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RECTANGULAR RANDOM MATRICES, RELATED CONVOLUTION

FLORENT BENAYCH-GEORGES

ABSTRACT. We characterize asymptotic collective behavior of rectangular random matrices, the
sizes of which tend to infinity at different rates: when embedded in a space of larger square
matrices, independent rectangular random matrices are asymptotically free with amalgamation
over a subalgebra. Therefore we can define a “rectangular free convolution”, linearized by
cumulants and by an analytic integral transform, called the “rectangular R-transform”.
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INTRODUCTION

The first problem we are going to deal with in this paper is the modeling of asymptotic
collective behavior of independent rectangular random matrices. In order to explain to the
reader the way we will treat this problem, let us recall him the work already done by Wigner,
Pastur, Marchenko, Girko, Bai, Voiculescu,... for square random matrices. First of all, in the
50’s Wigner considered self-adjoint random matrices with gaussian entries (GUE) and proved
that the spectral law (uniform distribution on the set of eigenvalues) of these random matrices
converges to the so-called semicircle law. This result was improved, and other results giving
the asymptotic spectral law of random matrices were proved (see, among many other sources,
[PL02]). In the same time, people studied the local structure of the spectrum of random matrices
(see, e.g. [M67]), but this is not the kind of problem we are going to study here. A new point of
view was adopted in the early 90’s by Voiculescu, who proposed a way to compute the asymptotic
normalized trace (when the dimension n of the matrices goes to infinity) of products

M(s1,m)%t -+ M (s, m)%*

of random matrices taken among a family M(1,n), M(2,n),... of independent random nxn
matrices and their adjoints, the only hypothesis being a bound on the norms of the matrices,
the fact that the matrices M (1,n), M(2,n),... have all a limit singular law (uniform distribution
on the set of singular values, i.e. of eigenvalues of the absolute value of the matrix), and and a
property of invariance of the distributions under an action of the unitary group (these results can
be deduced from the fundamental article [V91]|, but are presented under this form in [[P0Q]).
The advantage of being able to compute the limit of such normalized traces is that it gives us
the asymptotic normalized trace of any noncommutative polynomial in our independent random
matrices. Hence, since the normalized trace of the k-th power of a matrix is the k-th moment
of its spectral law, we are able to give the asymptotic singular law of any polynomial of our
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random matrices. This is why this work is said to model the asymptotic collective behavior
of independent square random matrices. For example, it can be proved (combine results of
[HP0(] and [HLO(]) that the asymptotic singular law of the sum of two independent random
matrices whose distributions are invariant under left and right actions of the unitary group and
whose singular laws converge weakly to probability measures 1, p2, only depends on py and
t2, and can be expressed easily from g and po: it is the probability measure on [0, 00), the
symmetrization of which is the free convolution of the symmetrizations of p, ps. We often
present the similar result for hermitian matrices, for which we work with spectral law in the
place of singular law, and for which no symmetrization is necessary, but here, we shall work
with rectangular matrices, which cannot be hermitian, so the square analogue of our work
will be found in non hermitian matrices. In this text, we will propose, similarly, a way to
compute asymptotic normalized trace of products of random matrices taken among a family of
independent rectangular random matrices, whose sizes tend to infinity, but with different rates.
The notion involved, similarly to freeness in Voiculescu’s modeling of asymptotics of square
matrices, is freeness with amalgamation over a finite dimensional subalgebra. The notion of
freeness with amalgamation arises from operator-valued free probability theory, but we chose
to use this point of view of operator-valued free probability only when necessary, because this
point of view is not satisfying in all cases: if one uses this point of view, then he has to consider
the case where the ratio of sizes of our random matrices tends to zero separately. Moreover,
the point of view of operator-valued free probability in the asymptotics of rectangular random
matrices is developed in a forthcoming paper, where we analyze the related free entropy and
Fischer information ([B-GJ]).

This modeling of asymptotics of rectangular random matrices will allow us to define, for
A € [0,1], a binary operation m, on the set of symmetric probability measures, called free
convolution with ratio A, and denoted by m,. For u1, o symmetric probability measures, pi@, po
is defined to be the limit of the singular law of a sum of two independent rectangular random
matrices, whose dimensions tend to infinity in a ratio A, one of them being bi-unitarily invariant,
and whose singular laws tend to g1, o. In the second part of this paper, after having analyzed
related cumulants, we construct an analytic integral transform which linearizes ®, (like the R-
transform does for free convolution) and give examples. In a another paper ([B-G1]), we study
the related infinite divisibility. It appears then that the set of m,-infinitely divisible distributions

is in a deep correspondence with the set of symmetric classical infinitely divisible distributions.

Acknowledgments. We would like to thank Philippe Biane, Dan Voiculescu, and Piotr
Sniady for useful discussions, as well as Thierry Cabanal-Duvillard, who organized the workshop
“Journée Probabilités Libres” at MAPS5 in June 2004, where the author had the opportunity
to have some of these discussions. Also, we would like to thank Cécile Martineau for her
contribution to the english version of this paper.

1. ASYMPTOTIC BEHAVIOR OF RECTANGULAR RANDOM MATRICES

1.1. Notes on reduction of rectangular random matrices. In this subsection, we recall
some simple facts about polar decomposition of rectangular complex matrices, which can be
found in [HJ91]. Consider a pxgq matrix M. When p < ¢, we will denote by |M| the only pxp
positive hermitian matrix H such that we can write M = HT, with T a pxq matrix such that
TT* = I,. In this case, the matrix |M| is the square root of M M*. When p > ¢, we will denote
by |M| the only gxq positive hermitian matrix H such that we can write M = TH, with T a pxq
matrix such that 7*7 = I,. In this case, the matrix |M| is the square root of M*M. In both
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cases, the spectrum of |M]| is the only (up to a permutation) family (h1,hs...) of nonnegative
real numbers such that one can write
M = U8/ hil1<i<pV,
1<j<q

with U, V respectively pxp, ¢x ¢ unitary matrices. These numbers are called singular values
of M. The uniform distribution on hq, hs... will be called the singular law of M (whereas the
uniform distribution on the spectrum of an hermitian matrix is called its spectral law). Note
that in both cases, for any a > 0,

1 1
Ty M= Ty (MMY)? = Te(M*M)*?
min(p, q) min(p, q) min(p, q)

is the a-th moment of the singular law of M.

A random matrix is said to be bi-unitarily invariant if its distribution is invariant under the
left and right actions of the unitary group. It is easy, transferring the proof of lemma 4.3.10 p.
160 of [HPO0], to prove that the distribution of a bi-unitarily invariant pxq random matrix can
be realized as the distribution of UHV where U, H, V are independent, U, V are respectively
pxDp, ¢xq uniform random unitary matrices (uniform means distributed according to the Haar
measure), and H is a random positive pxq diagonal matrix.

In the same way, an hermitian random matrix is said to be unitarily invariant if its distribution
is invariant under the action by conjugation of the unitary group. In this case, by the beginning of
the proof of Theorem 4.3.5 p. 155 of [HPO(], its distribution can be realized as the distribution
of UHU* where U, H are independent, U is a uniform random unitary matrix, and H is a
diagonal random matrix.

1.2. Definitions. For definitions of singular values, singular law, spectral law, (bi-)unitarily
invariant and uniform random unitary matrices, we refer to subsection [L.1. For all positive
integer d, we denote the set {1,...,d} by [d]. We denote the normalized trace of a square
matrix X by tr X (whatever the size of X is).

Consider a positive integer d, and sequences qi(n),...,qq(n) of pairwise distinct positive
integers which all tend to infinity as n tends to infinity, and such that for all k € [d],

n n—oo
at most one of the pi’s being zero. We are going to work with rectangular random matrices
of sizes qi(n)xq;(n). Free probability’s modeling of the asymptotic behavior of square random
matrices relies on a comparison between random matrices and elements of an algebra arising
from operator algebra theory. To product analogous results for rectangular random matrices, we
have embedded our matrices of sizes qi(n)xq(n) (k,l € [d]) in an algebra. Let us assume that
for all n, g1(n) + - -+ + gq4(n) = n (since what we will prove would obviously also work when n is
replaced by a subsequence, it is not a real restriction). Now, nxn matrices will be represented
as dxd block matrices, such that for all k,[ € [d], the (k,[)-th block is a gx(n)x¢/(n) matrix.

For all k,1 € [d], for all gx(n)xq(n) matrix M, let us denote by M the “nxn extension of M”,
that is the nxn matrix with (7, j)-th block M if (i,7) = (k,[), and zero in the other case. Note

we have preservation of adjoints (M* = M™*), and of products:

—~  [MN ifl1=F
Vk, 1K' 1 € [d],YM of size qr(n)xq;(n), YN of size qx(n)xqy(n), MN = { =1k,

0 in the other case.
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Moreover, the trace of M is the one of M if M is square, and zero in the other case. Since
we are overall interested in singular laws, whose moments are given by normalized traces of
square matrices, these embeddings shall not cause any loss of information. Note however that
the normalized trace is not exactly preserved by these embeddings (the normalized trace of a

matrix M of size gi(n)xgqr(n) is 7.(m times the normalized trace of M), and that the well known
relation Tr M N = Tr NM is not satisfied anymore when we work with normalized traces of
rectangular matrices. Indeed, for all k,l € [d], for all M of size qx(n)xq(n), for all N of size

qi(n)xqr(n), we have
(2) qr(n)tr MN = q;(n) tr NM.

At last, let us define, for all k € [d], the projector

—

Pr(n) = Iy, (n)-

Let us formalize the structure we inherit. Consider a *-algebra A endowed with a family
(p1,- .., pa) of non zero self-adjoint projectors (i.e. Vi,p? = p;) which are pairwise orthogonal
(i.e. Vi # j,pipj = 0), and such that p; +--- + pg = 1. Any element x of A can then be
represented

T11 T1d
x = I
Tdl '+ Tdd
where Vi,j,2;; = p;xp;. This notation is compatible with the product and the involution.

Assume each subalgebra ppApy to be endowed with a tracial state ¢y (i.e. pr(pr) = 1 and for
all z,y € prApg, pr(xy — yx) = 0) such that for all k,l € [d],z € prAp;,y € prApk,

(3) prek(xy) = prpi(yx),

where (p1,...,pq) is still the sequence of nonnegative real numbers defined by (). Recall that
at most one of the pg’s is zero.

Definition 1.1. Such a family (A,p1,...,pd,¢1,---,¢q) will be called a (p1, ..., pq)-rectangular
probability space. Elements of the union of the ppAp;’s (k,l € [d]) will be called simple elements.

Example 1.2. A is the x-algebra of nxn complex matrices, p1,...,pq are pi(n),...,ps(n)

previously defined, and each py, is ﬁ Tr. Then by (B), @) is satisfied when each py, is replaced

)
by qr(n)/n.

Example 1.3. If A is a x-algebra endowed with an orthogonal family of self-adjoint projectors
(p1,---,pq) with sum 1, if A is endowed with a tracial state @ such that for all k € [d], py =
o(pk) # 0, then the family (A,p1,...,Pd,P1,s---,¢d) s a (p1,...,pq)-rectangular probability
space, where for all k, o = ka‘PkaApk'

Consider a (p1, ..., pqg)-rectangular probability space (A, p1,...,Dd,¥1,---,9pq). Denote by D
the linear span of the p;’s, then D is an algebra, which can be identified to the the set of dxd
complex diagonal matrices, and then to C¢ by

d

D Mepr ~ diag(M,. ., M) = (A, Aa).
k=1
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Let us define E : A — C%, which maps z € A to
d

E(z) =Y o)k = (e1(z11), - ., pa(aa))-
=1

E is then a conditional expectation from A to D, i.e. E(1) =1 and
V(d,a,d) € D x Ax D,E(dad') = dE(a)d'.
The following definition, first appeared in [V95], gives the right notion to describe asymptotics

of independent random matrices.

Definition 1.4. In an x-algebra B endowed with a x-subalgebra C and a conditional expectation
Ec from B to C, a family (C C Ba)aca of *-subalgebras is said to be free with amalgamation

over C if for allm > 1, for all a1 # -+ # oy, € A, for all x1,..., 2., elements of respectively
Bays - - Ba,, one has

A family of subsets of B is said to be free with amalgamation over C if the subsets are contained
in x-subalgebras which are free with amalgamation over C.

In the context of a (p1,...,pq)-rectangular probability space, it is easy to see that a family
(Xa)acA of sets of simple elements are free with amalgamation over D if one has: for all m > 1,
for all aq # -+ # oy, € A, for all xq,...,x, elements of the x-algebras respectively generated
bY Xays-- -5 Xoum, O1€ has

(5) E(z1)=---=E(zpn) =0 = E(z1---z,)=0.

Definition 1.5. In a (p1,..., pa)-rectangular probability space, the D-distribution of a family
(aj)jes of simple elements is the function which maps any polynomial P in the noncommutative
variables (Xj, X7)jes, with coefficients in D, to E(P(aj,a})jer).-

The following lemma is well known. For the sake of completeness, we give a proof.

Lemma 1.6. In a (p1, ..., pq)-rectangular probability space, when (x1,...,Xn) is a D-free family
of sets of simple elements, the D-distribution of the union of the x;’s is completely determined
by the D-distributions of X1,-- -, Xn-

Proof. The x-algebra generated by the union is the linear span of the set of elements of the
type 1 - Xy, where m > 1, and there exists a3 # -+ # ,, € [n] such that each z; is in
the *-algebra generated by x,.,. We prove that E(z---zy,) is completely determined by the
D-distributions of x1,...,x» by induction on m, using the identity

m d d
vram =] ((wz = er(przipr)or) + Y SDk(kaUipk)pk) ;

=1 k=1 k=1
expanding the right hand side term, and using induction hypothesis and (). O

The last notion we have to introduce is the convergence in D-distribution.

Definition 1.7. - If for all n, (An,Pipns .- Pdn> Pins--->@dn) 1 @ (P1ns- - -, Pdn)-probability
space such that

(PLns s Pdn) — (P1s-- s pa)s
n—o0
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a family (aj(n))jes of simple elements of Ay, is said to converge in D-distribution, when n goes
to infinity, to a family (aj);cy of elements of A if the D-distributions converge pointwise.

- In the context of example [I.3, if for al n, aj(n)’s are nxn random matrices, convergence in
D-distribution in probability of the family (a;(n));es to (aj)jes is the convergence in probability
(for the definition of convergence in probability , see below), whenn — oo, of E(P(a;(n),a;(n)*)cs)
to E(P(aj,a;f)jEJ) for all polynomial P in the noncommutative variables (X]’,X;)jej.

Remarks about convergence in probability. e Recall that the convergence in probability of a se-
quence X, of random variables in a metric space (X, d) to a constant [ € X is the convergence
of the probability of the event {d(X,,l) < e} to 1 for all positive ¢.

e For random matrices, instead of using the notion of convergence in D-distribution in prob-
ability, we could have used almost sure convergence in D-distribution, or convergence in D-
distribution with respect to E defined by

©) vk € [dl, o) =E( !

— Tr(.)> , (E denotes the expectation).
qk(n)

But we chose to work with convergence in D-distribution in probability because we consider it as
the right notion for asymptotics of random matrices: since our random matrices have no reason
to be defined on the same space when the dimension changes, almost sure convergence has,
according to us, no signification, and convergence in D-distribution with respect to E defined by
(B) gives weaker results, because, even though it gives the asymptotic mean value, it does not
implies concentration around this value.

e All along this paper, we are going to work with sequences of random probability measures on
the real line, and to deal with their convergence in probability. It shall refer to the convergence in
probability in the metric space of probability measures on the real line endowed with a distance
which defines weak convergence.

1.3. Statement of the theorems about random matrices. Let, for s € N, k1 € [d], n > 1,
R(s,k,l,n) be a gx(n)xq(n) random matrix. Consider also, for n > 1, a family C'(i,n) (i € I)
of diagonal deterministic matrices, each C(i,n) having the size gx,(n)x q,(n), for a certain
(ki,l;) € [d]x[d]. We suppose the family to contain p;(n),...,ps(n), and to be stable under
product and taking adjoints. This means that there exists i,...,iq € I such that for all n, k,
C(ix,n) = pr(n) and that there exists a map (3 from IxI to I and an involutive map * from I
onto itself such that for all n > 0, 7,5 € I such that l; = kj,

(7) C(z,n)C(g,n) = C(ﬁ(z7])7n)7 C(Z7n)* = C(*(Z)7n)
We suppose that for all s € NJk # [ € [d], the moments of the singular law of R(s,k,l,n)
converge in probability. This means that for all integer r > 0,
1
min(gx(n), q(n))

converges in probability to a constant. Note that in the case where one of pg, p; is zero, it implies
that

Tr(R(s, k,l,n)R(s, k,l,n)")"

1
— Tr(R(s,k,l,n)R(s, k,l,n)*)"
n

converges in probability to zero.

We suppose also that for all s € N odd, for all k& € [d], R(s,k,k,n) is almost surely unitary,
and that for all s € N even, for all k € [d], R(s,k,k,n) is almost surely hermitian and that the
moments of its spectral law converge in probability.
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We suppose moreover that the family C'(i,n) (i € I) converges in distribution in the following
way: for all ¢ € I such that k; = [;, the normalized trace

() T

has a finite limit when n goes to infinity.

Now, consider, in a (p1,...,pq)-rectangular probability space (A, p1,...,PdsP1,---,%d), a
family a(s, k,1) (s € Nk, 1 € [d]), c(i) (i € I) of elements of A, with ¢(i1) = p1,..., c(iq) = pad,
whose D-distribution is defined by the following rules:

(i) For all s € N,k,l € [d], a(s,k,l) € ppAp;, and for all i € I, c(i) € pg, Api,-
(ii) For all 4,5 € I such that I; = kj,

(8) c(i)e(g) = e(B(, 7)), (i) = c(x(7)).
(iii) For all s € N,k # 1 € [d], for all r > 0,
orl(a(s, k,a(s, k,01)*)"] = lim tr(R(s,k,l,n)R(s,k,1,n)")",

n—oo

oil(a(s, k,D)*a(s, k,1)"] = lim tr(R(s,k,l,n)*R(s,k,1,n))".

(iv) For all s € N odd, k € [d], a(s,k,k) is unitary in pipApg, and for all r € Z — {0},

or(a(s,k,k)") =0.
(v) For all s € N even, k € [d], a(s, k, k) is self-adjoint and for all » > 0,

orla(s, k, k)] = lim tr R(s, k, k,n)",

(vi) For all i € I such that k; = l;, @k, (c(7)) is the limit of the normalized trace of C(i,n).

7

(vii) The family {a(s,k,1)} (s € N,k,l € [d]), {c(i); i € I} is free with amalgamation over D.

Note that such a space and such a family exist, they are given by the free product with
amalgamation ([VDNO91],[599)).

We shall use the norm ||.|| on matrix sets: it is the operator norm associated to canonical
hermitian norms. The hypothesis of our main theorems are not the same if one supposes all pi’s
to be positive or not. In the following theorem, all p,’s are supposed to be positive.

Theorem 1.8 (Case where all p’s are positive). Assume moreover that for all s,k # I,
R(s,k,l,n) is bi-unitarily invariant, that for all s € N even, k € [d], R(s,k,k,n) is unitar-
ily invariant, and that for all s € N odd, k € [d], R(s,k,k,n) is uniform. Assume also the
set

of random matrices to be independent and that the norm ||.|| of our matrices is bounded uniformly

(inn,s,k,1,i). Then the family (R(s,k,l,n); s € N,k,l € [d]) U (C(i,n); i € I) converges in
D-distribution in probability to the family a(s,k,l) (s € N, k,l €[d]), c(i) (i € 1).

Remark 1.9. The hypothesis that C(i,n)’s are diagonal can be removed. Indeed, we only use it
to apply case 1°) of proposition [I.1}, and in the case where all py’s are positive, this proposition
is an immediate consequence of proposition 3.12 of [@], where constant matrices are not
supposed to be diagonal. But as the author is writing this paper, [B-G3] has not been refereed
yet.
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In the following theorem, we suppose one of the p’s, say p1, to be zero. We supposed that at
most one of the pi’s is zero, so ps, ..., pq are positive. The other hypothesis are quite stronger
than the one of the previous theorem: we suppose the singular values (or eigenvalues) of our
random matrices to be deterministic. In fact, this supposition is done to avoid steps I and IV of
the proof, because nax n Jar(n) appears in step IV of the proof of the previous theorem. Note

that the singular values (or eigenvalues) of our random matrices could still be supposed to be
random, but in this case, we would have to suppose that for all s, k,[ with k £ 1, [ # k, for all
,r’
n
a1(n)
converges in probability to zero, and we would have to do the analogous supposition for all s
even, 1 # k =1.

(tr[(R(s, k,l,n)R(s, k,1,n)*)"] — vx[(a(s, k,)a(s, k,1)*)])

Theorem 1.10 (Case where p; = 0, other pg’s are positive). Consider the family of random
and deterministic matrices introduced above the previous theorem. Assume moreover that for all
s,k # l,n, R(s,k,l,n) is bi-unitarily invariant with deterministic singular values, that for all
s € N even, k € [d], R(s,k,k,n) is unitarily invariant with deterministic spectrum, and that for
all s € N odd, k € [d], R(s,k,k,n) is uniform. Assume also the set

of random matrices to be independent and that the norm |.|| of our matrices is bounded uniformly
(in n,s,k,l,i). Then the family R(s,k,l,n) (s € Nk,l € [d]), C(i,n) (i € I) converges in D-
distribution in probability to the family a(s,k,l) (s € N k,l € [d]), c(i) (i € I) introduced above.

1.4. Comparison with already existing results. There already exists some results which
allow to compute asymptotics of normalized traces of products of rectangular random matrices
: on one hand the results about Wishart matrices and on the other hand the theorem 4.1 of
[Fhoq].

Theorems [L.§ and allow us to compute the limit (for convergence in probability) of all
normalized traces of matrices of the type

(9)  R(s1,k1,l1,n)*C(i1,n)R(s2, k2, l2,n)P2C(ig,n) - - - Cip—1,n)R(sp, kp, lp,n)PC(ip,n),

with p > 1, s1,...,sp € N, ki, by, ... kp,lp, € [d], €1,...,6p € {1,%}, and ¢1,...,ip—1 € I such
that the product is possible and is a square matrix.

The Wishart matrices are matrices of the type RR*, where R is a rectangular matrix. In
[HP0Q], [CC04] or [CDMO0J], the authors give results of asymptotic freeness for such random
matrices. In the case we are interested in, where the random matrix R is bi-unitarily invariant,
this asymptotic freeness is only a consequence of the asymptotic freeness of unitarily invariant
hermitian random matrices. With our notations, it only allows to consider the case where
P1,---,pq4 > 0, and in this case, to compute limits of normalized traces of matrices of the type

R(Sl’ k> ll, n)R(Sla ka llan)*c(ily n)R(SQ’ k> l2a n)R(S2a ka l2, TL)*C(’LQ, TL) o

- Clip—1,n)R(sp, k, ly, n)R(sp, k, 1, n)",

with k € [d], l1,...,l, € [d], s1,...,5p € N, i1,...,ip,_1 € I such that the matrices C(i1,n),. ..,
C(ip—1,n) are all square. It does not allow to suppose that p; = 0, and to consider products
where rectangular matrices are not immediately followed by their adjoint and where
the rectangular matrices are not followed by their adjoints, as the one of ().
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Theorem 4.1 of the paper [Sh9d] by Shlyakhtenko allows, embedding rectangular matrices
0 R
R* 0 )
(@), but only when the p;’s are positive, the matrices R(s,k,[,n) are gaussian, and the
deterministic matrices are diagonal and have, in a certain sense, a limit in L>°[0, 1]. Moreover,
this theorem states the convergence of the expectations of the normalized traces, but not their
convergence in probability (even though this could it is possible to expect to pass, using the
concentration results of [[GZ0(], from convergence in expectation to convergence in probability
in Shlyakhtenko’s result, but we chose this approach in another paper, [B-G2]).

in larger self-adjoint matrices (R — , to consider products of the type of the one of

As an example, no general result had been proved about the convergence, when n, p — oo such
that % — A > 0, of the singular law of M (n, p)+ N (n,p), where M (n,p), N(n,p) are independent
bi-unitarily invariant nxp random matrices with limit singular laws. We did not even know if this
limit existed, even though some computations have been done in some particular cases ([DS04],
[HLN04|, [HLNOH])). Indeed, the computation, by the moments method, of the singular law of
M (n,p) + N(n,p) involves the computation of the normalized trace of

[(M(n,p) + N(n,p))(M(n,p) + N(n,p))"]",

the expansion of which contains products where some rectangular matrices are not followed by
their adjoints.

In order to prove theorems [.d and [L.10, we are going to prove a preliminary result.

1.5. Preliminary result. In this section, we do not make any particular hypothesis about pg’s:
they are nonnegative, and at most one of them is zero. So we can suppose that po,..., pq are
positive.

Recall that, for each integer k, [k] denotes {1,...,k}. For all integers n, k, for each partition

P of [k], [n]” will design the set of elements i = (i1,...,ix) of [n]* such that h ZW e ip=ip.
Moreover, |P| denotes the number of blocks of P.

The following result involves special classes of matrices.

Definition 1.11. An nxn matriz is said to be an almost diagonal matrix if it is of the type ]\7,
with M diagonal (either square or rectangular) matriz.

Note that if A is an nxn almost diagonal matrix, then for all j € [n], A has at most one
nonzero term on its j-th column. A; will denote this term if it exists, and zero in the other case.

Lemma 1.12. Let K be a positive integer, and let for each n > 1, A(1,n),..., A(K,n) be a
family of almost diagonal nxn matrices. Let H be a subset of [K], and let P be a partition of
[K] such that for all {h} singleton class of P, A(h,n) is a diagonal matriz and Tr A(h,n) = 0.
We suppose too that the family (A(i,n));n is uniformly bounded, and that for all h € 'H, for all
ie{q(n)+1,...,n}, Ai(h,n) =0. Then

K
S I Aithn) =0 <q1(n)\w—pﬁ/znﬁm—z—m/z),
in)P h=1
where Py (resp. Piy) is the partition induced by P on the union of the classes of P that intersect
H (resp. do not intersect H ), and py (resp. Py) the number of singletons in Py (resp. of Py).

Proof. We will prove this result by induction on p = py + Dy.
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If p =0, the result is clear.

Let us suppose the result to be true to the ranks 0,...,p — 1, with p > 1. Consider P such
that py + Py = p, and a singleton class {ho} of P. Denote by P’ the partition P — {{ho}} of
{1,...,hg,..., K} and let, for each class B of P with B # {ho}, P(hg — B) be the partition of
[K] obtained from P by linking the classes {hy} and B. We have

K
> T A (hn) = Z > A;(hg,n) H A;, (h,n)

ZE[?’L}P h=1 (Zlv Zh()v - )e[n} Ze[n]_{zlvaghoyvllf} h;ého

But, since A(hg,n) is diagonal and has null trace,

Z Ai(ho,n) = — Z Ai(ho,n).

€[] —{i1, g ik } i€{i1,0 g ik }
So
K
Z HAlh h,n) =— Z Z HAih(h,n).
i€[n]? h=1 BeP je[n]P(ho—B) h=1
B#{ho}

For example, suppose hg € H (the other case is treated in _the same way). With the induction
hypothesis, and dividing the sum in B € Py and B € Py, one has (each e being 1 or 0
according to whether B is a singleton or not)

3 ﬁAih(h,n) - ¥ o( JPrl=1- (pH—l—esznWm—m/z)

i€[n]? h=1 BEPy

B#{ho}

+> O(fh )Pl (pre >/2nI5H\flf@erB>/2>

BePy

= C]l(n)% Z O<q1(n)|7’H|—pH/2nI5H\—ﬁH/2)

BePy
B#{ho}

+q1(n)%n# Z 0] <q1(n)|PH|*pH/2n|5H\*ﬁH/Q) .

BEPx

Since ¢1(n) = O(n), the result is proved. O

The following proposition, main result of this subsection, is divided in two cases, which give
very similar results with very similar proofs. The proposition involves special classes of matrices.

Definition 1.13. For k € [d], we define Ug(n) to be the set of nxn matrices whose (k,k)-th
block is a qr(n)xqr(n) unitary matriz, and with other blocks zero.

Note that it is a compact group, isomorphic to the group of gi(n)xgx(n) unitary matrices,
and random matrices of Ug(n) distributed according to the Haar measure will be said to be
uniform. In the following, we are going to use an integer N and the cyclic order on [N]. This
means that to put the index N + 1 on an element is equivalent to put the index 1.

Proposition 1.14. Let, for n > 1, V(s,k,n) (s € NJk € [d]), be a family of independent
random matrices, such that for all s, k, V(s,k,n) is uniform on Ug(n). Fiz N positive integer
and R > 0.
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Case 1°) Let, for each n € N, D(1,n),...,D(N,n) be nxn constant matrices such that for
all r € [N], ||D(r,n)|| < R, and there exists u(r),v(r) € [d] such that one of the two following
conditions is realized:

(1) u(r) =v(r) and for all n, D(r,n) = pyy(n),

(ii) for all n, D(r,n) is an almost diagonal matriz of the type ]\7, where M is a qy(r)(n)x
qu(r)(n) diagonal matriz, and E(D(r,n)) — 0.

Consider (s1, k1)ie[n] € (Nx[d])), and suppose that for allT € [N] such that (i) above is satisfied,
(Spykr) # (Sp41, kr41). Consider also my,...,my € Z — {0} and n > 0. Then the probability of
the event

{IE(V (s1, k1,n)™ D(1,n) - D(N = 1,n)V(sn, kn, )" D(N, n))|| <n}
tends to 1 as n goes to infinity.

Case 2°) Let, for eachn € N, D(0,n),...,D(N,n) be nxn constant matrices with norms also
< R. We suppose that there exists v(0),u(N) € [d] such that D(0,n) (resp. D(N,n)) is an
almost diagonal matriz of the type M, where M is a q1(n)xqu0)(n) (resp. quny(n)xqi(n)), and
that for all v € [N — 1], there exists u(r),v(r) € [d] such that one of the two following conditions
is realized:

(i) u(r) = v(r) and for all n, D(r,n) = Pu(r) (n),
(ii) for all n, D(r,n) is an almost diagonal matriz of the type M, where M is a Qu(ry (M)
qu(r)(n) diagonal matriz, and E(D(r,n)) — 0.

Consider (si, ki)ien) € (Nx [d)N, and suppose that for all r € [N — 1] such that (i) above is
satisfied, (sp,ky) # (Sp41,krs1). Consider also my,...,my € Z — {0} and n > 0. Then the
probability of the event

{IIE(D(0,n)V (s1,k1,n)"™ D(1,n)--- DIN = 1,n)V (s, kn, n)"™V D(N, n))|| < n}
tends to 1 as n goes to infinity.

Remark 1.15. By linearity of E, the result stays true in case 1°), (resp. in case 2°)) if for all
r in [N] (resp. in [N — 1)) such that (ii) is satisfied, B(r,n) is replaced by a sum of constant
almost diagonal matrices whose images by E tend also to zero.

The proof is inspired from the one of Theorem 4.3.1 p. 147 in [HPO(].
Proof. Both proofs will be made together, we will only have to separate them sometimes.

Step 1. Cases 1°) and 2°) Let us denote, for all » which satisfies (ii) above and u(r) = v(r),

D(r,n) = D'(r,n) + Ar(n)py(ry(n), with E(D'(r,n)) = 0.
Then by hypothesis, Ap(n) — 0. Hence, by linearity and boundedness hypothesis, it suffices
n—oo

to prove the result for D(r,n) replaced by D’(r,n). Thus we can from now on suppose that for
all  such that (ii) is realized, we have E(D(r,n)) = 0 for all n.

Step II. Case 1°) By definition of E, it suffices to prove that for all k € [d], the normalized
trace of the k-th diagonal block of the product

V(s1,k1,n)™D(1,n)---D(N — 1,n)V(sn, kn,n)"V D(N,n)
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converges in probability to zero, i.e. that

1
(10) —TjﬂmﬂmehhﬂﬂmDﬂm%“DUV—L@V@N%mnWWDUWnWM@
ar\n
converges in probability to zero. So let us fix k € [d], and let us prove it.

If k1 # k or v(N) # k, then the k-th block of the matrix is always zero, so the result is clear.
So let us suppose that k; = v(N) = k. We can then remove pg(n) in (I(). By Markov inequality,
it suffices to prove that ([L0) tends to zero in L2. Since for all matrix M, | Tr M|? = Tr M Tr M*,
we only have to prove that the expectation of

(11)
Tr V(sl, k1, n)mlDl(n) cee DN(TL) Tr DN(TL)*V(SN, kn, n)*mNDN_l(n)* s V(Sl, k1, n)iml

is o(qx(n)?).
Case 2°) We have to prove that
1

q1(n)
converges in probability to zero. Since Tr XY = TrY X, it suffices to prove that

Tr D(0,n)V (s1,k1,n)™ D(1,n)--- D(N — 1,n)V(sn, kn,n)"¥N D(N,n)

(12)

) TrV(s1,ki,n)™D(1,n)--- D(N — 1,n)V(sn, kn,n)"N D(N,n)D(0,n)
qi(n
converges in probability to zero. From now on, we will denote D(N,n)D(0,n) by D(N,n), which
is now an nxn matrix of the type M with M g, N)(n)xqv(o) (n), but which has not more than
¢1(n) nonzero entries. For the same reason as above, we only have to prove that the expectation
of

(13)

Tr V(Sl, k1, n)"“ Dy (n) cee DN(TL) Tr BN(TL)*V(SN, kn, n)*mNDN_l(n)* S V(Sl, k1, n)iml

is o(q1 (n)2).

Step III. Cases 1°) and 2°) Let us expand both traces in the previous product, and re index
the sum on partitions.

Let M = |mq| + --- + |mn]|, let, for r € {0,..., N},
M(r) = |mi|+ -+ |m,],
let M(N +1)=2M, and let, for r € {N +2,...,2N},
M(r)=M+|mn|+ |mn_1| + - + |manto—r|.
Let also, for r € {N +1,...,2N}, D(r,n) = D(2N + 1 —r,n)*. We write, for k € Nx|[d],
vij(k,1,n) = V(k,n)j,
vij(k,—1,n) = V(k,n)j,.

With those notations, there exists two functions » and e such that the expectation of ([L1) is

2N 2M
Z H D(r, n)jAI(T)E H Vi, g (K(R),€(h),n) |
ien)2M =1 h=1
where E denotes expectation and for all i = (i1,...,i217) € [n]?M,

J1 =12, 92 =13,...,JM = U1, JM+1 = tM+2, IM+2 = tM+3, --->J2M—1 = 12M, J2M = UM+1-
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Let us introduce the partition Q of [2M] defined by h £ 1 if and only if 45, = ips. Then we
can rewrite the preceding sum

2N
Z Z H D(r,n) i E

Q partition j¢[p)2 r=1
of [2M]

2M
H Uih,jh(”(h)’ 6(h), n)] :

h=1

Thus it suffices to prove that for all partition Q of [2M], the sum

2N 2M
(14) Z H D(r, n)jJVI(r)E [H Vi, g, (K(R), €(R), n)]

ie[n]e r=1 h=1

is o(qr(n)?) in case 1°), and o(q1(n)?) in case 2°), as n goes to infinity.
So we fix a partition Q of [2M].

Step IV. Cases 1°) and 2°) Let us denote, for all h € [2M], x(h) = (s(h),k(h)). Note that,
for i € [n]<, for

2M
(15) E [H Uiy, i (K(R), €(h), n)]
h=1

to be nonzero, 7 has to satisfy
(16) Vh € [2M],in, jn € {q1(n) + -+ + qrny—1(n) + 1, q1(n) + - + qreny—1(n) + grpy(n) 3

Indeed, in the other case, one of the factors in the product is zero, by definition of M +— M.
Note also that for all elements i of [n]<, which satisfy ([[@), the expectation ([[§) is the same, by
invariance of Haar measure on unitary groups under permutation of rows and columns. Let us
denote this common expectation by Eg. So, one can write the sum of ([14)

2N
(17) Eo Z H D(r, n)jM(r)

i r=1
where the sum is taken on elements i of [n]2 which satisfy ([[6).

It is well known (see [[HPO(], equation (4.2.11)) that if, for each m, U(m) is a uniform unitary
mxm random matrix, and 1 < 4., 7, < m, then the sequence E(|U(m) [2M) does not
depend on the choices of i,,, j» and

imvjm

(18) E(|U ()i, g, M) = O(m™17).
So, with i € [n]<,
2M
Eof| < HE(|vih,jh(’{(h)’e(h)’n)|2M)1/2M (Hélder ineq.)
h=1

= Ofa(m)'n ")

M= > |m|, M'= > |m.

1<r<N 1<r<N
k=1 kel

where
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Thus it suffices to prove that

2N
(19) Z H D(T? n)jM(r)’

i r=1

is o(qr(n)2q1(n)M n™M") in case 1°), and o(q1(n)™ ' *2nM") in case 2°), where the sum is taken

on the elements i of [n]< which satisfy ([[).
Step V. Cases 1°) and 2°) We are going to prove it as an application of lemma [1.12. The

sum of ([[9) is the sum, on the same 7’s, of
D(1,1)ips 40 D(2, )i

M (1)+1 IM(2)+1
x D(N +1,n) D(N +2,n);

UM (N+2)

"D(N -1, n)iM(N—l)-HD(Nv n)i,

inNts) D(2N,n)

iM+1 iM(2N) "

i.e. of
D(N,n);, D(1, n)iM(l)ﬂ

x D(N +1,n),,,D(N +2,n);

YM(N+2)

D(2,n); -D(N —1,n);

TM(N—-1)+1

--D(2N,n

ip(2)+1

D(N + 3, n)lM (N+3) )iM(2N)'

Adding some matrices of the type px(n) in the product, one sees that this sum is equal to

(20) S T (o).

i€[n]Q h=1
where for h € [2M],
Pr(h—1) (1) D (1, n)pr(n) (n) if 3r €{0,...,N -1},
h=M(r)+1
Pr(ny(n) if he[M]and h ¢

(M) +1,..., M(N — 1) + 1}
A(h,n) = € Prean(R)D(N + 1 n)pgarin(n) ifh=M+1

Pre(n)(n) D (1, 0)p(n1)(n) ifIre {N+2,...,2N},
h = M(r)
Pr(n) (1) if h € [2N] and h ¢

[M +1]U{M(N +2),..., M(2N)}

Now, note that by lemma 4.2.2 of [HPOJ] (or because the uniform distribution on the unitary
group is left and right invariant), if i € [n]< corresponds to a nonzero term in equation ([[4),
then for all k € Nx[d], for all 1 < «a, 3 < n,

hs in = oo w(h) = me(h) = 1}] = (B o = o 5(h) = s () = —1}],
|{ha Jn =0, K“(h) = K,&(h) = 1}| = |{ha ih = ﬁ"‘{(h) = Ii,&(h) = _1}|

Thus, if {h} is a singleton class in Q, and if Eg is non null, one has, using the cyclic orders on
[M] and on {M +1,M +2,...,2M},

e(h)y=1 = k(h)=k(h—1),e(h—1) = -1,
and e(h)y=-1 = k(h)=r(h—-1),e(h—1)=1.
It clearly follows that there exists r € {0,...,2M} —{M +1} such that h = M (r)+1. Moreover,

by hypothesis, in case 1°), A(h,n) = D(r,n) is a diagonal matrix with null trace, and, in case
2°), A(h,n) = D(r,n) is a diagonal matrix with null trace whenever h ¢ M, M + 1.
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Case 1°) Let us apply the lemma with P = Q and
H ={h € [2M]; k(h) = 1}.

By definition of the A(h,n)’s, for all h € H, for all i € {¢1(n) +1,...,n}, A;(h,n) = 0. By the
lemma, the sum of ([[9), which is equal to the sum of (R0), is

But for any partition X with z singletons of a set S, one has |X| < z+(|S|—x)/2, so |X|—x/2 <
|S]/2. So,

[Pl + [Pl = B = B2 < (2M) 2 = M+ M,

Moreover, since for all h € [2M], k(h) = 1 implies h € H,

— 1
Pol /2 < 4 I{hs k() £ 1| = M".
Thus, since g1(n) < n,
nlPrl=Pr/2 = p[Prl=br/2=M"  M" _ (g, (n)[Prl=Pr/2=M" p M")

Hence

ql(n)‘Pﬁ‘_pH/2n|ﬁH‘_ﬁH/2 -0 <q1(n)|PH|—p—;L+IfHI—p—§L—M”nM”) -0 <q1(n)M/nM”) .

The sum of ([[9) is O (ql(n)M 'nM N), and the proposition is proved.

Case 2°) Let us prove that the sum of (L) is o (q1 (n)QJrM/nM") by induction on the number

|Q| of classes of Q. Let us denote, for B, B’ class of Q, Q(M — B) the partition of [2M] obtained
from Q by linking classes B and {M}, and Q(M — B, M + 1 — B’) the partition obtained
from Q by linking classes B and {M}, and then the classes B’ (which has become B U {M} if
B’ = B) and {M + 1} Let J(n) be the set of elements j of [n] such that D(N,n); # 0. Note
that, as noted to step II, |J(n)| < qi(n), and, by definition of D(N + 1,n), J(n) is also the set
of elements j of [n] such that D(N + 1,n); # 0.

e If Q has only one class, by boundedness hypothesis and since |J(n)| < ¢i(n), the sum of
@ is O(q1(n)).
e Assume that the conclusion holds to ranks 1,...,|Q| — 1.

- If neither {M} nor {M + 1} are singletons of Q, we apply the lemma, as for case 1°), with
P = Q and

H = {he[2M]; k(h) = 1}.

It leads to the conclusion in the same way as in case 1°).

- If exactly one of {M},{M + 1}, say {M}, is a singleton of Q, define P = Q — {{M}},
partition of the set [2M] — {M}. Note that the sum of ([[9), which is equal to the sum of (20),



RECTANGULAR RANDOM MATRICES, RELATED CONVOLUTION

is

3 [A(M,n)j 3 ﬁAih(h,n)]

jeJ(n) i€([n]— {J})Phh#\l/l
3 [aona (X [T A X T 400)]
jeJ(n) i€[n]P h#]\14 Hsz[n]?'] hh#]\14
ih
2N
_ (ZAMn)(Z HAZhhn)—(Z 3 HAih(h,n))
jeJ(n) i€[n]P hh;éj\ld B]i%\%} i€[n] QM —B h=1

So by the induction hypothesis, for all B € P, B # {M}, we have

2N
Z H Ay, (h,n) =0 <QI(”)2+M n™ ) .
i€[n]M—B) h=1
So it suffices to prove that we have

(21) ( Z A(M,n) )( [Z 1;[1 ) 0<q1(n)2+MlnM">.

jeJ(n)

But by boundedness hypothesis, >
prove that the second sum in (R1)) is o ( 1( M1 M N>. Define

H={he[2M] - {M}; k(h) = 1}.

17

jeJ(n A(M,n); = 0(]J(n)]) = 0(q1(n)). So it suffices to
)

By definition of the A(h,n)’s, for all h € H, for all i € {¢1(n) +1,...,n}, A;(h,n) = 0. So by

the lemma, the second sum in (P1]) is

O(q1 (n)Prl=pr/2p [Pl =Pr /2y

Since, as noted above, for any partition X with z singletons of a set S, one has |X|—z/2 < |S]/2,

we have

[Pl + [Pl = B¢

Moreover, since for all h € [2M] — {M}, k(h) = 1 implies h € H,

%g(zM—1)/z:M'+M”—1/z,

Pl = Pr/2 < % [{h € 2M] — {M}; k(h) # 1} < M".

Thus, since q1(n) < n,

Do |7 D, _AqM " D= A 7
nIPrl=pn/2 — p|Prl=Br/2=M" ) M _ (g () Prel=Pr/2-M" ), M

~—

Hence

ql(n)lpnl—pnﬂn\fnl—ﬁn/? -0 <q1(n)‘PH‘_%L+|5H‘_%L—M”nM”) —0 <q1(n)M/—1/an~>

)

thus the conclusion holds.
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-If {M} and {M + 1} are singletons of Q, define P = Q — {{M}, {M + 1}}, partition of the
set [2M] — {M, M + 1}. Note that the sum of ([), which is equal to the sum of (R(), is

2N
3 [A(M nAM + 1)y Y I1 Aih(h,n)]

3/ m) iel-GaNT
h#AM+1

Now, let us define Q' to be the partition of [2M] obtained from Q by linking classes { M} and
{M + 1}. The sum of ([[9) can be written

< Z A(M,n); A(M+1,n); )(Z H Alhhn) Z HA,hhn ZZHAZhhn

j,3'€J(n) i€[n]P h 1 i€[n] Q' h=1 R i€[n]R h=1
h;ﬁM—f—l

where in the last sum, R is taken in the set
{Q(M —- B,M +1— B'); B,B € Q}.

So by the induction hypothesis, it suffices to prove that

(22) < S AM,n);A(M + 1,n),; )(Z H Alhhn)_o(ql( )2+M’nM”>.

J,j'€J(n) i€[n]P hh;éj\ld
hA M1

But by boundedness hypothesis, >~ .ic ;) A(M,n);A(M +1,n); = 0(]J (n )?) = 0(q1(n)?). So
it suffices to prove that the second sum in (23) is o <q1(n)M nM” ) Define
H={he2M]—{M,M +1}; k(h) = 1}.

By definition of the A(h,n)’s, for all h € H, for all i € {¢1(n) +1,...,n}, A;(h,n) = 0. So by
the lemma, the second sum in (B3) is

Since, as noted above, for any partition X with z singletons of a set S, one has |X|—z/2 < |S]/2,
we have

Pol + [Prd = 2 =B < (20 —9) = M+ M7 - 1,

Moreover, since for all h € [2M] —{M, M + 1}, k(h) = 1 implies h € H,
Pol ~Bn/2 < 5 [{h € [2M] — (M, M + 1} k(h) £ 1}| < ",
Thus, since g1(n) < n,
nPHI=Pr/2 = g [Prl=Fpe/2=M"  M" _ 0(g, () Pl =Fre/2=M" M7
Hence

ql(n)lpnlfpnﬁn@n\*ﬁn/? -0 (ql(n)\PH\*%LwL\le*%L*M//nM”) —0 (ql(n)M’—lnM”> ’

thus the conclusion holds. O
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1.6. Proof of theorem [L.§ (case where all p;’s are positive). Step I. Let us introduce,
on the space of nxn matrices, the Schatten p-norms ||.||, (p € [1,00]), defined, for p < oo, by
1
X[l = (tr | X[7)7,
and ||.||cc = ||-]|- They satisfy classical Holder inequalities ([N74]).

Fix k,l € [d] and consider, for n > 1, a bi-unitarily invariant gi(n)x¢;(n) random matrix
R(n) such that the sequence is uniformly bounded for ||.|| by C' > 0 and such that the moments
of the singular law of R(n) converge in probability to constants. Note first that, by Carleman
criterion, it implies that its singular law converges in probability to a probability measure pu.
Then, as noticed in subsection [L.1], the distribution of R(n) can be realized as the distribution
of U(n)A(n)V (n) where U(n), A(n), V(n) are independent, U(n), V(n) are respectively gx(n)x
qr(n), q(n)xq(n) uniform random unitary matrices, and

A(’I’L) = [ég)‘(z’n)]lgzﬁqk(n) and 0 < )‘(1’”) <--- < A(min(q]C(n)’QI(n))an)'
1<i<qi(n)

Choose deterministic
0<¢(1,n) <--- <&(min(gr(n), q(n)),n) < C
such that the uniform distribution on the £(1,n)’s converges weakly to u. Now set

E(n) = [5{)\(i,n)]1§i§qk(n) and N(n) =U(n)E(n)V(n).
1<j<qi(n)

Let us prove that for all P polynomial in noncommutative random variables X, X, for all
p € [1,00), ||P(R(n)) — P(N(n))||, converges in probability to zero.
By lemma 4.3.4 p. 152 of [HPO(], for all p > 1,
|R(n)" = N(n)*[l, = [[R(n) = N(n)|lp = [[A(n) = E(n)||,
converges in probability to zero. So, for all m > 1, e1,...,e, € {., %},

(Bt By = K@) |l

i 1B - B (B = NN e - N,
< i, O IR = N () )],

IN

which proves the result.

Note that in the case where R is a uniformly bounded unitarily invariant g (n)xqx(n) hermitian
random matrix, the moments of the spectral law of which converge in probability, then the same
work can be done, replacing V' (n) by U(n)* and singular values by eigenvalues, and the same
conclusion holds: for all P € C[X], for all p € [1,00), ||P(R(n)) — P(ﬁ(n))Hp converges in
probability to zero.

Step II. Let us denote by C the linear span of the c(i)’s. By ([}) and (§), for all n, there is an
algebra morphism v, from C to the linear span C, of the C'(i,n)’s. By (vi), for all ¢ € C, for all
k € [d], the normalized trace of the k-th diagonal block of ,,(c) tends to ¢g(ckr)-

Since 1 € C, it suffices to prove that for all m > 0, for all (s;, kj,1;)jepm) € (Nx[d]x[d])™, for
all Pi,..., P, polynomials in the noncommutative variables X, X*, for all d(0),...,d(m) € C,
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the normalized trace of the k-th diagonal block of

(23) Un(d(0)) [T Py (R(s. by iy m))on (d(5)
j=1
converges in probability to the k-th coordinate of
(24) E [ d0) [] Pi(a(ss, kj,13))d() |
j=1
for all k € [d].

Step III. Let us prove that we can remove d(0), i.e. that in order to prove the convergence in
probability, for all k € [d] and all d(0),...,d(m) € C, of the normalized trace of the k-th diagonal
block of (BJ) to the k-th coordinate of (£4), it suffices to prove the convergence in probability,
for all k € [d] and all d(1),...,d(m) € C, of the k-th diagonal block of

H R(s;, kj, 15, n))n(d (7))

to the k-th coordinate of
H P Sja )d/ (J)

The idea is to use the formula Tr XY = Tr Y X and to move d(0) from the left to the right of
the product, which comes down to replace d(m) by d(m)d(0). But the formula E(XY) = E(Y X)
is not always true, so we have to be careful.

First, by linearity of E, we can suppose that d(0) is a simple element. Thus there exists
lo € [d] such that
d(0) = d(0)pyy,  Yn(d(0)) = Yn(d(0))pi, (1).

Now let us fix k € [d]. We have to prove that

an(m) TPk(m)en(d0))pio (n HP (55 kg 1 m)n(d(5)) | pr(n)

converges in probability to

o | ped(O)pi, | [ Pilalss, by, 13))dG) | pe |
j=1

which amounts, since Tr XY = Tr Y X and by (), to prove that

w(n) 1 Trplo HPJ (555 k5 1 n))0n(d(5)) | Pr(n)hn(d(0))piy (n)

&% [T Piats;. k;,1:))d () | prd(0)pr,
7j=1
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dly (n) %
qk(n) n—oo Pr’

Since it amounts to prove that

1

Tr pl
qip (1 ( ’

R(sj, kj,1j;1))¥n(d(5) | prtoa(d(0))pry (n)

|,’:]S

converges in probability to

i | | T Pi(alss, kj. 13))d() | pred(0)py,
7j=1

If one replaces d(m) by d(m)prd(0), it appears that it suffices to prove that for all [ € [d], the
normalized trace of the I-th diagonal block of

11 P (R, kg 1, n))von (d(5))n (prd (0))
j=1

converges in probability to the [-th coordinate of
HP a(s;, kj,1))d(j)

Step IV. Then, we claim that it suffices to prove it when the R(s, k,1,n)’s are replaced by the
N(s,k,l,n)’s, where the N(s,k,l,n)’s, are defined from the R(s,k,l,n)’s like N(n) from R(n)

in the step I. Indeed, the normalized trace of any diagonal block of the difference between
L1 Pi(R(sj. s 13, m)n(d())
j=1
and
H Pj(N(Sj7 kj, 5, “))T/Jn(d(J))
j=1

has an absolute value less or equal than the norm ||.||; of their difference times one of the n /gx(n),
which is less or equal, by a decomposition like in step I, than

m

n ~ ~
max—— Y C™D™ Y| Pi(R(s;, ki,li,n)) — P:(N(s;, ki, Li,n))||1,
T O 1y (R(ss, b by m)) = PR (s, by )|
where D = . IrlnaTXC‘P (2, 2")| which converges in probability to zero, by step I and because all
2'|<
Jj€[m]

pi’S are positive.

So let us prove that the normalized trace of the k-th diagonal block of
m
H PJ(N(SJ’ kj’ lj’ n))¢n(d(]))
j=1

converges in probability to the k-th coordinate of

11 Piats; &, 1))d () |
j=1



22 FLORENT BENAYCH-GEORGES

for all k € [d].

Step V. We will prove it by induction on m. If m = 0, the result is clear. In the other case, let
us suppose the result to be proved to the ranks 0, ..., m—1. Let us denote z(j) = Pj(a(s;, kj,1;))

and X(j,n) = Pj(ﬁ(sj,kj,lj,n)). Since C is an algebra containing pi,...,pq, if, for a certain
Jj € [m], one would replace X (j,n) by one of the pi(n)’s and z(j) by the corresponding py, then
the result would follow from the induction hypothesis (and from step III if j = 1). Thus, by
linearity, one can, for all j € [m], add a linear combination of the px(n)’s to X(j,n) and the
same linear combination of the py’s to z(j). Therefore we can assume that for all j, E(z(j)) = 0.
By linearity, we can moreover suppose that for all j, z(j) is a simple element. Note that these

suppositions imply that for all n,j, X (n,j) has only one non zero block, and satisfies
E(X(j,n)) — 0 (convergence in probability).
n—00

From now on, we use the cyclic order on [m]. This means that to put the index m + 1 on an
element amounts to put the index 1. As simple elements, the z(j)’s have the following property:
the product of any of the x(j)’s by one of the py’s is either zero or z(j), and the same holds for
X(j,n)’s with pg(n)’s. Thus, if, for a certain j € [m] such that (s;,k;,1;) = (Sj+1, kj+1,lj+1),
one would replace d(j) by a linear combination of the px(n)’s, then the result would follow from

the induction hypothesis (and from step IITif j = m). So one can suppose that for all j € [m—1]
such that (s;, kj,l;) = (sj+1, kj+1.j41), E(d(j)) =0.

At last, for j € [m] such that (s;,k;,1;) # (sj4+1,kj4+1,1j+1), one can write

d(j) = d'() + Y M(i)pe, with B(d'(j)) = 0.
keld]

Then, by linearity, one can suppose that for all such j, we have

E(d(j)) = 0 or 3k € [d], d(j) = p-

To conclude, we have shown that we only have to prove that

E | []X0G.n)va(d)

j=1
converges in probability to

E([]z(d0) |,

j=1
under the hypothesis that all z(j)’s are simple elements and satisfy E(z(j)) = 0, and for all
j € [m],
E(d(j)) = 0or {d(j) € {p1,...,pa} and (s, kj, ;) # (5541, kj+1,lj41)}-
Note that under this hypothesis, by E-freeness, E (H;”Zl x(j)d(j)) = 0.
Step VI. For all s, k,l,n with k # [, the matrix N (s, k,[,n) has been defined by the work of

step I, so we can write

N(s,k,l,n) =U(s,k,1,n)=(s, k,l,n)V (s, k,1,n),
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with U(s, k,l,n), V(s, k,l,n) uniform random unitary matrices with respective sizes gi(n), q;(n),
and E(s, k,l,n) a deterministic diagonal gx(n)xg;(n) matrix. In the same way, when s is even,
N(s,k,k,n) can be written

N(s,k,l,n) =U(s, k,k,n)Z(s,k, k,n)U"(s,k,k,n),
and when s is odd, N(s,k, k,n) is a uniform random matrix of Ug(n).

Consider j € [m]. If kj # I}, then X (j,n) is of one of the 4 following types:

(1) ﬁ(sj,kj,lj,n)ﬁj?(sj,kj,lj,n), where Aj is a g, (n)xq;(n) diagonal matrix whose di-
agonal terms are the images of the diagonal terms of =(s;, k;,1;,n) by an odd polynomial.

(2) ‘N/(sj, ki, l;, n)*ﬁjﬁ(sj, kj,lj,n)*, where A;j is a q;;(n)xqx; (n) diagonal matrix whose di-
agonal terms are the images of the diagonal terms of =(s;, k;,1;,n) by an odd polynomial.

(3) ﬁ(sj, kj,lj,n)ﬁjf](sj, kj,lj,n)*, where Aj is a qx,;(n)xqx; (n) diagonal matrix whose di-
agonal terms are the images of the diagonal terms of =(s;, k;, 1, n) by an even polynomial.

(4) ‘N/(sj, ki, l;, n)*ﬁjf/(sj, kj,lj,n), where Aj is a gi;(n)xq,; (n) diagonal matrix whose diag-
onal terms are the images of the diagonal terms of =(s;, k;,1;,n) by an even polynomial.

In the case where k; = [;, when s; is even, only the last type is possible, and when s; is odd,
X(j,n) is a linear combination of positive or negative powers of N(sj, k;j,l;,n). By linearity
again, this combination can be replaced by a non zero power of N (sj, kj,l;,n).

Note that in all types previously presented, the constant diagonal matrix A; satisfies

E(A]) — 0.

Moreover, for all n, the family of random matrices from Ug(n)’s arising in these decompositions
are independent, so the result follows from case 1°) of proposition and remark [[.15.

1.7. Proof of theorem (case where p; = 0, all other p’s are positive). We shall
follow closely the proof of theorem [[.§ (case where all py’s are positive) given in the previous
section, but because of the weaker hypothesis (singular values of non hermitian random matrices
and spectrum of hermitian ones are now supposed to be deterministic), we shall skip steps I
and IV, in which non hermitian (resp. hermitian) random matrices where approximated by
random matrices with deterministic singular values (resp. deterministic spectrum). However,
the hypothesis p; = 0 will make things slightly harder.

As previously, let us denote by C the linear span of the ¢(i)’s, and define v, in the same way
as before.

As previously again, since 1 € C, it suffices to prove that for all m > 0, the following
proposition holds:

V(55 k), 15) jeim) € (NXd]Xd]))™, VP, ..., Py polynomials in the noncommutative variables X, X™,
vd(0),...,d(m) € C,Vk € [d], the normalized trace of the k-th diagonal block of

Un(d(0)) [T Py (R(ss, by 15,m))bn (d(5))
j=1
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(25) converges in probability to ¢k | d(0) H Pj(a(s;, kj,15))d(5)
j=1

Note first that by linearity, it suffices to prove it when d(0),d(m) are supposed to be simple,
which implies that there exists u,v € (d] such that

(26) Pud(0) = d(0),  d(m)p, = d(m).
Let us denote by H(m,u,v) the proposition (RF), where d(0),d(m) are moreover supposed to
satisfy (R6).

We have to prove H(m,u,v) for all m > 0 and all u,v € [d]. Note first that if u # v,

H(m,u,v) is immediate. Let us denote by H’(m) the proposition obtained from () removing
d(0):

V(s5,kj,15) jeim) € (NXd]Xd])™, VP, ..., Py polynomials in the noncommutative variables X, X™,
Vd(1),...,d(m) € C,Vk € [d], the normalized trace of the k-th diagonal block of

H Pj(é(sj, kja lja n))wn(d(]))
j=1

converges in probability to ¢ H Pj(a(sj, kj,15))d(5)
j=1

Following step III of the previous section, we see that for all u € [d] — {1}, H'(m) implies
H(m,u,u). Thus we only have to prove that for all m > 0, H'(m) and H(m,1,1) hold.

Let us prove it by induction on m. For m = 0, the result is immediate. Consider m > 1 such
that H'(l) and H(l,1,1) hold for all I < m.

Let us first prove H(m). Consider (s;, kj,1j)jepm) € (Nx[d]x[d])™, Pi,..., Py, polynomials in
the noncommutative variables X, X*, d(1),...,d(m) € C. Let us prove that

B (1 5(Resj ko 1y m)in(d()))
j=1

converges in probability to ds E([[7L; [[[2; Pj(a(s;, k;j,1;))d(j)). Let us denote z(j) = Pj(a(s;, kj,1;))
and X (j,n) = Pj(]v(sj, kj,l;,n)). Similarly to step V of the previous section, by the induction
hypothesis and the fact that H'(m — 1) implies H(m — 1,u,u), we can suppose that for all n, j,

X (n,7) has only one non zero block and satisfies

E(X(j,n)) — 0 (convergence in probability).
n—oo

We can also suppose that for all j € [m] such that with the cyclic order (s;, kj,1;) = (841, kj+1, lj+1),
we have

E(d(j)) = 0 or 3k € [d], d(j) = p-

Under these assumptions, we only have to prove that

E [ ] X0, n)¢n(d())
j=1
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converges in probability to
m
E [ [[=0)di) | =o.
j=1

Following step VI of the previous section, it appears to be an application of case 1°) of
proposition and remark [[.15.

Let us now prove H(m,1,1). Consider (s, kj, ;) je[m) € (Nx[d]x[d]))™, P4, ..., Py polynomials
in the noncommutative variables X, X*, d(0),...,d(m) € C. Let us prove that

E (n(d(0)) T 23(Rlss. ks L. m)u(d()))
j=1

converges in probability to dsE(d(0) [TiL, [[[2, Pj(a(s), kj,1;))d(j)). Let us denote x(j) =
Pj(a(sj, kj,1;)) and X (j,n) = Pj(ﬁ(sj,kj,lj,n)). Again, similarly to step V of the previous
section, we can suppose that for all n > 1,j € [m — 1], X(n,j) has only one non zero block and
satisfies

E(X(j,n)) — 0 (convergence in probability).
We can also suppose that for all j € [m — 1] such that , (s;,k;,1;) = (5j+1,kj+1,lj4+1), we have
E(d(j)) = 0 or 3k € [d], d(j) = pr-

Following again step VI of the previous section, it appears to be an application of case 2°) of

proposition and remark [[.15.

1.8. Computational consequences of the asymptotic freeness with amalgamation of
the random matrices. In this section, we are going to explain how Theorems and can
be used to compute the limit of normalized traces of product of rectangular random matrices. In
order to make the exposition more simple, we are going to consider only two random matrices,
with the same size. So let us consider two sequences ¢;(n), g2(n) of positive integers which tend
to infinity and suppose that the ratio ¢i(n)/g2(n) tends to a number A € [0, 1]. Consider then,
for all n, a pair Mi(n), Ma(n) of ¢1(n)xg2(n) independent random matrices, distributions of
which are bi-unitarily invariant, and the singular laws of which are supposed to converge to
deterministic probability measures. We make also the technical hypothesis necessary to apply
the theorems: we suppose the matrices uniformly bounded (which implies that the limit laws
have compact support), and that if A = 0, the singular values of the matrices are deterministic.

We are going to explain how to compute by induction the limit of the normalized trace of a
product of the type

(27) A(n) = M; (n)Mm (n)* T Mi2p71 (n)Mi2p (n)*
or of the type
(28) B(n) = M;, (n)*Mi,(n) - - - Miy,_, (n)" Mi,, (n),

with p > 1 and 41,...,49, € {1,2}. The first thing to do is to define the sequence 0 = Iy < I} <
lo <...<ly=2p (m>1) defined by

iy =dp ==y Fhypl = =y F gl = = Uy F gl = = g,
We define, for k € [m], Py(n) (resp. Qr(n)) to be the product of factors with ranks between

lk—1 + 1 and i in (P7) (resp. in (B§)). So we have to compute the limit normalized trace of
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Pi(n)--- Pp(n) (resp. of Q1(n)---Qm(n)). In order to give an algorithm to do this, we have to
consider a more general problem: to compute the limit normalized trace of

(Pl(n) - xII) T (Pm(n) - me) (resp. of (Ql(n) - xII) T (Qm(n) - me))a
where in the expression Py(n) — xzil (resp. Qk(n) — zxl),

- when [ — lx_1 is even, I represents the identity matrix with the size of Py(n) (resp.
Qr(n)) and zj is a complex number independent of n,
- when I — lj_1 is odd, x; = 0.

1.8.1. General strategy for all X € [0,1]. Step I. If m =1, i.e. all 4}’s are the same, then the
normalized trace of (R7) converges in probability to the 2p-th moment of the limit singular law
of M;, (n) minus x1, and the normalized trace of (Bg) tends to A times the limit normalized trace

of (R7) minus .

Step II. If m # 1. Let, for all k& € [m] such that I, — lx_1 is even, a; denote the limit
normalized trace of the matrix Py(n) — xxI (resp. Qx(n) — xxI) (which can be computed by
Step I). Let, for all other k’s in [m], ay be zero.

(i) If ay,...,an, are all zero, then (B7) (resp. (B§)) has normalized trace converging to zero
in probability.

(ii) If there is k € [m] such that aj # 0, then the normalized trace of (R7) tends to aj, times
the limit normalized trace of

(Pr(n) —@1d) -+ (Pe—1(n) = @k—11)(Phga(n) — 2pqal) - - (Pn(n) — 2nd)

plus the limit normalized trace of

(Pi(n) = 211) - - (Phos(n) — 2prD)(Pe(n) = (g + ag)D)(Pess(n) — g D) - - (P (n) — )

It is easy to see that the induction is actually working.

1.8.2. Case where A = 1. In this case, everything happens like if the matrices considered were
square: we have random matrix models for R-diagonal elements.

1.8.3. Case where A = 0. In this case, one can easily see that:

e (P9) has always an null limit normalized trace,

e the same holds for (R7), except if I1,l3,--- ,l, are all even numbers, i.e. if for all
k=1,...,p, iog_1 = iok, i.e. if any matrix M;(n) or Ma(n) in the product is followed
by respectively Mj(n)* or Ma(n)*, in which case the limit can be computed using the
well known asymptotic freeness of square random matrices. It is the first way to see
that if one denotes by p1, pe the limit singular laws of Mj(n), Ma(n), then the singular
law of M;j(n) 4+ Ma(n) converges to the distribution on [0, +00) whose push-forward by
the function ¢ — t2 is the free convolution (as defined in Voiculescu’s papers) of the
push-forwards, by the function ¢t — t2, of 11 and po. This result will be formulated later
in terms of rectangular convolution with ratio 0 (see proposition B.§).
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2. THE RECTANGULAR FREE ADDITIVE CONVOLUTION

2.1. Definition for compactly supported probability measures. For v probability mea-
sure on R, denote by v the symmetrization of v, which is the probability measure defined by
7(B) = 1(v(B) + v(—B)) for all Borel set B.

One of the interests of modeling with free probabilities the asymptotic behavior of square
random matrices is the possibility to compute the asymptotic spectral law of an hermitian
matrix which is a function of several independent random matrices. In particular ([V91])), if
M(1,n), M(2,n) are independent hermitian unitarily invariant random matrices whose spectral
laws tend respectively to 11, v when their dimension n goes to infinity, then the spectral law of
M(1,n) + M(2,n) tends to vimvy (free additive convolution of v4,14), and the spectral law of

M(1,n)M(2,n)/M(1,n) (when the matrices are positive) tends to vimvy (free multiplicative
convolution of v, v2). In the same way (combine Theorem 4.3.11 of and Propositions
3.5, 3.6 of [HLO()), if the matrices M (1,n), M(2,n) are non hermitian bi-unitarily invariant (and
still independent), with asymptotic singular distributions v1, v5, then the symmetrization of the
singular distribution of M (1,n)+ M(2,n) tends to @iy, and the push-forward, by the function
x — 2, of the singular distribution of M (1,n)M(2,n) is the free multiplicative convolution of
the push-forwards, by & — 2, of vq, vs.

Now, suppose that M(1,n), M(2,n), instead of being square, are rectangular (independent
and bi-unitarily invariant) g;(n)xgs(n) random matrices whose singular laws tend to vy, 5. We
keep the notations introduced in section [, but suppose that d = 2:

n n
wln) + i) =n n)em) — oo, W g @0 oy

n—00 n n—00 n

Since for 1 < g < ¢/, the singular law v of a gx¢' matrix M is related to the singular law v’ of
M* by
I p—
U= q q, q

oo + g,y,
q

we can, without restriction, suppose that ¢i(n) < ga2(n).

First, the singular distribution of M (1,n)M(2,n)* tends to a distribution that can be com-
puted by free probability theory. Indeed, for all » > 1 even, the r-th moment of the singular
distribution of M (1,n)M(2,n)* is

q1(n)
which is equal to
a2n) 1 r n)* n n)* )2
ar(0) oty T ()" M (2, m) M (1) M (1,m))"F,

which tends to pa/p1(n) (when p; > 0) times the r/2-th moment of 7im7e, where 71,79 are the
limit spectral distributions of M (2,n)*M (2,n), M(1,n)*M(1,n). 11,72 can easily be computed
from vq,v5. Thus, if p; > 0, the limit of the spectral distribution of M(1,n)M(2,n)* can
be easily computed using tools of free probability. If p; = 0, then p; = 0, then the explicit
computation of the expectation and of the variance of (R9) for » = 2 gives us the convergence
of the singular law of M (1,n)M(2,n)* to the Dirac measure in zero.
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But it does not seem to be possible to compute the singular law of M (1,n) + M (2,n) with
the tools of free probability theory. Indeed, for r > 1 even, its r-th moment is given by

o) Te((M(1,n) 4+ M(2,n))(M(1,n)* + M(1,n)*))" 7,

which can be expanded into the sum of

(30)

Tr M (i1, n)M (ig,n)* - M(iy—1,n)M(ir,n)",
a1(n)
where the sum is taken over all i € {1,2}". Asymptotics of normalized traces like in (B0)
cannot be computed with free probability theory, because our random matrices are not square,
and we cannot reduce the problem, as for M(1,n)M(2,n)*, to a problem which involves only
independent square random matrices. Thus we have to use theorem [[.§ (or theorem if
p1 = 0) to compute the asymptotic singular law of M (1,n) + M(2,n).

Proposition-Definition 2.1. Let p1, o be two compactly supported symmetric probability mea-
sures on the real line.

(a) Let, for allm > 1, M(1,n), M(2,n) be independent bi-unitarily invariant q1(n)xqz(n) ran-
dom matrices, with deterministic singular values if p1 = 0, uniformly bounded for ||.||, and such
that for alli = 1,2, the symmetrization of the singular law of M (d,i) converges in probability to
wi. Then the symmetrization of the singular law of M(d, 1)+ M(d,2) converges in probability to
a symmetric probability measure on the real line, denoted pim, pa, which depends only on 1, o,
and A == q1(n)/g2(n).

(b) pamy o is the unique symmetric measure p such that for all r € N even, the r-th moment of
wis o1(((a1 4 ag)(ar + az)*)™?), where a1, as are free with amalgamation over D elements of
p1Ape, (A, p1,p2,01,92) is a (p1, p2)probability space, and for all i = 1,2, for all v € N even,
©1((a;a)?) is the r-th moment of yu;.

(c) The support of pim,pe is contained in the sum of the convex hulls of the supports of u1 and
M2

The binary operation m, on the set of compactly supported symmetric probability measures,
called rectangular free convolution with ratio A, will be extended in section .7 to the set of
symmetric probability measures, and the same result will stay true without any hypothesis of
boundedness.

Proof. By theorem (or theorem if py = 0), if a1, ag are elements of a (p1, p2)-

probability space (A, p1, p2, 1, v2) asin (b), then (M(1,n), M (2,n)) converges in D-distribution
in probability to (a1, as). Thus once the existence of pym, s proved, (b) will be immediate.

Let [—s;,s;] be the convex hull of the support of y; (i = 1,2). By [A61], to prove the
convergence in probability of the symmetrization of the singular law of M (1,n) + M(2,n) to a
probability measure with support in [—s; — s2,$1 + s2|, it suffices to prove that for every pair
polynomial P = ), cxX?F that is non negative on [—s; — s3,5; + o], the normalized trace
of 3"y ek(M(1,n) + M(2,n))(M(1,n) + M(2,n))*)* converges to a non negative number. We
know that this normalized trace converges to ¢1[>_, cx((a1 + a2)(ay + a2)*)*]. To prove that
this number is nonnegative, one can suppose that for all n, for all i = 1,2,

M (i,m) = Ui, ) [0} Xi(k, )1 <k<qy (m)V (5 1),
1<i<g2(n)
where X;(1,m),...,Ai(q1(n),n) are real numbers of the support of y; such that the uniform
distribution on the A;(k,n)’s (k = 1,...,¢q1(n)) converges weakly to p; and U(i,n), V(i,n),
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are independent respectively g1(n)xqi(n), g2(n)xgz2(n) uniform unitary random matrices. In
this case, the normalized trace of Y, cx((M(1,n) + M(2,n))(M(1,n)+ M(2,n))*)* is obviously
nonnegative.

The fact that the sequence of the ¢ (((a1 + az)(a; + ag)*)k> depends only on p1, pe and A

is a direct consequence of the fact that the D-distribution of an free with amalgamation over D
family depends only on the individual D-distributions (lemma [.g). O

Until the beginning of section f], we suppose A € (0,1]. Most of the remarks of the present
section concern alternative definitions of m,.

2.2. Another proof of the existence of ujm,us. Let pq, puo be two compactly supported
symmetric probability measures on the real line. We consider a (pi, p2)-probability space
(A, p1,p2, 91, p2) with p1/p2 = A. We also consider a1, as € p1Aps free with amalgamation
over D, such that for all i = 1,2, for all € N even, ¢;((a;a’)™?) is the r-th moment of ;. By
the GNS representation or by chapter IIT of [59§], we can suppose that A is a C*-algebra and
that
T11 Z12
: [ml xm] = pre1(zn) + paa(za2),

is a tracial state. So we see that there exists a unique symmetric probability measure pim, o
on the real line with support contained in the sum of the convex hulls of the supports of p; and
pi2, such that for all n even, the r-th moment of pym,ps is 1 ((a;af)/?). Indeed, the numbers
©1((a;a)"7?)’s are the even moments of the distribution of (a3 +az)(a1+az)*)?, as a self-adjoint
element of py Ap;.

2.3. Relations between = and m,.

2.3.1. Introduction. In all this section, we consider a (p1, p2)-probability space (A, p1, p2, ¥1, ¥2)
with p1,p2 > 0, and we are going to use the following observation: for all x € pi;Apo, the
symmetrization fi(,,.1 of the distribution of (zz*)'2 in (p1Ap1, ¢1) and the distribution jiz -
of z + z* in (A, ¢) are linked by the relation

(31) Hatar = 201 (zzy12 + (P2 — p1)d0.
Indeed, for all n € N,
(xx*)" 0

(@ +a2")™ = [ 0 ()

n:| and (.%' + 1'*)2n+1 == (:U*x)":v* 0

2.3.2. The case A = 1. When A = 1, the rectangular free convolution with ratio A is the well
known additive free convolution, defined in [VDN9]]|. There are three ways to prove this. All of
them, which are presented just bellow, use the fact that the symmetrization of the distribution
of the absolute value of the sum of two free R-diagonal elements is the free convolution of the
symmetrizations of the distributions of their absolute values (Proposition 3.5 of [HLOJ]).

(1) First, we can apply the previous corollary to sequences of square matrices. And we know
(Theorem 4.3.11 of [HAPOQ]) that independent bi-unitarily invariant square matrices are
asymptotically free R-diagonal elements.

(2) Also, one can prove this constructing A to be My(C)®B, where (B, ¢) is a C*-probability
space with two free R-diagonal elements aq, as, the absolute values of which have sym-
metrized distributions puq, pe. It is then easy to prove (in a similar way as Proposition 3.8
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of [NSS99)) that A; = [8 %1] , Ay = [8 %2] are free with amalgamation over D. p1m, jio

is the symmetrization of the distribution of ((A;+As)(A;+A43)*)'2 in (p1.Ap1, ¢1), which
is the symmetrization of the distribution of ((a1 4 az)(a1 + az)*)'? = |a; + as| in (B, ¢).
(3) With the same notations, one could also have concluded using the fact that

F((Ar+A2) (A1 +A2) )12
. . . . 0 a) +ag| .
in (p1Ap1, 1) is, by (BI), the distribution of o+ at 0 in (M3(C) ® B, tr @),
17T g

that is, as noticed in Remark 3.5 of [NSS9Y], the symmetrization of the distribution of
la; + az| (in (B, ¢)), that is pisus.

Remark 2.2. The trick explained in the third item in the previous list also works in the case
that X < 1. The construction obtained is not faraway from the one of section £.3. The price
on pays is that the resulting state on Ms(C) is not a trace, but what is known as a KMS state.
Using this kind of state would have allowed us to skip the main part of the proof of Proposition-
Definition .1, but the technical introduction could have been quite heavy for non specialists of
operator algebras.

2.3.3. Generalization for other values of A ? It is natural to ask if for other values of A, we can
still use the relation (BJ) to give a relation between @, and m. When A = 1, what precedes can
be summarized in the following way : for ai,as € p1Aps free with amalgamation over D, the
distribution of the self adjoint element of (A, ¢)

0 aj + as
aj + aj 0

is the free convolution of the distributions of
0 a 0 a2
[a,{ 0} and [a§ 0] .

Does this stay true for other values of A 7 It would mean that for all u, v compactly supported
symmetric probability measures on the real line, we have

(32) I(usav) = fx(w)sfr(v),

where f) is the function which maps a probability measure P on the real line to 2p1 P+ (p2—p1)do,
ie. to 20/(1+A)P+ (1 —X)/(1+ N)dg. Let us denote by (my(P)) the sequence of the moments
of a probability measure P on the real line. Looking at fourth moments, (B3) would imply that

)\Q—Ji\l(m4(ﬂ) + A + 2)ma(p)ma(v) + ma(v)) = A(m4(u) + &mQ(M)mQ(V) + my(v)),

A+1 A+1
which cannot be true for any p, v if A # 1.

However, we will see later that the free convolution with ratio 0 is also related to the free
convolution.

3. CUMULANTS

In this next section, we are going to study cumulants related to this convolution (and, more
generally to the freeness with amalgamation over D), like free cumulants in [F94]. We will
use them to define an analytic integral transform of symmetric probability measures which
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linearizes m,, and which will, as a consequence, allow us to compute rectangular free convolution
of symmetric probability measures.

In this section, the term algebra (resp. subalgebra) will refer to the notion of x-algebra (resp.
x-subalgebra). The theory of cumulants in a D-probability space (i.e. in an algebra endowed
with a conditional expectation on a subalgebra D) has been developed in [F9§] (for a short
abstract, see [NSS02]). In this section, we will begin by giving the main lines of this theory, and
then we will investigate the special case of (p1,. .., pq)-probability spaces.

3.1. General theory of cumulants in a D-probability space. In this section, we consider
an algebra A, a subalgebra D of A, and a conditional expectation E form A to D, i.e. a map E
such that

V(d,a,d) € D x A x D,E(dad") = dE(a)d'.

Let us begin with algebraic definitions. A D-bimodule is a vector space M over C on which
the algebra D acts on the right and on the left. The tensor product M ®p N of two D-bimodules
M, N is their tensor product as C-vector spaces, where for all (m,d,n) € M xDxN, (m.d)®n and
m® (d.n) are identified. M ®p N is endowed with a structure of D-bimodule by d;.(m®n).dy =
(d1.m) @ (n.d2). Therefore we can define, for n positive integer, A®?" = A @p -+ @p A.

—_——

n times
A partition 7 of a finite totally ordered set [ is said to be non-crossing if there is no i < j <

k < 1 € I such that i,k are connected by =, j,[ also, but not ¢,j. The following lemma can
easily be proved by induction over the cardinality of I.

Lemma 3.1. A partition © of a finite totally ordered set I is non-crossing if and only if © has
only one class or a class V' of 7 is an interval, and m —{V'} is a non crossing partition of [ —V .

Consider a sequence (f,)n>1 of maps, each f, being a D-bimodule morphism between A®?"
and D. For n positive integer and 7 € NC(n) (non-crossing partition of [n]), we define the
D-bimodule morphism f, between A®P" and D in the following way: if 7 = 1,, is the one-
block partition, fr = f,. In the other case, a block V of 7 is an interval [k,I]. If & = 1
(resp. 1 = n), then fr(a1 ® -+ ®an) = figr1(a1 @ -+ @ @) fr\qvy(ap1 ® -+ @ ap) (resp.
(e @ ®ag_1)firp1(ax ® -~ ® ap)). In the other case, one has 1 < k <1 < n. Then
fr(a1 ® -+ ®ay) is defined to be fr(y)(a1 @ @ap_1fipr1(ar @ Q@) @a1 @ @ ap)
or frpi(ar @ ®@ag—1® figr1(a @+ ®aj)aj11 @ @ ap), both are the same by definition
of Xp.

For example, if 7 = {{1,6,8},{2,5},{3,4},{7},{9}}, then

Jr(a1 @ -~ ®ag) = f3 (a1 f2 (a2 fa(as ® as) ® a5) @ ag f1(a7) ® ag) fi(ag).

Let us define, for all n > 1, the D-bimodule morphism E,, between A®?P™ and D which maps
a1 ®---®ay to E(ay ---ay). Then, one can define the sequence (c¢y)n>1 of maps, each ¢, being
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a D-bimodule morphism between A®?" and D,by one of the following equivalent formulae:

(33) ¥n,Vr € NC(n), Er = ) ¢,
o<m

(34) vn, En - Z Co
ceNC(n)

(35) Vn,Vm € NC(n), Cr = ZM(O‘,?T)EJ,
o<m

(36) Vn, cn = Z w(o,1,) Eg,
ceNC(n)

where p is the Mdbius function ([R64], [899)]) of the lattice NC(n) endowed with the refinement
order.

We recall Theorem 1 of [SSOT.

Theorem 3.2. A family (x;)icr of subsets of A is free with amalgamation over D if and only
if for all n > 2, for all non constant ¢ € I, for all ay € X;,,..-, an € Xi,, for alldy,...,d, € D,
one has cp(a1dy ® -+ @ apdy,) = 0.

For example, if a1, as are free with amalgamation over D, for all n > 2 even, one has

cn((a1 +a2) ® (a] +a3) ® (a1 +a2) ® -+ @ (a] +a3))
(37) = @®ai®a @ - ®al)+cep(a2®al@ay @ -+ @ aj).

3.2. The special case where D = Span(pi,p2). In this section, we consider a (p1,p2)-
rectangular probability space (A, p1,p2,¢1,92), with pi/p2 = A. We shall adopt the point
of view of operator-valued free probability: the linear span D of {p;,p2} is an algebra, which
can be identified to the the set of 2x2 complex diagonal matrices, and then to C? by

A 0
A1p1 + Agpo =~ [01 )\2] ~ (A1, A2),

and with this identification, the application E is then a conditional expectation from A to D.

Let us define, for all m, c%), c%) the linear forms on the complex vector space A®?™ defined

by

0 cg) (xgg)

Ve e A, cp(x) = [C%) (1) 0 ] )

By (B7), an analytic integral transform of a symmetric measure p with coefficients given by
cgln) (a®a*®---®a*), where a € p1.Aps is such that for all 7 even, o1 ((aa*)™/?) is the r-th moment

of p1, would linearize m,. Thus we have to give an explicit relation between the ¢y ((aa*)"?)’s
and the c,(ll)(a ®a* ® --- ® a*)’s. This relation is given by equation (B4), but we shall express
crla®a*®--- ®a*) as a function of c&l)(a ®a*®- - ®a*) and c@(a* ®Ra® -+ ®a), and give

a relation between c&l)(a ®a*®---®a*) and ) ("®a®- - ®a).

For a more exhaustive study of cumulants in (p1, ..., pg)-probability spaces, the reader can

refer to [B-GJ.
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Consider a € p1Aps. First of all, since a = piaps and p1ps = papr = 0, by definition of
the tensor product of D-bimodules, for all 1,...,e, € {.,*} such that there exists | € [n — 1],
€] = €141, we have

(@ ®---®a™) =0.
Moreover, since ¢, is a D-bimodule morphism with values in D and p;Dps = paDp1 = {0}, if
€n = €1, we also have

(@ ®--®a™) =0.
Thus, for 7 € NC(n), if

rla®a*®@---®a*) #0,

then all blocks of m have even cardinality and consist of an alternating sequence of even and odd
numbers. We denote by NC’(n) the set of such partitions. For example, {{1,4,5,6},{2,3}} €
NC’(6), whereas {{1},{2,3},{4,5,6}} ¢ NC’(n). Using lemma .1, we prove easily that in fact,
any non-crossing partition in which all blocks have even cardinality is in NC’(n).

At last, because ¢, is a D-bimodule morphism with values in D,

(38) a®ad @ - ®d) = MNewa @ - @a)p,
(39) (@ ®a®---®a) = P @a®- - @a)ps.
Thus for all 7 € NC’(n).
(40) cr(a®a*"®---®a*) = H c‘(‘l/)l(a®---®a*) H c‘(‘%)‘(a*®---®a).p1
Ver Ver
minV odd min V' even
(41) Cﬂ—(a*®a®"'®a) — H C\(\2/)|(a*®®a) H C‘(‘i)‘(a®...®a*).p2
Ver Ver
minV odd min V' even

Remark 3.3. Note that all we did here stays true if one replaces cr, ¢V, ... by Ex, 01, .. ..

Now, it remains only to give the relation between M (a®a*®---®a*) and 2 (¢*®a®---®a).

Lemma 3.4. For all n even, we have plcg)( ® a* ®---®a*):pgcg)(a*®a®---®a).

Proof. We are going to prove it by induction over n. Let us prove it for n = 2. We have
=E and c3(z ® y) = E(zy) — E(z) E(y), so the result is given by equation (f]). Assume now
the result to be proved to the ranks 2,4,...,n — 2. One has, by formulae (B4), (), ([]),

61(11)(a,®®a*) — Spl(aa*)
* (2)
Z H |V\ ®---®a*) H C|V|(*®”'®a)’
TeNC’(n) Vem Ver
minV odd min V even
Y
and
D@ @ 8a) = gala*-a)
%,_/
(1) *
Z [[ fee-og [[ quo ).
meNC’(n) Ver Ver
minV odd minV even

Y/
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Since p;, X = p;; X' (by formula (), it suffices to prove that
piyY = pily/'

To do that, it suffices to propose a bijective correspondence m — 7 from NC’(n) — {1,} to
NC’(n) — {1,,} such that for all m# € NC’(n) — {1, },

pio [ dvjae--@a’) T dj@e o0 =p [] ij@e e [] )@ -od).
Ver Ver Ver Ver
minV odd minV even minV odd minV even

by the induction hypothesis, the correspondence which maps 7 € NC’(n) — {1,,} to 7 defined by
kX1 < o(k) < o(l), where o is the cycle (12---n) of [n], is convenient. [
From (B4)), (i), and the previous lemma, we deduce:

Proposition 3.5. For a € p1.Aps, n positive integer,

(42) pr((aa”)”) = > AT gvi(a),

TENC’(2n) Ver
where for all v even, c.(a) denotes c&l)(a ® -+ ®a*), and for all 7, e(w) denotes the number of
blocks of m with even minimum.

3.3. The case A = 0, characterization of m,. In all this subsection, we suppose that A = 0,
ie. (p1,p2) = (0,1). In this case, by equation (), E is null on psApiAps, thus on pa.Ap;A.
It implies that E, is null on poAp; ®p A®P"~1. Hence, for any m € NC(n), E, is null on any
space of the type pi, Api, ®p pi, Api,@p... @ppi, , Api,, where the minimum k of a block of 7
is such that (ix_1,ix) = (2,1). By the formula (iii) of the definition of the cumulant functions
in subsection B.I], the function ¢, is null too on the previous subspace.

Consider n even and m € NC(n). For E; or ¢, to be nonzero on (p1.Aps @p paAp1)*P™2
has to belong to NC’(n) and no block of 7 has to have even minimum (i.e. e(m) has be 0). Let
us introduce the set NCq(n) of non-crossing partitions 7 of [n] such that for all £ even in [n],
k—1 X k. Note that NCq(n) is contained in the set of elements of NC’(n) in which no block has
even minimum. We claim that the inverse inclusion is true. Indeed, suppose the existence of
m € NC’(n)\NCq4q(n) in which no block has even minimum. Define k = min{k € [n]; k even and
k —1 % k}. k cannot be the minimum of its block in 7, and by minimality of k, its preceding
element j in this block has to be even. Then, as 7 is non-crossing, the set {j +1,..., k — 1} is a
union of classes of 7, but its cardinality is odd, which is in contradiction with = € NC’(n).

n/2

So by (B4), for all n even, for all family (@isbi)i=1,..ns2 Of (P1AP2 X p2Ap1)™/*, we have, for

all me NCq(n),

(pl,ﬂ(ahbla---aan/Qabn/‘Z): Z Cgl)(a1®b1®---®an/2®bn/2).
UGNCd(n)

o<

But NC4(n) is in correspondence with NC(n/2) by the order-preserving bijection d from
NC(n/2) onto NC4q(n), that maps any noncrossing partition 7 to the partition d(m) that links
to elements i, j of [n] if and only if the upper integer parts of i/2 and j/2 are linked by 7. With
this definition, the previous equation can be written: for all n even, for all family (a;, b;)i—1, . n/2
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of (p1Apa X pgApl)”/Q, we have, for all 7 NC(n/2),

(43) o1.r(a1b1, ... anpbyp) = Z MNaob oo anp @ by p).
ceNC(n)
o<d(w)

So, from the very definition of free cumulants in a noncommutative probability space (p. 621
of [S94] or definition 4.5 of [§99]), we deduce:

Proposition 3.6. For all n even, for all family (a;,b;)i=1,. n/2 of (p1.Ap2 x paAp1)"/2, csll)(al ®
b1 ®az @by ® -+ ® apy ® byo) is the free cumulant of the family of the n/2 noncommutative
random variables (aibi,..., @, 2by/2) i (P1.AP1, 1)

Remark 3.7. The previous proposition would have been pretty easy to prove using KMS states,
as explained in the remark [2.3. Again, the technical introduction could have been quite heavy for
non specialists of operator algebras.

Now we are able to give the link between the free convolution with null ratio m, and the free
convolution m:

Proposition 3.8. The free convolution with null ratio of two compactly supported symmetric
probability measures is the unique symmetric probability whose push-forward by the square func-
tion is the free convolution of the push-forwards by the square function of the two probabilities.

Proof. Denote, for v probability measure, m,(v) its n-th moment, and &, (v) its n-th free
cumulant. Recall ([894]) that free cumulants of probability measures are defined by the formula

(44) vn>1Lmaw)= > [[fm@

mENC(n) BEm

and that the free convolution of vi,15 compactly supported probability measures is the only
probability with free cumulants R, (v1) + R, (v2) (n > 1).

Consider two symmetric compactly supported probability measures pi,ps. Denote by vy, 19
their respective push-forwards by the square function. It suffices to prove that for all n even,
My (1B i2) = mn/Q(VlEEV2), i.e. that for all n even,

My (8o pi2) = Z H R |(11) + Ky (12))-
reNC(n/2) Ber
Consider free elements a1, as € p1Aps such that
Vi =1,2,Yn € N even, ¢1((a;a’)™?) = my ().
Then one has

malpsons) = o1 (a1 +a2)(af +a3))"/2)
= > I cim+ae - od+a) byeq [{@)

mENCqy(n) Bem

_c‘(;)‘ (a1®-- ®a1)+c‘B‘(a2®---) by eq. (@)

But for all ¢ = 1,2, for all m even, oS (a; ® -+ ® af) is the free cumulant of the family of m /2

variables (a;af, ..., a;af) in the noncommutative probability space (p1.Ap1, 1), i.e. the m/2-th
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free cumulant of v;. So
mp(meep) = > [R5 (1) + Kip (1) = myp(viavs),
7TeNC(n/2) BeEm
which proves the result. [

3.4. Generating series of the cumulants of an element of p;Aps. From now on, we
suppose that A > 0. Now, we will derive from () a formula which links generating series of the

sequence ¢1((aa*)™) and cgz) (a®---®a*). Note that such a formula could be derived from the
very general Theorem 2.2.3 of [S9§], but the work needed to translate this result to our context
is almost as long as this section.

Lemma 3.9. Consider a sequence (can)nen+ of complex numbers. Define the sequence (mgi))neN
by mge) =1 and for each n € N*,
SR P
TeNC’(2n) Ben
Define the formal power series

CX) = X", MOX) =3 mi)x"

n>1 n>1

Then we have C (X()\M(e) (X) + 1) (MO (X) + 1)) = M@ (X).

Proof. Step I. Define, for n positive integer and 7 € NC’(2n), o(m) to be the number of
blocks of m with odd minimum. Then we have

)\m(e) Z Ao(m) H c|B|-
7eNC(2n) Ben
Indeed, if ¢ denotes the cycle
C2n—2n—-1—---—2-1)
of [2n], then ¢ induces a permutation of NC’(2n) by
C:meNC(2n) — C(r) :={c(B); B € w}.

For example, for m = {{1,4,5,6},{2,3}}, C(m) = {{3,4,5,6},{1,2}}. For m € NC’(2n), for B
block of 7, min ¢(B) is (min B)—1 if min B > 1, and the second element of B minus 1 in the other
case. Note that in the first case, min B and min ¢(B) have different parities, and in the second
one, they have the same parities, by definition of NC’(2n). Hence we have o(C(w)) = e(m) + 1.
Thus

my) = 33 X [Tag= > XD J[ep= 3 ¥ [[an

TeNC’(2n) Ben TENC’(2n) Berm TENC’(2n) Ber

Step II. Thus we have to prove that C <X(M(O) (X) 4+ 1M (X) + 1)) = M) (X), where
MO(X) =¥,y m$) X" and m§)) = >~ 20 T ¢.

TENC’(2n) Ben
Define, for each positive n and each j € [n], the “decomposition map” Dj, from the set of
partitions of NC’(2n) in which the class of 1 has cardinality 25 to U NC’(2[1) x -+ x
S\

lit+Floj=n—j
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NC’(2ly;) (the set NC’(0) is considered as a singleton, on which e and o have value 0), which
maps m € NC'(n) to (m1,...,ma;) defined in the following way: denote by {1 = k; < ... < ky;}
the class of 1 in 7, and for each r, let 7, be the restriction of 7 to the interval |k, k,1[, with
kojr1 = 2n 4 1. It is easy to see that the map D; is well defined (recall that for all r, k, and
k.11 have opposite parity), and that it is a bijection. Moreover, we have

e(r) = o(m)+e(m)+ -+ o(my—1) + e(may),
o(m) = 14e(m)+o(m)+ - +e(myj_1)+ o(m;).
We denote by (X™)P the coefficient of X™ in a formal power series P in X. Let us show that
for each n > 1,
(Xme (X(M<0> (X) + 1)(MOX) + 1)) = m{.
We have
(X™MC (X(MEO(X) +1)(M©(X) +1))

- > ey (X7) (X (MO(X) + 1) (MO (X) + 1))
- ey (X"7) (MO (X) + 1/ (M () + 1))

_ , (o), (€) (0) (e)
= C2; E Mgy Mgy ** Mgy, My,
Jj=1 1eN2J
lit+Floj=n—j

n

Y ¥ e ]

=1 1eN2J meNC’(2l1) r=1 Be&m,
l1+-+loj=n—j

<

ﬂngN(.j’(ﬂgj)

The preliminaries about the bijections D; tell us that

(Xme (X(M<0>(X)+1)(M<6>(X)+1)) = Y X
TeENC’(2n) Ber
_ @
- 2n°

0

Let us introduce two power series that will play a role in the computation of the generating
series of the cumulants:
TX) = A X+1)(X+1),
UXx) = (r-n<
(_1)n—1)\n—1 (2n)

n

2 2\ + )21 (2n — 1)

n

n>1
, , , A1 [ 1)2+4n2]
If A =0 then U(z) = z, in the other case U(z) is the power expansion of + ;A) 4] ,
where z — z1/2 is the analytic version of the square root on the complement of the real non

positive half line such that 1/2 = 1.
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Theorem 3.10. Consider a € p1Aps, and denote for each n € N*, may,(a) = ¢1((aa*)™) and
conla) = c&)(a ® -+ ®a*). Define the formal power series M(X) = 3 < man(a)X" and
C(X) =251 c2m(a)X". Then

c=ve <(Xx(T o)jm)<—1> - 1) '

Proof. By proposition B.H and the previous lemma,
Co(Xx(ToM)) = M.

So
ToCo(Xx(ToM)) = ToM,
Lo xuwomy) = <.
X (X (ToM)) = X
Tog Xx(ToM)) = X,
X _ <—1>
TOC - (XX(TOM)) ?
ToC = X —=>
(Xx(T o M)~
C = Uo( X — 1)
(Xx(ToM))<™>
O

4. THE RECTANGULAR R-TRANSFORM

4.1. The case of compactly supported symmetric measures. Consider a symmetric com-
pactly supported probability measure u. For n > 0, denote by my, () its n-th moment and by
con(p) the number CSB (a® - - ®a*) with a € pyAps, where A is a (p1, p2)-probability space,

such that for all k > 1, @1 ((aa*)¥) = max(a).

Recall that the generating series of the moments M,(X) = > -, ma,(p)X™ and of the
cumulants C,(X) =3~ < c2, (1) X™ of a symmetric measure p are linked by the relation

X
() o=V (o )

Since the formal power series C), linearizes the convolution =, on the set of compactly sup-
ported symmetric probability measures (by equation (B7)), we will define an analytic integral
transform on the set of symmetric probability measures whose power expansion is C},(z) when
u has compact support.

For any symmetric probability measure y on the real line, we define the Cauchy transform
G, of p on the upper half plane by
dp(t)
Gulz) = /t

R Z—t
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When p has compact support, the power expansion of the Cauchy transform is

1

Gu(z) = Zmzn(ﬂ)m-
n>0
So, when z € C\[0, +00) is small enough,
1 1
My(2) = =Gu(—=) = 1,

vz Mz
where we denote by .,/ the analytic version of the square root on the complement of the real

nonnegative half line in the complex plane such that «/—1 = 1.
So, for such a z,

(46) 2T o M,(2) = AG, <%>2 + (1= AVEG, <%> .

For any symmetric probability measure u, we define the rectangular Cauchy transform with

2
ratio A of pu on the complement of the real nonnegative half line to be H,(2) = AG,, <ﬁ> +

(1= V26, (&)

When g is compactly supported, from the power expansion of the Cauchy transform G, we
know that H,, is analytic in a neighborhood of zero, that H,(0) = 0, and that H,,(0) = 1.

So we can invert the function H, in a neighborhood of zero, and the inverse function H, I has

a power series expansion that is, by equation (), the expansion of (X x (T o Mﬂ))<_1>. Note

that H+(z) — 1 is analytic in a neighborhood of zero, with value zero in zero.
w

A1+ (D)2 +arz]

Let us define the analytic function on a neighborhood of zero U(z) =

22
(when A = 0, U(z) = z), where z — 2!/2 is the analytic version of the square root on the
complement of the real non positive half line such that 1%/2 = 1. Its power expansion is

(_1)n71>\n71 (2:)

> o>t Wz". So by equation ([j), the analytic power expansion of

ZHU(&;QY4>

is C\(2).

4.2. Technical preliminaries. Note that when A is a tight set of symmetric probability mea-
sures on the real line, for every 0 < 6 < 7/2, we have

1 1
l. — — ) =
lim ZG“(Z) 1,
‘argz—%‘<0

uniformly in u € A.
Indeed, if € > 0, if M is such that lsgsgg,u([—M, M]°) < e/2, if z is such that |argz — 5| < 0,
o

CO:




40 FLORENT BENAYCH-GEORGES

=]

and LLM < £/2, then for each p € A, we have
u
dp(u)
u

%Gu(é)_l' - ‘/l_
M-, M) +

< -
R M cos 6

m_

< e

p([=M, M%)

Proposition 4.1. Let A be a set of symmetric probability measures on the real line. Then the
following assertions are equivalent

(i) A is tight,
(i) for every 0 < 6 <, llin 1H,(2) = 1 uniformly in p € A,
|arg z—7| <6
(iii)  lim 2H,(z) =1 uniformly in p € A.

z—0

z€(—00,0)

Proof. (i) = (ii) follows from what precedes, (ii) = (i) is clear. Suppose (ii7). Consider
e > 0. Take n > 0 such that Vu € [0,1],|Au? + (1 = Nu—1] < n = |u—1] < g/2. Take
z € (—00,0) such that for all p € A, |21H,(z) — 1| <n. Put /z = iy. Then

1 1
Yu € A, ’@Gu(_) -1l <e/2.

Y
Jy AH du(t)
t2y2 1
Let M be such that Vt > M, ZRTT > 5. Then
242

e A b <2

O

Define, for a € (0,7), 3 > 0, A, g to be the set of complex numbers z such that |arg z—7| < «
and |z| < (.

Let H be the set of functions f which are analytic in a domain Dy such that for all « € (0,7),
there exists 3 positive such that

Aaﬂ - Df.
A family (fy)qea of functions of H is said to be wuniform if for all a € (0,7), there exists [
positive such that
Vae€ A, A.p CDy,.

The following theorem has already been used, in other forms, to define Voiculescu’s R- and
S-transforms (see paragraph 5 of [BV93]). Its proof relies on Rouché theorem.

Theorem 4.2. Let (Hy)aca be a uniform family of functions of H such that for every o € (0,7),
H,(z)

lim
z—0
|arg z—m|<a

= 1 uniformly in a € A.
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Then there exists a uniform family (Fy)aca of functions of H such that for every a € (0,7),
Fu(2)

lim =1 uniformly in a € A,

z—0
| arg z—m|<a
and there exists B positive such that

Vac A, HyoF,=F,0H,=1;0nA,pg.
Moreover, the family (Fy)aea is unique in the following sense: if a family (Fy)aca of functions
of H satisfies the same conditions, then for all o € (0,7), there exists 3 positive such that
Vae€ A, F,=F, on Aq g

4.3. Definition of the rectangular R-transform. For every symmetric probability measure
on the real line y, let us define the rectangular R-transform R, with ratio A of p by

Culz) =U (H,;Zl(z) - 1) ,

where H,, 1'is defined by the previous theorem and the function U is the one defined at the end
of section [L.1.

One can summarize the different steps of the construction of the rectangular R-transform
with ratio A in the following chain

1\2 1
1 — G — H (z):)\G (—) +(1—)\)\/EG (—) —
sym. prob. Caughy g g \/z K \/E
measure transf.
Cu(z)=U (L - 1>
T\ HL (2) '

rect. R-transf. with ratio A

4.4. The special cases A =0 and A = 1. Note that the rectangular R-transform with ratio 1
(resp. 0), for a symmetric distribution y, is linked to the Voiculescu transform ¢, of p by the
relation C),(2) = /2, (1/\/z) (resp. C,,(2) = 2p,(1/2), where p is the push-forward of ;1 by the
function t — t2) (see paragraph 5 of [BV9]] for the construction of the Voiculescu transform).

4.5. Remark about the characterization of R-transforms. The definition of the rectan-
gular R-transform of a probability measure p presents many analogies with the definition of its
Voiculescu transform ¢,, (see [BV9J]). So it seems natural to state, as the authors of [BV9d]
did for the Voiculescu transform (Proposition 5.6), a characterization of the functions that are
the rectangular R-transform of a symmetric probability measure. The characterization of the
Voiculescu transform is based on the fact that for every probability measure pu, the inverse of
z + ¢, (2) extends to a Pick function (i.e. an analytic function defined on the upper half plane,
whose imaginary part does not take negative values), and on the fact that any Pick function
equivalent to z at infinity is of the type 1/G),, so its inverse is z + ¢, (2). But unless A = 0
or 1, Pick functions do not appear in an analogous place in the definition of the rectangular
R-transform, so we cannot proceed similarly to characterize rectangular R-transforms.

Furthermore, the Lévy Kinchine formula for =, (see [B-GIJ|), compared with theorem 5.10
of [BV93]) will state that when p is m,-infinitely divisible, there exists a unique symmetric
m-infinitely divisible distribution v such that C,(z) = /z¢,(1/y/z). So the question of the
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characterization of rectangular R-transforms joins another question: can we extend the corre-
spondence 1 < v to a bijective correspondence in the set of symmetric distributions such that
Cu(z) = Vz¢,(1/y/z). The analytic functions f on A, g of the type f(z) = V/z¢,(1/y/2), with

v symmetric probability measure, are characterized by:

(i) /() = T,
(i) Tim (=) = 0,

—V/Zk

iii) for all n and all z1, ..., z,, the matrix |=— is positive.
) ) p

VAU )V ED |

&

~—

But nothing allows us to claim that the rectangular R-transform of any symmetric distribution
satisfies (iii), and that every function that satisfies (i), (ii), and (iii) is the rectangular R-
transform of a symmetric distribution.

4.6. Properties of the rectangular R-transform.

Theorem 4.3 (Injectivity of the rectangular R-transform). If the rectangular R-transforms with
ratio X of two symmetric probability measures coincide on a neighborhood of 0 in (—o0,0), then
the measures are equal.

Proof. If the rectangular R-transforms with ratio A of two symmetric probability measures
i, v coincide on a neighborhood of 0 in (—o0,0), then by uniqueness of analytic continuation,
they coincide on a A, g, and so H, = H, on this set, and 2zH,(2) = zH,(z) on this set. So
there exists M > 0 such that for all y > M,

A(iy2G ,(iy))? + (1 — N)iyGy(iy) = A(iy2G, (iy))? + (1 — N)iyG,, (iy).
But if p is a symmetric probability measure, iyG,(iy) = [,.p y;’%dp(t) € (0,1]. So, by injec-
tivity of u — Au? + (1 — A)u on (0,1], G, (iy) = G, (iy) for y > 1, and then, by analycity of the
Cauchy transform, G, = G,, and by injectivity of the Cauchy transform (see [A6I] or section

The following remark gives a practical way to derive any symmetric probability measure on
the real line p from C),.

Remark 4.4 (How to compute p when we know C,, 7). First, we have z/H;l(z) =T(Cu(z)),

for z € C\R™ small enough. From this, we can compute H,(z) for = € C\R" small enough.
Then we can use the equation, for z € C\R™,

L= (e (L)) v a-nte, (L
T\ VE M\ VR Ve P\Vz)
Moreover, when z € C\R™" is small enough, 1/+/z is large and in C~, so %GM (%) 1s closed

to 1. %Hu(z) is also closed to 1, and for h,g complex numbers closed to 1,

A—1+((A=1)%+4r2)2

h=X?+(1=Ngeg=V(h), withV(z) = 0

=U(z—1)+1.

So one has, for z € C\RT small enough,

o () (%)

The following lemma is an easy consequence of proposition [I.]] and theorem [L.3.
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Lemma 4.5 (Tightness and rectangular R-transform). Let A be a set of symmetric probability
measures. Then we have equivalence between

(i) A is tight,
(ii) for any 0 < a <, lin%] C(z) = 0 uniformly in p € A,
|argi’j7r|<oz

(iii) lir% R, (z) = 0 uniformly in p € A.
z€(—00,0)

Theorem 4.6 (Paul Lévy’s theorem for rectangular R-transform). Let (i) be a sequence of
symmetric probability measures. Then we have equivalence between:

(i) (un) converges weakly to a symmetric probability measure;
(i) there exists o, 3 such that
(a) lir% Cy, (2) = 0 uniformly in n,
\argzz_:WKa
(b) the sequence (Cy,,) converges uniformly on every compact set of Aq g;
(iii) (a) lin%] C,, (x) = 0 uniformly in n,
xez(vjoo,O)
b) there exists B > 0 such that the sequence (C), ) converges pointwise on |—f,0).
Hn

Moreover, in this case, denoting by p the weak limit of (uy), for every «, there exists [ such
that the sequence (Cy,) converges uniformly to C,, on every compact set of A, g.

Proof. (i) = (éi): suppose that (u,) converges weakly to p. Then by the previous lemma,
we have (a) of (i7). So there exists 8 > 0 such that on A, g, for all n, |C,,| < 1. So, by
Montel’s theorem, it suffices to show that the only possible limit, for uniform convergence on
every compact, of any subsequence of (C,, ) is Cy. Let C be an analytic function on A, g such
that a subsequence (Cukn) of (C,,) converges uniformly to C' on every compact of A, 3. We
know (see [[AG]] or section 3.1 of [HPOQ]) that the sequence (G,,,) converges uniformly on every
compact of the upper half plane to G,. So the sequence (H,,,) converges uniformly on every
compact of the complement of [0, +00) to H,. Since il_)I%C(Z) =0, to prove C' = Cy, it suffices

to prove that
AMC+1)(C+1) = (AC,+1)(Cp+1).
But (AC,(2) +1) (Cu(z) +1) =

So it suffices to prove that

z -1

(AC(2) +1)(C(z)+1)

so by theorem [£.9, it suffices to prove that

Hi ((AC(z) e 1)) -
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We have
‘Hu [()\C(z)+1§(0(z)+1)} -z
= H, | pemrioerm)| - How [(Ac% 1) (o (z)ﬂ)] ‘
< H, [ z ] _H, z
(ANC(2)+1)(C(2)+1) ()\Cukn (z) + 1) (Cukn (z) + 1)
(1)
+|H i _H i
"LACu, () +1) (Cp, () +1) | 7 | (ACpy, (2) +1) (Cy,, (2) + 1)

/

2)

By continuity of H,, (1) tends to zero when n tends to infinity, and, since H,, converges

uniformly to H,, on every compact, (2) tends to zero. So H, (()\C(z)+1z)(0(z)+1)) = z.

(79) = (417) is clear.

(¢it) = (i): suppose (iii). Then by (i) = (i7), every limit of a subsequence of (u,) has a
rectangular R-transform equal to the pointwise limit of (C),,) on [3,0). By uniqueness of analytic
continuation, all the limits of subsequences of (u,) have the same rectangular R-transform, so,
by injectivity of this transform (previous theorem), there cannot be more than one limit of

subsequence of (). As by (a) of (iii), the set {u,; n € N} is tight, (u,) converges weakly to
a symmetric probability measure. [

4.7. Rectangular R-transform and rectangular free convolution. Recall the definition of
the binary operation =, on the set of compactly supported symmetric probability measures : let
1, v be two compactly supported symmetric probability measures. Let a,b be two free elements
in p1Ape with (A, p1,p2, ¢1,92) (p1, p2)-probability space such that A = p;/p2 and such that for
all n € N, map, (1) = ¢ ((aa*)") and mo,(v) = ¢ ((bb*)"). Then there exists a unique compactly
supported probability measure pm,v, that depends only on g and v such that for all n € N,
man (us,v) = ¢ (((a+ b)(a + b)*)"). By equation (B7), we know that

(47) C,uEE/\z/ = C;L + Cl/a

as a formal power series. But, by section [.1], we know that this formal series are the expansion
of the analytic functions with the same name. So ({7) holds also for analytic functions.

Let us extend the binary operation m, to a binary operation on the set of symmetric probability
measures on the real line, that will be commutative, associative, and continuous with respect
to the weak convergence. Let p, v be symmetric probability measures. If (u,) (resp. (vy,)) is
a sequence of compactly supported symmetric probability measures that converges weakly to u
(resp. v), then by theorem [L. and equation (7) the sequence (u,®,v,,) converges to a measure
whose rectangular R-transform is C,, + C,, (so this measure does not depend on the choice of
the sequences (uy,) and (,) and is equal to us,v when p and v are compactly supported). This
measure will be called the rectangular R-transform with ratio A of u and v, and denoted by um,v.
Note that the equation ([I7) stays true for all symmetric probability measures p and v. Moreover,
this equation shows that m, is a commutative, associative, and continuous binary operation on
the set of symmetric probability measures. All this facts are collected in the following theorem.
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Theorem 4.7. The binary operation m, defined on the set of compactly supported symmetric
probability measures in section [§, extends in a unique way to a commutative, associative, and
continuous binary operation on the set of symmetric probability measures on the real line. This
operation is called the rectangular free convolution with ratio A. Moreover, for all pu,v symmetric
probability measures one has

(48) C,uEE,\z/ = C;L + Cy.

Note that the continuity of &, is with respect to the weak convergence: for any u, v symmetric
probability measures and any sequences (i), (V) of symmetric probability measures which
converge weakly respectively to pu, v, the sequence (u,s,\vy,) converges weakly to pm,v.

Now we can extend the proposition R.] to the case where ji1, i3 are not compactly supported:
Theorem 4.8. Consider sequences qi1(n),qz2(n) such that
q1(n) < ga(n),  qi(n) — +oo, qi(n)/g2(n) — A €[0,1].
n—oo n—oo

Let, for alln, A,, By, be independent q1(n)xqa(n) random matrices, one of them being bi-unitarily
invariant, such that the symmetrizations of the singular laws of Ay, By, converge in probability
to probability measures p,v. Then the symmetrization of the singular law of A, + B, converges
in probability to pm,v.

To prove the theorem, we will need the following lemma, for which we need to introduce
an extended functional calculus. When F' is a real Borel function on the real line, for any
q1(n)xg2(n) matrix C, we define F/(C) to be the matrix

U5} F(hi))1<i<qi(m) V-
1<j<qz2(n)
where hq,...,h
such that

qi(n) = 0, and U,V are respectively q1(n)xqi(n), g2(n)xga(n) unitary matrices
c= U[éi hi] 1<i<q1(n) V.
1<j<gz2(n)
Note that (F'+ G)(C) = F(C) + G(C) and F(C)G(C)* = 0 when F'G = 0. For any probability
measure o, we will denote by F(o) (for example o2, 612, |o|...) the push-forward of o by F, that
is the distribution of the random variable F'(X), when X is a random variable with distribution
o. We denote by pp the spectral measure of an hermitian matrix H. Recall that we denote
by & the symmetrization of any probability measure o. For example, the symmetrization of the
singular law of a rectangular matrix A will be denoted by fi 4.

Lemma 4.9. Let (Cy) be a sequence of q1(n)xqa(n) random matrices such that fijc,,| converges in
probability to a probability measure o. Then, for any odd real function F continuous at o-almost
every point of R and such that F(RT) C R, [ F(c,)| converges in probability to F(o).

Proof. F(o) is symmetric, the symmetrization is a continuous operation, so it suffices to
prove that pr(c,) converges in probability to [F(o)| = F(|o|). But upc,) = F(kic,))s #ic
converges in probability to |o|, and o — F'(o) on the set of probability measures on the real line
is weakly continuous at |o| because F' is continuous at |o|-almost every point of the real line

(Beg)). O

Proof of the theorem. First of all, for U,, V,, independent ¢;(n)xqi(n), g2(n)xgz2(n) uni-
form random unitary matrices which are independent from {A,, B,}, the random matrices
Un AV, U, B, V,, are independent (it is a property of the Haar measure on compact groups),
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have the same singular values as respectively A,, B,, both of them are bi-unitarily invariant
and the singular values of U, A, V,, + U, B, V,, = U, (A, + B,)V,, are the same ones as the ones
of A, + B,,. Hence one can suppose that both A,, B, are bi-unitarily invariant.

The function that maps a probability measure ¢ on RT to the symmetrization o1/ of its
push-forward by  — z'/2 is continuous. So it suffices to prove that the push-forward of the
spectral law of |A, + B,| by z — 22, i.e. the spectral law of M, := (A, + B,)(A, + B,)*
converges in probability to (um,v)?2.

We can define a distance on the set of probability measures on the real line with the Cauchy
transform by

(01,02) = sup |Go, (2) — Goy (2)] -

Sz>1
This distance defines the topology of weak convergence ([A6]], [PL0J]). The Cauchy transform
of the spectral distribution of an hermitian matrix M is the normalized trace of its resolvant
R.(M) = (z— M)~L. So the spectral distribution of a sequence (X,,) of ¢1(n)xqi(n) hermitian
random matrices converges in probability to a probability measure ¢ on the real line if and only
if for each € > 0, the probability of the event

{ sup [trR, (X,,) — G, (2)| > 6}
Jz>1

tends to zero as m tends to infinity.
Choose € > 0. We will show that

P {;3;1 tr (%Z(Mn)> — G(MEE)\VP(Z) ’ > 5} "0,

where P designs the probability measure of the probability space where the random matrices
are defined. Let us define, for ¢ > 0, the function F} on the real line by

i <
Fore T 1f]x'\_t,
0 elseifl.

For every probability measure o, Fi(o) converges weakly to o when ¢ tends to infinity, so, by
continuity of ®,, there exists ¢ € (0,400) such that ¢t and —t are not atoms of the measures p
and v, and such that

g
(49) SUP | Gru e w2 (2) Clampp(2)] < 3.
93
(50) p(R=[—t—Lt+ 1) +w(R—[-t—1t+1]) < =
We will now use the notations F; = F, G(z) = x — F(z) and My, = (F(Ay) + F(By))(F(A4,) +
F(B,))*.

Using triangular inequality and (i), we have

p { sup | tr (mz(Mn)> = Gz, v)2(2) ‘ > 6}

Jz>1

< P { sup | tr [mz(Mn) - i)ﬁ{z(]wn,t)} ‘ > %}

Jz>1

(51) + P { sup | tr R (Mnt) — G(r(uym, F(v))2 (?) ‘ > %}

Jz>1
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To treat the first term of the right hand side of (1)), recall that for any q;(n)x g (n) matrix T,
[tr T'| < ﬁHTH rgT. The operator norm ||R,(M,) — R.(My+)|| is not less than 2, because
Sz > 1. Moreover, due to the equation

9ﬁ{z(]\4n) - 9ﬁ{z(]\4n,t) = _%Z(Mn)(Mn - Mn,t)mz(Mn,t)a
the rank is not more than the one of M,, — M,, ;. One has (omitting the indices n in A,, By)
M, — M, = G(A)G(A)" + G(B)G(B)* + G(A)B* + F(A)G(B)" + G(B)A* + F(B)G(A)",
so its rank is not more that 3rg G(4,) + 3rg G(B,,). Hence
P { sup |tr [R;(My,) — R, (M 1)]| > %}

Jz>1

< P{gptectn) +eow) > 5}

= P{pa,(R—[-t,t]) + up,(R— [-t,4]) > &},

which tends to zero when n goes to infinity, by (pd). On the other side, the second term of
right hand side of (B1]) goes to zero when n goes to infinity by definition (Proposition-Definition
R.1)) of the rectangular convolution of compactly supported symmetric probability measures (we
didn’t suppose that qi(n) + g2(n) = n, but as we said in the second paragraph of section [L.3,
this hypothesis is made to simplify the notations, but is not really necessary in results like
Proposition-Definition R.1) and by the previous lemma. So

n—oo 3221

lim P { sup | tr (%Z(Mn)> = Gum,)2(2) ‘ > 8} =0,

and the result is proved. [

5. EXAMPLES

In this section, we give examples of symmetric probability measures rectangular R-transforms
of which can be computed, and examples of computations of rectangular free convolutions.

The case where A\ = 1 (see section [.4), where the rectangular R-transform and the rectangular
free convolution are essentially the Voiculescu transform and the free convolution defined by
Voiculescu and Bercovici, doesn’t present any new interest (one can find the little number of
examples known in, e.g., [HP00]), so we will suppose that A € [0,1). Unfortunately, for A € (0, 1),
few computations can be done, still less than for the well known case A = 1.

Before giving the examples, let us explain the way we found most of them and the way we
will present them. It is proved, in [B-G1f|, that for every A € [0, 1], there exists a bijection Ay
between the set of classical symmetric infinitely divisible distributions and the set of probability
measures which are infinitely divisible with respect to m,, and that this bijection is a pretty
deep correspondence, since it is an homeomorphism with respect to the weak convergence, a
morphism (i.e. Ax(p*v) = Ax(u)s,Ax(v)) and it preserves limit theorems (i.e. for all v,
sequence of symmetric probability measures, for all x4 symmetric classical infinitely divisible
distribution, v converges weakly to p if and only if A" converges weakly to Ay(u)). Note
that the last property is not a consequence of the two first ones, since one doesn’t apply Ay to
Uy, which is by the way not supposed to be infinitely divisible. In the following, we shall mostly
consider m,- infinitely divisible laws, and present them as the analogues of their pre-images by
the bijection Ay, called the Bercovici-Pata bijection with ratio .
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5.1. The case where \ € (0,1).
5.1.1. Symmetrized Dirac mass. a) Dirac mass at zero. The Dirac mass at zero has 0 for
rectangular R-transform and its rectangular free convolution with any law is the law itself.

b) Computation of the rectangular R-transform of (6_.+9.)/2. Now, let us fix a > 0 to compute
the rectangular R-transform of

wi=(0_c+0.)/2 forc= az.

We have

1 1 1 z
G,(z) == + >: .
w(2) 2<z+a% z—a2 #—a

Gu1/va) = L
Az z2(1l —az A —1Daz2 + 2
Hu(Z):m‘{'(l_)‘)(i_az)g = ( (1_)(12)2_'_

Hence for z,y € C\R™ in a neighborhood of zero, the equation H,(y) = z is equivalent to
(A —Day® +y =z — 2azxy + a*xy?
y*(a®z 4+ (1 — Na) — y(1 + 2azx) + z = 0.
Since y = H " 1(gc) must tend to zero as x tends to zero, one has

14 2az — (14 4)\ax)%

Hl(z)=y =
w (@) =y 2(a?2x 4+ (1 —Na) ~’
T 2a2x2+2(1—)\)ax—1—2a:v+(1—i—4)\ax)%
Hy' (z) 1+ 2ax — (1+4)\ax)%

2a2% — 2 ax — 1+ (1 + 4)\0,1')%
1+ 2azx — (1+ 4)\&56)%

~ (2a%2® —2xaz — 14+ (1 + 4)\aaz)%)(1 + 2ax + (1 + 4)\aaz)%)
1+ 4ax + 4a?2? — 1 — 4)hax
(24222 — 2\ax)2az + 4 ax + (20222 — 2hax)((1 + 4)\ax)% +1) + 2az((1 + 4)\ax)% -1)
daz(ax +1—N)

~ 2a%2? — 2 ax + 2X + (az — N)((1 + 4)\&56)% +1)+(1+ 4)\aaz)% -1

2z +1—X)
B (a:v+1—)\)(1—|—4)\ax)% +ar — X — 142\ + 2a%2? — 2)\ax
2(ax +1—= M)
~ (az+1-X2)((1 +4)\aaz)% — 1+ 2ax)
2(ax +1—= M)
¢! +4)\ax)% — 1+ 2az
2

Note that

(A+1)% 44 <H$—

1 1 2
5 1> = A2 420+ 1+ 2M(1+4hax)? — 2\ +4hax = <A+(1+4)\aaz)§) ,
1 X
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hence

1
—/\—1+[(/\+1)2+4A<Hj§(m)—1)}2 ) 1
— [ —_ 5
Culx) = o\ = [(1 +4Xaz)2 — 1
¢) Computation of [(-1 4 61)/2]m\[(6—1 +61)/2]. It could be interesting, for ¢,d > 0 to compute

7= [(6_c+0¢)/2]m\[(0_a+64)/2]. By (B]), we have, for z € C\R™ in the neighborhood of zero,
Cr(2) = Clo-c0)/2)(2) + Cls_a+5)/2)(2):
By remark [£.4, in order to obtain the explicit computation of the probability measure 7 from

its rectangular R-transform C,, one needs to invert the function H-', which one can compute
by the formula z/H () = T(C,(z)). But if one denotes ¢* = a,d?> = b, one has

2\
H;l(z) = I 1Z 1 1
14+ 2 a+b)z+ (14+4Xaz)2 (1 +4Xbz)2 + (A — 1)((1 + 4haz)z + (1 + 4 b2)2)

and unless a = b, we didn’t manage to invert this function.

)

However, for a = b, the computation can be done. The following remark allows us to restrict
our computations to the case a = b= 1.

Remark 5.1. Let us denote, For v probability measure on the real line, let us denote by D.(v)
the push-forward of v by x — cx. Clearly, by theorem [[.8, for any pair v1,vs of probability
measures,

DC(I/lEE)\VQ) = Dc(Vl)EE)\DC(VQ).

Proposition 5.2. The rectangular free convolution with ratio A
0_1+01 0_1+01

T = N
2

2
has support
2+ K)2, =2 - r) U2 - k)2, 2+ k)Y,
with K = 2(\(2 — )\))1/2 € (0,2), and it admits a density with formula
[k* — (z
m\|z|(4 — 22)

2 _ 2)2] 1/2

on its support.

Proof. By what precedes, for y € C\R™ in the neighborhood of zero, if one denotes (1 —|—4)\y)%
by w, one has

_ Ay w? —1)/4
— TR
T+ + A=D1 +4ry)z w+A-Dw
Hence for x € C\R™ in the neighborhood of zero, if one denotes H,(x) by y and (1 + 4)\y)% by
w, one has H-1(y) = z, i.e. w? — 1 = 4xw? + 4z(\ — 1)w, i.e., since w tends to 1 as = tends to
Z€ro,

w— 20(A— 1) + [1 — o + 4(A — 1)227] 3],

1 -4z
hence

() — —4x — 2x2%2
R

822 (A—1)2+ 1 —da + dz(A — 1)[1 — 4z + 4(A — 1)22%)3]?
B (1 — 4x)2 ’
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Dy 8z(A =12+ 4 — 16z +4a(A = 1)[1 — dz + 4(\ — 1)%?)7]?
r (1 — 4x)2 '
Hence an easy computation leads to

_ _ 1\2,.21% 2
()\_1)2+4)\_yz<)\ 1421 — 4z +4() 1);5]2) |
T 1—4x

Hence by remark [I.4, for 2 € C\R™ in the neighborhood of zero,

hence

1 1 A— 14201 —4/(1/v2)? + 4\ — 1)2/(1//2)4]2
Gr|l—=)=z7T | A1+ T

Vz) L 1—4—1
so for z € iR~ large enough,

vz (1/vz)*
1 )\_1+)\—1+2[1—4/22+4()\—1)2/z4]%
C2\2 1—4/22

G, (z)

(4—22)(A—1) — 22(A— 1) — 222[1 — 4/22 + 4(A — 1)2/24]2
20z(4 — 22)

(222 —4)(A — 1) + 2[4 — 422 + 4\ — 1))z 22N —1) +2[(22 - 2)2 - £
2X0z(22 — 4) B 20z(2% —4)
so by analytic continuation, for any z € C—,
(4 —222)(A = 1) +2s(2)
2\z(4 — 22)
where s(z) is analytic on C~ and satisfies s(z)? = (22 — 2)? — k2. In order to compute 7, we
shall use the following result (for reference, see lemma 2.17 of [B0{]): for Lebesgue-almost all

real number z, the limit, as z = v +iv € C~ tends to x in such a way that (u — x)/v stays
bounded, of IG,(z)/7 is the density of the absolutely continuous part of 7 at x.

1/2

G- (2) =

Let us define
N:=(-2+r)"2-2-r)")U(2-r)"22+rK)2).

By what precedes, for Lebesgue-almost all x € R, there is no sequence w, > 0 tending to 0

such that lim SG,(z — iw,) < 0. Hence since for all z € N, (22 — 2)? — k? is negative, for
n—oo

Lebesgue-almost all © € N, there is € > 0 such that for all w € (0,¢), for z = z — iw,

(4—222)(A—=1)+24/(22—2)2 -2 if 2 >0,

- 22z(4—22)
Gr(2) = (4-2:2)(A—1)—2,/(?—2)2 2

22z(4—22)

if x <O.

It implies that for Lebesgue-almost all x € N,

im & - ~S(W(@E? =22 -k [RQ—(xQ—Q)z]l/z
B V(R I Ve (e
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Now, to complete the proof, it suffices to prove that 7 is equal the absolutely continuous part

of its restriction to IV, i.e. that
2 _ (2 _9)2]1/2
/ [I{ (z ) ] dz = 1.
N TAz|(4 —2?)

Let us denote this integral by I.

One has
9 [EERY? [2 (42 _ 9)2]1/? 1 [e+e)l/? 2 _ (2 _9)2]1/2
J =" [K (m ) ] de = — [K (m ) ] d(.%'2—2)
A (2_5)1/2 1’(4 — 1’2) A (2_,@)1/2 (2 + z2 — 2)(2 — (1‘2 — 2))
Y e R Sy A et (70 RPN _/ (1-+?)
RS 4 — u? du = A J_ 4/K% — (u/K)? AJR2 — 02 1)2 dv
Let us deﬁne y = ”2)l. When v goes from —1 to 1, y goes increasingly from —oo to 4o0.
—02)2
One has dy = (1Tv2)3’ and v? = 1+ —— hence
(1 —1)2)%dv = (1 —v2)2dy = _dy
(1+y2)?
and since k% = 4\(2 — \),
1 B 1 A=+ A2 14 y?
4/k2 —v2 1 v (1=22 4+ A2+ 1 (1—=N2y2+1/(1 - N2

A(2-X) 1+y2

2= 1 dy
= (1_)‘)2/Ry2+1/(1_)‘)277(1+y2)

C2-x [iA-1) 1 - 1 dy
_(1_)‘)2/R 2 (y—i/(l—k) y+i/(1—A)>W(1+y2)’

so the well known formula of the Cauchy transform of the Cauchy distribution with parameter
1 gives us

7 2—X i(A—1) 1 1 2= 1 _1
C(1=-XN2 2 —i—i/(1=X) i+i/(1=X)) 1=X1+1/(1-X)
which closes the proof of the proposition. [

5.1.2. The rectangular analogues of the Gaussian distributions. For all ¢ > 0, the rectangular
analogue of the symmetric Gaussian distribution with variance o2 is the law N,» with density

[4X — (o%2? — 1 — )\)2]1/2 9 9
21 \o?| x| x(o7a),

where x stands for the characteristic function of the interval [(1—AY2)2, (14 AY/2)2]. Tts support
is [—o(1+AY2), —a(1 = A/ U (1 = AV2), a(1 + A1/2)].
2

It is proved in [B-G1l] that its rectangular R-transform is o°z.

Hence one has, for all o,a > 0, Ny28, N2 = N2 2.

Remark 5.3 (Growth of the support in the related semigroup). Note that in the additive

semigroup ({N.; ¢ > 0},m,) the size of the support of N, in not linear in ¢ but in ¢3. This kind
of phenomenon had already been observed in free probability.



52 FLORENT BENAYCH-GEORGES

5.1.3. The rectangular analogues of the Cauchy distributions. For all £ > 0, the image of the
symmetric Cauchy law with parameter ¢ by the Bercovici-Pata bijection with ratio A is

t [ B tz(A—l)QFdx‘

v 1R\[—@7@](lﬂ)ﬂ'()\t2 + 22) 42

Its support is R\ <—@, _t(lg_A))'

Again, it is proved in [B-GJ|| that the R-transform with ratio A of v; admits an analytic
extension to C\R™ given by the formula it\/z. Hence one has, for all t1,ts > 0, vy, 8,\vt, = Vi, 41,

5.1.4. The rectangular analogues of the symmetric Poisson distributions. It is proved, in [B-G1]],
that for all ¢ > 0, the sequence

(15 s o 60)™

has a weak limit, that we shall denote by F,, and that the rectangular R-transform of P, is given
by the formula
cz

1—2

Hence
z z(1 — 2)?

HI;CI(Z) - T(Cp.(2))  [(Ae—1z+1][(c—1)z+1]

the inversion of which would be very heavy because of a third degree equation. So we know the
rectangular R-transform of this law, but we don’t give the law.

However, we know that for all ¢,/ > 0, P.a,Py = Poy .
5.2. The case where )\ = 0.

5.2.1. Symmetric Bernoulli distributions. Let, for a > 0, B,2 be %((La + d4). By the section
.4, the rectangular R-transform with ratio 0 of B2 is za®. Hence one has, for all a,b > 0,
Ba23By: = By2.p2. B2 is in fact the image, by the rectangular Bercovici-Pata bijection with
ratio 0, of the Gaussian distribution with variance a®. Note again that in the additive semigroup

({B.; ¢ > 0},1,) the bounds of the support of B, are not linear in ¢ but in cz.

5.2.2. The analogues of the Cauchy distributions. For all ¢ > 0, the image of the symmetric
Cauchy law with parameter ¢ by the Bercovici-Pata bijection with ratio 0 is

t t2 >

Its support is R\ (—%, %) Note that its push-forward by the function ¢ — 1/t is the symmetric
semicircle law with radius 2/¢.

Again, it is proved in [B-G1|] that the R-transform with ratio 0 of 14 admits an analytic

extension to C\R™ given by the formula it\/z.

Hence one has, for all t1,t2 > 0, v4, 80V, = Vg +1,-
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5.2.3. Rectangular symmetric Poisson distributions. Let us recall the definition, for ¢ > 0, of
the Marchenko-Pastur law with parameter ¢, also called free Poisson law with parameter c. It
is the probability measure on [0, +00)

1
M. — W)@(:ﬂ)dx ifc>1,

1
(1 —2¢)dp + W)@@)dx ifo0<e<1,

where x. is the characteristic function of [(1 — c%)z, (1+ c%)Q].

It is well known (see [FIP0d]) that its Voiculescu transform is cz/(z —1). Hence by the section
.4, the rectangular R-transform with ratio 0 of the symmetric law

o=

e @ 21202 ) (22)da if ¢ > 1,

Me = 1
(1 —c¢)do + W)@(:ﬁ)dx if0<e<1.

whose push-forward by ¢t — ¢ is M. is cz/(1 — z), and that for all ¢,¢ > 0, mesgmy = Meyor-

Remark 5.4 (Growth of the support in the semigroup). Note that we observe the same kind of
phenomenon as in the remark [p.3: in the additive semigroup ({mc; ¢ > 0},®,}), the size of the

, . . 1
support of me is not linear in ¢, but in c2.

5.2.4. Dirac measures and arcsinus law. The computation of the Voiculescu transform of p :=
$(d0 + 61) is easy and one gets

z—l—i—(l—i—zz)%
2z ’

©p(1/2) =
which allows to claim that pmp is the arcsinus law
dz

1 r)———.
0 !

1
2

Thus we get, for = $(6_1 + 269 + 61), that Cy(z) = %, and that
dx

—1,, e
pEopt = L2 o0y () 2 )}

Note that even though the support of y has convex hull [—1, 1], the support of um,u is [—2% , 2%]

5.2.5. An example derived from the semicircle law. Tt is well known (see [[HAPOd]) that for m € R
and r > 0, the Voiculescu transform of the semicircle law sc(m,r) with center m and radius r is

given by the formula m + %z. Hence if for 0 < r < m, one denotes by srsc(m,r) the symmetric
distribution whose push-forward by the function t — ¢? is sc(m,r), then the rectangular R-
transform of srsc(m,r) is given by the formula mz + %zQ and one has, for all 0 < r < m,
0<r <m,
srsc(m, 7)mg stse(m’, ') = srse(m +m/, "),

with /% = r2 4 1'%,

Note that the distributions srsc(m,r) do not allow us to define any continuous semigroup of
convolution for m, of the type {srsc(m, f(m)); m > 0} for f function on (0, +o0) such that for
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all m > 0, 0 < f(m) < m. Indeed, the existence of such a semi-goup would imply that the
function f satisfies
Vim,m' > 0, f(m +m')? = f(m)? + f(m')2,

i.e. that there exists a > 0 such that for all m > 0, f(m) = am%, which is in contradiction with
flm) <m.
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