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RECTANGULAR RANDOM MATRICES. RELATED CONVOLUTION

FLORENT BENAYCH-GEORGES

ABSTRACT. We characterize asymptotic collective behaviour of rectangular random matrices,
the sizes of which tend to infinity at different rates: when embedded in a space of larger square
matrices, independent rectangular random matrices are asymtotically free with amalgamation
over a subalgebra. Therefore we can define a “rectangular free convolution”, linearized by
cumulants and by an analytic integral transform, called the “rectangular R-transform”.
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INTRODUCTION

The first problem we are going to deal with in this paper is the modelization of asymptotic
collective behaviour of independent rectangular random matrices. In order to explain to the
reader the way we will treat this problem, let us recall him the work already done by Wigner,
Pastur, Marchenko, Girko, Bai, Voiculescu,... for square random matrices. First of all, in the
50’s, Wigner considered self-adjoint random matrices with gaussian entries (GUE) and proved
that the spectral law (uniform distribution on the set of eigenvalues) of these random matrices
converges to the so-called semicircle law. This result was improved, and other results giving
the asymptotic spectral law of random matrices were proved (see, among many other sources,
[PL0J]). In the same time, people studied the local structure of the spectrum of random matrices
(see, e.g. [MG67]), but this is not the kind of problem we are going to study here. A new point of
view was adopted in the early 90’s by Voiculescu, who proposed a way to compute the asymptotic
normalized trace (when the dimension n of the matrices goes to infinity) of products

M(sy1,n)t -+« M(sg,n)*

of random matrices taken among a family M(1,n), M(2,n),... of independent random nxn
matrices and their adjoints, the only hypothesis being a bound on the norms of the matrices, the
fact that the matrices M(1,n), M(2,n),... have all a limit singular law (uniform distribution
on the set of singular values, i.e. of eigenvalues of the absolute value of the matrix), and a
property of invariance of the distributions under an action of the unitary group (these results
can be deduced from the fondamental article [V9])], but are presented under this form in [[HH]).
The advantage of being able to compute the limit of such normalized traces is that it gives us
the asymptotic normalized trace of any noncommutative polynomial in our independent random
matrices. Hence, since the normalized trace of the k-th power of a matrix is the k-th moment
of its spectral law, we are able to give the asymptotic singular law of any polynomial of our
random matrices. This is why this work is said to model asymptotic collective behaviour of
independent square random matrices. For example, it can be proved (combine results of [@]
and [HLOQ]) that the asymptotic singular law of the sum of two independent random matrices
whose distributions are invariant under left and right actions of the unitary group and whose
singular laws converge weakly to probability measures 1, p2, only depends on p1 and p9, and can
be expressed easily from pq and pg: it is the probability measure on [0, c0), the symmetrization
of which is the free convolution of the symmetrizations of u1, pe. We often present the similar
result for hermitian matrices, for which we work with spectral law in the place of singular law,
and for which no symmetrization is necessary, but here, we shall work with rectangular matrices,
which cannot be hermitian, so the square analogue of our work will be found in non hermitian
matrices. In this text, we will propose, similarly, a way to compute the asymptotic normalized
traces of products of random matrices taken among a family of independent rectangular random
matrices, whose sizes tend to infinity, but with different rates. Our results are compared in
details with the already existing results in section [[.4. The notion involved, similarly to freeness
in Voiculescu’s modelization of asymptotics of square matrices, is freeness with amalgamation
over a finite dimensional subalgebra. The notion of freeness with amalgamation arises from
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operator-valued free probability theory, but we chose to use this point of view of operator-
valued free probability only when necessary, because this point of view is not satisfying in all
cases: the case where the ratio of sizes of certain of our random matrices tends to zero would have
needed to be treated appart in a work using only operator-valued free probability. Moreover,
the point of view of operator-valued free probability in the asymptotics of rectangular random
matrices is developped in a forthcoming paper, where we analyze the related free entropy and
Fischer information ([BGI]).

This modelization of asymptotics of rectangular random matrices will allow us to define,
for A € [0,1], a binary operation ®, on the set of symmetric probability measures, called free
convolution with ratio A, and denoted by m,. For u1, o symmetric probability measures, pi@, po
is defined to be the limit of the singular law of a sum of two independent rectangular random
matrices, whose dimensions tend to infinity in a ratio A, one of them being bi-unitarily invariant,
and whose singular laws tend to g1, o. In the second part of this paper, after having analyzed
related cumulants, we construct an analytic integral transform which linearizes ®, (like the R-
transform does for free convolution). In a forthcoming paper ([BGd]), we study the related
infinite divisibility. It happens then that the set of m,-infinitely divisible distributions is in a
deep correspondance with the set of symmetric classical infinitely divisible distributions.

Aknowledgements. We would like to thank Philippe Biane, Dan Voiculescu, and Piotr
Sniady for usefull discussions, as well as Thierry Cabanal-Duvillard, who organized the workshop
“Journée Probabilités Libres” at MAPS5 in June 2004, where the author had the opportunity
to have some of these discussions. Also, we would like to thank Cécile Martineau for her
contribution to the english version of this paper.

1. ASYMPTOTIC BEHAVIOUR OF RECTANGULAR RANDOM MATRICES

1.1. Notes on reduction of rectangular random matrices. In this subsection, we recall
some simple facts about polar decomposition of rectangular complex matrices, which can be
found in [HJ91]. Consider a pxq matrix M. When p < ¢, we will denote by |M| the only pxp
positive hermitian matrix H such that we can write M = HT', with T a pxq matrix such that
TT* = I,. In this case, the matrix |M] is the square root of MM*. When p > ¢, we will denote
by |M| the only gxq positive hermitian matrix H such that we can write M = TH, with T a pxq
matrix such that 7*7T = I,. In this case, the matrix |[M]| is the square root of M*M. In both
cases, the spectrum of |M] is the only (up to a permutation) family (h1,hs...) of nonnegative
real numbers such that one can write
M =Ul5] hili<i<pV,
1<j<q

with U, V respectively pxp, ¢x ¢ unitary matrices. These numbers are called singular values
of M. The uniform distrbution on hy, he... will be called the singular law of M (whereas the
uniform distribution on the spectrum of an hermitian matrix is called its spectral law). Note
that in both cases, for any a > 0,

1 1 1
T M= —— Ty(MM**? = — Ty (M* M)~
min(p, q) IM] min(p, q) ( ) min(p, q) ( )

is the a-th moment of the singular law of M.

A random matrix is said to be bi-unitarily invariant if its distribution is invariant under the
left and right actions of the unitary group. It is easy, transferring the proof of lemma 4.3.10 p.
160 of [HB], to prove that the distribution of a bi-unitarily invariant px ¢ random matrix can
be realized as the distribution of UHV where U, H, V are independent, U, V are respectively
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pxDp, ¢xq uniform random unitary matrices (uniform means distributed according to the Haar
measure), and H is a random positive px ¢ diagonal matrix.

In the same way, an hermitian random matrix is said to be unitarily invariant if its distribution
is invariant under the action by conjugaison of the unitary group. In this case, by the beginning
of the proof of Theorem 4.3.5 p. 155 of [[HP], its distribution can be realized as the distribution
of UHU* where U, H are independent, U is a uniform random unitary matrix, and H is a
diagonal random matrix.

1.2. Definitions. For definitions of singular values, singular law, spectral law, (bi-)unitarily
invariant and uniform random matriz, we refer to subsection [L.1]. For all positive integer d, we
denote the set {1,...,d} by [d]. We denote the normalized trace of a square matrix X by tr X
(whatever the size of X is).

Consider a positive integer d, and sequences qi(n),...,qq(n) of pairwise distinct positive

integers which all tend to infinity as n tends to infinity, and such that for all k& € [d],

n n—0o00

at most one of the pi’s being zero. We are going to work with rectangular random matrices
of sizes gr(n)xq;(n). Free probability’s modelization of asymptotic behavior of square random
matrices relies on a comparison between random matrices and elements of an algebra arising
from operator algebra theory. To product analogous results for rectangular random matrices, we
have embedded our matrices of sizes qx(n)xq;(n) (k,l € [d]) in an algebra. Let us assume that
for all n, g1(n) + -+ -+ ga(n) = n (since what we will prove would obviously also work when 7 is
replaced by a subsequence, it is not a real restriction). Now, nxn matrices will be represented
as dxd block matrices, such that for all k,[ € [d], the (k,[)-th block is a gx(n)x¢/(n) matrix.

For all k,1 € [d], for all gx(n)xq;(n) matrix M, let us denote by M the “nxn extension of M”,
that is the nxn matrix with (¢, j)-th block M if (i, j) = (k,), and zero in the other case. Note

we have preservation of adjoints (M* = M™*), and of products:

. , , —~ [MN ifi=¥F,
Vi, 1,k 1" € [d],VM of size qx(n)xq;(n),VN of size qp(n)xqy(n), MN = {0 k£
Moreover, the trace of M is the one of M if M is square, and zero in the other case. Since
we are overall interested in singular laws, whose moments are given by normalized traces of
square matrices, these embeddings shall not cause any loss of information. Note however that
the normalized trace is not exactly preserved by these embeddings (the normalized trace of a

matrix M of size qx(n)xqi(n) i % times the normalized trace of M), and that the well known

s

ax
relation Tr MN = Tr NM is not satisfied anymore when we work with normalized traces of
rectangular matrices. Indeed, for all k,l € [d], for all M of size qi(n)xq(n), for all N of size

qi(n)xqx(n), we have
qr(n)tr MN = q;(n) tr NM. (1.2)

At last, let us define, for all k € [d], the projection

pre(n) = I, (n)-

Let us formalize the structure we inherit. Consider a *-algebra A endowed with a family
(p1,...,pa) of non zero self-adjoint projections (i.e. Vi,p? = p;) which are pairwise orthogonal
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(i.e. Vi # j,pipj = 0), and such that p; +--- + pg = 1. Any element x of A can then be
represented

11 T1d
T = .
Td1 Tdd
where V7,7, 2;; = p;xp;. This notation is compatible with the product and the involution.

Assume each subalgebra ppApy to be endowed with a tracial state ¢y (i.e. pr(pr) = 1 and for
all z,y € prApg, pr(xy — yx) = 0) such that for all k,1 € [d],z € prAp;,y € prApk,

prer(Ty) = prpi(yx), (1.3)
where (p1, ..., pq) is still the sequence of nonnegative real numbers defined by ([.1)). Recall that
at most one of the pg’s is zero.

Definition 1.1. Such a family (A, p1,...,Dd4,¢1,---,pq) will be called a (p1, ..., pg)-rectangular
probability space. Elements of the union of the ppAp;’s (k,l € [d]) will be called simple elements.

Example 1.2. A is the x-algebra of nxn complex matrices, p1,...,pq are pi(n),...,ps(n)
previously defined, and each py is ﬁTr. Then by (1.3), is satisfied when each py is

replaced by qi(n)/n.

Example 1.3. If A is a x-algebra endowed with an orthogonal family of self-adjoint projections
(p1,-.-,pq) with sum 1, if A is endowed with a tracial state @ such that for all k € [d], pg :=

¢(pr) # 0, then the family (A, p1,...,pd,¢1,---,%d) 15 a (p1,. .., pa)-rectangular probability
space, where for all k, ¢y, = ka(10|PkApk‘

Consider a (p1, ..., pqg)-rectangular probability space (A, p1,...,Dd,¥1,---,9pq). Denote by D
the linear span of the pg’s, then D is an algebra, which can be identified to the the set of dxd
complex diagonal matrices, and then to C¢ by

d
D Mipr 2 diag(Ar,- ., A) = (A, Aa).
k=1
Let us define E : A — C™, which maps x € A to
d

E(x) =Y o(@m)pr 2 (e1(z11),- ., pa(aa))-
k=1

E is then a conditional expectation from A to D:
Y(d,a,d) € D x Ax D,E(dad') = dE(a)d'.

The following definition gives the right notion to describe asymptotics of independent random
matrices.

Definition 1.4. In an x-algebra B endowed with a *-subalgebra C and a conditional expectation
Ec from B to C, a family (C C Ba)aca of *-subalgebras is said to be free with amalgamation

over C if for allm > 1, for all a1 # -+ # oy, € A, for all x1,..., 2., elements of respectively
Bays - .-, Ba,, one has
E(z1) = =E(@@,)=0 = E(x1 z,)=0. (1.4)

A family of subsets of B is said to be free with amalgamation over C if the subsets are contained
i *x-subalgebras which are free with amalgamation over C.
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In the context of a (p1, ..., pq)-rectangular probability space, it is easy to see that a family
(Xa)acA of sets of simple elements are free with amalgamation over D if one has: for all m > 1,
for all @y # -+ # ay, € A, for all z1,...,x,, elements of the x-algebras respectively generated
bY Xais-- -5 Xoum, O1€ has

E(z1)=---=E(z,)=0 = E(x;---x,)=0. (1.5)

Definition 1.5. The D-distribution of a family (a;);je of simple elements is the function which
maps any polynomial P in the noncommutative variables (Xj, X7)jes to E(P(aj,a})jer).-

Lemma 1.6. When (x1,...,Xn) 18 a D-free family of sets of simple elements, the D-distribution
of the union of the x;’s is completely determined by the D-distributions of X1,..., Xn-

Proof. The *-algebra generated by the union is the linear span of the set of elements of the
type 1 - Xm, where m > 1, and there exists a; # -+ # a,, € [n] such that each z; is in
the *-algebra generated by x,.,. We prove that E(zy---zy,) is completely determined by the
D-distributions of x1, ..., x» by induction on m, using the identity

m d d
Ty Ty = H ((wz - Z or(Ti)pK) + Z @k(%)pk) )
i=1 k=1 k=1
expanding the right hand side term, and using induction hypothesis and ([.5§). O

The last notion we have to introduce is the convergence in D-distribution.

Definition 1.7. - If for all n, (An,Pipns .- Pdn> Pins--->Pdn) 15 @ (P1ns-- -, Pdn)-probability
space such that

(Pl,m ... 7Pd,n) — (P17 .. 7pd)7
n—oo

a family (aj(n))jes of simple elements of Ay, is said to converge in D-distribution, when n goes
to infinity, to a family (aj)jcy of elements of A if the D-distributions converge pointwise.

- If aj(n)’s are nxn random matrices, convergence in D-distribution in probability of the family
(aj(n))jes to (a;)jes is the convergence in probability, when n — oo, of E(P(a;j(n),a;(n)*);jer)
to E(P(aj,aj)jes) for all polynomial P in the noncommutative variables (Xj, X7)jer-

Remarks about convergence in probability. e Recall that the convergence in probalility of a se-
quence X,, of random variables in a metric space (X, d) to a constant [ € X is the convergence
of the probability of the event {d(X,,l) < e} to 1 for all positive e.

e For random matrices, instead of using the notion of convergence in D-distribution in prob-
ability, we could have used almost sure convergence in D-distribution, or convergence in D-
distribution with respect to E defined by

vk € [d], op() = E <q1jn)

But we chose to work with convergence in D-distribution in probability because we consider it as
the right notion for asymptotics of random matrices: since our random matrices have no reason
to be defined on the same space when the dimension changes, almost sure convergence has,
according to us, no signification, and convergence in D-distribution with respect to E defined
by ([.§) gives weaker results, because, even though it gives the asymptotic mean value, it does
not implies concentration around this value.

Tr(.)> , (E denotes the expectation). (1.6)

e All along this paper, we are going to work with sequences of random probability measures on
the real line, and to deal with their convergence in probability. It shall refer to the convergence in
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probability in the metric space of probability measures on the real line endowed with a distance
which defines weak convergence.

1.3. Statement of the theorems about random matrices. Let, for s € N, k, 1 € [d], n > 1,
R(s,k,l,n) be a gx(n)xq(n) random matrix. Consider also, for n > 1, a family C'(i,n) (i € I)
of diagonal deterministic matrices, each C(i,n) having the size qx,(n)x q,(n), for a certain
(ki l;) € [d]x[d]. We suppose the family to contain pi(n),...,pq(n), and to be stable under
product and adjonction. This means that there exists i1,...,i7q € I such that for all n,k,
C(ix,n) = pr(n) and that there exists a map (3 from IxI to I and an involutive map * from [
onto itself such that for all n > 0, 7,5 € I such that [; = kj,

C(i,n)C(j,n) = C(B(i,4),n), C(i,n)" =C(x(i),n). (1.7)

We suppose that for all s € N,k # | € [d], the moments of the singular law of R(s,k,l,n)
converge in probability. This means that for all integer r > 0,

1

min(gx(n), q(n))
converges in probability to a constant. Note that in the case where one of pg, p; is zero, it implies
that

Tr(R(s, k,l,n)R(s, k,l,n)")"

1

; ﬁ(R(Sv ka l> n)R(s, ka la n)*)r
converges in probability to zero.
We suppose also that for all s € N odd, for all k € [d], R(s,k,k,n) is almost surely unitary,
and that for all s € N even, for all k € [d], R(s, k,k,n) is almost surely hermitian and that the
moments of its spectral law converge in probability.

We suppose moreover that the family C'(i,n) (i € I) converges in distribution in the following
way: for all ¢ € I such that k; = [;, the normalized trace

2. () Tr C(i,n)

has a finite limit when n goes to infinity.

Now, consider, in a (p1,...,pq)-rectangular probability space (A,p1,...,Pd, @1,---,%d), &
family a(s,k,l) (s € N,k,l € [d]), c(i) (i € I) of elements of A, with ¢(i1) = p1,..., c(ig) = pa,
whose D-distribution is defined by the following rules:

(i) For all s € N,k,l € [d], a(s,k,l) € ppAp;, and for all i € I, (i) € pg, Apy,-
(ii) For all 4,5 € I such that I; = kj,

c(i)e(g) = c(B(i, 7)), (i) = c(+(i)). (1.8)
(iii) For all s € Nk # [ € [d], for all r > 0,
orl(a(s, k,Da(s, k,1)")"] = nllngotr(R(s,k,l,n)R(s,k,l,n)*)T,

@l[(a(svkal)*a('s’k)l))r] = lim tr(R(s,k:,l,n)*R(s,k:,l,n))r.

(iv) For all s € N odd, k € [d], a(s,k,k) is unitary in ppApg, and for all r € Z — {0},
vr(a(s, k,k)") = 0.
(v) For all s € N even, k € [d], a(s, k, k) is self-adjoint and for all r > 0,

orla(s, k k)" = lim tr R(s,k,l,n)",

(vi) For all ¢ € I such that k; = l;, ¢k, (c(i)) is the limit of the normalized trace of C(i,n).

7

(vii) The family {a(s,k,1)} (s € N,k,l € [d]), {c(i); i € I} is free with amalgamation over D.
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Note that such a space and such family exist, they are given by the free product with amal-
gamation ([VDNDY),[595)).

We shall use the norm ||.|| on matrix sets: it is the operator norm associated to canonical
hermitian norms. The hypothesis of our main theorems are not the same if one supposes all pi’s
to be positive or not. In the following theorem, all p;’s are supposed to be positive.

Theorem 1.8 (Case where all p’s are positive). Assume moreover that for all s,k # I,
R(s,k,l,n) is bi-unitarily invariant, that for all s € N even, k € [d], R(s,k,k,n) is unitar-
ily invariant, and that for all s € N odd, k € [d], R(s,k,k,n) is uniform. Assume also the
set

{R(s,k,l,n); s € Nk, € [d]}

of random matrices to be independent and that the norm ||.|| of our matrices is bounded uniformly

(in n,s,k,l,i). Then the family (R(s,k,l,n); s € Nk, l € [d]) U (C(i,n); i € I) converges in
D-distribution in probability to the family a(s,k,l) (s € N, k,l €[d]), c(i) (i €1).

Remark 1.9. The hypothesis that C(i,n)’s are diagonal can be removed. Indeed, we only use it
to apply case 1°) of proposition [[.14, and in the case where all py.’s are positive, this proposition is
an immediate consequence of proposition 3.12 of [], where constant matrices are not supposed
to be diagonal. But as the author is writing this paper, [BGi] has not been refereed yet.

In the following theorem, we suppose one of the pg’s, say p1, to be zero. We supposed that
at most one of the p;’s is zero, so po, ..., pg are positive. The other hypothesis are quite weaker
than the one of the previous theorem: we suppose the singular values (or eigenvalues) of our
random matrices to be deterministic. In fact, this supposition is done to avoid steps I and IV of
the proof, because max n /qr(n) appears in step IV of the proof of the previous theorem. Note

that the singular values (or eigenvalues) of our random matrices could still be supposed to be
random, but in this case, we would have to suppose that for all s, k,[ with k £ 1, [ # k, for all
T?
ﬁ (tr[(R(s, k? la ’I’L)R(S, ka l> n)*)r] - (pk[(a('s’ k’, l)a(s7 k’, l)*)r])
1
converges in probability to zero, and we would have to do the analogous supposition for all s
even, 1 # k = 1.

Theorem 1.10 (Case where p; = 0, other pg’s are positive). Consider the family of random
and deterministic matrices introduced above the previous theorem. Assume moreover that for all
s,k # l,n, R(s,k,l,n) is bi-unitarily invariant with deterministic singular values, that for all
s € N even, k € [d], R(s,k,k,n) is unitarily invariant with deterministic spectrum, and that for
all s € N odd, k € [d], R(s,k,k,n) is uniform. Assume also the set

{R(s,k,l,n); s € Nk, € [d]}

of random matrices to be independent and that the norm ||.|| of our matrices is bounded uniformly
(in n,s,k,l,i). Then the family R(s,k,l,n) (s € N, k,l € [d]), C(i,n) (i € I) converges in D-
distribution in probability to the family a(s,k,l) (s € N,k,l € [d]), ¢(i) (i € I) introduced above.

1.4. Comparison with already existing results. There already exists some results which
allow to compute asymptotics of normalized traces of products of rectangular random matrices
: on one hand the results about Wishart matrices and on the other hand the theorem 4.1 of
[Fhoq].
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Theorems [.§ and allow us to compute the limit (for convergence in probability) of all
normalized traces of matrices of the type

R(s1,k1,l1,n) C(i1,n)R(s2, k2, la,n)P*2C(ig,n) - - - C(ip—1,n)R(sp, kp, lp,n)?C(ip,n), (1.9)

with p > 1, s1,...,sp € N, ki, li,... kp, 1, € [d], €1,...,6p € {1,%}, and ¢1,...,ip—1 € I such
that the product is possible and is a square matrix.

The Wishart matrices are matrices of the type RR*, where R is a rectangular matrix. In [HH],
[CC04 or [CDMO03], the authors give results of asymptotic freeness for such random matrices. In
the case we are interested in, where the random matrix R is bi-unitarily invariant, this asymptotic
freeness is only a consequence of the asymptotic freeness of unitarily invariant hermitian random
matrices. With our notations, it only allows to consider the case where p1,...,pqs > 0, and in
this case, to compute limits of normalized traces of matrices of the type

R(Sl, k, ll, n)R(sl, k, ll,n)*C(il, n)R(SQ, k, l2, TL)R(SQ, k, lg, n)*C(ig, n) te

- Clip—1,n)R(sp, k,lp, n)R(sp, k, 1, n)",

with k € [d], l1,...,l, € [d], s1,...,5p € N, 41,...,ip,_1 € I such that the matrices C(i1,n),. ..,
C(ip—1,n) are all square. It does not allow to suppose that p; = 0, and to consider products
where rectangular matrices are not immediatly followed by their adjoint and where
the rectangular matrices are not followed by their adjoints, as the one of ([L.9).

Theorem 4.1 of the paper [Bh9§] by Shlyakhtenko allows, embeding rectangular matrices in
0 R
R* 0
(L.9), but only when the p;’s are positive, the matrices R(s,k,[,n) are gaussian, and the
deterministic matrices are diagonal and have, in a certain sens, a limit in L°°[0, 1]. Moreover,
this theorem states the convergence of the expectations of the normalized traces, but not their
convergence in probability.

larger self-adjoint matrices (R +— [ ]), to consider products of the type of the one of

As an example, no general result had been proved about the convergence, when n, p — oo such
that % — A > 0, of the singular law of M (n, p)+ N (n,p), where M (n,p), N(n,p) are independent
bi-unitarily invariant nxp random matrices with limit singular laws. We did not even know if this
limit existed, even though some computations have been done in some particular cases ([DS04],
[HLN04], [HLNO0J))). Indeed, the computation, by the moments method, of the singular law of
M (n,p) + N(n,p) involves the computation of the normalized trace of

[(M(n,p) + N(n,p))(M(n,p) + N(n,p))*]*,

which expansion contains products where some rectangular matrices are not followed by their
adjoints.

In order to prove theorems [L.§ and [L.10, we are going to prove a preliminary result.

1.5. Preliminary result. In this section, we do not make any particular hypothesis about pg’s:
they are nonnegative, and at most one of them is zero. So we can suppose that po,..., pq are
positive.

Recall that, for each integer k, [k] denotes {1,...,k}. For all integers n, k, for each partition
P of [k], [n]” will design the set of elements i = (i1,...,ix) of [n]* such that h R e ip=ip.
Moreover, |P| denotes the number of blocks of P.

The following result involves special classes of matrices.
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Definition 1.11. An nxn matriz is said to be an almost diagonal matrix if it is of the type M ,
with M diagonal (either square or rectangular) matriz.

Note that if A is an nxn almost diagonal matrix, then for all j € [n], A has at most one
nonzero term on its j-th column. A; will denote this term if it exists, and zero in the other case.

Lemma 1.12. Let K be a positive integer, and let for each n > 1, A(1,n),..., A(K,n) be a
family of almost diagonal nxn matrices. Let H be a subset of [K], and let P be a partition of
[K] such that for all {h} singleton class of P, A(h,n) is a diagonal matriz and Tr A(h,n) = 0.
We suppose too that the family (A(i,n));n is uniformly bounded, and that for all h € H, for all
ie{q(n)+1,...,n}, Ai(h,n) =0. Then

K
S I Ainthn) =0 <q1(n)\PH\—PH/2n|5H\—ﬁH/2>7

i€[n]P h=1

where Py (resp. Py ) is the partition induced by P on the union of the classes of P that intersect
H (resp. do not intersect H), and py (resp. Py ) the number of singletons in Py (resp. of Pi).

Proof. We will prove this result by induction on p = py + Dy.
If p = 0, the result is clear.

Let us suppose the result to be true to the ranks 0,...,p — 1, with p > 1. Consider P such
that py + Py = p, and a singleton class {ho} of P. Denote by P’ the partition P — {{ho}} of
{1,..., ho,..., K} and let, for each class B of P with B # {ho}, P(hg — B) be the partition of
[K] obtained from P by linking the classes {ho} and B. We have

K K
3 T 4 (hon) = 3 > Ai(ho,n) | T Ad(hon)
ic[n]P h=1

. el . Pl . I el .
(Zlv"'vzh()?"'le)e[n} Ze[n] {217"'72h07"'77’K} h#ho

But, since A(hg,n) is diagonal and has null trace,

Z Al(h(),n) = — Z Al(h(),n)

ie[n]_{ilv'“?%ho7"'7iK} ie{ilv"?%hov"'vilf}

So

K K
S I A4 (n) == > > ] 4w (hn).
i€[n]P h=1

BeP icn)P(ho—B) h=1
B#{ho} ]

For example, suppose hg € H (the other case is treated in the same way). With the induction
hypothesis, and dividing the sum in B € Py and B € Py, one has (each e being 1 or 0
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according to whether B is a singleton or not)

3 ﬁAih(h,n) - ¥ O(ql(n)|PH|—1—(pH—1—EB>/2n|M—z—m/2)

i€[n]? h=1 BEPy
B#{ho}
+>, 0 (ql(n)'P”"(pH‘W?nIfH\—1—@—53)/2)
BePy
= %(M% Z O(ql(n)lpﬁl—pﬁﬁnlﬁm—ﬁﬁp)
BePy
B#{ho}
()i 3 0 (qy(m)Prl-rn/2nlPrd )
BePy

Since ¢1(n) = O(n), the result is proved. O

The following proposition, main result of this subsection, is divided in two cases, which give
very similar results with very similar proofs. The proposition involves special classes of matrices.

Definition 1.13. For k € [d], we define Ug(n) to be the set of nxn matrices whose (k,k)-th
block is a qr(n)xqr(n) unitary matriz, and with other blocks zero.

Note that it is a compact group, isomorphic to the group of gx(n)xqx(n) unitary matrices,
and random matrices of Ug(n) distributed according to the Haar measure will be said to be
uniform. In the following, we are going to use an integer N and the cyclic order on [N]. This
means that to put the index N + 1 on an element is equivalent to put the index 1.

Proposition 1.14. Let, for n > 1, V(s,k,n) (s € NJk € [d]), be a family of independent
random matrices, such that for all s, k, V(s,k,n) is uniform on Ug(n). Fiz N positive integer
and R > 0.

Case 1°) Let, for each n € N, D(1,n),...,D(N,n) be nxn constant matrices such that for

all € [N], ||D(r,n)|| < R, and there exists u(r),v(r) € [d] such that one of the two following
conditions s realized:

(i) u(r) =v(r) and for all n, D(r,n) = pyy(n),

(ii) for all m, D(r,n) is an almost diagonal matriz of the type ]\7, where M is a gy ) (n)x
Qu(ny(n) diagonal matriz, and E(D(r,n)) — 0.

Consider (s, ki)ie[n) € (Nx[d]))N, and suppose that for all v € [N] such that (i) above is satisfied,
(S, kr) # (Sp41, kry1). Consider also mq,...,my € Z — {0} and n > 0. Then the probability of
the event

{IEWV (s1,k1,n)™ D(1,n)--- D(N = 1,n)V(sn, kn,n)"ND(N,n))|| < n}
tends to 1 as n goes to infinity.

Case 2°) Let, for eachn € N, D(0,n),...,D(N,n) be nxn constant matrices with norms also
< R. We suppose that there exists v(0),u(N) € [d] such that D(0,n) (resp. D(N,n)) is an
almost diagonal matriz of the type M, where M is a q1(n)xqy0)(n) (Tesp. quny(n)xqi(n)), and
that for all r € [N — 1], there exists u(r),v(r) € [d] such that one of the two following conditions
is realized:

(i) u(r) = v(r) and for all n, D(r,n) = py)(n),
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(ii) for all m, D(r,n) is an almost diagonal matriz of the type ]\7, where M is a gy ) (n)x
Qu(ny(n) diagonal matriz, and E(D(r,n)) — 0.

Consider (si, k1)ien) € (Nx [d)N, and suppose that for all r € [N — 1] such that (i) above is
satisfied, (sp,ky) # (Sp41,kry1). Consider also my,...,my € Z — {0} and n > 0. Then the
probability of the event

{||E(D(0,n)V (s1,k1,n)™ D(1,n)--- D(N — 1,n)V(sn, kn,n)"V D(N,n))|| <n}
tends to 1 as n goes to infinity.

Remark 1.15. By linearity of E, the result stays true in case 1°), (resp. in case 2°)) if for all
r in [N] (resp. in [N — 1)) such that (i) is satisfied, B(r,n) is replaced by a sum of constant
almost diagonal matrices whose images by E tend also to zero.

The proof is inspired from the one of Theorem 4.3.1 p. 147 in [HH.
Proof. Both proofs will be made together, we will only have to separate them sometimes.
Step 1. Cases 1°) and 2°) Let us denote, for all » which satisfies (ii) above and u(r) = v(r),
D(r,n) = D'(r,n) + Ar(n)py(ry(n), with E(D'(r,n)) = 0.
Then by hypothesis, A\y(n) — 0. Hence, by linearity and boundness hypothesis, it suffices to

n—oo
prove the result for D(r,n) replaced by D’(r,n). Thus we can from now on suppose that for all

r such that (ii) is realized, we have E(D(r,n)) = 0 for all n.

Step II. Case 1°) By definition of E, it suffices to prove that for all k € [d], the normalized
trace of the k-th diagonal block of the product

V(Sb klan)mlD(lvn) e D(N - 17n)V(3N7 k‘N,TL)mND(N,TL)

converges in probability to zero, i.e. that
1
qx(n)
converges in probability to zero. So let us fix k € [d], and let us prove it.
If k1 # k or v(N) # k, then the k-th block of the matrix is always zero, so the result
is clear. So let us suppose that k1 = v(IN) = k. We can then remove pg(n) in ([.I(). By

Markov inequality, it suffices to prove that ([LI0) tends to zero in L?. Since for all matrix M,
| Tr M |> = Tr M Tr M*, we only have to prove that the expectation of

TrV(s1,k1,n)"™ Bi(n)--- By(n) Tr By(n)*V(sn, kn,n) ™ By_1(n)* - V(s1,k1,n)”™

Trpr(n)V (s1,k1,n)™ D(1,n)--- D(N — 1,n)V (sn, kn,n)" N D(N,n)pxr(n) (1.10)

(1.11)
is o(qr(n)?).
Case 2°) We have to prove that
1
e Tr D(0,n)V (s1,k1,n)"*D(1,n)--- D(N —1,n)V (sy, kn,n)"¥ D(N,n)
1
converges in probability to zero. Since Tr XY = TrY X, it suffices to prove that
1
e TrV(s1,k1,n)™D(1,n)--- D(N — 1,n)V(sn, kn,n)" N D(N,n)D(0,n) (1.12)
1

converges in probability to zero. From now on, we will denote D(N,n)D(0,n) by D(N,n), which
is now an nxn matrix of the type M with M q,(n)(1)xqy()(n), but which has not more than
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¢1(n) nonzero entries. For the same reason as above, we only have to prove that the expectation
of
TrV(s1,k1,n)™ Bi(n)--- By(n) Tr By(n)*V(sn, kn,n) ™ By_1(n)* - V(s1,k1,n)”™
(1.13)
is o(q1(n)?).
Step III. Cases 1°) and 2°) Let us expand both traces in the previous product, and re index
the sum on partitions.

Let M = |mq| + --- + |mn|, let, for r € {0,..., N},
M(r) = [ma| + - + |my,
let M(N +1) =2M, and let, for r € {N +2,...,2N},
M(r) =M+ |mn|+ [mn-1] + -+ [man+o—s|.
Let also, for r € {N +1,...,2N}, D(r,n) = D(2N + 1 — r,n)*. We write, for x € Nx[d],
vij(k,n,1) = V(k,n)j,
vij(k,m,—1) = V(k,n)j,.

With those notations, there exists two functions » and e such that the expectation of ([L.11)) is

2N 2M
Z HD(T’ n)j]\l(r-)E [H Uiy, dn (/i(h),a(h),n)] )
h=1

ie[n]ZM r=1
where E denotes the expectation and for all i = (iy,...,4i217) € [n]?M,
J1 =12, Jo =13, M =11, JM+1 = IM+2, JM+2 = IM+3; -- -, J2M—1 = 12M; JaM = IM41-

Let us introduce the partition Q of [2M] defined by h £ 1 if and only if 5, = i,. Then we
can rewrite the preceding sum

2N
Z Z H D(r, n)j]\/](r)E

Q partition j¢[p)2 r=1
of [2M]

2M
11 vih,jh(m(h),s(h),n)] :
h=1

Thus it suffices to prove that for all partition Q of [2M], the sum

2N 2M
> [I20n).E [H vz-h,jmm),s(h),n)] (1.14)
ie[n]2 =0 h=1

is o(qx(n)?) in case 1°), and o(q;(n)?) in case 2°), as n goes to infinity.
So we fix a partition Q of [2M].

Step IV. Cases 1°) and 2°) Let us denote, for all h € [2M], k(h) = (s(h),k(h)). Note that,
for i € [n]<, for

2M
E [H iy (5(h). (1), n) (1.15)
h=1

to be nonzero, ¢ has to satisfy

Vh € [2M],ip, jn € {q1(n) + -+ qrny-1(n) + 1,...,q1(n) + - + qrny—1(n) + qr(ny(n)}. (1.16)
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Indeed, in the other case, one of the factors in the product is zero, by definition of M +— M.
Note also that for all elements i of [n]<, which satisfy ([[.1), the expectation ([[.1§) is the same,
by invariance of Haar measure on unitary groups under permutation of rows and columns. Let
us denote this common expectation by Eg. So, one can write the sum of ([[.14)

2N
Eo ) [T D0, (1.17)

1 r=1
where the sum is taken on elements i of [n]€ which satisfy ([[.10).

It is well known (see [HP], equation (4.2.11)) that if, for each m, U(m) is a uniform unitary
mxm random matrix, and 1 < ip,,j, < m, then the sequence E(|U(m);,, ;.|**') does not
depend on the choices of i,,, j, and

E(|U(m)ip | *M)PM = O(m™172). (1.18)
So, with i € [n]<,
2M
Eol <[] Elvi, 4, (k(h), e(h),n) PM)2M - (Holder ineq.)
h=1

/

= O(qr(n)~M'n=M")

where

Thus it suffices to prove that

2N
Z H D(r, n)jM(r)7 (1.19)

i r=1

is o(qrp(n)2q (n)M ™M"Y in case 1°), and o(q; (n)™ +2nM") in case 2°), where the sum is taken

on the elements i of [n]< which satisfy ([[10).

Step V. Cases 1°) and 2°) We are going to prove it as an application of lemma [[.19. The
sum of ([L.19) is the sum, on the same i’s, of

D(1, n)iM(l)HD(zv n)iM(z)H - D(N -1, n)iM(N—l)+1D(N7 n)iy
x D(N + 17 n)ZM+1D(N + 27 n)i]u(NJrz)D(N + 37 n)’iM(N+3) e D(2N7 n)iA1(2N) .
i.e. of
D(N,n)ilD(l,n),~M(1)+1D(2,n)iM(z)+1 <+ D(N — 1,n),~M(N71)+1
X (D(QN + 1, n)D(N +1, n))iMJrlD(N + 2, n)iM(N+2)D(N + 3, n)iM(NJrs) - l)(QN7 n)iM(zN) .

This sum is equal to

2N
> T 4 (), (1.20)

i€[n]P h=1
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where for h € [2M],

Pr(h—1) (1) D(r, n)pr(ny (n) if 3r € {0,...,N — 1},
h=M(r)+1
Pr(n)(n) if he [M] and h ¢

(M(0)+1,..., M(N —1) + 1}
A(h,n) = < prey(M)D(N + 1,n)prargry(n) ifh=M+1

Pr(n)(R)D(r, n)pr(nr1)(n) if Ir e {N+2,...,2N},
h = M(r)
Pr(n) (1) if h € [2M] and h ¢

[M +1]U{M(N +2),...,M(2N)}

Now, note that by lemma 4.2.2 of [HP] (or because the uniform distribution on the unitary
group is left and right invariant), if i € [n]” corresponds to a nonzero term in equation ([[.14),
then for all k € Nx[d], for all 1 < «, 3 < n,

(ks in = avn(h) = mye(h) = 1} = [{h: ji = aun(h) = r,e(h) = —1}],
(ks g = Bor(h) = kye(h) = 1} = [{h; in = B,x(h) = r,e(h) = 1}].

Thus, if {h} is a singleton class in P, and if Ep is non null, one has, using the cyclic orders on
[M] and on {M +1,M +2,...,2M},

e(h)y=1 = k(h)=r(h—1),e(h—1) = -1,
and e(h)=—1 = k(h)=r(h—1),e(h—1)=1.

It clearly follows that there exists r € {0,...,2M} —{M +1} such that h = M (r)+1. Moreover,
by hypothesis, in case 1°), A(h,n) = D(r,n) is a diagonal matrix with null trace, and, in case
2°), A(h,n) = D(r,n) is a diagonal matrix with null trace whenever h ¢ M, M + 1.

Case 1°) Let us apply the lemma with P = Q and
H =1{he€[2M]; k(h) = 1}.

By definition of the A(h,n)’s, for all h € H, for all i € {¢1(n) + 1,...,n}, A;(h,n) = 0. By the
lemma, the sum of ([.I9), which is equal to the sum of ([[.20), is

But for any partition X’ with x singletons of a set .S, one has |X| < 2+ (|S]|—x)/2, so |X|—x/2 <
|S]/2. So,

[Prel + [Pl = 2 = P4 < (2M) 2 = M+ M,
Moreover, since for all h € [2M], k(h) = 1 implies h € H,
Pod —Pre/2 < 5 s k() # 1 = M".
Thus, since ¢1(n) < n,
nIPHI=Pr/2 [Pl =pr/2=M"p M (g () Prel=ppe/2=M" p M
Hence

ql(n)\PH\—PHﬂnWH\—ﬁH/? -0 <q1(n)IPHI—”—;ﬁ+lfﬁl—”—;L—M"nM") -0 <q1(n)M/nM”) .

The sum of ([.19) is O <q1 (n)M,nM”), and the proposition is proved.
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Case 2°) Let us prove that the sum of ([.19) is o (ql(n)2+M/nM”> by induction on the number
|Q| of classes of Q. Let us denote, for B, B class of Q, Q(M — B) the partition of [2M] obtained
from Q by linking classes B and {M}, and Q(M — B, M + 1 — B’) the partition obtained
from Q by linking classes B and {M}, and then the classes B’ (which has become B U {M} if
B’ = B) and {M + 1} Let J(n) be the set of elements j of [n] such that D(N,n); # 0. Note
that, as noted to step II, |I(n)| < ¢1(n), and, by definition of D(N + 1,n), J(n) is also the set
of elements j of [n] such that D(N + 1,n); # 0.

e If Q has only one class, by boundness hypothesis and since |I(n)| < g1(n), the sum of ([.19)
is O(q1(n)).
e Assume that the conclusion holds to ranks 1,...,|Q| — 1.

- If neither {M} nor {M + 1} are singletons of Q, we apply the lemma, as for case 1°), with
P =Q and
= {h € 2M]; k(h) = 1}.
It leads to the conclusion in the same way as in case 1°).

- If exactly one of {M},{M + 1}, say {M}, is a singleton of Q, define P = Q — {{M}},
partition of the set [2M] — {M}. Note that the sum of ([.1J), which is equal to the sum of

[L20), is
2N
3 [A(M,n)j 3 HAih(h,n)]

jed(n) i€(n—{h” bz,
=X (£ Tt - X T Auo)]
jed(n) i€[n] h#@ Hf[z’;] jhhyél\léf
2N
= (X aoew,)( Y HAlhhn)—( S 0Y I4utmw)
je€J(n) ZE[n}Phhyéj\l/l Bi%g}le["}Q(MHBh 1

So by the induction hypothesis, for all B € P, B # {M}, we have

2N
Z H Aih(hv n)=o <QI(77J)2+M,71M”) .

i€[n] M —B) h=1

So it suffices to prove that we have

2N
( Z A(M,n) )( Z Aih(h,n)) =o0 (ql(n)2+MlnM">. (1.21)
JE€JI(n) e ey
But by boundness hypothesis, > ;¢ ;) A(M,n); = 0(]J(n)]) = 0(¢1(n)). So it suffices to prove
that the second sum in ([L.21)) is o (ql( )Ml“nM”). Define
H={he2M] - {M}; k(h) =1}.

By definition of the A(h,n)’s, for all h € H, for all i € {¢1(n) +1,...,n}, A;(h,n) = 0. So by
the lemma, the second sum in ([L.21)) is

O(q1 () Prl=pr/2|Prl=P2/2),
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Since, as noted above, for any partition X with x singletons of a set S, one has |X|—xz/2 < |5]/2,
we have

[Prl + [Pl - Bt =L < @M - 1) = M+ M" — 112,
Moreover, since for all h € [2M] — {M} k(h) =1 implies h € H,
Prl —=Pp/2< 5 |{h € [2M] — {M}; k(h) # 1} < M".
Thus, since ¢1(n) < n,
WP I2 _ o Prl—Braf2=M M _ O () Pl-Br/ 200" 11"
Hence
a1 (n)/Prl=pr/2pPrl=pr/2 — <q1( )\PH\—erIP |- 25— M M") -0 <q1(n)M’—1/2nM”> 7
thus the conclusion holds.

-If {M} and {M + 1} are singletons of Q, define P = Q — {{M},{M + 1}}, partition of the
set [2M] — {M, M + 1}. Note that the sum of ([.19), which is equal to the sum of ([L.20), is

2N
3 [A(M nAM + L)y Y I1 A,-h(h,n)]

3,3'€J(n) i€([n]—{5.s’H* h7l
A h#M
J#J h;j/[ﬂ

Now, let us define Q' to be the partition of [2M] obtained from Q by linking classes { M} and
{M + 1}. The sum of ([I.19) can be written

S A(M,n), M+1n))<z ﬁ i (hm)) - ZHAZhhn ZZHAZhhn

J.g'€J(n) i€n]? }ilzl i€[n]Q" h=1 R i€[n]R h=1

where in the last sum, R is taken in the set
{Q(M — B,M +1— B'); B,B' € Q}.
So by the induction hypothesis, it suffices to prove that

( Z A(M,n);A(M +1,n); )(Z H Azhhn>: < ()2+M/nM"). (1.22)

J.j'€J(n) ic[n]P hh#]\l/[
h#M+1
But by boundness hypothesis, 3 i¢ i,y A(M,n);A(M +1,n); = 0(|J(n )12) = 0(q1(n)?). So it
suffices to prove that the second sum in (Jl.22) is o <q1 (n)M'nM "). Define
H={he2M]—{M,M +1}; k(h) = 1}.
By definition of the A(h,n)’s, for all h € H, for all i € {q1(n) +1,...,n}, Ai(h,n) = 0. So by
the lemma, the second sum in ([L.29) is
O(q1 () Prl=pr/2p|Prl=Pr/2),

Since, as noted above, for any partition X with z singletons of a set S, one has |X|—z/2 < |S]/2,
we have

[Pl + [Pre| - B =B < 2M —2)p = M+ M" — 1,
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Moreover, since for all h € 2M] — {M, M + 1}, k(h) = 1 implies h € H,
— 1
[Prl =Dr/2 < 5 {h € 2M] = {M, M +1}; k(h) # 1}| < M".

Thus, since ¢1(n) < n,
nIPrl=Pre/2 — pPrl=py/2=M" , M _ (g, () [ Prel=Pre/2= M7 M,

Hence
ql(n)|7’ﬁl—pﬁ/2n|5ﬁ\—ﬁﬁ/2 -0 (ql(n)\PH\—”—;LHfHI—”—;L—M”nM”) —0 (ql(n)M’—lnM”> 7

thus the conclusion holds. O

1.6. Proof of theorem [[.§ (case where all p,’s are positive). Step I. Let us introduce,
on the space of nxn matrices, the Schatten p-norms ||.||, (p € [1,00]), defined, for p < oo, by
1
[1XT]p = (tr [X]7)7,
and ||.||cc = ||.||. They satisfy classical Holder inequalities ([N74]).

Fix k,l € [d] and consider, for n > 1, a bi-unitarily invariant gi(n)x¢;(n) random matrix
R(n) such that the sequence is uniformly bounded for ||.|| by C' > 0 and such that the moments
of the singular law of R(n) converge in probability to constants. Note first that, by Carleman
criterion, it implies that its singular law converges in probability to a probability measure u.
Then, as noticed in subsection [L.1], the distribution of R(n) can be realized as the distribution
of U(n)A(n)V (n) where U(n), A(n), V(n) are independent, U(n), V(n) are respectively gx(n)x
qr(n), qi(n)xq(n) uniform random unitary matrices, and

A(n) = [5{A(z’,n)]1§i§qk(n) and 0 < A(1,n) <--- < A(min(gx(n), ¢(n)),n).
1<1<q(n)

Choose deterministic
0< 5(1771) <. < 5(min(Qk(”),QI(”))an) <C
such that the uniform distribution on the £(1,n)’s converges weakly to u. Now set

E(n) = 673, 0 <i<q () and N(n) = U(n)E(n)V (n).
1<i<qi(n)

Let us prove that for all P polynomial in noncommutative random variables X, X*, for all
p € [1,00), ||P(R(n)) — P(N(n))||, converges in probability to zero.
By lemma 4.3.4 p. 152 of [H], for all m > 1,
1) — N)*llp = 1R n) = Nl = I1R) — )],
converges in probability to zero. So, for all m > 1, e1,...,e, € {., %},
|R(n)t -+ R(n)*" — N(n)* - N(n)||,
< ML IRM)T - R(n)7 (R(n) = N(n)T)N (n)7t+r - N(n)™ |,
< Sty G Y[ R(n)T — N (n))]lp,
which proves the result.

Note that in the case where R is a uniformly bounded unitarily invariant g (n)xqx(n) hermitian
random matrix, the moments of the spectral law of which converge in probability, then the same
work can be done, replacing V' (n) by U(n)* and singular values by eigenvalues, and the same
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conclusion holds: for all P € C[X], for all p € [1,00), ||[P(R(n)) — P(]V(n))Hp converges in
probability to zero.

Step I1I. Let us denote by C the linear span of the ¢(i)’s. By LIE) and ([[.§), for all n, there
is an algebra morphism 1, from C to the linear span C,, of the C'(i,n)’s. By (vi), for all ¢ € C,
for all k € [d], the normalized trace of the k-th diagonal block of v, (c) tends to ¢k (cik).

Since 1 € C, it suffices to prove that for all m > 0, for all (s, kj,1;)jepm) € (Nx[d]x[d])™, for
all Pi,..., P, polynomials in the noncommutative variables X, X*, for all d(0),...,d(m) € C,
the normalized trace of the k-th diagonal block of

0) [T 25(RB(sj, ki, 1y m))on(d(7)) (1.23)
=1

converges in probability to the k-th coordinate of

0) [ Pilals;, k5, 1,))d () | , (1.24)
j=1

for all k € [d].

Step III. Let us prove that we can remove d(0), i.e. that in order to prove the convergence
in probability, for all k& € [d] and all d(0),...,d(m) € C, of the normalized trace of the k-th
diagonal block of ([.23)) to the k-th coordinate of ([[.24), it suffices to prove the convergence in
probability, for all k& € [d] and all d(1),...,d(m) € C, of the k-th diagonal block of

1 (B By 1)) (d ()
=1
to the k-th coordinate of

(H Pi(a(sj, kj,1;))d ()

The idea is to use the formula Tr XY = Tr Y X and to move d(0) from the left to the right of
the product, which comes down to replace d(m) by d(m)d(0). But the formula E(XY) = E(Y X)
is not always true, so we have to be careful.

First, by linearity of E, we can suppose that d(0) is a simple element. Thus there exists
lo € [d] such that

d(O) = d(o)plov wn(d(o)) = wn(d(o))plo (’I’L)
Now let us fix k € [d]. We have to prove that
% D1 (d(0)) i, (1 H Py(R(s;, kjo by m)en ()| pen)

converges in probability to

m

ok | PrdO)py, | [ ] Pilalsss ks 1)d(G) | pr |
j=1
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which amounts, since Tr XY = Tr Y X and by ([L.3), to prove that

~—

Qe (n
ar(n) Qlo(

Trpzo R(sjs kj 1, m)ea(d()) | pi(n)tbn(d(0))pig (n)

||::]3

converges in probability to

%% H a(s;, kj,1,))d(5) | prd(0)pi,

Qlo( n) Ply
ax(n) n—oo Pk’

Since it amounts to prove that

1
pl
qi,\1 ( ) ’

converges in probability to

R(sjs kj 1, m))a(d(5) | prba(d(0))pig (n)

’,:]s

e

PLloy Pj(a(sjv kjv l]))d(]) pkd(o)plo

1

—~ .

If one replaces d(m) by d(m)prd(0), it appears that it suffices to prove that for all [ € [d], the
normalized trace of the [-th diagonal block of

L1 25 (B (sj. k. i, m))on (d(5)) 0 (pd(0))
=1

converges in probability to the [-th coordinate of
HP a(sj. kj,1;))d(j)

Step I'V. Then, we claim that it suffices to prove it when the R(s, k,[l,n)’s are replaced by the
N(s,k,l,n)’s, where the N(s,k,l,n)’s, are defined from the R(s,k,l,n)’s like N(n) from R(n)
in the step I. Indeed, the normalized trace of any diagonal block of the difference between

H Pj(E(Sj, k‘j, lj, n))?ﬁn(d(J))
j=1

and
12 (N (s, kj 1, n)von (d(5))
j=1

has an absolute value less or equal than the norm ||.||; of their difference times one of the n /g;(n),
which is less or equal, by a decomposition like in step I, than

m

max cmpm-1 P-ES',k',l',n —P'NS',]C',Z',TL 7
ke[d]qk(n); 1B (R(sj, kjs 1 m)) (N (5, ks 1, m) |l

where D = . lnllaTxC\P (2, 2")| which converges in probability to zero, by step I and because all
2'|<
j€[m]
pr’s are positive.
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So let us prove that the normalized trace of the k-th diagonal block of
L1 Pi(N (s, ks g, m)bn(d ()
=1

converges in probability to the k-th coordinate of

HP a(sj, kj, 1;))d(j) |

for all k € [d].

Step V. We will prove it by induction on m. If m = 0, the result is clear. In the other case, let
us suppose the result to be proved to the ranks 0, ...,m—1. Let us denote z(j) = Pj(a(sj, k;,1;))
and X (j,n) = Pj(ﬁ(sj,kj,lj,n)). Since C is an algebra containing p1,...,pq, if, for a certain
J € [m], one would replace X (j,n) by one of the pi(n)’s and x(j) by the corresponding py, then
the result would follow from the induction hypothesis (and from step III if 7 = 1). Thus, by
linearity, one can, for all j € [m], add a linear combination of the pg(n)’s to X(j,n) and the
same linear combination of the py’s to z(j). Therefore we can assume that for all j, E(z(j)) = 0.
By linearity, we can moreover suppose that for all j, x(j) is a simple element. Note that these
suppositions imply that for all n,j, X (n,j) has only one non zero block, and satisfies

E(X(j,n)) — 0 (convergence in probability).

From now on, we use the cyclic order on [m]. This means that to put the index m + 1 on an
element amounts to put the index 1. As simple elements, the z(j)’s have the following property:
the product of any of the x(j)’s by one of the py’s is either zero or z(j), and the same holds for
X(j,n)’'s with pg(n)’s. Thus, if, for a certain j € [m] such that (s;,k;,1;) = (sj+1, kjr1,lj+1),
one would replace d(j) by a linear combination of the p(n)’s, then the result would follow from
the induction hypothesis (and from step IITif j = m). So one can suppose that for all j € [m—1]
such that (s;, kj,1;) = (sj41,kjt1,141), E(d(])) = 0.

At last, for j € [m] such that (s;,k;,1;) # (Sj+1,kj4+1,1j+1), one can write

d(j) =d () + Y M(j)pr, with B(d'(j)) = 0.
keld]

Then, by linearity, one can suppose that for all such j, we have
E(d(j)) = 0 or 3k € [d], d(j) = px-

To conclude, we have shown that we only have to prove that

[T X6 m)en(dl)
j=1

converges in probability to

TG0
j=1
under the hypothesis that all z(j)’s are simple elements and satisfy E(z(j)) = 0, and for all
j € [ml,
E(d(j)) = 0 or {d(j) € {p1,-..,pa} and (s, k;, 1;) # (8541, Kj41, Lia)}
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Note that under this hypothesis, by E-freeness, E (H;”Zl x(j)d(j)) = 0.

Step VI. For all s, k,l,n with k # [, the matrix N (s, k,[,n) has been defined by the work of
step I, so we can write

N(87 k? l’ n) = U(S7 k’ l? n)E(S7 k’ l? n)V(S7 k’ l? n)?

with U(s, k,l,n), V (s, k,l,n) uniform random unitary matrices with respective sizes qi(n), ¢;(n),
and Z(s, k,l,n) a deterministic diagonal gx(n)xq;(n) matrix. In the same way, when s is even,
N(s,k,k,n) can be written

N(S7 k’ l? n) = U(s7 k? k:? n)E(S7 k’ k’ n)U* (87 k’ k’ n)7
and when s is odd, N(s,k, k,n) is a uniform random matrix of Ug(n).

Consider j € [m]. If k; # [}, then X (j,n) is of one of the 4 following types:

(1) (7(3]-,kj,lj,n)ﬁjﬁ’(sj,kj,lj,n), where A; is a g, (n)xq;(n) diagonal matrix whose di-
agonal terms are the images of the diagonal terms of =(s;, k;,1;,n) by an odd polynomial.

(2) ‘7(83', k. l;, n)*ﬁjﬁ(sj, kj,lj,n)*, where A;j is a q;;(n)xqx; (n) diagonal matrix whose di-
agonal terms are the images of the diagonal terms of =(s;, k;,1;,n) by an odd polynomial.

(3) (7(3]-, kj,lj,n)ﬁjﬁ(sj, kj,l;,n)*, where A; is a qx;(n)xqx, (n) diagonal matrix whose di-
agonal terms are the images of the diagonal terms of =(s;, k;, 1, n) by an even polynomial.

(4) ‘7(83', k. l;, n)*ﬁjf/(sj, kj,lj,n), where Aj is a q;;(n)xq,; (n) diagonal matrix whose diag-
onal terms are the images of the diagonal terms of =(s;, k;,1;,n) by an even polynomial.

In the case where k; = [;, when s; is even, only the last type is possible, and when s; is odd,
X(j,n) is a linear combination of positive or negative powers of N(sj, k;j,l;,n). By linearity
again, this combination can be repaced by a non zero power of N(s;,k;,l;,n).

Note that in all types previously presented, the constant diagonal matrix A; satisfies

E(A;) — 0.
n—oo
Moreover, for all n, the family of random matrices from Uy(n)’s arising in these decompositions
are independent, so the result follows from case 1°) of proposition and remark [[.15.

1.7. Proof of theorem (case where p; = 0, all other p;’s are positive). We shall
follow closely the proof of theorem [[.§ (case where all py’s are positive) given in the previous
section, but because of the weaker hypothesis (singular values of non hermitian random matrices
and spectrum of hermitian ones are now supposed to be deterministic), we shall skip steps I
and IV, in which non hermitian (resp. hermitian) random matrices where approximated by
random matrices with deterministic singular values (resp. deterministic spectrum). However,
the hypothesis p; = 0 will make things slightly harder.

As previously, let us denote by C the linear span of the ¢(i)’s, and define 9, in the same way
as before.

As previously again, since 1 € C, it suffices to prove that for all m > 0, the following
proposition holds:

V(sj,kj, 1) jeim) € (NXd]X(d])™,VP1,. .., Py, polynomials in the noncommutative variables X, X*,
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vd(0),...,d(m) € C,Vk € [d], the normalized trace of the k-th diagonal block of

Un(d(0) TT Pi(R(sj. by, 1y, m) Ja(d())
j=1

converges in probability to ¢y | d(0) H Pj(a(s;,kj,15))d(5) | - (1.25)
j=1

Note first that by linearity, it suffices to prove it when d(0),d(m) are supposed to be simple,
which implies that there exists u,v € (d| such that

pud(0) = d(0), d(m)p, = d(m). (1.26)
Let us denote by H(m,u,v) the proposition ([[.25), where d(0),d(m) are moreover supposed to
satisfy ([1.24).

We have to prove H(m,u,v) for all m > 0 and all u,v € [d]. Note first that if u # v, H(m, u,v)
is immediate. Let us denote by H'(m) the proposition obtained from ([[.2) removing d(0):

V(sj,kj, 1) jeim) € (NXd]«(d])™,VP1,. .., Py, polynomials in the noncommutative variables X, X*,
Vd(1),...,d(m) € C,Vk € [d], the normalized trace of the k-th diagonal block of

H Pj(E(Sj, kj, lja n))wn(d(]))
j=1

converges in probability to ¢ H Pj(a(sj, kj,15))d(5)
j=1
Following step III of the previous section, we see that for all u € [d] — {1}, H'(m) implies
H(m,u,u). Thus we only have to prove that for all m > 0, H'(m) and H(m,1,1) hold.

Let us prove it by induction on m. For m = 0, the result is immediate. Consider m > 1 such
that H'(l) and H(l,1,1) hold for all I < m.

Let us first prove H(m). Consider (s, kj,1j)jepm) € (Nx[d]x[d])™, Pi,..., Py, polynomials in
the noncommutative variables X, X*, d(1),...,d(m) € C. Let us prove that

B (TT Pi(Rsj k. 1) n(d())
j=1

converges in probability to ds E([[L, [}, Pj(a(sj, k;j,1;))d(j)). Let us denote z(j) = Pj(a(s;, k;,1;))
and X (j,n) = Pj(]V(sj, kj,1j,n)). Similarly to step V of the previous section, by the induction
hypothesis and the fact that H'(m — 1) implies H(m — 1,u, u), we can suppose that for all n, j,
X(n, j) has only one non zero block and satisfies

E(X(j,n)) — 0 (convergence in probability).

We can also suppose that for all j € [m] such that with the cyclic order (sj, kj,1;) = (Sj41, kj+1, lj+1),
we have
E(d(j)) = 0 or 3k € [d], d(j) = pr-

Under these assumptions, we only have to prove that

E [ [I X0 n)vndi)
j=1
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converges in probability to
E | [Tz(ai) | =o0.
j=1

Following step VI of the previous section, it appears to be an application of case 1°) of
proposition and remark [.15.

Let us now prove H(m,1,1). Consider (s, k;, ;) je[m) € (Nx[d]x[d])™, P, ..., Py, polynomials
in the noncommutative variables X, X*, d(0),...,d(m) € C. Let us prove that

B (v (d(0) [T Py (BCsy. k. . m) o (d() )
j=1

converges in probability to dsE(d(0) [T;L, [/, Pj(a(s), kj,1;))d(j)). Let us denote x(j) =
Pj(a(sj, kj,1;)) and X (j,n) = Pj(ﬁ(sj,kj,lj,n)). Again, similarly to step V of the previous
section, we can suppose that for all n > 1, j € [m — 1], X(n,j) has only one non zero block and
satisfies

E(X(j,n)) — 0 (convergence in probability).
n—oo
We can also suppose that for all j € [m — 1] such that , (s;,k;,1;) = (5j+1,kj+1,lj4+1), we have

E(d(j)) = 0 or 3k € [d],d(j) = pr.

Following again step VI of the previous section, it appears to be an application of case 2°) of

proposition and remark [[.T5.

2. DEFINITION OF THE RECTANGULAR FREE ADDITIVE CONVOLUTION

For v probability measure on R, denote by & the symmetrization of v, which is the probability
measure defined by #(B) = 3(v(B) + v(—B)) for all Borel set B.

One of the interests of modelization with free probabilities of the asymptotic behavior of square
random matrices is the possibility to compute the asymptotic spectral law of an hermitian matrix
which is a function of several independent random matrices. In particular ([V91]), if M(1,n),
M(2,n) are independent hermitian unitarily invariant random matrices whose spectral laws
tend respectively to vq,ro when their dimension n goes to infinity, then the spectral law of
M(1,n) + M(2,n) tends to vimry (free additive convolution of vy, 1»), and the spectral law of

M(1,n)M(2,n)y/M(1,n) (when the matrices are positive) tends to vy (free multiplicative
convolution of v1,v). In the same way (combine Theorem 4.3.11 of [[HP] and Propositions 3.5,
3.6 of [HLOQ)), if the matrices M(1,n), M(2,n) are non hermitian bi-unitarily invariant (and
still independent), with asymptotic singular distributions v1, v, then the symmetrization of the
singular distribution of M (1,n)+ M(2,n) tends to 7@, and the push-forward, by the function
x — x2, of the singular distribution of M (1,n)M(2,n) is the free multiplicative convolution of
the push-forwards, by & — 2, of vq, vs.

Now, suppose that M (1,n), M(2,n), instead of being square, are rectangular (independent
and bi-unitarily invariant) g;(n)xga(n) random matrices whose singular laws tend to vy, 2. We
keep the notations introduced in section [[., but suppose that d = 2:

q1(n) +q2(n) =n, q(n),q(n) — oo, () — p1 >0, a(n)

— pa > 0.
n— oo n n— oo n n—oo
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Since for 1 < ¢ < ¢/, the singular law v of a ¢xq¢’ matrix M is related to the singular law v/ of
M* by

/ [e—

=1 ,q(50+gly,

q q

we can, without restriction, suppose that g1(n) < ga2(n).
First, the singular distribution of M (1,n)M(2,n)* tends to a distribution that can be com-

puted by free probability theory. Indeed, for all » > 1 even, the r-th moment of the singular
distribution of M (1,n)M(2,n)* is

“mﬂW@mM@mmmmwmmwﬁ (2.1)
1
which is equal to

g2(n) 1

01(7) g2(n)
which tends to p2/p1(n) (when p; > 0) times the r/2-th moment of 7ym7e, where 71,79 are the
limit spectral distributions of M (2,n)*M(2,n), M(1,n)*M(1,n). 11,72 can easily be computed
from vq,v5. Thus, if p; > 0, the limit of the spectral distribution of M(1,n)M(2,n)* can
be easily computed using tools of free probability. If p; = 0, then p; = 0, then the explicit
computation of the expectation and of the variance of (R.1) for r = 2 gives us the convergence
of the singular law of M (1,n)M(2,n)* to the Dirac measure in zero.

Tr(M(2,n)* M(2,n)M(1,n)*M(1,n))"?,

But it does not seem to be possible to compute the singular law of M (1,n) + M(2,n) with
the tools of free probability theory. Indeed, for r > 1 even, its r-th moment is given by

maﬁwM@m+MQMMﬂmﬁ+M@me7
which can be expanded into
Z Q1En) Tr M(il, n)M(Zé’ n)* R M(ir—la n)M(ir, n)*7 (2.2)

where the sum is taken over all i € {1,2}". Asymptotics of normalized traces like in (2.9)
cannot be computed with free probability theory, because our random matrices are not square,
and we cannot reduce the problem, as for M(1,n)M(2,n)*, to a problem which involves only
independent square random matrices. Thus we have to use theorem (or theorem if
p1 = 0) to compute the asymptotic singular law of M (1,n) + M(2,n).

Proposition-Definition 2.1. Let 1, uo be two compactly supported symmmetric probability
measures on the real line.

(a) Let, for alln > 1, M(1,n), M(2,n) be independent bi-unitarily invariant q;(n)xqz(n) random
matrices, with deterministic singular values if py = 0, uniformly bounded for ||.||, and such that
for all i = 1,2, the symmetrization of the singular law of M (d,i) converges in probability to p;.
Then the symmetrization of the singular law of M(d, 1) + M(d,2) converges in probability to a
symmetric probability measure on the real line, denoted pim,pa, which depends only on 1, fo,
and X\ := q1(n)/g2(n).

(b) pamy o is the unique symmetric measure p such that for all v € N even, the r-th moment of
1 is o1(((a1 4 ag) (a1 + az)*)™?), where a1, as are free with amalgamation over D elements of
p1Ape, (A, p1,p2,¢1,92) is a (p1, p2)probability space, and for all i = 1,2, for all v € N even,
©1((a;a)?) is the r-th moment of yu;.

(¢) The support of pim,pe is contained in the sum of the convex hulls of the supports of uy and
2.
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The binary operation m, on the set of compactly supported symmetric probability measures,
called rectangular free convolution with ratio A, will be extended to the set of symmetric proba-
bility measures, and the same result will stay true without any hypothesis of boundness.

Proof. By theorem [L.§ (or theorem if p1 = 0), if a1, ay are elements of a (p1, p2)-

probability space (A, p1, p2, 1, v2) asin (b), then (M(1,n), M (2,n)) converges in D-distribution
in probability to (a1, az). Thus once the existence of pim,pue proved, (b) will be immediate.

Let [—si,s;) be the convex hull of the support of p; (i = 1,2). By [AG]], to prove the
convergence in probability of the symmetrization of the singular law of M (1,n) + M(2,n) to a
probability measure with support in [—s; — s2,$1 + s2|, it suffices to prove that for every pair
polynomial P = ), cxX?F that is non negative on [—s; — s3,51 + s3], the normalized trace
of 32 ek ((M(1,n) + M(2,n))(M(1,n) + M(2,n))*)* converges to a non negative number. We
know that this normalized trace converges to ¢1[> ;. cx((a1 + a2)(ay + a2)*)*]. To prove that
this number is nonnegative, one can suppose that for all n, for all i =1, 2,

M(Z,’I’L) = U(Z?n)w;ﬁ/\l(kjvn)]lﬁkgql(n)v(zan)y
1<I<g2(n)
where \;(1,n),...,X\i(q1(n),n) are real numbers of the support of u; such that the uniform
distribution on the X\;(k,n)’s (k = 1,...,q1(n)) converges weakly to p; and U(i,n), V(i,n),
are independent respectively ¢1(n)xqi(n), g2(n)xgz(n) uniform unitary random matrices. In
this case, the normalized trace of 3", cx((M(1,n)+ M (2,n))(M(1,n)+ M (2,n))*)* is obviously
nonnegative.

The fact that the sequence of the ¢ (((al + ag)(ay + ag)*)k> depends only on p1, o and A

is a direct consequence of the fact that the D-distribution of an free with amalgamation over D
family depends only on the individual D-distributions (lemma [[.§). O

Now, let us make a couple of remarks about this convolution.

(1) When p; > 0, the proof of the existence of a symmetric probability measure with support
contained in the sum of the convex hulls of the supports of 1 and pe and which satisfies (b) can
be done using the theory of C*-algebras (the reader who has no knowledge of operator algebra
can skip (1) without it being problem for the rest of the article): consider a1, ay are elements of
a (p1, p2)-probability space (A, p1,p2, p1,p2) as in (b). By the GNS representation or by chapter
IIT of [§99], we can suppose that A is a C*-algebra and that

, [!Eu T19

— x11) + x99),
o1 x22] p1e1(w11) + p2w2(r22)

is a tracial state. In this case, p;Ap; is also a C*-algebra, and ¢ is a tracial state on p;.Apy. Then
©1 ([(a1 4 a2)(a1 + az)*]")’s are the even moments of the distribution of ((a; 4 az)(a; + az)*)'2,
as a self-adjoint element of p;Ap;. Moreover, it is easy to see that for all z € piApo, the
symmetrization fi(, .« of the distribution of (zz*)'2 in (p1.Ap1, ¢1) and the distribution fi,4 4+
of x4+ 2* in (A, ¢) are linked by the relation

Hotar = 2p1 (g1 + (P2 — p1)d0. (2.3)

(2) When X = 1, the rectangular free convolution is the well known additive free convolution,
defined in [VDN9]]|. There are three ways to prove this. All use the fact that the symmetrization
of the distribution of the absolute value of the sum of two free R-diagonal elements is the free
convolution of the symmetrizations of the distributions of their absolute values (Proposition 3.5

of [HLOT)).
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- First, we can apply the previous corollary to sequences of square matrices. And we
know (Theorem 4.3.11 of [HH]) that independent bi-unitarily invariant square matrices
are asymptotically free R-diagonal elements.

- Also, one can prove this constructing A to be My(C)® B, where (B, ¢) is a C*-probability
space with two free R-diagonal elements a1, as, whose absolute values have symmetrized
distributions g, ug. It is then easy to prove (in a similar way as Proposition 3.8 of

INSS994]) that A; = [8 %1} , Ay = [8 %2} are free with amalgamation over D. pim,pu2

is the symmetrization of the distribution of ((A; + As)(A; + A2)*)'2 in (prAp1, 1),
which is the symmetrization of the distribution of ((a1 + a2)(a; + a2)*)'? = |a; + az in
(B, ).

- With the same notations, one could also have concluded using the fact that

F((A1+A2)(Ar+Ag)*)1/2

in (p1Ap1, 1) is, by (B.d), the distribution of o _?_ o “ -OFCLQ in (M2(C) ® B, tr ®¢),
17Ty

that is, as noticed in Remark 3.5 of [NSS994], the symmetrization of the distribution of

’al + CLQ‘ (111 (87 (10))7 that is Hnispg.

(3) We will see later that the free convolution with ratio 0 is also related to the free convolution.

In the next section, we are going to study cumulants related to this convolution (and, more
generally to the freeness with amalgamation over D), like free cumulants in [594]. We will
use them to define an analytic integral transform of symmetric probability measures which
linearizes m,, and which will, as a consequence, allow us to compute rectangular free convolution
of symmetric probability measures.

3. CUMULANTS

In this section, the term algebra (resp. subalgebra) will refer to the notion of *-algebra (resp.
x-subalgebra). The theory of cumulants in a D-probability space (i.e. in an algebra endowed
with a conditional expectation on a subalgebra D) has been developed in [F9§ (for a short
abstract, see [NSS09)). In this section, we will begin by giving the main lines of this theory, and
then we will investigate the special case of (p1,. .., pq)-probability spaces.

3.1. General theory of cumulants in a D-probability space. In this section, we consider
an algebra A, a subalgebra D of A, and a conditional expectation E form A to D, i.e. a map E
such that

V(d,a,d") € D x A x D,E(dad’) = dE(a)d'.

Let us begin with algebraic definitions. A D-bimodule is a vector space M over C on which
the algebra D acts on the right and on the left. The tensor product M ®p N of two D-bimodules
M, N is their tensor product as C-vector spaces, where for all (m,d,n) € MxDxN, (m.d)®n and
m® (d.n) are identified. M ®@p N is endowed with a structure of D-bimodule by d;.(m®n).da =
(dy.m) @ (n.d2). Therefore we can define, for n positive integer, A®?" = A @p --- @p A.

—_———

n times

A partition 7 of a finite totally ordered set I is said to be noncrossing if there is no i < j <
k < | € I such that i,k are connected by =, j,1 also, but not 7,j. The following lemma can
easily be proved by induction over the cardinality of I.
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Lemma 3.1. A partition © of a finite totally ordered set I is noncrossing if and only if ™ has
only one class or a class V' of 7 is an interval, and m —{V'} is a non crossing partition of [ — V.

Consider a sequence (f,)n>1 of maps, each f,, being a D-bimodule morphism between .A®P™
and D. For n positive integer and m# € NC(n) (noncrossing partition of [n]), we define the
D-bimodule morphism f, between A®?" and D in the following way: if @ = 1, is the one-
block partition, fr = f,. In the other case, a block V' of 7 is an interval [k,I]. If & = 1
(resp. | = n), then fr(a1 ® -+ ® an) = fig1(a1 @ -+ @ a) fr\pvy(ai41 @ -+ @ ay) (vesp.
ol ® - ®ag_1)firpi(ax ® - ® ap)). In the other case, one has 1 < k <1 < n. Then
fr(a1 ®--- ®ay) is defined to be fr(vy(a1 @ @ap_1fipr1(ar @ Q@) @ a1 @ - @ ap)
or frpi(ar @ ®@ag—1® figr1(ag @+ ®aj)aj11 @ @ ay), both are the same by definition
of Xp.

For example, if 7 = {{1,6,8},{2,5},{3,4},{7},{9}}, then

frla1 ® - ®@ag) = f3(a1fa (azf2(a3 ® as) @ a5) @ ag f1(a7) ® ag) fi(ag).
Let us define, for all n > 1, the D-bimodule morphism E,, between A®?" and D which maps

a; ®---®ay to E(ay ---ay,). Then, one can define the sequence (c¢y,)n>1 of maps, each ¢, being
a D-bimodule morphism between A®?™ and D,by one of the following equivalent formulae:

Vn,Vm € NC(n), E, = ZC‘” (3.1)
o<
Vn, En = Y ¢ (3.2)
ceNC(n)
Vn,Vm € NC(n), Cr = Z,u(a,w)Eo, (3.3)
o<
Vo, e o= Y plo1)E,, (3.4)
ceNC(n)

where p is the Mébius function ([R64], [§99]) of the lattice NC(n) endowed with the refinement
order.

The following theorem, which is a little improvement of Theorem 1 of [5S01], is a consequence
of Proposition 3.3.3 of [§99], used with the formula of cumulants with product as entries ([599]),
which can be generalized to D-probability spaces.

Theorem 3.2. A family (x;)icr of subsets of A is free with amalgamation over D if and only
if for alln > 2, for all non constant i € I"™, for all a1 € Xy ,..., an € Xi,,, for all dy,...,dy, €D,
one has cp(a1dy ® -+ @ apdy,) = 0.

For example, if a1, as are free with amalgamation over D, for all n > 2 even, one has

cn((a1 +a2) ® (a] +a3) ® (a1 +a2) ® -+ @ (a] + a3))
= @m®aRa® --Qa))+cn(a2®@adRar @ --- R aj). (3.5)

3.2. The special case where D = Span(pi,p2). In this section, we consider a (p1, p2)-
rectangular probability space (A, p1, p2, 1, ¢2), with p1/p2 = A. We shall adopt the viewpoint
of operator-valued free probability: the linear span D of {pi1,p2} is an algebra, which can be
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identified to the the set of 2x2 complex diagonal matrices, and then to C? by

A 0
A1p1 + Aapo [01 )\2] ~ (A1, A2),

and with this identification, the application E is then a conditional expectation from A to D.

Let us define, for all m, c%), cﬁf,,) the linear forms on the complex vector space A®P™ defined

by
(1)
Vo e A, ep(z) = [Cm (1) 0 ] .

0 Cgs) (ZEQQ)

By (B.§), an analytic integral transform of a symmetric measure y with coefficients given by
CSL) (a®a*®---®a*), where a € p1.Apy is such that for all 7 even, o1 ((aa*)"/?) is the r-th moment
of p1, would linearize m,. Thus we have to give an explicit relation between the ¢y ((aa*)"?)’s
and the cg)(a ®a* ® -+ ® a*)’s. This relation is given by equation (B.J), but we shall express
crla®a* ®---®a*) as a function of cgl)(a ®a*®---®a*) and 6512)((1* ®a®---®a), and give

a relation between c&l)(a ®a*®---®a*) and 2 (@*®a®---®a).

For a more exhaustive study of cumulants in (p1, ..., pg)-probability spaces, the reader can
refer to [BGI].

Consider a € p1Aps. First of all, since a = piaps and p1ps = pep1 = 0, by definition of
the tensor product of D-bimodules, for all e1,...,e, € {.,*} such that there exists | € [n — 1],
€ = €141, we have

(@' @ ®a™) =0.
Moreover, since ¢, is a D-bimodule morphism with values in D and p;Dps = p2Dp; = {0}, if
en = €1, we also have

(@@ ®a™) =0.
Thus, for 7 € NC(n), if

rla®a” ®@---®a") #0,

then all blocks of m have even cardinality and consist of an alternating sequence of even and odd
numbers. We denote by NC’(n) the set of such partitions.

Definition 3.3. NC’(n) is the set of noncrossing partitions of [n| in which all blocks have even
cardinality and consist of an alternating sequence of even and odd numbers.

For example, {{1,4,5,6},{2,3}} € NC’(6), whereas {{1},{2,3},{4,5,6}} ¢ NC’(n). Using
lemma B.1], we prove easily that in fact, any noncrossing partition in which all blocks have even
cardinality is in NC’(n).

At last, because ¢, is a D-bimodule morphism with values in D,

na®a ®---®ad) = WMawad @ - @a)p, (3.6)
(@ ®a®---®a) = P @a®- - @a)ps. (3.7)
Thus for all 7 € NC’(n).
rla®a*@--®d) = ] C\%ﬂ(a@---@a*) I1 C\(@)\<a*®---®a>-p1 (3.8)
Ver Ver
minV odd min V even
(@ ®a®--0a) = ] Cfi’ﬂa*@--@a) I1 C\(é)\<a®~-®a*>-pz (3.9)
Ven Vern

minV odd minV even
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Remark 3.4. Note that all we did here stays true if one replaces cr, ¢V, ... by Ex, 01, .. ..
(1)

Now, it remains only to give the relation between ¢,/ (a®a*®- - -®a*) and 2 (@*®a®---®a).

Lemma 3.5. For all n even, wehaveplcgl)( ® a* ®~'®a)—pgcgl)( Ra® -+ Qa).

Proof. We are going to prove it by induction over n. Let us prove it for n = 2. We have
= E and cz(z ®y) = E(zy) — E(2) E(y), so the result is given by equation ([.J). Assume now
the result to be proved to the ranks 2,4,...,n — 2. One has, by formulae (8.2),(B.§),(B.9),

Cgll)(a®®a*) — (’Dl(aa*)
%,_/
* 2 *
Z [[ eo-oa) [[ ee - ca,
meNC’(n) Vem Ver
min V odd minV even
Y
and
D@ ®---®a) = pafa*---a)
H—/
1 *
Z [[ ee-eag [[ dqjeo-od).
7TeNC’'(n) Verm Ver
minV odd minV even
Y/
Since p;, X = p;, X' (by formula ([L.J)), it suffices to prove that
piY = pi, Y.

To do that, it suffices to propose a bijective correspondance m +— 7 from NC’(n) — {1,} to
NC’(n) — {1,,} such that for all 7 € NC’(n) — {1, },

Pig H C\(v)|(a®"'®a ) H c‘(v)|(a ®---®a) = p; H C\(v)|(a ®---®a) H C\(v)|(a®"'®a ).
Ver Ver Ver Ver
minV odd minV even minV odd minV even

by the induction hypothesis, the correspondence which maps 7 € NC’(n) — {1,,} to 7 defined by
kX1 < o(k) X o(l), where o is the cycle (12---n) of [n], is convenient. [
From (B.9), (B.§), and the previous lemma, we deduce:

Proposition 3.6. For a € p1Apa, n positive integer,

v1((aa™)") = Z Ae(m) HCM (3.10)

TeENC’(2n) Ver
(1)

where for all v even, c.(a) denotes ¢’ (a ® -+ ® a*), and for all w, e(w) denotes the number of
blocks of m with even minimum.

3.3. The case A = 0, characterization of m,. In all this subsection, we suppose that A = 0,
ie. (p1,p2) = (0,1). In this case, by equation ([.J), E is null on pa.Ap1.Aps, thus on pa.Ap;A.
It implies that E, is null on paAp; ®p A®P"~1. Hence, for any m € NC(n), E, is null on any
space of the type pi, Api, ®p pi, Api,@p... @ppi, , Api,, where the minimum k of a block of 7
is such that (ix_1,ix) = (2,1). By the formula (iii) of the definition of the cumulant functions
in subsection B.I], the function ¢, is null too on the previous subspace.
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Consider n even and m € NC(n). For E; or ¢; to be nonzero on (p1.Aps ®p pgAp1)®D"/2, T
has to belong to NC’(n) and no block of 7 has to have even minimum (i.e. e(w) has be 0). Let
us introduce the following set.

Definition 3.7. let NCq(n) be the set of noncrossing partitions w of [n] such that for all k even
inn], k—1~k.

Note that NCg4(n) is contained in the set of elements of NC’(n) in which no block has even
minimum. We claim that the inverse inclusion is true. Indeed, suppose the existence of © €
NC’(n)\NCq(n) in which no block has even minimum. Define ¥ = min{k € [n];k even and
k —1 % k}. k cannot be the minimum of its block in 7, and by minimality of k, its preceding
element j in this block has to be even. Then, as 7 is noncrossing, the set {j + 1,..., k — 1} is a
union of classes of 7, but its cardinality is odd, which is in contradiction with 7 € NC’(n).

So by (B.2), for all n even, for all family (aj, bi)i=1,..n/2 of (P1.Ap2 x p2Ap1)"™?, we have, for
all m¢ NCq(n),

(101,7T(a17b17"'aan/‘27bn/2) = Z Cc(rl)(a1®b1®"'®an/2®bn/2)‘

c€NCqy(n)
o<

But NCq4(n) is in correspondance with NC(n/2) by the order-preserving bijection d from
NC(n/2) onto NCq4(n), that maps any noncrossing partition 7 to the partition d(r) that links to
elements 4, j of [n] if and only if the upper integer parts of i/2 and j/2 are linked by 7. With this
definition, the previous equation can be written: for all n even, for all familly (a;, b;)i—1,...n/2 of

(p1.Apa X pgApl)"/2, we have, for all 7 NC(n/2),

gpl,,r(albl,...,an/gbn/g) = Z cgl)(a1®bl®---®an/g®bn/2). (3.11)
UGNC(n))
o<d(m

So, from the very definition of free cumulants in a noncommutative probability space (p. 621

of [894] or definition 4.5 of [E99]), we deduce:

Proposition 3.8. For alln even, for all family (a;,b;)i=1,. n/2 of (p1.Ap2 X paAp1)"?, csll)(al ®
b1 ®az @by ® -+ ® apy @ byo) is the free cumulant of the family of the n/2 noncommutative
random variables (aiby,..., ay aby/2) in (pr.Ap1, p1).

Now we are able to give the link between the free convolution with null ratio m, and the free
convolution @:

Proposition 3.9. The free convolution with null ratio of two compactly supported symmetric
probability measures is the unique symmetric probability whose push-forward by the square func-
tion is the free convolution of the push-forwards by the square function of the two probabilities.

Proof. Denote, for v probability measure, m,(v) its n-th moment, and K,(v) its n-th free
cumulant. Recall ([594]) that free cumulants of probability measures are defined by the formula

vn>Lmaw)= > []&s®), (3.12)
meNC(n) BEm
and that the free convolution of 11,15 compactly supported probability measures is the only
probability with free cumulants K, (v1) + &, (v2) (n > 1).
Consider two symmetric compactly supported probability measures pi,ps. Denote by vy, 19
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their respective push-forwards by the square function. It suffices to prove that for all n even,
My (1B i2) = mn/z(l/lEHVQ), i.e. that for all n even,

mp(meen) = > [ (Rip(n) + &g (v2))-
reNC(n/2) Ber
Consider two elements a1, as € p1.Apy free with amalgamation over D = Span(pq, p2) such that
Vi =1,2,Yn € N even, o1 ((a;a})™?) = my,(u;).
Then one has

ma(gons) = o1 (1 +az)(af +a3)"?)
= > Il ci@+ame -od+a) bye B3I

meNCq(n) Bem

=c‘(}13)‘ (a1®---®a1‘)+c‘(g‘ (a2®-®a3) by eq. (.3
(1)

But for all i = 1,2, for all m even, ¢’ (a; ® -+ - ® a}) is the free cumulant of the family of m/2

variables (a;af, ..., a;a}) in the noncommutative probability space (p1.Api, 1), i.e. the m/2-th
free cumulant of v;. So
ma(meepz) = > [R5 () + Kip () = myp(vievs),

meNC(n/2) BEm

which proves the result. [

3.4. Generating series of the cumulants of an element of p;Aps. From now on, we

suppose that A > 0. Now, we will derive from (B.1() a formula which links generating series

of the sequence ¢1((aa*)™) and cgg(a ® ---®a*). Note that such a formula could be derived

from the very general Theorem 2.2.3 of [59g], but the work needed to translate this result to

our context is almost as long as this section.
Lemma 3.10. Consider a sequence (cop)nen+ of complex numbers. Define the sequence (mgi))neN

by m((]e) =1 and for each n € N*,

W= X N L
TeENC’(2n) Ber
Define the formal power series

CX) =Y eX®,  MOX) =Y my)x"

n>1 n>1

Then we have C (X()\M(e) (X) +1)(M©(X) + 1)) = M©(X).

Proof. Step I Define, for n positive integer and m € NC’(2n), o(m) to be the number of blocks
of m with odd minimum. Then we have

)\méi) = Z )\o(w) H C\B\-
TENC’(2n) Ben
Indeed, if ¢ denotes the cycle
2n—-2n—1—---—52—>1)
of [2n], then ¢ induces a permutation of NC’(2n) by
C:meNC(2n)— C(r) :={c¢(B); Ben}.
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For example, for m = {{1,4,5,6},{2,3}}, C(m) = {{3,4,5,6},{1,2}}. For m € NC’(2n), for B
block of 7, min ¢(B) is (min B)—1 if min B > 1, and the second element of B minus 1 in the other
case. Note that in the first case, min B and min ¢(B) have different parities, and in the second
one, they have the same parities, by definition of NC’(2n). Hence we have o(C(7)) = e(m) + 1.
Thus

)\mgi) _ Z A\e(m+1 H o = Z A\o(C(m) H Bl = Z o) H B|-

TENC’(2n) Berm TENC’(2n) Ber TENC’(2n) Ber

Step II Thus we have to prove that C <X(M(°) (X) 4+ 1)(M©(X) + 1)) = M) (X), where
o 2) yn o o(m)
M()(X):Zn>lmén)X , and mgn): Z A HC‘B‘.
TENC’(2n) Ben

Define, for each positive n and each j € [n], the “decomposition map” Dj, from the set of
partitions of NC’(2n) in which the class of 1 has cardinality 2j to U NC'(2[1) x -+ x
leNJ

lite+loj=n—j
NC’(2l3;) (the set NC’(0) is considered as a singleton, on which e and o have value 0), which
maps m € NC'(n) to (m1,...,ma;) defined in the following way: denote by {k1 < ... < kg;}
the class of 1 in 7, and for each r, let 7, be the restriction of 7 to the interval |k, k,1[, with
koj+1 = 2n+ 1. It is easy to see that the map D; is well defined (recall that for all r, k, and
kr4+1 have opposite parity), and that it is a bijection. Moreover, we have

e(mr) = o(m)+e(m) + -+ o(maj—1) + e(ma)),
o(m) = 14e(m)+o(m)+ - +e(mj_1)+ o(m;).

We denote by (X™)P the coefficient of X™ in a formal power series P in X. Let us show that
for each n > 1,

(XM (X (MO (X) +1)(MO(X) + 1)) = mf).
We have
(XMC (X (MO(X) + 1)(M(X) +1))

_ zn: o2 (X™) (XT(MO(X) + 1Y (M (X) + 1))
j=1

— D eny(X) (MO(X) + 17 (M (X) + 1))

= Doey Do mylmy ey )

leN%
L4 +loj=n—j

= zn:cQj Z Z No(m)+e(ma)+-+te(ma;) H H cp
=

1eN2J 7r1€NC7(2l1) r=1 Bem,
lit-+loj=n—j

szENC’(Zlgj)
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The preliminaries about the bijections D; tell us that

(Xme <X(M(°) (X) + )(M©(X) + 1)) = Y X[ e
meNC’(2n) Ber
)
O
Let us introduce two power series that will play a role in the computation of the generating
series of the cumulants:

TX) = A X+1)(X+1),
UX) = (T-1)<
(_1)n—1/\n—1(2n)

n

2 2\ + )21 (2n — 1)

n>1

n

A1 D21axe]
2X ’
where z — z'/¢ is the analytic version of the square root on the complement of the real non

positive half line such that 1/2 = 1.

If A =0 then U(z) = z, in the other case U(z) is the power expansion of
1/2

Theorem 3.11. Consider a € p1Aps2, and denote for each n € N*, may,(a) = ¢1((aa*)™) and
conla) = cgl)(a ® -+ ®a*). Define the formal power series M(X) = > < man(a)X" and
C(X) =351 c2m(a)X™. Then

X B 1)
(Xx(T o M))<~1> '

C:UO<

Proof. By proposition B.f and the previous lemma,
Co(Xx(ToM)) = M.

So
ToCo(Xx(ToM)) = ToM,
Lo Coxuom) = <.
X o (Xx(ToM)) = X
o (Xx(ToM) = X,
X _ <—1>
= (Xx(To M),
X
ToC = ,
° (Xx(T o M)~ >
X
c = 1
°<(XX(TOM))<-1> >
O

4. DEFINITION AND FIRST PROPERTIES OF THE RECTANGULAR R-TRANSFORM

4.1. The case of compactly supported symmetric measures. Consider a symmetric com-
pactly supported probability measure p. For n > 0, denote by m,,(u) its n-th moment and by
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con(p) the number cgln) (a®---®a*) with a € pyAps, where A is a (p1, p2)-probability space,

such that for all k > 1, ¢1((aa*)F) = moi(a).

Recall that the generating series of the moments M, (X) = >_ - mo,(u)X™ and of the
cumulants C,(X) = >_, < c2, (1) X" of a symmetric measure  are linked by the relation

X
%=V (== 1) -y

Since the formal power series C), linearizes the convolution =, on the set of compactly sup-
ported symmetric probability measures (by equation (B.H)), we will define an analytic integral
transform on the set of symmetric probability measures whose power expansion is C},(z) when
u has compact support.

For any symmetric probability measure p on the real line, we define the Cauchy transform
G, of p on the upper half plane by
dp(t)
Gp(z) = / .
¢

eRZ—t

When p has compact support, the power expansion of the Cauchy transform is
1

Gulz) = Zm%(ﬂ)m-
n>0
So, when z € C\[0,400) is small enough,
1 1
My(z) = —=Gu(—=) = 1,

vz "z
where we denote by .,/ the analytic version of the square root on the complement of the real
nonnegative half line in the complex plane such that v/—1 = 1.

So, for such a z,

2T o My(2) = AG, <%>2 + (1= AWVZG, <%> . (4.2)

For any symmetric probability measure u, we define the rectangular Cauchy transform with

2
ratio A of u on the complement of the real nonnegative half line to be H,(2) = AG,, <%> +
(1= VZGu (&)

When p is compactly supported, from the power expansion of the Cauchy transform G, we
know that H, is analytic in a neighborhood of zero, that H,(0) = 0, and that H},(0) = 1.

So we can invert the function Hy, in a neighborhood of zero, and the inverse function H, 1

has a power series expansion that is, by equation ([.3), the expansion of (X x (T o Mu))<_l>'

Note that H+(z) — 1 is analytic in a neighborhood of zero, with value zero in zero.
n

1/2

- 2440z
Let us define the analytic function on a neighborhood of zero U(z) = A 1+[(>\42-)1\) +4)z]

(when A\ = 0, U(z) = z), where z — 2'/2 is the analytic version of the square root on the
complement of the real non positive half line such that 1/2 = 1. Its power expansion is
(_1)n—1)\n—l (2n)

n n

2 2N+ )2 1(2n —1)

n>1
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So by equation ([.1)), the analytic power expansion of

U <H;1(Z) - 1>

4.2. Definition of the rectangular R-transform. Note that when A is a tight set of sym-
metric probability measures on the real line, for every 0 < 6 < 7/2, we have

is C\(2).

. 1 1
lim - 2@ =1
‘argz—£‘<€

uniformly in p € A.
Indeed, if € > 0, if M is such that

—L_supu([-M, M]°) < €/2, if z is such that |argz — Z| < 6,
HEA

and LL_M < €/2, then for each u € A, we have
\
u
dpu(u)
u

B
%G“(é)_l‘ - ‘/1_
M () +

< -
- LM cos 0

m_

< e

(=M, M]°)

Proposition 4.1. Let A be a set of symmetric probability measures on the real line. Then the
following assertions are equivalent

(i) A is tight,

(ii) for every 0 <@ <m, lim %Hu(z) =1 uniformly in u € A,

—0
\argzz—wKG
(iii) lin%] 1H,(z) =1 uniformly in p € A.
xe%joo,o)

Proof. (i) = (i) follows from what precedes, (ii) = (iii) is clear. Suppose (iii). Consider
e > 0. Take n > 0 such that Yu € [0,1], | \u? + (1 — Nu— 1] < n = |u—1] < g/2. Take
z € (—00,0) such that for all 4 € A, [L1H,(z) — 1| <n. Put \/z =iy. Then

e A %Gu(%) S| <2
J, A du(t)
Let M be such that Vi > M, ?2%&_1 > % Then
£22
Ve A, u([—M, M]°) < Z/tmd,u(t) <e.

O
Define, for a € (0,7), 3 > 0, A, g to be the set of complex numbers z such that |arg z—7| < «
and |z| < (.

Let H be the set of functions f which are analytic in a domain Dy such that for all « € (0,7),
there exists 3 positive such that
Aaﬂ - 'Df.
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A family (fy)qeca of functions of H is said to be uniform if for all a € (0,7), there exists [
positive such that

Ya € A, Aa’ﬁ C Dfa’

The following theorem has already been used, in other forms, to define Voiculescu’s R- and
S-transforms (see paragraph 5 of [BV93]). Its proof relies on Rouché theorem.

Theorem 4.2. Let (H,)aca be a uniform family of functions of H such that for every a € (0,7),

H,(2)

lir% =1 uniformly in a € A.
Z—
|arg z—m|<a

Then there exists a uniform family (Fy)aca of functions of H such that for every a € (0,7),

F,
lim (2)

z—0 z
|arg z—m|<a

=1 uniformly in a € A,

and there exists (B positive such that
Vac A, HyoF,=F,0H,=1;0nA,pg.

Moreover, the family (Fy)aea is unique in the following sense: if a family (Fy)aca of functions
of H satisfies the same conditions, then for all o € (0,7), there exists 3 positive such that

Vae A, F,=F, on Aq -

Application: definition of the rectangular R-transform

For every symmetric probability measure on the real line u, let us define the rectangular
R-transform R, with ratio X of j by

Cu(z) =U (H;(Z) - 1> ,

where H,, 1'is defined by the previous theorem and the function U is the one defined at the end
of section 1]

One can summarize the different steps of the construction of the rectangular R-transform
with ratio A in the following chain

p — G, —>Hu<z>=AGH(%)Z(l—»ﬁ@(%) —

sym. prob. Cauchy

measure transf.
z

w (2)

rect. R-transf. with ratio A

Note that the rectangular R-transform with ratio 1 (resp. 0), for symmetric distributions, is
linked to the Voiculescu transform by the relation C(2) = /2p,u(1/y/2) (resp. Cu(2) = z2p,(2),
where p is the push-forward of p by the function ¢t — t2) (see paragraph 5 of [BV9J] for the
construction of the Voiculescu transform ¢, of a probability measure v).
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Remark about the characterization of R-transforms. The definition of the rectangular R-transform
of a probability measure p presents many analogies with the definition of its Voiculescu trans-
form ¢, (see [BV9J]). So it seems natural to state, as the authors of did for the
Voiculescu transform (Proposition 5.6), a characterization of the functions that are the rectan-
gular R-transform of a symmetric probability measure. The characterization of the Voiculescu
transform is based on the fact that for every probability measure j, the inverse of z + ¢, (2)
extends to a Pick function (i.e. an analytic function on the upper half plane, which imaginary
part does not take negative values), and on the fact that any Pick function equivalent to z at
infinity is of the type 1/G,,, so its inverse is z + ¢, (2). But unless A = 0 or 1, Pick functions do
not appear in an analogous place in the definition of the rectangular R-transform, so we cannot
proceed similarly to characterize rectangular R-transforms.

Furthermore, the Lévy-Khinchine formula for @, (see [BGd]), compared with theorem 5.10
of [BV93]) will state that when p is m,-infinitely divisible, there exists a unique symmetric
B-infinitely divisible distribution v such that C,(z) = /z¢,(1/y/2). So the question of the
characterization of rectangular R-transforms joins another question: can we extend the corre-
spondence p < v to a bijective correspondence in the set of symmetric distributions such that
C,(z) = Vz¢,(1/+/z). The analytic functions f on A, g of the type f(z) = /z¢,(1/1/z), with
v symmetric probability measure, are caraterized by:

() /(2) = T(2),
(i) Jim f() =0,

n

(iii) for all n and all z1,..., z,, the matrix \/_27(1+f(:\/§:\/\/2(1+f(Zj)) . is positive.

But nothing allows us to claim that the rectangular R-transform of any symmetric distribution
satisfies (iii), and that every function that satisfies (i), (ii), and (iii) is the rectangular R-
transform of a symmetric distribution.

4.3. Properties of the rectangular R-transform.

Theorem 4.3 (Injectivity of the rectangular R-transform). If the rectangular R-transforms with
ratio A of two symmetric probability measures coincide on a neighborhood of 0 in (—o0,0), then
the measures are equal.

Proof. If the rectangular R-transforms with ratio A of two symmetric probability measures
i, v coincide on a neighborhood of 0 in (—o0,0), then by uniqueness of analytic continuation,
they coincide on a A, g, and so H,, = H, on this set, and 2H,(2) = zH,(z) on this set. So
there exists M > 0 such that for all y > M,

Miy2G ,(iy))* + (1 — N)iyG(iy) = Miy2G, (iy))?* + (1 — N)iyG, (iy).
But if p is a symmetric probability measure, iyG,(iy) = fteR g%gdp(t) € (0,1]. So, by injec-
tivity of u — Au? + (1 — A)u on (0,1], G, (iy) = G, (iy) for y > 1, and then, by analycity of the
Cauchy transform, G, = G,, and by injectivity of the Cauchy transform (see [[AGI] or section
31of [HP)) p=v. O

The following lemma is an easy consequence of proposition [i.1] and theorem [.3.

Lemma 4.4 (Tightness and rectangular R-transform). Let A be a set of symmetric probability
measures. Then we have equivalence between

(i) A is tight,
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(ii) for any 0 < a <, ;11;% Cu(z) = 0 uniformly in p € A,
larg z—7|<c
(iii) lim0 R, (z) = 0 uniformly in p € A.
xe%—_)oo,O)

Theorem 4.5 (Paul Lévy’s theorem for rectangular R-transform). Let (u,) be a sequence of
symmetric probability measures. Then we have equivalence between:

(i) (un) converges weakly to a symmetric probability measure;
(i) there exists o, 3 such that
(a) lin%) C, (2) = 0 uniformly in n,
\argzz_—)WKa
(b) the sequence (Cy,,) converges uniformly on every compact set of Aq g;
(iii) (a) lin%] C,, (x) = 0 uniformly in n,
xe%joo,o)
(b) there exists 3 > 0 such that the sequence (Cy,) converges pointwise on [—(,0).

Moreover, in this case, denoting by p the weak limit of (uy), for every «, there exists [ such
that the sequence (Cy,) converges uniformly to C,, on every compact set of A, g.

Proof. (i) = (éi): suppose that (u,) converges weakly to p. Then by the previous lemma,
we have (a) of (i4). So there exists § > 0 such that on A, g, for all n, |Cp,| < 1. So, by
Montel’s theorem, it suffices to show that the only possible limit, for uniform convergence on
every compact, of any subsequence of (C,,, ) is C,. Let C be an analytic function on A, g such
that a subsequence (Cﬂkn) of (C,,) converges uniformly to C' on every compact of A, 3. We
know (see [A61]] or section 3.1 of [HP]|) that the sequence (G, ) converges uniformly on every
compact of the upper half plane to G/,. So the sequence (H,,,) converges uniformly on every
compact of the complement of [0, +00) to H,. Since liB%]C’(z) =0, to prove C = C,,, it suffices

to prove that

AC+1)(C+1) = (AC,+1)(Cu+1).
But (AC,(2) +1) (Cu(z) +1) =

So it suffices to prove that

IO

so by theorem [L.9] it suffices to prove that

Hu <<Ac<z> SGEE: 1>> -
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We have
‘Hu [(AC@)H’?(C@)H)} - Z‘
= H, [(,\C(z)+1§(0(z)+1)} —Hy,, [(Acﬂkn (z)+1§(cukn (z)+1)] ‘
- Hy [(AC’(z) +1)(C(z) + 1)] — Hy [()\Cukn(z) + 1) (Cmm (z) + 1) '
1
" HM ()‘Cﬂkn (Z) + 1) (Cﬂkn (Z) + 1) e ()\Cﬂkn (Z) + 1) (C/Jkn (Z) + 1) '

2)
By continuity of H,, (1) tends to zero when n tends to infinity, and, since H,, = converges

uniformly to H,, on every compact, (2) tends to zero. So H, ((AC(z)+1Z)(C(z)+1)) = z.

(79) = (417) is clear.

(73i) = (i): suppose (i7i). Then by (i) = (ii), every limit of a subsequence of (u,) has a
rectangular R-transform equal to the pointwise limit of (C),,) on [3,0). By uniqueness of analytic
continuation, all the limits of subsequences of (u,) have the same rectangular R-transform, so,
by injectivity of this transform (previous theorem), there cannot be more than one limit of

subsequence of (uy,). As by (a) of (iii), the set {u,; n € N} is tight, (u,) converges weakly to
a symmetric probability measure. [

4.4. Retangular R-transform and rectangular free convolution. Recall the definition of
the binary operation m, on the set of compactly supported symmetric probability measures : let
1, v be two compactly supported symmetric probability measures. Let a,b be two free elements
in p1.Ape with (A, p1,p2, ©1,92) (p1, p2)-probability space such that A = p;/ps and such that for
all n € N, map, (1) = ¢ ((aa*)") and ma,(v) = ¢ ((bb*)"™). Then there exists a unique compactly
supported probability measure um,v, that depends only on p and v such that for all n € N,
man (ue,v) = ¢ (((a+ b)(a + b)*)"). By equation (B.§), we know that

Cyp,v = Cyu + Cl, (4.3)

as a formal power series. But, by section [.1], we know that this formal series are the expansion
of the analytic functions with the same name. So (.3) holds also for analytic functions.

Let us extend the binary operation =, to a binary operation on the set of symmetric probability
measures on the real line, that will be commutative, associative, and continuous with respect
to the weak convergence. Let u,v be symmetric probability measures. If (i) (resp. (vy,)) is
a sequence of compactly supported symmetric probability measures that converges weakly to u
(resp. v), then by theorem [£.5 and equation (f.3) the sequence (p,,8,v,,) converges to a measure
whose rectangular R-transform is C,, + C,, (so this measure does not depend on the choice of
the sequences (uy,) and (,) and is equal to us,v when p and v are compactly supported). This
measure will be called the rectangular R-transform with ratio A of p and v, and denoted by
pm,v. Note that the equation (fJ) stays true for all symmetric probability measures y and
v. Moreover, this equation shows that m, is a commutative, associative, and continuous binary
operation on the set of symmetric probability measures.

Now we can extend the proposition P.] to the case where y1, 2 are not compactly supported:
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Theorem 4.6. Consider sequences q1(n),q2(n) such that
@1(n) +ga(n) =n,  q(n) <gn), qln) — oo, qn)/fga(n) — Ac[0,1].

Let, for all n, A,, B, be independent qi(n)xqe(n) bi-unitarily invariant random matrices such
that the symmetrizations of the singular laws of A,, B, converge in probability to probability
measures i, v. Then the symmetrization of the singular law of A, + B, converges in probability
to pmy\v.

To prove the theorem, we will need the following lemma, for which we need to introduce
an extended functional calculus. When F' is a real Borel function on the real line, for any
q1(n)xg2(n) matrix C, we define F(C) to be the matrix

U[éz]F(hl)]lgzgql(n)Vy
1<j<q2(n)
where hy,...,h
such that

qi(n) = 0, and U,V are respectively q1(n)xqi(n), g2(n)xga(n) unitary matrices
¢ =U[6]hil1<i<q () V-
1<j<g2(n)
Note that (F'+ G)(C) = F(C) 4+ G(C) and F(C)G(C)* = 0 when FG = 0. For any probability
measure o, we will denote by F (o) (for example o2, 0172, |o|...) the push-forward of & by F, that
is the distribution of the random variable F'(X), when X is a random variable with distribution
o. We denote by pg the spectral measure of an hermitian matrix H. Recall that we denote
by & the symmetrization of any probability measure o. For example, the symmetrization of the
singular law of a rectangular matrix A will be denoted by fi 4)-

Lemma 4.7. Let (Cy) be a sequence of q1(n)xqa(n) random matrices such that fic,,| converges in
probability to a probability measure o. Then, for any odd real function F' continuous at o-almost
every point of R and such that F(RT) C R, fyF(cy)| converges in probability to F(o).

Proof. F(o) is symmetric, the symmetrization is a continuous operation, so it suffices to
prove that pp(c,) converges in probability to [F(o)| = F(|o|). But upc,y = F(kc.))s #ic
converges in probability to |o|, and o — F(0) on the set of probability measures on the real line

is weakly continuous at |o| because F' is continuous at |o|-almost every point of the real line
(B6g). O

Proof of the theorem. The function that maps a probability measure ¢ on R* to the

symmetrization ol2 of its push-forward by 2 — 2!2 is continuous. So it suffices to prove
that the push-forward of the spectral law of |4, + B,| by 2 — 2, i.e. the spectral law of
M, = (A, + By)(A, + By)* converges in probability to (um,v)2.
We can define a distance on the set of probability measures on the real line with the Cauchy
transform by

(0'17 02) — sup ’Gm (Z) - Gaz (Z)’ :

Jz>1
This distance defines the topology of weak convergence ([[A61], [PL0J]). The Cauchy transform
of the spectral distribution of an hermitian matrix M is the normalized trace of its resolvant
R.(M) = (z — M)~!. So the spectral distribution of a sequence (X,,) of ¢1(n)xqi(n) hermitian
random matrices converges in probability to a probability measure ¢ on the real line if and only
if for each € > 0, the probability of the event

{ sup [trR, (X,) — Gy (2)| > E}

Fz>1
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tends to zero as n tends to infinity.
Choose € > 0. We will show that

p {5331 tr (%Z(Mn)> — Gz, (2) ] > e} nmee g,

where P designs the probability measure of the probability space where the random matrices
are defined. Let us define, for ¢ > 0, the function F} on the real line by

i <
Fioes x ?f|:13|_t,
0 if || >t

For every probability measure o, F;(o) converges weakly to o when ¢ tends to infinity, so, by
continuity of @,, there exists ¢ € (0,400) such that t and —t are not atoms of the measures p
and v, and such that

€
sup G(Fwe, Fv)2(2) — G(;LEEAV)Q(Z)‘ < 3 (4.4)

€
,u(R—[—t—l,t—l—l])+V<R—[—t—1,t+1]> < = (4.5)
We will now use the notations Fy = F, G(z) = v — F(z) and M, = (F(A4,) + F(B,))(F(A,) +

Using triangular inequality and ([L.4), we have
p {gslgpl tr (%Z(Mn)> = Gum,)2(2) ‘ > E}
< P{sup m[%xmuy—%xmaw}\>>§}
Fz>1

+ P {§u>pl tr mz(Mn,t) - G(F(u)EEAF(u)F (Z) ‘ > %} (4.6)

To treat the first term of right hand side of ({.9), recall that for any ¢i(n)xg¢i(n) matrix T,
[tr T| < ﬁ“TH rgT. The operator norm ||R;(M,,) — R, (M, )|| is not less than 2, because

Sz > 1. Moreover, due to the equation
Rz (Mn) — Re(Mnt) = =R (M) (Mn — Mp )Rz (Mn ),
the rank is not more than the one of M,, — M, ;. One has (omitting the indices n in A,, By,)
M, — M, = G(A)G(A)" + G(B)G(B)*+ G(A)B* + F(A)G(B)" + G(B)A* + F(B)G(A)",
so its rank is not more that 3rg G(4,) + 3rg G(B,,). Hence

P { sup [tr (R, (M) — R (Mny)]| > %}

Jz>1

< P{ 6 (rgG(An)+rgG(Bn))>§}

q1(n)
= P{ua,(R—[~t,t]) + pp,(R—[-t,1]) > £},

which tends to zero when n goes to infinity, by (.§). On the other side, the second term of right
hand side of ([.§) goes to zero when n goes to infinity by definition of rectangular convolution
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of compactly supported symmetric probability measures and by the previous lemma. So

lim P« sup | tr (%Z(Mn)>—G(MEEA,,)z(z) > e, =0,

and the result is proved. [

REFERENCES

[A61] Akhiezer, N.I. The classical moment problem, Moscou, 1961

[BGe] Benaych-Georges, F. Infinitely divisible distributions for rectangular free convolution: classification and
matricial interpretation, http://www.dma.ens.fr/~benaych/

[BGf] Benaych-Georges, F. Rectangular random matrices, related free entropy and free Fisher’s information,
http://www.dma.ens.fr/~benaych/

[BV93] Bercovici, H., Voiculescu, D. Free convolution of measures with unbounded supports Indiana Univ. Math.
J. 42 (1993) 733-773

[B68] Billingsley, P. Convergence of probability measures Wiley, 1968

[CC04] Capitaine, M., Casalis, M. Asymptotic freeness by generalized moments for Gaussian and Wishart matri-
ces. Application to beta random matrices Indiana Univ. Math. J. 53 (2004), no. 2, 397431

[CDMO05] Capitaine, M., Donati-Martin, C. Strong asymptotic freeness for Wigner and Wishart matrices preprint,
2005

[DS04] Dozier, B. Silverstein, J. Analysis of the limiting distribution of large dimensional information-plus-noise-
type matrices preprint, 2004

[HLOO] Haagerup, U., Larsen, F. Brown’s spectral distribution measure for R-diagonal elements in finite von
Neumann algebras Journ. Functional Analysis 176, 331-367 (2000).

[HLNO04] Hachem, W., Loubaton, P., Najim, J. The empirical distribution of the eigenvalues of a Gram matriz
with a given variance profile preprint 2004

[HLNO5] Hachem, W., Loubaton, P., Najim, J. Deterministic Equivalents for certain functionals of large random
matrices preprint, july 2005.

[HP] Hiai, F., Petz, D. The semicircle law, free random variables, and entropy Amer. Math. Soc., Mathematical
Surveys and Monographs Volume 77, 2000

[HJ91] Horn, R.A., Johnson, C.R. Topics in matriz analysis Cambridge University Press, Cambridge, 1991

[MP67] Marchenko, V.A., Pastur, L.A. The distribution of eigenvalues in certain sets of random matrices Mat.
Sb. 72 (1967) 507-536; traduc. anglaise USSR Sb. 1 (1967) 457-483

[M67] Mehta, M.L. Random matrices and the statistical theory of energy levels New York Academic Press, 1967

[N74] Nelson, E. Notes on non-commutative integration J. Functional Analysis 15 (1974), 103-116

[NS97] Alexandru Nica, Roland Speicher R-diagonal pairs — a common approach to Haar unitaries and circular
elements Fields Institute Communications, Volume 12, 1997, 149-188

[NSS99a] Nica, Alexandru; Shlyakhtenko, Dimitri; Speicher, Roland Some minimization problems for the free
analogue of the Fisher information Adv. Math. 141 (1999), no. 2, 282-321.

[NSS01] Nica, Alexandru; Shlyakhtenko, Dimitri; Speicher, Roland R-diagonal elements and freeness with amal-
gamation Canad. J. Math. Vol. 53 (2), 2001, pp. 355-381

[NSS02] Nica, Alexandru; Shlyakhtenko, Dimitri; Speicher, Roland Operator-valued distributions. I. Characteri-
zations of freeness Int. Math. Res. Not. 2002, no. 29, 1509-1538.

[PLO2] Pastur, L., Lejay, A. Matrices alatoires : statistique asymptotique des valeurs propres Seminaire de Prob-
abilités XXXVI, Lecture notes in M. 1801, Springer 2002

[R64] Rota, Gian-Carlo On the foundations of combinatorial theory. I. Theory of Mébius functions Z. Wahrschein-
lichkeitstheorie und Verw. Gebiete 2 340-368 (1964)

[R] Rudin, W. Real and complezx analysis, McGraw-Hill Book Co., New York, 1987

[Sh96] Shlyakhtenko, D. Random Gaussian band matrices and freeness with amalgamation Internat. Math. Res.
Notices 1996, no. 20, 1013-1025.

[Sh98] Shlyakhtenko, Dimitri Gaussian random band matrices and operator-valued free probability theory Quan-
tum probability (Gdarisk, 1997), 359-368, Banach Center Publ., 43, Polish Acad. Sci., Warsaw, 1998

[S94] Speicher, R. Multiplicative functions on the lattice of non-crossing partitions and free convolution, Math.
Annalen 298 (1994) 611-628

[S98] Speicher, R. Combinatorial theory of the free product with amalgamation and operator-valued free probability
theory, Mem. Amer. Math. Soc. 132 (1998), no. 627



44 FLORENT BENAYCH-GEORGES

[S99] Speicher, R. (1999). Notes of my lectures on Combinatorics of Free Probability (IHP, Paris, 1999). Available
on http://www.mast.queensu.ca/~speicher

[SK00] Speicher, Roland, Krawczyk, Bernadette Combinatorics of free cumulants J. Combin. Theory Ser. A 90
(2000), no. 2, 267-292.

[SSOl] S/niady7 Piotr, Speicher, Roland Continuous family of invariant subspaces for R-diagonal operators Invent.
Math. 146, 329-363 (2001)

[VI1] Voiculescu, Dan Limit laws for random matrices and free products Invent. Math. 104 (1991), no. 1, 201-220

[V98] Voiculescu, Dan A strengthened asymptotic freeness result for random matrices with applications to free
entropy Internat. Math. Res. Notices 1998, no. 1, 41-63.

[VDN91] Voiculescu, D.V., Dykema, K., Nica, A. Free random variables CRM Monograghs Series No.1, Amer.
Math. Soc., Providence, RI, 1992



