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A RENEWAL THEORY APPROACH TO
PERIODIC COPOLYMERS WITH ADSORPTION

FRANCESCO CARAVENNA, GIAMBATTISTA GIACOMIN, AND LORENZO ZAMBOTTI

ABSTRACT. We consider a general model of an heterogeneous polymer chain fluctuating
in the proximity of an interface between two selective solvents. The heterogeneous char-
acter of the model comes from the fact that monomer units interact with the solvents and
with the interface according to some charges that they carry. The charges repeat them-
selves along the chain in a periodic fashion. The main question on this model is whether
the polymer remains tightly close to the interface, a phenomenon called localization, or
there is a marked preference for one of the two solvents yielding thus a delocalization
phenomenon.

We propose an approach to this model, based on renewal theory, that yields sharp esti-
mates on the partition function of the model in all the regimes (localized, delocalized and
critical). This in turn allows to get a very precise description of the polymer measure,
both in a local sense (thermodynamic limit) and in a global sense (scaling limits). A key
point, but also a byproduct, of our analysis is the closeness of the polymer measure to
suitable Markov Renewal Processes.

2000 Mathematics Subject Classification: 60K35, 82B41, 82B44

Keywords: Random Walks, Renewal Theory, Markov Renewal Theory, Scaling limits,
Polymer models, Wetting Models.

1. INTRODUCTION AND MAIN RESULTS

1.1. Two motivating models. Let S := {S,},_q,  be a random walk, Sy = 0 and
Sp = Z;‘L:1 X, with IID symmetric increments taking values in {—1,0,+1}. Hence the
law of the walk is identified by p := P (X; =1) (= P (X3 = —1)), and we assume that
p € (0,1/2). Note that we have excluded the case p = 1/2 and this has been done in order
to lighten the exposition: all the results we present have a close analog in the case p = 1/2,
however the statements require a minimum of notational care because of the periodicity
of the walk. We also consider a sequence w := {wn}neNz{l,z,...} of real numbers with the
property that w, = w7 for some T' € N and for every n: we denote by T'(w) the minimal
value of T'.

Consider the following two families of modifications of the law of the walk, both indexed
by a parameter N € N:

(1) Pinning and wetting models. For A > 0 consider the probability measure Py,
defined by

APy, al
P (S) x exp )\anl{snzo} . (1.1)

n=1
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The walk receives a pinning reward, which may be negative or positive, each time it
visits the origin. By considering the directed walk viewpoint, that is {(n, S,)},,, one
may interpret this model in terms of a directed linear chain receiving an energetic
contribution when it touches an interface. In this context it is natural to introduce
the asymmetry parameter h := 221::1 wn /T, so that one isolates a constant drift
term from the fluctuating behavior of w. The question is whether for large N the
measure Py, is rather attracted or repelled by the interface (there is in principle
the possibility for the walk to be essentially indifferent of such a change of measure,
but we anticipate that this happens only in trivially degenerate cases while in
critical situations a more subtle scenario shows up).

By multiplying the right-hand side of (1.1) by 1(g,>0.n=1,..,n} One gets to a
so called wetting model, that is the model of an interface interacting with an
impenetrable wall. The hard—wall condition induces a repulsion effect of purely
entropic origin which is in competition with attractive energy effects: one expects
that in this case h needs to be positive for the energy term to overcome the entropic
repulsion effect, but quantitative estimates are not a priori obvious.

There is an extensive literature on periodic pinning and wetting models, the
majority of which is restricted to the T' = 2 case, we mention for example [10, 17].

(2) Copolymer near a selective interface. Much in the same way we introduce

N
dl;;w (S) x exp <)\an sign (Sn)> , (1.2)

n=1

where if S, = 0 we set sign(S,) = sign(Sn-1)1(g,_, 20} This convention for
defining sign(0), that will be kept throughout the paper, has the following simple
interpretation: sign(S,) = +1,0, —1 according to whether the bond joining S,,_1
and S, lies above, on, or below the z—axis.

Also in this case we take a directed walk viewpoint and then Py, may be
interpreted as a polymeric chain in which the monomer units, the bonds of the walk,
are charged. An interface, the z—axis, separates two solvents, say oil above and
water below: positively charged monomers are hydrophobic and negatively charged
ones are instead hydrophilic. In this case one expects a competition between three
possible scenarios: polymer preferring water, preferring oil or undecided between
the two and choosing to fluctuate in the proximity of the interface. We will therefore
talk of delocalization in water (or oil) or of localization at the interface. Critical
cases are of course of particular interest.

We select [21, 24] from the physical literature on periodic copolymers, keeping
however in mind that periodic copolymer modeling has a central role in applied
chemistry and material science.

1.2. A general model. We point out that the models presented in § 1.1 are particular
examples of the polymer measure with Hamiltonian

N N N
HN(S) = Z Z wﬁf)l{sign(sn)zi} + Z (“)1(10) 1{Sn=0} + Z &71(10) 1{sign(Sn)=0}7 (13)
i=Ft1n=1 n=1 n=1



A RENEWAL THEORY APPROACH TO PERIODIC INHOMOGENEOUS POLYMER MODELS 3

where w1, O and T© are periodic sequences of real numbers. Observe that, by our
conventions on sign(0), the last term gives an energetic contribution (of pinning/depinning
type) to the bonds lying on the interface.

Besides being a natural model, generalizing and interpolating between pinning and
copolymer models, the general model we consider is the one considered at several instances,
see e.g. [26] and references therein.

0)

Remark 1.1. The copolymer case corresponds to wt?) = —w(=1) = \w and w©) = &
0, while the pinning case corresponds to w® = Aw and WY = WD = O = 0. We

stress that the wetting case can be included too, with the choice w® = \w, w,(fl)

every n and wt?) = 5O = 0. Of course plugging WY = 0 into the Hamiltonian (1.3)
is a bit formal, but it simply corresponds to a constraint on S in the polymer measure
associated to Hy, see (1.4) below. For ease of exposition we will restrict to finite values
of the charges w, but the generalization is straightforward.

= —oo for

Remark 1.2. We take this occasion for stressing that, from an applied viewpoint, the
interest in periodic models of the type we consider appears to be at least two—fold. On one
hand periodic models are often chosen as caricatures of the quenched disordered models,
like the ones in which the charges are a typical realization of a sequence of independent
random variables (e.g. [1, 4, 11, 26] and references therein). In this respect and taking
a mathematical standpoint, the relevance of periodic models, which may be viewed as
weakly inhomogeneous, for understanding the strongly inhomogeneous quenched set—up
is at least questionable and the approximation of quenched models with periodic ones, in
the limit of large period, poses very interesting and challenging questions. In any case,
the precise description of the periodic case that we have obtained in this work highlights
limitations and perspectives of periodic modeling for strongly inhomogeneous systems. One
the other hand, as already mentioned above, periodic models are absolutely natural and
of direct relevance for application, for example when dealing with molecularly engineered
polymers [16, 24].

Starting from the Hamiltonian (1.3), for a = ¢ (constrained) or a = f (free) we introduce
the polymer measure P} , on ZN, defined by

dP% ., exp (Hn (S
d—{i’(S) - =2 (Fn(5)) (Lga=ty + Lia=c) Lisy=0}) » (1.4)

where Z]‘{[w = Elexp(Hy) (1{a=f} + L{a=c}1{sy=0})] is the partition function, that is the
normalization constant. Here w is a shorthand for the four periodic sequences appearing
in the definition (1.3) of Hy, and we will use T' = T'(w) to denote the smallest common
period of the sequences.

The Laplace asymptotic behavior of Z N Plays an important role and the quantity
. 1 =
fw = ]\}E}I]OO N 10g Z]CV’W, (15)

is usually called free energy. The existence of the limit above follows from a direct super—
additivity argument, and it is easy to check that Z; , can be replaced by Z]fvw without
changing the value of f,, see e.g. [11]. The standard free energy approach to this type of
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models starts from the observation that

fo = lim %logE[eXp(HN(S));Sn>0f0rn:1,...,N}

N—o0
1R 1 (1.6)
= +1 . B
— mnzlwn +A}l_rg()NlogP(Sn>0forn—1,...,N)_

It is a classical result [8, Ch. XI1.7] that P(S,, > 0 for n = 1,...,N) ~ cN~Y/2 as N — oo,
for some ¢ € (0,00) (by ay ~ by we mean ay /by — 1). Hence the limit of the last term
of (1.6) is zero and one easily concludes that

fo > 2 = maxh,(i), he(i) == ——

i=+1 T(w) (L.7)

H
(]

n=1

Having in mind the steps in (1.6), one is led to the following basic

Definition 1.3. The polymer chain defined by (1.4) is said to be:
e localized (at the interface) if f., > fP;
e delocalized above the interface if f,, = hy,(+1);
e delocalized below the interface if f,, = h,(—1).

Notice that, with this definition, if h,(4+1) = h,(—1) and the polymer is delocalized, it is
delocalized both above and below the interface.

Remark 1.4. Observe that the polymer measure P{; , is invariant under the joint trans-
formation S — —S, w1 — W=D hence by symmetry we may (and will) assume that

he = ho(+1) — hy(=1) > 0. (1.8)

It is also clear that we can add to the Hamiltonian Hy a constant term (with respect
to S) without changing the polymer measure. Then we set

N
Hy(S) = Hn(S) = Y wit,
n=1

(=1)

which amounts to redefining wﬁfl) — 0, wp,
and we can write

APy exp (Hy(5))
dP (5) = Zf(i’i\; (1{a:f} + l{a:C}l{SNZO}) J (1.9)

(0) (+1)

(=1) —w,(fl)) and @, — (&,(10) —wn' ),

— (wp,

where Z§; , is a new partition function which coincides with Z N exp(— fo:l wﬁfl)). The
corresponding free energy F,, is given by

1
F, := lim NlOgZJaV,w = f,—fP (1.10)

w
N—oo

and notice that in terms of F,, the condition for localization (resp. delocalization) becomes
F, > 0 (resp. F, = 0). From now on, speaking of partition function and free energy we
will always mean Z§;  and F,,.
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1.3. From free energy to path behavior. In order to understand the spirit of the
paper, let us briefly outline our results (complete results are given in § 1.5 below).

Our first goal is to give necessary and sufficient explicit conditions in terms of the
charges w for the (de)localization of the polymer chain, see Theorem 1.5. We point out
that the content of this theorem is in fact much richer, as it gives the sharp asymptotic
behavior (and not only the Laplace one [5]) as N — oo of the constrained partition
function Zy - In particular we show that when the polymer is delocalized (Fy, = 0) the
constrained partition function Z%;  is actually vanishing as N — oo. Moreover the rate
of the decay induces a further distinction in the delocalized regime between a strictly
delocalized regime (Z5; , ~ c1tN73/2 ¢; € (0,00)) and a critical regime (Z5.0 ~ coN~1/2,
ez € (0,00)).

These asymptotic results are important because they allow to address further interest-
ing issues. For example, it has to be admitted that defining (de)localization in terms of the
free energy is not completely satisfactory, because one would like to characterize the poly-
mer path properties. In different terms, given a polymer measure which is (de)localized
according to Definition 1.3, to what extent are its typical paths really (de)localized? Some
partial answers to this question are known, at least in some particular instances: we men-
tion here the case of T'(w) = 2 copolymers [21] and the case of homogeneous pinning and
wetting models [6, 18, 25].

The main purpose of this paper is to show that, for the whole class of models we
are considering, free energy (de)localization does correspond to a strong form of path
(de)localization. More precisely, we look at path behavior from two different viewpoints.

o Thermodynamic limit. We show that the measure PY; , converges weakly as N —
oo toward a measure Py, on ZY, of which we give an explicit construction, see
Section 3. It turns out that the properties of P, are radically different in the three
regimes (localized, strictly delocalized and critical), see Theorem 1.7. It is natural
to look at these results as those characterizing the local structure of the polymer
chain.

e Brownian scaling limits. We prove that the diffusive rescaling of the polymer mea-
sure P, converges weakly in C([0,1]) as N — co. Again the properties of the
limit process, explicitly described in Theorem 1.8, differ considerably in the three
regimes. Moreover we stress that scaling limits describe global properties of the
chain.

We insist on the fact that the path analysis just outlined has been obtained exploiting
heavily the sharp asymptotic behavior of Zf; , as N — oo. In this sense our results are the
direct sharpening of the Large Deviations approach taken in [5], where a formula for F,, was
obtained for periodic copolymers (but the method of course directly extends to the general
case considered here). Such a formula (see § 2.3), that reduces the problem of computing
the free energy to a finite dimensional problem connected to a suitable Perron—Frobenius
matrix, in itself suggests the new approach taken here since it makes rather apparent the
link between periodic copolymers and the class of Markov renewal processes [2]. On the
other hand, with respect to [5], we leave aside any issue concerning the phase diagram
(except for § 1.6 below).

1.4. The order parameter 0. It is a remarkable fact that the dependence of our results
on the charges w is essentially encoded in one single parameter ¢*, that can be regarded
as the order parameter of our models. For the definition of this parameter, we need some
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preliminary notation. We start with the law of the first return to zero of the original walk:
7 :=inf{n >0: S, =0} K(n) == P(ri =n). (1.11)

It is a classical result [8, Ch. XII.7] that
3 lim n*? K(n) =: cx € (0,00). (1.12)

n—oo
Then we introduce the Abelian group S := Z/(TZ) and to indicate that an integer n is
in the equivalence class § € S we write equivalently [n] = § or n € 3. Notice that the
charges w;, are functions of [n], and with some abuse of notation we can write wy, := wh.
The key observation is that, by the T—periodicity of the charges w and by the defini-
tion (1.8) of hy,, we can write

n2
Z (wg—l) - W£L+1)) = —(n2—mn1)hy + E[mHM]'
n=ni+1

Thus we have decomposed the above sum into a drift term and a more fluctuating term,
where the latter has the remarkable property of depending on n; and ne only through
their equivalence classes [n;] and [n2]. Now we can define three basic objects:

e for o, €S and / € N we set

wéo) + ((Zéo) — wgl)) ife=14€f -«

w 1

ap(l) = wg]) + log [5 <1 + exp ( —Llhy, + Eaﬁ))] ife>1,¢ef—a > (1.13)
0 otherwise

which is a sort of integrated version of our Hamiltonian;

e for x € N we introduce the S x S matrix M 5(x) defined by
w v (x
Ya) = 0 K (1) 1pep oy (1.14)

e summing the entries of M*“ over x we get a S X S matrix that we call B“:

BY = Mg s(x). (1.15)
zeN

The meaning and motivation of these definitions, that at this point might appear artificial,
are explained in detail in § 2.2. For the moment we only stress that the above quantities
are explicit functions of the charges w and of the law of the underlying random walk (to
lighten the notation, the w—dependence of these quantity will be often dropped in the
following).

We can now define our order parameter 0. Observe that B, g is a finite dimensional
matrix with nonnegative entries, hence the Perron—Frobenius (P-F) Theorem (see e.g.
[2]) entails that B, g has a unique real positive eigenvalue, called the Perron-Frobenius
eigenvalue, with the property that it is a simple root of the characteristic polynomial and
that it coincides with the spectral radius of the matrix. This is exactly our parameter:

d“ := Perron-Frobenius eigenvalue of B~ . (1.16)
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1.5. The main results. Now we are ready to state our results. We start characterizing
the (de)localization of the polymer chain in terms of 6*.

Theorem 1.5 (Sharp asymptotics). The polymer chain is localized if and only if § > 1.
More precisely, the asymptotic behavior of 4y, as N — oo, [N] =n is given by

(1) for % > 1 (localized regime) Z%, , ~ CZ, exp (FuN) ;
(2) for 6 <1 (strictly delocalized regime) Z%; , ~ ij/N?’/Q ;
(3) for 6 =1 (critical regime) Z% , ~ Cg, / VN

where Fy, > 0 is the free energy and its explicit definition in terms of w is given in § 2.3,
while C’jm, C’jm and Cg, are explicit positive constants, depending on w and n, whose
value is given in Section 2.

Remark 1.6. Theorem 1.5 is the building block of all the path analysis that follows. It is
therefore important to stress that, in the quenched disordered case, cf. Remark 1.2, such
a strong statement in general does not hold, see [12, Section 4].

Next we investigate the thermodynamic limit, that is the weak limit as N — oo of
the sequence of measures Py, on 7N (endowed with the standard product topology).
The next theorem provides a first connection between free energy (de)localization and the
corresponding path properties.

Before stating the result, we need a notation: we denote by P the set of w such that:

P={w: <1, hy,=0, Fapf: X,3#0}, (1.17)

P< = PN{s¥ <1}, P~ = Pn{é¥ =1}

Here P stands for problematic, or pathologic. Indeed, we shall see that for w € P the results
are weaker and more involved than for w ¢ P. We stress however that these restrictions
do not concern localized regime, because P C {w : 6“ < 1}. We also notice that for the
two motivating models of § 1.1, the pinning and the copolymer models, w never belongs
to P. This is clear for the pinning case, where by definition ¥ = 0. On the other hand,
in the copolymer case it is known that if A, = 0 and 3 o, 8 : 3,3 # 0 then 0% > 1:
see Appendix D or [5]. In reality the pathological aspects observed for w € P may be
understood in statistical mechanics terms and we sketch an interpretation in § 1.6 below:
this goes rather far from the spirit of this paper, since it is an issue tightly entangled with
the analysis of the free energy. It will therefore be taken up in a further work.

Theorem 1.7 (Thermodynamic limit). If w ¢ P<, then both the polymer measures
PEV,w and Py, converge as N — oo to the same limit Py, law of an irreducible Markov
chain on Z which is:

(1) positive recurrent if 6“ > 1 (localized regime) ;
(2) transient if 0 < 1 (strictly delocalized regime) ;
(3) null recurrent if 6 =1 (critical regime) .

If w € P< (in particular 6* < 1), for alln € S and a = f,c the measure Py, converges
as N — oo, [N] =n to P&, law of an irreducible transient Markov chain on Z.
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We stress that in all regimes the limit law P, or P, has an explicit construction in terms
of M 5(), see Section 3 for details.

We finally turn to the analysis of the diffusive rescaling of the polymer measure P} .
More precisely, let us define the map XV : RN — C([0, 1]):

N _ TNt L|Nt]+1 — T|Nt]
Xt ('I) - UN1/2+(Nt_LNtJ) O'Nl/2 ) tE[O,l],
where | - | denotes the integer part and o2 := 2p is the variance of X; under the origi-

nal random walk measure P. Notice that XY (z) is nothing but the linear interpolation
of {xLNtJ/(J\/N)}te%m[O,l}' For a = f, ¢ we set:

Ny—

QX = Pho (XM
Then Q% , is a measure on C([0, 1]), the space of real continuous functions defined on the
interval [0, 1], and we want to study the behavior as N — oo of this sequence of measures.

We start fixing a notation for the following standard processes:

e the Brownian motion {B-}, ¢ 3

e the Brownian bridge {57}76[0,1] between 0 and 0;

e the Brownian motion conditioned to stay non-negative on [0, 1] or, more precisely,
the Brownian meander {m-} ¢ 1), see [23];

e the Brownian bridge conditioned to stay non-negative on [0, 1] or, more precisely,
the normalized Brownian excursion {e;},¢[o,1], also known as the Bessel bridge of
dimension 3 between 0 and 0, see [23] .

Then we introduce a modification of the above processes labeled by a parameter p € [0, 1]:

e the process {ng )}Te[o,l] is the so—called skew Brownian motion of parameter p,

cf. [23]. More explicitly, B®) is a process such that |[B®)| = | B| in distribution, but
in which the sign of each excursion is chosen to be +1 (resp. —1) with probability p

(resp. 1 — p) instead of 1/2. In the same way, the process {ﬂﬁp)}Te[o,l] is the skew

Brownian bridge of parameter p. Observe that for p = 1 we have B = |B| and
M) = || in distribution.

e the process {m(rp)}Te[og} is defined by
P(m® e dw) := pP(m € dw) + (1 — p)P(—m € dw),

i.e. m®) = om, where P(c = 1) =1 —P(¢ = —1) = p and (m, o) are independent.
The process {egp )}76[0,1} is defined in exactly the same manner. For p = 1 we have
m® =m and eV = e.

Finally, we introduce a last process, labeled by two parameters p,q € [0, 1]:

e consider a r.v. U ~ [0,1] with the arcsin law: P(U < t) = 2 arcsinv/%, and
processes 3®), m(@ as defined above, with (U, ﬁ(p),m(q)) independent triple. Then
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we denote by {ng’q)}Te[O,l] the process defined by:

VU P ifr<U
U
ng,q) —

VIi—Um'?, itr>U

1-U

Notice that the process BP9 differs from the p-skew Brownian motion B®) only
for the last excursion in [0, 1], whose sign is +1 with probability ¢ instead of p.

We are going to show that the sequence {Q%; ,} has a weak limit as N — oo (with a
weaker statement if w € P). Again the properties of the limit process differ considerably
in the three regimes 0* > 1, §“ < 1 and 0* = 1. However for the precise description of
the limit processes, for the regimes 6% = 1 and §“ < 1 we need to distinguish between
a € {f,c} and to introduce further parameters p,, q., defined as follows:

e case 0¥ =1 :
— Pw =P, defined in (4.19). We point out two special cases: if h,, > 0 then p;; =
1, while if h, = 0 and ¥ = 0 then p_, = 1/2;
— for each € §, qu, = q,), defined by (4.21).
e case 0¥ < 1 :
—w ¢ P<: if h, > 0 we set p, := pS := 1 while if h, =0 we set p,, := pJ =
1/2;
— weP<: for each n € Sand a = f,c, p, := poy is defined in (4.8) and (4.10).

Theorem 1.8 (Scaling limits). If w ¢ P, then the sequence of measures {Q% ,} on
C([0,1]) converges weakly as N — oco. More precisely:

(1) for 6 > 1 (localized regime) Q% converges to the measure concentrated on the
constant function taking the value zero ;

(2) for % < 1 (strictly delocalized regime):
o ng,w converges to the law of m®3) ;
o Q% converges to the law of e(P3) -
(3) for 8 =1 (critical regime):
. QE\W converges to the law of BP) ;
* QY converges to the law of BP5) .

If w € P, then for all n € S the measures Q(]:V,w and QE\,M converge as N — oo, [N] =7
to, respectively:

(1) for ¢* < 1, the law of e®5%) and m®5n).
(2) for 6 =1, the law of B®%) and B®S90),

Results on thermodynamic limits in the direction of Theorem 1.7 have been obtained
in the physical literature by exact computations either for homogeneous polymers or for
T = 2 pinning models and copolymers, see e.g. [21], while, in some cases, Brownian scaling
limits have been conjectured on the base of heuristic arguments, see e.g. [25]. Rigorous
results corresponding to our three main theorems have been obtained for homogeneous
pinning/wetting models in [6, 18]. We would like to stress the very much richer variety of
limit processes that we have obtained in our general context.
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1.6. About the regime P. We have seen, cf. Theorem 1.7, that if w € P< the infinite
volume limit (in particular the probability that the walk escapes either to +o0o or to —o0)
depends on a = ¢ or f and on the subsequence [N] = n € S. This reflects directly into
Theorem 1.8 and in this case also the P~ regime is affected, but only for ¢ = f and the
change is restricted to the sign of the very last excursion of the process. It is helpful to
keep in mind that w € P if and only if there is a non trivial unbiased copolymer part, that
is hy, = 0 but the matrix 3 is non trivial, and at the same time the polymer is delocalized.
It is known (Appendix D and [5]) that in absence of pinning terms, that is W =50 =0
for every n, the polymer is localized. However if the pinning rewards are sufficiently large
and negative, one easily sees that (de)pinning takes over and the polymer delocalizes.
This is the phenomenon that characterizes the regime P and its lack of uniqueness of limit
measures.

———,—, e, <y - - - -

FIGURE 1. A sketch of the phase diagram for the model (1.18). In this
case, with abuse of notation, P = {(h,3) : h =0, > [.}. Approaching
P in the sense of the dashed arrowed lines one observes the two sharply
different behaviors of paths completely delocalized above (0 = +1) or below
(0 = —1) the interface.

Lack of uniqueness of infinite volume measures and dependence on boundary conditions
do not come as a surprise if one takes a statistical mechanics viewpoint and if one notices
that the system undergoes a first order phase transition exactly at P. In order to be more
precise let us consider the particular case of

dPy,, - . =
Ip (S) x exp Z (wn + h)sign (S,) — ﬁz 1¢s,—0v | 5 (1.18)
n=1 n=1

with h and 3 two real parameters and w a fixed non trivial centered (Zzzl wy, = 0) periodic
configuration of charges. The phase diagram of such a model is sketched in Figure 1. In
particular it is easy to show that for h = 0 and for § large and positive the polymer
is delocalized and, recalling that for § = 0 the polymer is localized, by monotonicity of
the free energy in (8 one immediately infers that there exists 8. > 0 such that localization
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prevails for 5 < (., while the polymer is delocalized (both above and below the interface) if
8 > B.. However the two regimes of delocalization above or below the interface, appearing
for example as soon as h is either positive or negative and 3 > f., are characterized
by opposite values (£1) of ¢ = p(h,) = limy_o EN,M[ 12 _,sign (S )} and of
course ¢ is the derivative of the free energy with respect to h. Therefore the free energy
is not differentiable at h = 0 and we say that there is a first order phase transition. First

order phase transitions are usually associated to multiple infinite volume limits (phase
coexistence). A detailed analysis of this interesting phenomenon will be given elsewhere.

1.7. Outline of the paper. In Section 2 we study the asymptotic behavior of 2y
proving Theorem 1.5. In Section 3 we compute the thermodynamic limits of Py ,, proving
Theorem 1.7. In Section 4 we compute the scaling limits of P%; ,, proving Theorem 1.8.
Finally, in the Appendices we give the proof of some technical results and some additional
material.

2. SHARP ASYMPTOTICS FOR THE PARTITION FUNCTION

In this section we are going to derive the precise asymptotic behavior of Z]CVM, in partic-
ular proving Theorem 1.5. The key observation is that the study of the partition function
for the models we are considering can be set into the framework of the theory of Markov
renewal processes, see [2, Ch. VII.4]. We start recalling the basic notions of this theory
and setting the relative notation.

2.1. Markov Renewal Theory. Given a finite set S (for us it will always be Z/(TZ)),
by a kernel we mean a family of nonnegative S x S matrices Fi, 3(z) depending on a
parameter € N. We say that the kernel F,, 3(z) is semi-Markov if F,, .(-) is a probability
mass function on S x N for every o € S, that is if 35, Fo g(2) = 1.

A semi-Markov kernel F, g(x) has a simple probabilistic interpretation: it defines a
Markov chain {(Ji,T%)} on S x N through the transition kernel given by

P[(Jis1, Thy1) = (B,2) | (Je, Te) = (o, y)] = Fap(x). (2.1)

In this case we say that the process {Ji, Ty} is a (discrete) Markov—renewal process,
the {T}} being thought of as interarrival times. This provides a generalization of classical
renewal processes, since the {T}} are no longer IID but their laws are rather modulated
by the process {J}. Since the r.h.s. of (2.1) does not depend on y, it follows that {Jj}
is a Markov chain, and it is called the modulating chain of the Markov renewal process
(observe that in general the process {7} is not a Markov chain). The transition kernel
of {Ji} is given by > -y Fa,p(x). We will assume that this chain is irreducible (therefore
positive recurrent, since S is finite) and we denote by {v4 }aes its invariant measure.

Given two kernels F' and G, their convolution F' *x G is the kernel defined by
(F*Gap(@) =YY Far(y) Wx—y):Z[F(y).G(x_y)]aﬂ, (2.2)
yeN yeS yeN

where - denotes matrix product. Observe that if F' and G are semi-Markov kernels, then
F % G is semi-Markov too. With standard notation, the n—fold convolution of a kernel F’
with itself will be denoted by F*™, the n = 0 case being by definition the identity kernel

[F*O]ang(l') = 1(,6’:0{)1(:1::0)'
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A fundamental object associated to a semi—Markov kernel F' the so—called Markov—
Green function (or Markov—renewal kernel), which is the kernel U defined by

Uaple) =) [F™*] (@) (2.3)
k=0

Of course the kernel U is the analog of the Green function of a classical renewal process,
and it has a similar probabilistic interpretation in terms of the associated Markov renewal

process {(Ji, Tk) }:
Unsp(z) =Pu[3k>0: To+...+ Ty =z, Jy =[], (2.4)

where P, is the law of {(T}, Jx)} conditioned on {Jy = «a, Ty = 0}.

We need some notation to treat our periodic setting: we say that a kernel Fi, g(x) has
period T € N if the set {z : Ugyo(x) # 0} is contained in T'Z, for the least such T' (this
definition does not depend on a because the chain {Ji} is supposed to be irreducible, see
the discussion at p. 208 of [2]). It follows that the set {z : U, g(x) # 0} is contained
in the translated lattice y(«, 3) + TN, where vy(a, 3) € {0,...,T — 1} (for us it will be
V(a, B) = [B = al).

In analogy to the classical case, the asymptotic behavior of U, g(z) as o — oo is of
particular interest. Let us define the (possibly infinite) mean u of a semi-Markov kernel

F, () as
W= Z le/a Fop(x). (2.5)

a,BeS xeN

Then we have an analog of Blackwell’s Renewal Theorem, that in our periodic setting
reads as

3 lim Uape) = T2, (2.6)
ey #

cf. Corollary 2.3 p. 10 of [2] for the classical case.

We will see that determining the asymptotic behavior of U, g(z) when the kernel
F, g(x) is no more semi-Markov is the key to get the asymptotic behavior of the par-
tition function Z%; .

2.2. A random walk excursion viewpoint. Now we are ready to make explicit the
link between the partition function for our model and the Theory of Markov Renewal
Processes. Let us look back to our Hamiltonian (1.3): its specificity comes from the fact
that it can be decomposed in an efficient way by considering the return times to the origin
of S. More precisely we set for j € N

70=0 Tj41 = inf{n > 7;: S, =0},

and for P-typical trajectories of S one has an infinite sequence 7 := {7;}; of stopping
times. We set T; = 7; — 7j_1 and of course {Tj};—12 . is, under P, an IID sequence. By
conditioning on 7 and integrating on the up—down symmetry of the random walk excursions
one easily obtains the following expression for the constrained partition function:

N
Z]CV,w =E Hexp (\I]w(ijlaTj)); Tuy = N ) (27)
j=1
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where «y = sup{k : 7, < N} and we have introduced the integrated Hamiltonian
U¥(ny,ny), which gives the energetic contribution of an excursion from nj to ns:
W + @Y - Wi if ng=ny+1
w 1 e
U¥(ny,ng) = w,(g) + log [5 (1 + exp Z (wﬁ;l) — wﬁfl)))} if ng >n;+1 (2.8)
n=ni+1
0 otherwise .

Now we are going to use in an essential way the fact that our charges are T—periodic.
In fact a look at (2.8) shows that the energy WU¥(ni,n2) of an excursion from n; to ng
is a function only of (n2 — ny), [n1] and [ng], where by [-] we mean the equivalence
class modulo T', see § 1.4. More precisely for n1 € a, no € § and £ = no — n1 we have
U¥(n1,n2) = @3 5(¢), where ® was defined in (1.13). Then recalling the law K(n) of the

first return, introduced in (1.11), we can rewrite (2.7) as

k
Z5 ., = Z > T & (85— t51) exp (Bt —ti-1)) - (2.9)
j=1

to,...,tx EN
07 to<ti<..<tp:=N

This decomposition of Zy ., according to the random walk excursions makes explicit the
link with Markov Renewal Theory. In fact using the kernel M, g(z) introduced in (1.14)
we can rewrite it as

k
INw = Z Z HM[tj—lHtj}(tj —tj1)

0.tk EN Jj=1
0 to<t1<...<tp:=N

I
Mz

> [M(t1) - Mtz = t1) - .- M(N = tg—1)] g (2.10)

1 to,...,tx €N
O=:tp<t1<...<tp:=N

_ *k
_ZM 0][N N).
k=0

Therefore it is natural to introduce the kernel Z, g(x) defined by

b
Il

o
Zape) = 3 [MH], (@), (2.11)
k=0
so that Z5 , = Z[g),(v)(IV). More generally 2, g(z) for [z] = 8 — a can be interpreted as
the partition function of a directed polymer of size x that starts at a site (M,0), with
[M] = «, and which is pinned at the site (M + z,0).

Our purpose is to get the precise asymptotic behavior of Z, g(x) as  — oo, from which
we will obtain the asymptotic behavior of Zy ., and hence the proof of Theorem 1.5. It is
clear that equation (2.11) is the same as equation (2.3), except for the fact that in general
the kernel M has no reason to be semi—-Markov. Nevertheless we will see that with some
transformations one can reduce the problem to a semi—Markov setting.

It turns out that for the derivation of the asymptotic behavior of Z, g(x) it is not
necessary to use the specific form (1.14) of the kernel M, g(x), the computations being
more transparent if carried out in a general setting. For these reasons, in the following
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we will assume that M, g(x) is a generic T-periodic kernel such that the matrix B, g
defined by (1.15) is finite. While these assumption are sufficient to yield the asymptotic
behavior of Z, g(x) when 6 > 1, for the cases §“ < 1 and 6* = 1 it is necessary to
know the asymptotic behavior as & — oo of M, g(x) itself. Notice that our setting is an
heavy—tailed one: more precisely we will assume that for every o, 5 € S:

: 3/2 .
3 lim w 2 M, 5(z) = Lag € (0,00). (2.12)
[z]=B—a
From equation (1.13) it is easy to check that the kernel M, g(z) defined by (1.14) does
satisfy (2.12) (see Section 3 for more details on this issue).

For ease of exposition, we will treat separately the three cases é“ > 1, §“ < 1 and
o =1.

2.3. The localized regime (6“ > 1). The key idea is to introduce the following expo-
nential perturbation of the kernel M (cf. [2, Theorem 4.6]), depending on the positive real
parameter b:

Ag,ﬁ(aﬂ) = My () e b

Let us denote by A(b) the Perron-Frobenius eigenvalue of the matrix ) Ag,ﬁ(az). As
the entries of this matrix are analytic and nonincreasing functions of b, A(b) is analytic
and nonincreasing too, hence strictly decreasing because A(0) = §* > 1 and A(co) = 0.
Therefore there exists a single value ¥, > 0 such that A(Fw) = 1, and we denote by
{Cata, {€a}a the Perron-Frobenius left and right eigenvectors of >, Agjﬁ(aﬁ), chosen to
have (strictly) positive components and normalized in such a way that ) (n&n =1 (of
course there is still a degree of freedom in the normalization, which however is immaterial).

Now we set .
w & - 8

Lop(@) = Ag(e) o= = Map(a) e 2=, (2.13)
and it is immediate to check that I'” is a semi-Markov kernel. Furthermore, we can
rewrite (2.11) as

FoT 504 = * _ _FuT ga
Zaglo) = e g‘;[(m Jaus®) = ¢ L Uas(a), (2.14)

where U, g(x) is nothing but the Markov-Green function associated to the semi-Markov
kernel I’; 6(3:) Therefore the asymptotic behavior of Z, g(x) is easily obtained applying
Blackwell’s Renewal Theorem (2.6). To this end, let us compute the mean p of the semi—
Markov kernel I'”: it is easily seen that the invariant measure of the associated modulating
chain is given by {(4&qa}a, therefore

p= > wlabalyg@) = D D ze ™" (o Map(x)&s

a,BES xeN a,BES xeN

(a0

(for the last equality see for example [5, Lemma 2.1]). Coming back to (2.14), we can now
apply Blackwell’s Renewal Theorem (2.6) obtaining the desired asymptotic behavior:

€ (0,00),

b=F,

Zop(®) ~ &a Cﬁ% exp (Fy, ) r—o00, [z]=0-a. (2.15)
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In particular, for « = [0] and 3 = 1 we have part (1) of Theorem 1.5, where ij =
oGy T/ 1.

2.4. The strictly delocalized case (6 < 1). We prove that the asymptotic behavior
of Z, g(x) when 0¥ < 1 is given by

Zapl@) ~ ([0-B'LA-B)], ) 55 2—o kl=f-a, (16)

where the matrixes L and B have been defined in (2.12) and (1.15). In particular, taking
a = [0] and 5 =n, (2.16) proves part (2) of Theorem 1.5 with

Cs,=[0-B)~"'L(1- B)_l]o,n.

To start with, we prove by induction that for every n € N

Z[M*n]aﬁ(x) = [B"ag- (2.17)

zeN
The n = 1 case is the definition of B, while for n > 1

oM (@) = 3N M () M(z—2) = Y M™(2)- ) M(z —2)

zeN zeN z<z z€eN >z
= > M™(z)-B = B"-B = B
zeN

Next we claim that, if (2.12) holds, then for every «, 5 € S

k—1
a[gfh%}o DPM*] ) = Y [B-L- BRI (2.18)
T|=p—« =0

We proceed by induction on k. The k = 1 case is given by (2.12), and we have that

/2
M (z) =3 (M(y) Mz —y) + M(z—y)- M*”(y)>
y=1
(strictly speaking this formula is true only when z is even, however the odd z case is
analogous). By the inductive hypothesis equation (2.18) holds for every k < n, and in
particular this implies that {z%2[M**], 5(x)}zen is a bounded sequence. Therefore we
can apply Dominated Convergence and (2.17), getting
3 lim x?’/z[M*("‘H)]aﬁ(x)

Tr—00

[a] =5

= 2 (M) X 15 £ B0 L M7 0)

v y=1 =0
- Z (Bm ZO [BZ.L.B("*U*Z]W + Lon [B*"]%ﬁ>
¥ i=

n

=Y [B-L-B"]_,.

1=0
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Our purpose is to apply the asymptotic result (2.18) to the terms of (2.11), hence we
need a bound to apply Dominated Convergence. What we are going to show is that
2 M (@) < CK[BY] (2.19)
for some positive constant C and for all o, € S and z,k € N. Observe that the r.h.s.
above, as a function of k, is a summable sequence because the matrix B has spectral radius
d“ < 1. We proceed again by induction: for the & = 1 case, thanks to (2.12), it is possible
to find C such that (2.19) holds true (this fixes C' once for all). Now assuming that (2.19)
holds for all k& < n we show that it does also for k = n (we suppose for simplicity that
n = 2m is even, the odd n case being analogous). Then we have (assuming that also x is
even for simplicity)

/2
2] @) = 2) ) [ () P[] (e~ )
y=1~€S
/2
<2:220m®y N [M], (y) [B"], 4
y=1~€§

< C@2m)’[B*™] ;.

where we have applied (2.17), and (2.19) is proven.

We can finally obtain the asymptotic behavior of Z, g(x) applying the bound (2.18) to
(2.11), using Dominated Convergence thanks to (2.19). In this way we get

oo k—1
3 Jim 222 p() = Y N [B-L-BEVT]
[a:] 5 [ed k=1 =0 ’
[o.¢]
= Z Z (B LBk wp = Z[Bi-L-(l—B)_l]aﬂ
=0 k=i+1 =0

= [(1 _B)il L (1 _B)il]a“g,

and equation (2.16) is proven.

2.5. The critical case (6“ = 1). In the critical case the matrix B defined in (1.15) has
Perron—Frobenius eigenvalue equal to 1. Let {(s}a, {€a}a denote its corresponding left
and right eigenvectors, always chosen to have positive components and normalized so that
Y o Ca€a = 1. Then it is immediate to check that the kernel

= §
5 5(x) == Mag(e )gj (2.20)
is semi-Markov, and the corresponding Markov—-Green function U, g(x) is given by
o [(p=y 3
Un () = kz [(T=)*], 4(@) = g—jzmx), (2.21)
=0

where the last equality follows easily from (2.11). We are going to derive the asymp-
totic behavior of U, g(x), and from the above relation we will get the analogous result
for Z, g(x).
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Denoting by {(Tk, Ji)} under P the Markov-renewal process generated by the semi—
Markov kernel I'] 5(z), for U, g(z) we have the probabilistic interpretation (2.4), that we
rewrite for convenience

Upp(z) =Pa[Fk>0: To+...+ T =, Jpy=p]. (2.22)

For B € S we introduce the sequence of stopping times {/{%ﬁ ) tn>0 corresponding to the
visit of the chain {Ji} to the state g:

/-;(()6) =inf{k >0: J, =0} fig?l = inf{k > s . J, =6}, (2.23)
and we define the process {T,gﬁ )}nzo by setting

To(ﬁ) = TO + ...+ TH(()Q) TT(LB) : TH(5)1+1

n—

+ ...+ TK(B) . (2.24)

The key point is that under P, the random variables {Ty(ﬁ )} are the interarrival times of
a (possibly delayed) classical renewal process, equivalently the sequence {T,(Lﬁ ) tn>1 is IID
and independent of To(ﬁ ). We denote for = € N by ¢®(z) the (mass function of the) law
of T,gﬁ ) for n > 1, while the law of Téﬁ ) under P, is denoted by q(o‘;ﬁ)(az). Since clearly

{3k20:T0+...+Tk:x,Jk:ﬂ} = {ElnzO:TéB)—l—...%—Tr(LB):x},
from (2.22) we get
Unp(@) =PaBn>0: T 4. + TP — 2] = <q<wﬁ> 5 (q<ﬁ>)*"> (), (2.25)
n=0

which shows that U, g(x) is indeed the Green function of the classical renewal process

whose interarrival times are the {Tr(bﬁ )}nzo.

Now we claim that the asymptotic behavior of q® (x) as x — o0, x € (3, is given by
B) () ~ B _ !
g () 23/2 e = 5 & ;Coz Lay&y > 0, (2.26)

see Appendix A for a proof of this relation. Then the asymptotic behavior of (2.25) is
given by
™ 1
U ~ —
(%) 2meg

xr—o00, [z]=p—-a, (2.27)

as it follows by [7, Th. B] (the factor T? is due to our periodic setting). Combining
equations (2.21), (2.26) and (2.27) we finally get the asymptotic behavior of Z, g(x):

Zop(x) ~ T Sa 60 L r—o00, [z]=p0-a. (2.28)

20 Y Gy Ly &y

Taking « = [0] and 3 = 7, we have the proof of part (3) of Theorem 1.5.
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3. THERMODYNAMIC LIMITS

In this section we study the limit as N — oo of the polymer measure PY ,, using the
sharp asymptotics for the partition function obtained in the previous section. We recall
that P, is a probability measure on ZN, which we endow with the product topology. In

particular, weak convergence on Z" means convergence of all finite dimensional marginals.

We start giving a very useful decomposition of P} . The intuitive idea is that a path
(Sn)n<n can be split into two main ingredients:

o the family (71 )k=o,1,.. of returns to zero of S (defined in § 2.2);

e the family of excursions from zero (Sitr, , 10 <@ < T — Th—1)k=1,2,...
Moreover, since each excursion can be either positive or negative, it is also useful to
consider separately the signs of the excursions oy, := sign(S;, _,+1) and the absolute values

(ex(i) :=|Sigr,_,| : i =1,...,7% — Tp—1). Observe that these are trivial for an excursion
with length 1: in fact if 7, = 7,1 + 1 then o, = 0 and ex(0) = ex(1) = 0.

Let us first consider the returns (74)r<,, under Py ,, where 1y = sup{k : 7, < N}.
The law of this process can be viewed as a probability measure p%; , on the class Ay of
subsets of {1,..., N}: indeed for A € Ay, writing

A:{tl,...,tm‘}, 0= t0<t1<---<t|A‘§N, (3.1)

we can set
p(]IVM(A) = (]IV,W(TZ‘ = ti, ) S LN). (3.2)
The measure p%; , describes the zero set of the polymer of size IV, and it is analyzed in
detail below. From the inclusion of Ay into {0, 1}, the family of all subsets of N, PN w
can be viewed as a measure on {0, 1} (this observation will be useful in the following).
Now we pass to the signs: we can see that, given (7;);<.y, under Py , the signs (o4 )k<.
form an independent family. Conditionally on (7;);<,y, the law of oy, is specified by:
- if . =1+ 7,_1, then o, = 0;
- if 7 > 1+ 7,_1, then o} can take the two values +1 with

1

. 3.3
1—|—eXp{—(7'k = Tr—1) ho +E[Tk71]7[7k}} 33)

PR <Jk = +1‘ (Tj)jgw) =

Observe that when 7,,, < N (which can happen only for a = f) there is a last (incomplete)
excursion in the interval {0, ..., N}, and the sign of this excursion is also expressed by (3.3)
for k =ty + 1, provided we set 7,11 := .

Finally we have the moduli: again, once (74_1,0%)1<k<,y+1 are given, the excursions
(er)k=1,...n+1 form an independent family. The conditional law of ej(-) on the event
{mk—1="4o, v = 1} and for f = (fi)i=1,...0; ¢, 1S, for k <y, given by

?v,w<€k('):f ‘ (Tj—lij)lgngN—f—l) o 4)
_ P<Sl-:fi: i=1,... .0 — ( Sy >0: i=1,... 0, —Lly—1, Sgl_g():o). '



A RENEWAL THEORY APPROACH TO PERIODIC INHOMOGENEOUS POLYMER MODELS 19

In the case 7,,, < N we have a last excursion e, +1(-): its conditional law, on the event
{r.y =€ < N} and for f = (fi)i=1,. ,N-¢, is given by

PY <6LN+1(') = f | (75-1, Uj)ISjSLNH)

(3.5)
::PC$:ﬁ:i:Ln”N—E‘&>O:i:LH”N—®,

We would like to stress that the above relations fully characterize the polymer mea-
sure P} . A remarkable fact is that, conditionally on (Tk )ken, the joint distribution of
(0j,€5)j<.y does not depend on N': in this sense, all the N-dependence is contained in the
measure p?vw.

For this reason, this section is mainly devoted to the study of the asymptotic behavior
of the zero set measures Py a8 N — oo. The main result is that PN w and pﬁvw have
the same weak limit p, on {0,1}N as N — oo (with some restrictions when w € P<).
Once this is proven, it follows easily that also the polymer measure P% , converges to
a limit measure P, on ZN, constructed by pasting the excursion over the limit zero set.
More precisely, P, is the measure under which the processes (7;), (¢;) and (e;) have the
following laws:

o the law of the (7;);en is determined in an obvious way by the limiting zero set
measure p,;

e conditionally on (7;);en, the variables (¢;);en are independent with marginal laws
given by (3.3);

e conditionally on (7, 0;);en, the variables (e;(-));en are independent. On the event
{Tk—1 = o, 7, = {1} with £y < {1 < oo the law of ey, is given by the r.h.s. of (3.4).
We have to consider also the case £y < 0o, £1 = 00, because in the regime 6 < 1
it turns out that P, (7 = o0) > 0 (see below and Appendix B): in this case the
law of ey, is given for any n € N and for f = (f;)i=1,..n by:

Pw(ek(i):fi ci=1,...,n ‘ (Tj,O‘j)jeN) = P+(Si:fi : izl,...,n)

— MnPCQ:ﬂ:i:ann‘&>O:i:anN)

N—oo

(3.6)
where the existence of such limit is well known: see e.g. [11].

3.1. Law of the zero level set in the free and constrained cases. Let us describe
more explicitly p§; ,(A), using the (strong) Markov property of Py . We use throughout
the paper the notation (3.1). Recalling the definition (1.14) of M, 5(t), we have:

o fora=cand A€ An: py,(A) #0 if and only if 74y =N, and in this case:

|A]
1
p?\f,w(A) = VA HM[ti_lL[ti](ti - ti*l)
N.

wog=1

e fora=fand A € Ayn:
|A]

1 ~
Pw(4) = 7T 1T M,y (6 = tia) | PN = t4)) exp ((I)[t‘A‘],[N}(N _t|A\))-
Nw |i=1
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where P(n) :=3 22 . K(k)=>;2, .1 P(r1 = k) and we have introduced

. 1
Do 5(f) = log [5 (1 +exp (= Lhy + Ea,5)>] Les1) Luep-a)s (3.7)

which differs from ® in not having the terms of interaction with the interface,

of. (1.13).

We are going to show that, for any value of 6*, the measure Py, On {0, 1} converges
as N — oo (with some restrictions if w € P<) to a limit measure under which the process
([x], Tk — Tk—1)ken is @ Markov renewal process. Moreover, we will compute explicitly the
corresponding semi—-Markov kernel, showing that the returns to zero are

(1) integrable if 0 > 1 (localized regime);
(2) defective if §“ < 1 (strictly delocalized regime);
(3) non integrable if § = 1 (critical regime).
Thanks to the preceding observations, this will complete the proof of Theorem 1.7. We

stress that the key result in our derivation is given by the sharp asymptotics of the partition
function Z%; , obtained in the previous section.

Before going into the proof, we give some preliminary material which is useful for all
values of 6“. For k € N we define the shift operator:

O), : RN i RN, 0kC = ()

and it is easy to check that the following relations hold true:

ZN-korwo = 2NN — k), k<N (3.8)
N ~
Zhw = D 20 PIN = 1) exp (B (N = 1)), (3.9)
t=0
ZJC{T—k,ka

Nw (m=k) = Mo (k) 7a ) 1<k<N, a=c,f. (3.10)
N,w

Finally, using (1.12), (1.14) and (1.13) it is easy to see that (2.12) holds true, namely

3 lim 2% Mup(a) = Lag, (3.11)
[x]=f—c
where:
1 Oy i p—
K 5 <1 + exp (Eaﬁ)) exp(wg’) if hy =0
Log = X . (3.12)
CK 5 exp(wg])) if hy, >0

Since also the asymptotic behavior of P(¢) exp(®4,3(¢)) will be needed, we set

N cx (14 exp(Zap)) if hy =0
Lop == lLm  VIP@)ePar® = . (3.13)
(00, (efa cK if hy >0

as it follows easily from (3.7) and from the fact that P(¢) ~ 2cx /V/{ as £ — oo.
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3.2. The localized regime (6“ > 1). We prove point (1) of Theorem 1.7. More precisely,
we prove the following:

Proposition 3.1. If §“ > 1 then the polymer measures PNW and Pl , converge as
N — oo to the same limit P, under which ([1x], Tk — T— 1)keN is a Markov renewal
process with semi-Markov kernel (Fzﬁ(ﬁﬂ) ta,feS,xeN).

For the definition of I'” see (2.13).

Proof of Proposition 3.1. We prove first the case a = c. By (3.8), (3.10) and by the
asymptotics of Z in (2.15) above, we have for all o, 3,7 € Sand ¢ € a, m € (3

i Nemone _ o Zaa(N-m) s
Neewo ZRvow Nz Zan(N =) £a

and since the right hand side does not depend on ~, then the limit exists as N — oo. It
follows that for £ € o, k + £ € (-

) c N ok &8 _
]\}E}noo PN—[,G[W (7—1 - k) - Ma7ﬁ(l€)€ ' é'_a o Fjvﬁ(k)

By the Markov property of Py, this yields
Jim PR (m = Fa Hr[,u (ki —kic1), ko= 0.

The argument for Pk, « goes along the very same line: by (3.9),

N—k

e "N ZN oo = €N ) 2l iv—g(N — k —t) P(t) exp (&)[th],[N} (t)>
t=0

N—k
e Fuk Z Z e Tt P(t) [exp (CT),%[N} (t)> e Fw (N*k*t)Z[km(N —k— t)} .
nes t=0

Since by (2.15) the expression in brackets converges as N — oo and N € [t] + 7, we obtain

3 lim e N ZY g = Eue ( > 2 PO e @)"’”(t)) Cn>'

N—o00
Ney nesS teN
[tl=y—n
Observe that the term in parenthesis is just a function of . Having found the precise
asymptotics of Z]fv »» We can argue as for Pfy , to conclude the proof. O

w

3.3. The critical regime (0“ = 1). We prove point (3) of Theorem 1.7. More precisely,

we prove the following:

Proposition 3.2. If 0 = 1 then the polymer measures PNw and Pl ,, converge as
N — oo to the same limit P, under which ([1x], Tk — Th— 1)k€N is a Markov renewal
process with semi-Markov kernel (I'; 5(z) : ., 8 € S,z € N).

For the definition of I'= see (2.20).
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Proof of Proposition 3.2. We prove first the case a = c. By (3.11) and and by the asymp-

totics of Z in (2.28) above, we obtain for all k € a:

7 o §
3 lim NY2 Z,4(N—k) = — abf
]\]]Vz%o «, 27T Z,y7,y/ ny L,Y’,Y/ g,yl
It follows for all o, 3,y € Sand £ € o, m € §
2N Z4.(N —
3 fm =mne _ gy 2o N —m) _ &
N L-tpw N Zan) €a

and since the right hand side does not depend on ~, then the limit exists as N — oo. It

follows for ¢ € o, k+ ¢ € [3:

dim P, (= k) = Mag(k) 22 =I5 5(k).

By the Markov property of Pf , this yields

N—oo

For PEV’W, by (3.9) we have for N € § and k < N:

N—k
ZN o = 20 D0 Zpa(W) PN =k — 1) exp (&, 5(N — k= 1)).
t=0

Y

By the previous results and using (3.13) we obtain that for every k € N

T ZU Cn zn,ﬁ dt

J
lim P?V,w (’7’1 = kﬁl, cey Tj = k?]) = HF[:]%—ﬂ,[kz}(kz - kil',l), k‘o = 0.
1=1

1
3 lim 2z = — /
N—oo, Neg N—Ek,0pw g[k} ot an, Cﬂ L77777/ 577/ 0 t%(

_ é. z 27] annﬂ
K\ 2 St o Ly & )

To conclude it suffices to argue as in the constrained case.

1—1)2

(3.14)

O

3.4. The strictly delocalized regime (6 < 1). We prove point (2) and the last as-
sertion of Theorem 1.7. In this case the result is different according to whether w € P<
or w ¢ P< (recall the definition (1.17)). To be more precise, there is first a weak formu-
lation for all w which gives a thermodynamic limit of P% , depending on the sequence
{N : [N] =n} and on a = f, ¢; secondly, there is a stronger formulation only for w ¢ P<,

which says that such limits coincide for all n € S and a = f, c.

It will turn out that in the strictly delocalized regime there exists a.s. a last return
to zero, i.e. the process (7x)gen is defective. In order to express this with the language
of Markov renewal processes, we introduce the sets S := SU {oo} and N := N U {00},

extending the equivalence relation to N by [oc] = co. Finally we set for all a,n € S:

A, = [1-B)"'L(1-B)" e, = [L(1—-B)""

Do = [1=B)'L] e by = Lo,

)
a,n

)
a,n
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and for all n € S and a = f, ¢ we introduce the semi-Markov kernel on S x N:

M, 5(k) A%,n/Agm a€S, zeN, g=[z] €S

Pna( ) — NZ,U/AZ,U o € S, €r = OO, /3 — [OO]
BT 1 a=0= [OO], =0
0 otherwise.

Notice that I'? is really a semi-Markov kernel, since for o € S:

n.a /‘a Fan Aﬁ n_ Moy 1 a
> D Tahle) = LYy = Fat ga B Ay
B€S zeN Ag M BeS zeN a,n oL
P 1
= AL —pul ) = 1.
Ag,n + Ag,n( a,n :U’a,n)

We are going to prove the following:

Proposition 3.3. Let 6 < 1. Then:

(1) for a = f,c, Py, converges as N — oo, [N] = n to a measure Pg", under
which ([T, T _I’f—l)kSN is a Markov renewal process with semi-Markov kernel
(FZ’%(CC) ta,f €S,z eN).

(2) if w ¢ P<, then PL" =: P, and T'""® =: T'S depend neither on n nor on a, and
both PNW and Py, converge as N — oo to P, under which ([7%], Tk — Tk—1)ken
is a Markov renewal process with semi-Markov kernel I'<.

Remark 3.4. Part (2) of Proposition 3.3 is an easy consequence of part (1). In fact from
equations (3.12) and (3.13) it follows immediately that when w ¢ P< then both matrices

(La,g) and (Ea,ﬁ) are constant in «, and therefore A® factorizes into a tensor product, i.e.

AL, = Aavy a,n €S,

a V>

where (A%),ecs and (¥2)qes are easﬂy computed. But then it is immediate to check that
the semi-Markov kernel I'"»® =: I'< depends neither on 7 nor on a.

Proof of Proposition 3.3. By the preceding Remark it suffices to prove part (1). For all
k € a, by (2.16) we have

3 lim N2 Za5(N—k) = [(1=B)'L(-B)'] ;= Aop (3.15)
[N]=3

In particular, we have for all o, 8,7 € Sand £ € a, m € (:

Zy Z5.(N — AS
3 hm N— m,Gmw — 11m /3777( m) — fﬂ?’
N Li-vow N Zan) Agy

Then by (3.10) we get

Mo, 1) (k) Ay, _ 7 (k).

am P(m =k) = Aoy = 1ox

Nen
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By the Markov property of P , this generalizes to

J
J\}Enoo P% (Tl =ki,...,7j = kj) = HF?éil]’[kl](k, — ki—l), ko := 0.
Nen =

We prove now the case a = f. Recalling (3.9) above, we see here that

N2 ZN g = Z Zipg k) (D) N2 P(N — k — 1) exp (&)[t—f—k],[N}(N — k- f))-
Then by (3.13) we obtain

3 lim NY2Z5 6.0 = Zz[k Lk () Ly = [(1=B) L] i = Nigs  (3:16)

N—o0

Nen

since

t=0 k=0

iozm(t = ZZM"“ = liB;’fy =[1-B)"],,- (3.17)
t= =0

Arguing as for P} ,, we conclude the proof. O

4. SCALING LIMITS

In this section we prove that the measures P% , converge under Brownian rescaling.
The results and proofs follow closely those of [6] and we shall refer to this paper for several
technical lemmas.

The first step is tightness of (Q%; ,)nen in C([0,1]).

Lemma 4.1. For any w and a = c,f the sequence (Q%,)nen is tight in C([0,1]).
For the standard proof we refer to Lemma 4 in [6].

In the rest of the section we prove Theorem 1.8.

4.1. The localized regime (0* > 1). We prove point (1) of Theorem 1.8. By Lemma 4.1
it is enough to prove that P‘}W(|X5V| >¢) — 0 forall e >0andt e [0,1] and one can
obtain this estimate explicitly. We point out however that in this regime one can avoid
using the compactness lemma and one can obtain a stronger result by elementary means:
observe that for any k,n € N such that n > 1 and k +n < N, we have

PX o (Sk = Skin =0, Spyi #O0fori=1,...,n—1)

3 (1 +exp <Z - <”zg+? wéﬁ))) R

c
n,0pw

and this holds both for a = ¢ and a = f. Inequality (4.1) is obtained by using the Markov
property of S both in the numerator and the denominator of the expression (1.9) defining
N (+) after having bounded Z%; , from below by inserting the event Sy = Sgin = 0.

Of course limy,_(1/n)log Ki(n) = —F,, uniformly in k (notice that Ky r(n) = Kj(n)).
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Therefore if we fix € > 0 by the union bound we obtain (we recall that {7;}; and ¢y were
defined in Section 3)

7\[’“}<j max 7j—Tj_ > (1+¢) logN/Fw>
= N

< X >, K
kE<N—(14¢)log N/Fo, n>(14¢)log N/F.,
~ c
N Z k:g}%_lKk(n) < 3
n>(1+¢) log N/Fo,

IN

for some ¢ > 0.

Let us start with the constrained case: notice that Py ,(dS)-a.s. we have 7,, = N and
hence maxj<,y 7j — Tj—1 > maxy—1,. N |Sn|, since |Sp41 — Sn| < 1. Then we immediately
obtain that for any C' > 1/F,,

N—oo

lim P?Vw< max__|S,| > ClogN> =0, (4.2)
’ n=1,....N

which is of course a much stronger statement than the scaling limit of point (1) of Theo-
rem 1.8. If we consider instead the measure Pﬁ\,’w, the length of the last excursion has to
be taken into account too: however, an argument very close to the one used in (4.1) yields
also that the last excursion is exponentially bounded (with the same exponent) and the
proof of point (1) of Theorem 1.8 is complete.

4.2. The strictly delocalized regime (0 < 1). We prove point (2) of Theorem 1.8.
We set for t € {1,...,N}:

Dy .= inf{k=1,...,N: k>t, Sp=0}, Gy :=sup{k=1,...,N: k<t, Sp=0}

The following result shows that in the strictly delocalized regime, as N — oo, the visits to
zero under P} , tend to be very few and concentrated at a finite distance from the origin
ifa=1f and from 0 or N if a = c.

Lemma 4.2. If §* < 1 there exists a constant C > 0 such that for all L > 0:

limsup P (Gy > L) < CL7Y2, (4.3)
N—oo ’
limsup Py, (GN/2 > L) < CL? (4.4)
N—oo
limsup P%,, (Dnjs <N —L) < CL7'V2 (4.5)
N—oo ’

Lemma 4.2 is a quantitative version of point (2) of Theorem 1.7 and it is a rather straight-
forward complement: the proof is sketched in Appendix B, in particular (B.3).

The signs. In order to prove point (2) of Theorem 1.8, it is now enough to argue as in the
proof of Theorem 9 in [6], with the difference that now the excursions are not necessarily in
the upper half plane, i.e. the signs are not necessarily positive. So the proof is complete if
we can show that there exists the limit (as N — oo along [N] = 7)) of the probability that
the process (away from {0, 1}) lives in the upper half plane. In analogy with Section 3.4,
in the general case we have different limits depending on the sequence [N] = n and on
a = f, ¢, while if w ¢ P< all such limits coincide.
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We start with the constrained case: given Lemma 4.2, it is sufficient to show that
3 ]\}Enoo PR o (Sn2 > 0) = pjfz. (4.6)
Nen
Formula (4.6) follows from the fact that

Zo.a(2) pt gy — ) Maply — ) Zg 5N — y)
Plu(Sne>00=Y > > Zo (V) ;
B <N/2y>N/2 (V]

where for all z € N and o, 5 € S:
1

- = 4.
paﬂ(z) 1+exp(—zhy+Xap) (47)
cf. (3.3). By Dominated Convergence and by (3.12) and (3.17):
3 lim N¥Z2Y TN Zoa() ol — @) Mas(y — ) Za4(N —y)
Néen r<N/2y>N/2
_ 1 0 _
— [(1 — B) 1]0,0{ CK 3 exp(wé )) [(1 — B) 1]5,17'
By (2.16) we obtain (4.6) with
- (0)
<c o Za,,@ [(1 - B) 1]07 CK 2 eXp(wﬁ ) [(1 - B) 1]5777. (48)

Pum = [(A-B)L1-B)],,
Observe that by (3.12):

e if h, > 0 then in (4.8) the denominator is equal to the numerator, so that p< © =
for all n.

e if h, =0 and ¥ = 0 then in (4.8) the denominator is equal to twice the numerator,
so that p3y = 1/2 for all .

e in the remaining case, i.e. if w € P<, in general p3; depends on 7.

Now let us consider the free case. This time it is sufficient to show that

3 lim Pl (Sy >0)=: pS). (4.9)
N—o0 ’ ’
Nen
Formula (4.9) follows from the fact that
2, PN —k
Ph(sy >0 = Y Y 2ol IEED
a z<N Nw

and using (3.9), (3.17) and (3.13) we obtain that (4.9) holds with

Yo (=B, ek
<t _ e

Again, observe that by (3.13):

e if h, > 0 then in (4.10) the denominator is equal to the numerator and p<f =1
for all n.

e if h, = 0and ¥ = 0 then in (4.10) the denominator is equal to twice the numerator,
so that p5y = 1/2 for all 7).
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e in the remaining case, i.e. if w € P<, in general p§£ depends on 7 and is different
from p3y
4.3. The critical regime (6“ = 1). In this section we prove point (3) of Theorem 1.8.

As in the previous section, we first determine the the asymptotic behavior of the zero level
set of the copolymer and then we pass to the study of the signs of the excursions.

We introduce the random closed subset A% of [0, 1], describing the zero set of the
polymer of size N rescaled by a factor 1/N:

P(AY = A/N) = pyw(4),  ACH{0,..., N},

where we recall that Py, »(+) has been defined in § 3.1. Let us denote by F the class of all
closed subsets of Rt := [0, +00). We are going to put on F a topological and measurable
structure, so that we can view the law of A% as a probability measure on (a suitable
o-field of) F and we can study the weak convergence of A%;.

We endow F with the topology of Matheron, cf. [19] and [9, § 3], which is a metrizable
topology. To define it, to a closed subset F C R+ we associate the closed nonempty
subset F' of the compact interval [0,7/2] defined by F := = arctan(F U {+o0}). Then the
metric p(-, ) we take on F is

p(F, F') := max{sup d(t,F"), sup d(t/,ﬁ)} F, F'eF, (4.11)
teF teF

where d(s, A) := inf{|t — s|,t € A} is the standard distance between a point and a set. We

point out that the r.h.s. of (4.11) is the so—called Hausdorff metric between the compact

sets F', F’. Thus given a sequence {F,},, C F and F € F, we say that F,, — F in F if and

only if p(F,, F) — 0. We observe that this is equivalent to requiring that for each open

set G and each compact K

FNG#0 = F,NG#0D eventuall
4 4 Y (4.12)

FNK=0 = F,NK =0 eventually
Another necessary and sufficient condition for F,, — F' is that d(t, F,,) — d(t,F) for
every t € RT.

This topology makes F a separable and compact metric space [19, Th. 1-2-1], in par-
ticular a Polish space. We endow F with the Borel o—field, and by standard theorems on
weak convergence we have that also the space M;(F) of probability measures on F is
compact.

The main result of this section is to show that the law of the random set A%, € M;(F)
converges as N — oo to the law of the zero set of a Brownian motion {B(t)}4c[,1) for a = f
or of a Brownian bridge {3(t) };c[o,1) for a = c.

Proposition 4.3. If 0* =1 then as N —
Ay = {te]0,1]: B(t) =0}, (4.13)
Ay = {te€]0,1]:48(¢t) =0}. (4.14)
The proof of Proposition 4.3 is achieved comparing the law of .AEV and A§; with the

law of a random set R defined as follows: recalling that {7x }xen denotes the sequence of
return times of S to zero, we set

Ry := range {r;/N, i > 0}
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and we look at the law Ry under the critical infinite volume measure P, of Proposition 3.2.
Observe that under P, the process ([7x], Tk — Tk—1)ken is a Markov renewal process, whose
semi—Markov kernel is given by ['=. The key point of the proof is given by the following
result:

Lemma 4.4. The law of {Rn}n under P, converges weakly to the law of the random set
{t>0:B(t) =0}.

The core of the proof (see Step 1 below) uses the theory of regenerative sets and their
connection with the concept of subordinator, see [9]. However we point out that it is also
possible to give a more standard proof, using tightness and checking “convergence of the
finite dimensional distributions”: this approach is outlined in Appendix C.

Proof of Lemma 4.4 We introduce the random set
7?,55) :=range{r,/N : k >0, 7] = 8} BES.
Notice that Ry = UﬁRg\f). Let us also recall the definitions (2.23) and (2.24):
Ii((]ﬁ) = inf{k > 0: [7] = B}, Iiz(f_)l = inf{k > /-@Z(B) : [tx] = B}
To(ﬁ) Ti(ﬁ)

= = — > 1.
T Te® T T8 i1

Then (Ti(ﬁ ))221 is under P, an IID sequence, independent of Téﬁ ). see the discussion
before (2.25). We divide the rest of the proof in two steps.

Step 1. This is the main step: we prove that the law of Rg\f) under P, converges to the

law of {t > 0: B(t) = 0}. For this we follow the proof of Lemma 5 in [6].
Let {P(t)}+>0 be a Poisson process with rate v > 0, independent of (Ti(ﬁ))z‘zo- Then

o = [Tl(ﬁ T Tz(f(z)s)] /N forms a non decreasing CAD process with independent sta-
tionary increments and op = 0: in other words ¢ = (0¢)¢>0 is a subordinator. As for
any Levy process, the law of ¢ is characterized by the Laplace transform of the one-time
distributions:

E [exp (—Aot)] = exp (—topn(N)), A>0,t>0,
for a suitable function ¢ : [0,00) — [0,00), called Lévy exponent, which has a canonical
representation, the Lévy—Khintchin formula (see e.g. (1.15) in [9]):

N () = /(0 )(1—&“) VP(TPIN € ds) = 33 (1= exp(=An/N)) ¢P(n) .
,00 n=1

We denote the closed range {o; : t > 0} of the subordinator o by 7/?\,55) Then, following
[9], ﬁg\?) is a regenerative set. Moreover Rg\é) = Téﬁ ) /N + 7%55)

Notice now that the law of the regenerative set ﬁg\f) is invariant under the change of
time scale o0y — o, for ¢ > 0, and in particular independent of v > 0. Since ¢y — con

under this change of scale, we can fix v = n such that ¢n(1) = 1 and this will be

implicitly assumed from now on. By Proposition (1.14) of [9], the law of 7/?\,55) is uniquely

determined by ¢p.

By the asymptotics of ¢(*) given in (2.26), one directly obtains that ¢n(\) — A/2 =:
P (A) as N — oco. It is now a matter of applying the result in [9, §3] to obtain that
ﬁg\f) converges in law to the regenerative set corresponding to ®p;s. However by direct
computation one obtains that the latter is nothing but the zero level set of a Brownian
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motion, hence 7/?\,55) = {t €[0,1] : B(t) = 0}. From the fact that To(ﬁ)/N tends to 0 a.s.,
(

the same weak convergence for R Jg ) follows immediately.

Step 2. We notice now that Ry = U 57?,55) is the union of non independent sets. Therefore,

although we know that each Rg\?) converges in law to {t > 0 : B(t) = 0}, it is not trivial
that Ry converges to the same limit. We start showing that for every positive ¢ > 0, the

distance between the first point in Rg\?) after ¢ and the first point in R%s) after ¢ converges
to zero in probability. More precisely, for any closed set F' C [0, 00) we set:

dy(F) := inf(F N (¢, 00)). (4.15)

and we claim that for all o, 5 € S and ¢ > 0, \dt(R]\? ) —di(R (6))\ — 0 in probability.
Recalling (2.25) and setting (%) (t) = Py, (T, O(ﬁ) =t), for all € > 0:

o (dRY) = d(RY) +¢)

| Nt| 00
—ZZZP (m=wml =7 3 Peu(T? =z) P (Ti™ > |Ne))
v y=0 z=|Nt]—y+1
LNtJ oo o0
=D > Uy D>, d"P) Y dP(w).
7 y=0 2=|Nt]—y+1 w=|Ne]

Arguing as in the proof of (2.26), it is easy to obtain the bound: ¢(%® (w) < C; w=3/2, and
by (2.27): Up~(y) < Co y~ /2, where C}, Cy are positive constants. Then asymptotically

P, (d,(RY > q,(RY < t/Td d P S
w|d(Ry') =2 di(Ry") +€) < N1/2 Y eoyr S g A e

for some positive constant C3, having used the convergence of the Riemann sums to the cor-
responding integral. The very same computations can be performed exchanging o with 3,
hence the claim is proven.

Now notice that d¢(Ry) = minges dt(Rg\O;)), and since S is a finite set we have that
also |d(Rn) — dt(RS\é))\ — 0 in probability for any fixed 5 € S. Since we already know
that Rg\?) converges weakly to the law of {¢ > 0 : B(t) = 0}, the analogous statement

for Ry follows by standard arguments. More precisely, let us look at (RN,R%;)) as a
random element of the space F x F: by the compactness of F it suffices to take any

convergent subsequence (Rkn,R,gi)) = (B,¢) and to show that P(B # €) = 0. By the

Portmanteau Theorem it is sufficient to prove that imy_,oc Py, (RN # Rgg)) = 0, and this
is an immediate consequence of the decomposition

Ry #RY} = U U {ld(Ry) = de(RY)] > 1/n},
teQt neN

which holds by the right—continuity of ¢ — d;. U

Proof of (4.14). First, we compute the Radon-Nykodim density of the law of A% N0, 1/2]
with respect to the law of R%Q :=RnNI0,1/2]: for F = {t1/N,...,tx/N} C [0,1/2] with
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0 =ty <ty < --- < tg integer numbers, the Radon—Nykodim derivative of the law of
AS N[0,1/2] with respect to the law of R%Q for R%Q = Fis:

ZnN:N/Z M m) (0 = tk) Zinp (N —n) &

In(g12(F)) = fr(te/N) =

Zo,(N(N) Qpy (N/2 — ti) €]
where Qa(t) == > 5> 52,1 T 5(s) and for any closed set F' C [0,00) we set:
g+(F) = sup(F nNJo0,¢]). (4.16)

By (2.28), for all £ > 0 and uniformly in g € [0,1/2 —¢]:

S Lingly B s T [y 2 (1 -y — )2 dy &

f]c\f(g) ~ o e v Cy wa’ 5,71
[N] _ -
2 m’f 1 Z'\/ L[Ng]n/gﬂ//g[]vg} 2(1/2 _g) 1/2 é“[Ng]
1/2
19 r(9)-

If ¥ is a bounded continuous functional on F such that U(F) = ¥(F N [0,1/2]) for all
F € F, then, setting Zp := {t € [0,1] : B(t) =0} and Zg := {t € [0,1] : (t) = 0}, we get:

E[‘I’(Zﬁ)] =E [‘I’(ZB)T(91/2(ZB))] )
see formula (49) in [6]. By the asymptotics of f§ we obtain that
E[0(AY)] = E [WRY) filg12(RY*)| — E[W(Zp)r(91/2(Z8))] = E[¥(Z5)]

i.e. AS N[0,1/2] converges to Z3M[0,1/2]. Notice now that the distribution of the random
set {1 —t:te Ay N[1/2,1]} under PY , is the same as the distribution of A% N[0, 1/2]
under P 5, where wj;) = wiy_j. Therefore we obtain that AS N [1/2,1] converges to
Z3N[0,1/2] and the proof is complete.

Proof of (4.13). By conditioning on the last zero, we see that if ¥ is a bounded continuous
functional on F then:

E[w(Ay)]| = iE[\I/(At)] £ P (N = 1) exp (B (N = 1))

t=0 va

We denote by ' a Brownian bridge over the interval [0,¢], i.e. a Brownian motion over
[0,¢] conditioned to be 0 at time ¢, and we set Zg := {s € [0,t] : 8'(s) = 0}. By (4.14),
(2.28) and (3.14) we obtain as N — oc:

C

E|wAl)| = 221(@1@ A7) Ziw p(y _y) exp (B, (N = 1))

t=0 N,w

1 1 1 72 £ ¢ Lyn
N/E[W(Zﬁt)]lidt'ZTQ_ = 2 ]va

0 2 (1 - t) ¥ g an’ C” n,n 577’ 50 T Zn Cn L, [N

2 2t Sn Ly &y

1 1
:/ E[m(zﬁt)]ildt = E[¥(Zp)]. O

0 t2(1—1t)2
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The signs. To complete the proof of point (3) of Theorem 1.8 in the critical case (6* = 1)
we follow closely the proof given in Section 8 of [6]. We have already proven the convergence
of the set of zeros and we have to “paste” the excursions. From Section 3 we know that,
conditionally on the zeros:
e the signs {0}, and the absolute values {ex ()} of the excursions are independent;
e the (conditional) law of ex(-) is the same as under the original random walk mea-
sure P.
The weak convergence under diffusive rescaling of ex(-) for k < ¢x towards the Brownian
excursion e(-) and of the last excursion e, 4+1(-) for a = f towards the Brownian meander
m(-) has been proved in [14] and, respectively, in [3]. Then it only remains to concentrate
on the signs.

We start with the constrained case: we are going to show that for all ¢t € (0,1)
3 Jim Pl (Sinv) > 0) = pL, (4.17)

and the limit is independent of . We point out that actually we should fix the extremities
of the excursion embracing t, that is we should rather prove that

lim PNUJ(SUNJ >0 ‘ Gun|/N € (a—¢,a), Dy /N € (b,b—l—e)) =p,, (418)

N—oo

for a <t < band e > 0 (recall the definition of G} and Dy in § 4.2), but in order to lighten
the exposition we will stick to (4.17), since proving (4.18) requires only minor changes.

We have, recalling (4.7):

—.%'Ma — ) Z N —
PR (Sun>0)=3_ > Z 0. — @) Maply — ) Zo (N — ).

a,B z<[tN|y>|tN| ZO,[N}(N)

By Dominated Convergence and by (2.28):

3 Jim NY2 YN Zoal(r)pf 5y — @) Ma(y — ) Z5,4(N —y)

N—oo
2\ 2
(T_> = 06 s Gy ex 1 exp(wg]))

N

dz / dy [x(y — 2)(1 — )]

see (3.12). We obtain (4.17) with

Nen Tz<[tN] y>|[tN]
2m vy Sy Ly ) 2

_ Yaglacks exp(wg)))&s’ (4.19)
D SN PY® '

Observe the following: by (3.12),

e if i, > 0 then in (4.19) the denominator is equal to the numerator, so that p, = 1.
e if b, = 0and ¥ = 0 then in (4.19) the denominator is equal to twice the numerator,
so that p; = 1/2.

Now let us consider the free case. We are going to show that for all ¢ € (0, 1]:

2 arcsinv/t\ _ 2 arcsin v/t
l-———)p, + ——

3 lim PNw(Sl_tNJ >0) p p

N—oo
[N]=n

QG = Poa(t), (4.20)

where p; is the same as above, see (4.19), while q;, is defined in (4.21) below. We stress
again that we should actually fix the values of G|,y | and D,y like in (4.18), proving that
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the limiting probability is either p;; or q; , according to whether D,y < N or Dy > N,
but this will be clear from the steps below. Formula (4.20) follows from the fact that

( )pa :8( )Ma7ﬂ(y - 'I) Z]f\ffy,@[y]u}

PEV,UJ( tNJ>0 Z Z Z VA
N,w

a,B z<[tN] y>|tN]

Z0.0(@) Py (N = 2) PN = 2) exp (Bpy ) (V = 2))

+ Z Z - Zf
N,w

a z<|tN]
Letting N — oo with [NV [ | = n, by (3.14) the first term in the r.h.s. converges to:
Y e
T ~
T2 1 5 L, s Gy Ly oy &y
Z &0 Ca et exp(wéo)) §87 2oy Gy Ly _ Do Gy Ly &y

T2 2m Z»y Gy Ly &y

< 2 arcsin v/t ) _
= 1 _—e———au-aounuv—— . p
T

Yo Gl &y & % 2y Gy L,

w

while the second term converges to

/t dx l Z T2 50 CCV i - 2777/ C’y L"/,’\// é‘f\//
0 1'%( LT > 2T Z

1—-2x)2 oyt Sy Ly &y o % Zv Gy Ly
_ 2 arcsin \/Z CK Z’y Cv
T 2y G Ly
Therefore we obtain (4.20) with:
c
o, = K2 G (4.21)
~y &y L

We observe that, by (3.13):
e if h, >0 orif h, =0 and X =0, then pi’é(t) =q,, =P, foralltandn
e in the remaining case, i.e. if w € P~, in general pj;,f](t) depends on t and 7.
Now that we have proven the convergence of the probabilities of the signs of the excur-

sion, in order to conclude the proof of point (3) of Theorem 1.8 it is enough to argue as
in the proof of Theorem 11 in [6].

APPENDIX A. AN ASYMPTOTIC RESULT

We are going to prove that equation (2.26) holds true. Let us first give some pre-
liminary notation: given an irreducible T' x T' matrix @), s with nonnegative entries, its
Perron—Frobenius eigenvalue (= spectral radius) will be denoted by Z = Z(Q) and the
corresponding left and right eigenvectors (with any normalization) will be denoted by
{Ca}s{&a}. We recall that (,,&, > 0. Being a simple root of the characteristic polynomial,
Z(Q) is an analytic function of the entries of @, and

Gt
aQOﬂﬁ ( Zy Cvgv)

(A1)
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Hence Z(Q) is a strictly increasing function of each of the entries of Q.
Now, let ) denote the transition matrix of an irreducible, positive recurrent Markov
chain, and let us introduce the matrix Q) and the (column) vector |y) defined by

(@], 5 = Qaplzy [17)] 4 = La=-

By monotonicity, Z(Q) < Z(Q) = 1 for all 4. Then we can define the geometric series
o0
1-QM) ™! = (Q(v))’“.
k=0
The interesting point is that, for every «, the row vector (y|-(1—Q®)~!is (a multiple of)
the left Perron—Frobenius eigenvector of the matrix @ (by (| we denote the transposed
of 7). Similarly the column vector (1 — QU)~1.Q - |y) is (a multiple of) the right
Perron—Frobenius eigenvector of ). More precisely we have
— 14 _
T O e (- Q-] =1, (A2)
gl
where {v4 }« is the invariant measure of the chain, that is ) vaQap =vgand ) ve = 1.
Equation (A.2) can be proved by exploiting its probabilistic interpretation in terms of
expected number of visits to state a before the first return to site -, see [2, § 1.3].

Next we turn to the asymptotic behavior of q(ﬁ)(az), giving the law of To(ﬁ) under Pg
(recall the notations introduced in § 2.5). With a standard renewal argument, we can
express it as

e ZZ Vi) I s —y) = (VO 17), (), (A.3)
y=0 ~v€S
where the kernel V#) is defined by
V() = Y [(0)™ ], (@),
k=0

and we have set F&,%(;c) = I'y ,(%)1(,2p). Let us look more closely at both terms in the

r.h.s. of (A.3).

e For the semi-Markov kernel I'=, recall its definition (2.20), the asymptotic behavior
as r — 00, [x] = [ — ~ is given by

~

- 5 = &s
I s(@) ~ ﬁ Lyp= L%ﬁa : (A4)
Moreover, we have that
_ £ 5
S I s) = B%ﬁg—ﬁ = B,j. (A.5)
¥

zeN

e On the other hand, for the kernel V(%) we can apply the theory developed in § 2.4
for the case 0% < 1, because the matrix

> T@ = [BY],,

zeN
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has Perron—Frobenius eigenvalue strictly smaller than 1 (we recall the convention
[Q(ﬁ)]aW = Qa,y1(y2p) for any matrix Q). Since
[E(B)}
P((f%(x)NT;N z—o00, [r]=7-a,

we can apply (2.16) to get that as x — oo, [2] = a — 7

S(6)\—17 N 1
V@) ~ ([0 - BNILO - B, ) (A.6)
Moreover applying an analog of (2.17) we get that
00 N 3 R )
S V@) =Y (B, =[a-BD) . (AT)
yeN k=0

We are finally ready to get the asymptotic behavior of ¢(®. As both V® and I'= have
a x %2 like tail, it is easy to check from (A.3) that as  — oo, z € TN

(@) ~ Z{(Zv(ﬁ ) 5 a@) + Vi (er >}

Y€ES yeN yeN

and applying (A.7), (A.4), (A.6) and (A.5) we get that ¢!9)(z) ~ cg/2%/? as 2 — oo,
x € TN, with

cy = [(1—§<5>)—1 ]M

_ [(1 ~ B L. 1-BO)HL. g]

4 [(1 _B®)"1.L® (1 - B! ]w

8.8
= B-1-B®)1.L.(1-BP)"1.B.|8).
To obtain the second equality we have used the fact that
1-BWy-1.B| = (1-B®HY1.B| =1,
[ B] = [l Bl
which follows from (A.2) applied to the matrix @ = B. Again from (A.2) we get

where {v, }4 is the invariant measure (that is the normalized left Perron-Frobenius eigen-
vector) of the matrix B. However from the definition (A.5) of B it is immediate to see that

{va} = {Ca &}, and recalling the definition (A.4) of L we obtain the expression for c3 we
were looking for:

3 = <ﬁ£ Z Ca QY g’Y (AS)

APPENDIX B. SOME COMPUTATIONS ON THE THERMODYNAMIC LIMIT MEASURE

We want now to give a description of the typical paths under PZ" in the delocalization
regime, i.e. when 0 < 1. We are going to compute the distribution of two interesting
random variables under PZ" in this case: the last return to zero and the total number of
returns to zero. Other analogous computations are possible using the same procedure.
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The last return to zero. We want to study the law under P%" of the last zero ¢ := sup{i €
N : S; = 0} in the strictly delocalized regime. For simplicity we consider the case a = c,
the case a = f being completely analogous. We compute first the law of ¢ := sup{i < k :
S; =0} with k € N: for x <k < N and N € n:

N
M) 21(z — ) Z1(N — 2)
Nolls =) = Zo(x) > : : (B.1)
z=k+1 Z(],n(N)
By (3.11) and (3.15) we obtain:
o0 AC
Jim P (6= 1) = Z [Z Zyr i)+ 3 Miggafe - o) 22
Nen 0 7’7 2=k+1 0,

Notice now that, by (3.17):

ZLW (1 2l = 2 L VZZW = [L-(I-B)",, =y, (B2)

Therefore, we have proven that:

MCx o0 ACZ
PS(0y =) = lim P (6 =) = Zop(@) | 7020 + D My p(z —a) 537
—00 077] = 0777
Nen z=k+1

and letting k — co we obtain:

C

Pl
AG

PO =) = Zg ()

For the proof of Lemma 4.2 above, notice for instance that by (B.1):

PR w(Gnpp > L) = Py ,(Inj2 > L) (B.3)
[N/2] N+1

< Cl N3/2 Z t*3/2 Z (]C _ t)73/2 (N +92 - kj)73/2 < CQ L71/2,
t=L k=|N/2]+1

where C1, Cy are positive constants.

The number of returns to zero. Analogously, we want to study the law of the total number
of returns tozero N := #{i e N: S; = 0} under P{". Let N := #{i: 1 <i < K : 5; =0}
for ke N. For k < K and N € n:

K

NooM — ) Z N —
SNk =k) = D ME (2) Y [a.0)(Y — ) 2y (N — y)

=1 y=K+1 ZO,TI(N)

Then by (3.11) and (3.15):
A}im Py Wk =k)
Nen

[e.e]

o L AC

[e)1s) vl
Z (@) |22 R Bt )+ D Migy gy — 7)™
717

y:(] 0777 z=K+1
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By (B.2), letting K — oo we obtain:

517

PEIN = k) = ﬁn [B’f-,f}o

APPENDIX C. ON THE WEAK CONVERGENCE OF THE CRITICAL ZERO SET

We are going to outline an alternative proof of Lemma 4.4, that is we are going to show
that when 6 =1 as N — oo

Ry under P, = {t >0: B(t) =0}. (C.1)

To keep the notation transparent, it is convenient to denote by Gy € My (F) the image
law of Ry under P,,. That is Gy is a probability law on F (the class of all closed subsets
of RT) defined for a measurable subset A C F by

gN(A) = PW(RN S A) .

In the same way the law of {t > 0 : B(t) = 0} will be denoted by GBM). Then we can
reexpress our goal (C.1) as

gy = g8 (C2)

Remember the definition (4.15) of the mapping d; : F +— Rt U {+o00}. We claim that to
prove (C.2) it suffices to show that, for every n € N and for all ¢4,...,¢, € R, the law of
the vector (dy,,...,d;,) under Gy converges to the law of the same vector under G(5M):

(diys- - rdiy) 0 (GN) " = (diy, .. dy,) 0 (GEM) 7. (C.3)

The intuitive explanation of why (C.3) should imply (C.2) is that an element £ € F can
be identified with the process {d;(£)};cr+, since € = {t € Rt : d;_(£) = t}. Hence the
convergence in M (F) can be read in terms of the random process {d;(-) };er+, and using
the compactness of M (F) it turns out that (C.3) is indeed sufficient to ensure (C.2). Let
us sketch more in detail these arguments.

(1) The Borel o-field of F coincides with o({d;};cgr+), i.e. with the o-field generated
by {d;};cr+, and also with o({d; }+cs) where I is any dense subset of R*.

(2) Suppose that we are given {v;}, v € My(F) such that vy = v: this fact does
not entail the convergence of all the finite dimensional marginals of {d;}, that is
it is not true that the law of the vector (dy,...,d;,) under v, converges to the
law of the same vector under v, because the mappings d;(-) are not continuous
on F. Nevertheless one can show that this convergence does hold for almost all
choices of the indexes t1,...,t,. More precisely, given any measure v € M;j(F)
there exists a subset I, C R™ with Leb(I,¢) = 0 with the following property: for
any sequence {vy} with vy = v, for any n € N and for all ¢,...,¢, € I,, the
law of the vector (d,,...,d;, ) under vy converges as k — oo to the law of the
same vector under v. This is a well-known feature of processes whose discontinuity
points form a negligible set, in particular CADLAG processes: in fact the set I,
can be chosen as the set of ¢ € Rt such that v{¢ : d;—(§) = di(£)} = 1, because
di— (&) = d¢(€) implies that dy(-) is continuous at &.

(3) Since M;(F) is compact, to prove (C.2) it suffices to show that any convergent
subsequence of {Gn} n converges to G (BM) Thus we take a convergent subsequence
G, = v for some v € M1 (F) and we want to prove that v = G(FM) By point (2)
there exists a dense subset I, C R™ such that for ¢,...,t, € I, the law of the
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vector (dt,,...,dy,) under Gi, converges to the law of the same vector under v, and
since we are assuming that (C.3) holds this means that the vector (dy,,...,dy,)
has the same law under v and under Q(BM). This is equivalent to say that v
and G(BM) coincide on the ofield o({d;}:cz,), and by point (1) it follows that
indeed v = GBM)

Thus it only remains to show that (C.3) holds, and this can be done by direct com-
putation. For simplicity we consider only the case n = 1 of the one-time marginals, but
everything can be extended to the case n > 1.

For any ¢ > 0 the law of d; under GBM) is given by

£1/2

g(BM) (dt € dy) = W 1) dy =: p(y)dy,

see [23]. Hence we have to show that for every z € RT

Jim Pu(d(Ry)>2) = [ pl)dy.

We recall that Ry = range{r,/N : n > 0} is the range of the process {7, }nen rescaled by
a factor 1/N, and that under P, the process {7, }nen is a Markov—renewal process with
semi-Markov kernel I'] 5(x) defined by (2.20). We also use the notation U, g(z) for the
corresponding Markov—Green function, defined by (2.21). Then using the Markov property
we get

P, (d(Ry) > 2) =Y Pu(r < Nt, 711 > Nax)
keN

Nt %)
=33 3 S Puln=y, M=) Ppu(n=w—y, [n]=8-a)

a,BES y=1 w=Nzx keN
Nt [ee]
= EIE:UmAw E:Iidw—y)
a,BeS y=1 w=Nz

The asymptotic behavior of the terms appearing in the expression can be extracted
from (2.27) and (2.12): the net result is that as z — oo

[F=a T Caa U
\/EU07a(z) — = (4
2w 3 Gy &y >

- Fl=6-a &
23/2 I‘a7ﬁ(2) u) _ﬁLa7ﬂ = 0576‘

«

Therefore we have as N — oo

Nt oo
1 1
P,(di(Rn) > x) ~ cUacg — L(jy—a 1=
( ) a%;g d ,ﬂy; 75 )wEZN:m (o g2 Lwl=0)

1 1 1 1
Nﬁ(ZC&Ci,ﬁ)m 2. T X o

a,BeS 36(0,%)0% ue(%,oo)ﬂ%
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and from the explicit expressions for cg o

mann sums to the corresponding integral we get

cg 3 together with the convergence of the Rie-

N—oo

| 1 t/T 1 o0 1
3 lim P, (di(Ry) > ) = %/0 ds%//Tdum

1 1 1

t/T 1 t 1 1 00
= — ds—iz—/d —7:/ dz p(2) ,
WA \/g /722/1_,_5 T Jo y\/y /—w_y . Pt()

that is what was to be proven.

APPENDIX D. A LOCALIZATION ARGUMENT

Let us give a proof that for the copolymer near a selective interface model, described
in § 1.1, the charge w never belongs to P (see (1.17) for the definition of P). More precisely,
we are going to show that if h, = 0 and ¥ # 0 then §* > 1, that is the periodic copolymer
with zero—mean, nontrivial charges is always localized. As a matter of fact this is an
immediate consequence of the estimates on the critical line obtained in [5]. However we
want to give here an explicit proof, both because it is more direct and because the model
studied in [5] is built over the simple random walk measure, corresponding to p = 1/2
with the language of § 1, while we consider the case p < 1/2.

We recall that, by (A.1), the Perron-Frobenius eigenvalue Z(Q) of an irreducible matrix
@ is increasing in the entries of Q). We also point out a result proved by Kingman [15]: if
the matrix @ = Q(t) is a function of a real parameter ¢ such that all the entries Qq g(t)
are log—convex functions of ¢ (that is ¢t — log Qq g(t) is convex for all «,3), then also
t— Z(Q(t)) is a log—convex function of t.

Next we come to the copolymer near a selective interface model: with reference to the

general Hamiltonian (1.3), we are assuming that W =50 =0 and hy, =0 (where hy,
was defined in (1.8)). In this case the integrated Hamiltonian ®, g(¢), see (1.13), is given
by

0 if £t=1or (¢0—«
d,5(0) = .
0 log [%<1+exp (Ea,ﬁ)ﬂ if £{>1 and f€f—a

We recall that the law of the first return to zero of the original walk is denoted by K (),
see (1.11), and we introduce the function ¢ : S — R defined by

)= > K

zeN, [z]=y

(notice that »_ g(v) = 1). Then the matrix B, g defined by (1.15) becomes

L(1+ exp (Za) ) (8 - a) it f—a 1]

(D.1)
K1) + 3(1+exp (Saarqy)) - (a(1]) = K1) if B—a =]

Bag =

By (1.16), to prove localization we have to show that the Perron—Frobenius eigenvalue of
the matrix (B, g) is strictly greater than 1, that is Z(B) > 1.
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Applying the elementary convexity inequality (1 + exp(x))/2 > exp(z/2) to (D.1) we
get

B.g

)

Y

By {exp (Ba6/2) a(8 - @) i pmatll)

K(1) + exp (Saasn/2) - (@) = K1) if f—a=1

By hypothesis ¥, 3, # 0 for some ay, 3y, therefore the inequality above is strict for
a = ag, B = Py. We have already observed that the P-F eigenvalue is a strictly increasing
function of the entries of the matrix, hence Z(B) > Z(E) Therefore it only remains to
show that Z(B) > 1, and the proof will be completed.

Again an elementary convexity inequality applied to the second line of (D.2) yields

~ ~

Bag > Bap = exp (c(ﬁ —a) Ea75/2) -q(f—a) (D.3)
where
1 it 1]
() = -

e ity =0

~

We are going to prove that Z(B) > 1. Observe that setting v, := Y[0),a We can write
Ya,p = X[0),6 ~ Z[0a = V8 ~ Va-

Then we make a similarity transformation via the matrix L, g := exp(vs/2) 1(5=q), getting

Cagp = [L-B-L7Y,, = exp ((c(B—a) = 1)T0p/2) - (8 - a)

= exp <d Yia,at1] 1(6—a:1>> (B - o),

~

where we have introduced the constant d := —K(1)/(2¢([1])). Of course Z(B) = Z(C).
- _ (D

a+[l] ~ W) Bence

Also notice that by the very definition of ¥, g we have ¥, o1 = w
the hypothesis h, = 0 yields }_ s(Xq,a+p17) = 0.
Thus we are finally left with showing that Z(C') > 1 where C, g is an S x S matrix of

the form

Coapp = €xp (wa 1g—a=1) ) q(f— ) where Z we =0 Z q(y)=1.
& ¥

To this end, we introduce an interpolation matrix
Ca,ﬁ(t) = €Xp (75 * W 1(5—a:1) ) q(B—a),

defined for t € R, and notice that C'(1) = C. Let us denote by n(t) := z(C(t)) the
Perron-Frobenius eigenvalue of C(t): as the entries of C(¢) are log—convex functions of ¢,
it follows that also n(t) is log—convex, therefore in particular convex. Moreover 1(0) = 1
(the matrix C'(0) is bistochastic) and using (A.1) one easily checks that %n(t)\tzo =0.
Since clearly n(t) > 0 for all t € R, by convexity it follows that indeed n(t) > 1 for all t € R,
and the proof is complete.
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