ∂hi+1 − ∂f#ci+1.
Thus hi+1 − f#ci+1 − ᾱei+1 is a cycle, as desired.
For i odd, exchanging the role of α and ᾱ, the construction is identical.
Now, we are very close to the conclusion. Thus, we are going to achieve the proof, and

after that, we will complete the lack in this proof, that is the de�nition of the chains hi.
hd − f#cd − ᾱed is a cycle, thus is homologous to k(αhd) for a certain integer k. αhd −

f#αcd is thus in the same class of homology than 0 (remember that α2 = 0 mod n). Thus,
if we take β in the class of homology of αcd, f∗(β) generates H̃d(S

d; Zn) and ᾱ∗β = 0. This
is the conclusion of the theorem.

It remains to exhibit a construction of the collection (hi). We can assume d odd (see
the last remark of introduction): if n = 2, hi can be taken as i-chains corresponding to
hemispheres of Sd (see [2]).

We write d = 2q − 1. As between two d-dimensional (d− 1)-connected free Zn-spaces, it
easy to build a Zn-equivariant map, we can suppose that the Zn-action is de�ned on Sd using
a Zn-action on S1 (as rotations by 2kπ

n
, for instance) and the well-known homeomorphism

Sd ∼= (S1)∗q.
So, in the following, Sd is seen as the joins of q copies of S1. For simplicity, each copy of

S1 is triangulated and becomes a n-gone. The n vertices of the jth copy are in this order:

v
(1)
j , v

(2)
j , . . . , v

(n)
j ,

and the n edges:

(v
(1)
j , v

(2)
j ), (v

(2)
j , v

(3)
j ), . . . , (v

(n)
j , v

(1)
j ).

On the jth copy of S1, ν acts by
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v
(k)
j 7→ v

(k+1)
j ,

with the convention n + 1 := 1.
First de�ne h0 as the elementary 0-chain corresponding to v

(1)
1 .

For h1, we take the elementary 1-chain corresponding to the simplex [v
(1)
1 , v

(2)
1 ]. We have

as required ∂h1 = ν#h0 − h0 = ᾱh0.
We de�ne h2 := [v

(1)
2 , αh1],

∂h2 = αh1 − [v
(1)
2 , ∂αh1] = αh1 − [v

(1)
2 , αᾱh0] = αh1, as required.

We go on: for q − 1 ≥ j ≥ 1, we de�ne

h2j := [v
(1)
j+1, αh2j−1]

h2j+1 := [v
(1)
j+1, ν#h2j ].

We have ∂h2j = αh2j−1 − [v
(1)
j+1, α∂h2j−1] = αh2j−1 − [v

(1)
j+1, αᾱh2j−2] = αh2j−1.

And ∂h2j+1 = ν#h2j−[v
(1)
j+1, ν#∂h2j ] = ν#h2j−[v

(1)
j+1, ν#αh2j−1] = ν#h2j−[v

(1)
j+1, αh2j−1] =

ᾱh2j .
So it remains to check that the homology class of αh2q−1 generates H̃2q−1(S

d; Zn).
This is straightforward: h1 = [v

(1)
1 , v

(2)
2 ], h3 = [v

(1)
2 , v

(2)
2 , α[v

(1)
1 , v

(2)
1 ]],

and, by direct induction for j ≥ 2,

h2j+1 = [v
(1)
j+1, v

(2)
j+1, α[v

(1)
j , v

(2)
j ], α[v

(1)
j−1, v

(2)
j−1], . . . , α[v

(1)
1 , v

(2)
1 ]].

Hence

αh2q−1 = [α[v(1)
q , v(2)

q ], . . . , α[v
(1)
1 , v

(2)
1 ]]

This is the formal sum of all d-simplices of the triangulation of Sd induced by the
triangulations of the S1, and thus generates H̃2q−1(S

d; Zn).

Remark 1 The Dold's theorem is the following generalization of Borsuk-Ulam theorem:
there is no Zn-equivariant map f : X → Y between free Zn-spaces such that the dimension
of Y is not larger than the connectivity of X. Our theorem implies Dold's theorem in the
case when the dimension of Y is odd.

Remark 2 Even in the case when we know nothing about the homology groups of X, the
conclusion of the theorem may be true if we can exhibit a collection of i-chains (ci). As
we saw, this is su�cient, the de�nition of the homology groups is used only to build the
collection (ei), which are chains of Sd, whose homology groups are perfectly known.
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