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1 Introduction

By the name Euler-Maclaurin, one refers to formulas which relate discrete
sums to integrals, in particular in the following framework. Let p be a rational
convex polytope in R? and let h(z) be a polynomial function on R?% The
sum of the values h(x) at integral points of p is written as a sum of terms

indexed by the set F(p) of faces of p,

(1) GEDS [ D(p.§) - h

zepnzd fex(p)

where, for each face f of p , D(p, §) is a differential operator (of infinite order)
with constant coefficients on R?. The basic example is the historical Euler-
Maclaurin summation formula in dimension 1: for a; < ay € Z,

> h(x) = / h(tydt =Y Mh(n—l)(al) + Z(—l)n%h(”—l)(ag)

n>1 nt n>1
where b(n) are the Bernoulli numbers.

When p is an integral polytope, the existence of such operators is the
combinatorial counterpart of a homological property of the associated toric
variety: the invariant cycles corresponding to the faces of p generate the
equivariant homology module. An Euler-Maclaurin formula amounts to an
explicit Riemann-Roch theorem, as obtained by Khovanskii and Pukhlikov
[£2] for integral polytopes corresponding to smooth toric varieties, and ex-
tended by Cappell and Shaneson [l to any integral polytope. Furthermore,



by transforming Cappell-Shaneson homological methods into purely combi-
natorial techniques, valid for any rational (not necessary integral) polytope,
Brion and Vergne [H] obtained various expressions for the sum > _ 4 h(2),
either as an integral over a deformed polytope followed by differentiation
with respect to the deformation parameter, or formulas of type ().

In this article, we construct differential operators D(p,§), with rational
coefficients, which satisfy Formula (ll) and which moreover enjoy two essential
properties: they are local and they are computable. The existence of operators
with these properties was conjectured in [H].

By local, one means that D(p,§) depends only on the equivalence class -
modulo integral translations - of the transverse cone t(p,f) of p along f (see
Definition B and Figure l). In particular, if p is an integral polytope, the
operator D(p,§) depends only on the cone of feasible directions of p along f.

By computable, one means that there exists an algorithm which computes
the m lowest order terms of D(p,f), with running time polynomial with
respect to the size of the data defining p, at least when the dimension d and
the number m are fixed.

On the contrary, Cappell-Shaneson and Brion-Vergne operators are nei-
ther local nor computable.

When applied to the constant polynomial h(z) = 1, Formula (ll) takes
the form

(2) Card(p NZ%) = Y wo(p, f) vol(f)

feF(p)

where the coefficients vy(p, §) are rational numbers. In the context of toric
varieties, Danilov 8] asked the question of existence of coefficients vg(p, §)
with the local property, in the case of an integral polytope. This result
was proven by Morelli B3] and McMullen [f9]. In [Z], Pommersheim and
Thomas gave a canonical construction of rational coefficients vy(p, f) which
satisfy Formula (H), as a consequence of their expression for the Todd class
of a toric variety. In a companion article, we will similarly obtain a local
formula for the equivariant Todd class of any toric variety. The result is
stated in Theorem EA

The computability of our operators D(p, f) extends the following remark-
able result of Barvinok [B]: when the dimension d is fixed, the number of
integral points Card(p N Z%) can be computed by a polynomial time algo-
rithm. This result is a consequence of Brion’s theorem [[], according to which



the computation can be distributed over the tangent cones at the vertices,
and of Barvinok’s signed decomposition of a cone into unimodular cones by
a polynomial time algorithm. Based on this method, efficient software pack-
ages for integer points counting problems and the effective computation of

EprﬁZd h(x) have been developed ], [E4], [£9], [Z2].

Let us now explain the construction of the operators D(p,f). We define
the differential operator D(p,§) through its symbol, using a scalar product
on R% For this purpose, we first associate an analytic function u(a) (defined
on a neighborhood of 0) on R? to any rational affine cone a C R

For instance, for a half-line s + R, we have

Jsle g
+ -

pe 4RO = e + ¢

where [[s]] = n — s, withn € Z , n — 1 < s < n. Remark that this function

is analytic at 0, with value at 0 given by p(s +R4)(0) = 3 — [[s]].
The assignment a — p(a) has beautiful geometric properties. The most

important one is that it is a valuation when the vertex of a is fixed (Theorem

Ed). For instance,

(3) plar Uaz) = play) + p(az) — play N az).

Moreover, p(a) is unchanged when a is moved by a lattice translation, and
the map a — u(a) is equivariant with respect to lattice-preserving isometries.
In particular, with the standard scalar product, we thus get invariants of the

group O(n,Z).

If a contains a straight line, we set p(a) = 0. If a is pointed with vertex
s, we define p(a) recursively by the relation:

() p@) @) = Y o N /«L(f(aaf))(ﬁ)/fe“’”dmf(l')

rEanZd f,dim(f)>0

where § denotes a face of a and dmj(x) denotes the canonical Lebesgue mea-
sure on f defined by the lattice. In (M), the function u(t(a,§)) is a priori
defined only on a subspace of R namely the orthogonal to the face . We
extend it to R? by orthogonal projection. Our main point is to show that
Formula () actually defines an analytic function. Thanks to the valuation
property, the proof is reduced to the case of a simplicial unimodular cone.



Then we define D(p, §) as the differential operator with symbol w(t(p, §))(£).
If the scalar product is rational, the Taylor series of y(a) has rational coeffi-
cients, in particular the numbers 14(p, f) in (H) are rational. Note that D(p, f)
involves only differentiation in directions perpendicular to f.

With this definition, FEuler-Maclaurin formula (l) for any rational poly-
tope p follows easily from Brion’s theorem. Indeed, the defining formula (M)
is formally Formula () where the polytope p is replaced by the cone a and
the polynomial h(z) is replaced by the exponential e,

The computability of the functions u(t(p,§)) is also deduced from Barvi-
nok’s fast decomposition of cones, thanks to the valuation property.

Moreover, Barvinok proved recently [l that, given an integer m, there
exists a polynomial time algorithm which computes the m highest coefficients
of the Ehrhart quasipolynomial of any rational simplex in R?, when the di-
mension d is considered as an input. We hope that our construction of the
functions p(a) will lead to another polynomial time algorithm which would
compute the m highest coefficients of the Ehrhart quasipolynomial for any
simplex in R? and any polynomial A(z), when the dimension d and the degree
of h are considered as input. We want to point out that our construction
involves only cones of dimension less than m when computing the m highest
order Ehrhart coefficients.

In the forthcoming article [l], we will compare our construction to the
mixed valuation method of [H].

Let us illustrate the results in dimension 2. For an affine cone a with
integral vertex s and edges generated by two integral vectors vy, vy with
det(v1,v2) = 1, (that is to say, a is unimodular), we have:

p(a)(0) = %r <U1172U2> <v1,1v1> <U271”2> |

For a general cone, we compute p(a)(0) using the valuation property (H).
According to Pick’s theorem, the number of integral points of an integral
polygon p C R?is given by

Card(p N Z?*) = area(p) + %lengthzz d(p) + L.

According to our local formula, as well as Pommersheim-Thomas’s, we have:

Card(p N Z*) = area(p) + %lengthzz d(p) + Z (P, s)
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Figure 1: Coefficient vo(p, s) = pu(t(p,s))(0) at the vertex s
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Figure 2: Cappell-Shaneson coefficients

with v(p, s) = u(t(p,s))(0), where s runs over the vertices of p. Thus the
constant 1 is canonically distributed over the vertices (Figure l). Cappell-
Shaneson coefficients [[2] give a different, non local, distribution of the con-
stant 1 over the vertices. For instance, the bottom right coefficients in the
square and the trapezoid of Figure B are different, although the vertices have
the same tangent cone.

More examples are given at the end of the paper, for polygons p with ra-
tional (non integral) non unimodular vertices. Based on our Euler-Maclaurin
operators, we wrote a Maple program which computes the value of the sum
EprﬁZ2 ] xy? and also the (periodic) coefficients of the corresponding



Ehrhart quasipolynomial.

2 Definitions and notations

We consider a rational vector space V', that is to say a finite dimensional
real vector space with a lattice denoted by Ay or simply A. By lattice, we
mean a discrete additive subgroup of V' which generates V' as a vector space.
Hence, a lattice is generated by a basis of the vector space V. A basis of V
which is a Z-basis of Ay is called an integral basis.

We will need to consider subspaces and quotient spaces of V', this is why
we cannot just let V = R? and A = Z%. The points of A are called integral.
A point = € V is called rational if gz € A for some integer ¢ # 0. The
space of rational points in V' is denoted by V. A subspace W of V is called
rational if W N A is a lattice in W. If W is a rational subspace, the image of
Ain V/W is a lattice in V/W, so that V/W is a rational vector space.

A rational space V', with lattice A, has a canonical Lebesgue measure, for
which V/A has measure 1. An affine subspace W of V is called rational if
it is a translate of a rational subspace by a rational element. It is similarly
provided with a canonical Lebesgue measure. We will sometimes denote
this measure by dmy. For example, let W be a rational line of the form
W = s+ Rwv. Assume that v is a generator of the group RvN A (we say that
v is a primitive vector). Then dmw (s + tv) = dt.

If v; € Vg are linearly independent vectors, we denote by O(vy,...,vs)
the semi-open parallelepiped generated by the v,’s:

k

O(v1,..yv) = > [0, 1[us.

=1

We denote by vol(O(wy,...,vy)) its relative volume, that is to say its vol-
ume with respect to the canonical measure on the subspace generated by
Vige ey Uk

We denote by V* the dual space of V. We will denote elements of V
by latin letters x,y,v,... and elements of V* by greek letters £, a,.... We
denote the duality bracket by (¢, ).

V* is equipped with the dual lattice A of A :

AN ={£eV"; (£ a) € Zforall x € A}



If S is a subset of V, we denote by S+ the subspace of V* orthogonal to
S:
St={¢cVv*; (&) =0forall z € S}.

If W is a subspace of V, the dual space (V/W)* is canonically identified
with the subspace W+ C V*.

If S is a subset of V', we denote by < .S > the affine subspace generated
by S. If S consists of rational points, then < S > is rational. Remark
that < S > may contain no integral point. We denote by lin() the vector
subspace of V parallel to < 5 >.

<S>

lin(.S)

0 \‘

Figure 3: The affine space < S > and the linear space lin(\5)

The set of non negative real numbers is denoted by R;. A convex rational
cone ¢ in V' is a closed convex cone Ele R v; which is generated by a finite
number of elements v; of V. In this article, we simply say cone instead of
convex rational cone.

An affine (rational) cone a is, by definition, the translate of a cone in V
by an element s € V. This cone is uniquely defined by a; it is called the
cone of directions of a and denoted by dir(a). Thus a = s + dir(a).

A cone c¢ is called simplicial if it is generated by independent elements of
Vo. A simplicial cone ¢ is called unimodular if it is generated by independent
integral vectors vy, ..., vy such that vol(O(vq,...,vg)) = 1. An affine cone a
is called simplicial (resp. simplicial unimodular) if dir(a) is simplicial (resp.
simplicial unimodular).

An affine cone a is called pointed if it does not contain any straight line.

The set of faces of an affine cone a is denoted by F(a). If a is pointed,
then the vertex of a is the unique face of dimension 0, while a is the unique
face of maximal dimension dim a.

The dual cone ¢* of a cone ¢ is the set of £ € V* such that (£,2) > 0 for
any x € c.



A convex rational polyhedron p in V' (we will simply say polyhedron) is,
by definition, the intersection of a finite number of half spaces with boundary
a rational affine hyperplane.

Definition 1 We say that p is solid (in V) if <p >=V.

The set of faces of p is denoted by F(p) and the set of vertices of p is
denoted by V(p).

Figure 4: The transverse cone along an edge in dimension 3

We now introduce the main geometrical object in our study, the transverse
cone of a polyhedron p along one of its faces f (see Figurell). Let = be a point
in the relative interior of j. Recall that the cone of feasible directions of p
at = is the set ¢(p,f) :=={v € V ;2 + ev € p for € > 0 small enough }. It
does not depend on the choice of & and contains the linear space lin(f). The
supporting cone of p along f is the affine cone < § > +¢(p, f). We denote the
projection V' — V/lin(f) by ;.

Definition 2 Let p be a polyhedron and § a face of p. The transverse cone
t(p.f) of p along | is the image m(< § > +c(p,§)) of the supporting cone in
V/1in(§).

We will often write simply transverse cone along §, when p is understood.
If v is a vertex of p, the transverse cone t(p,v) coincides with the sup-
porting cone v + ¢(p,v) C V.



The transverse cone {(p, f) is a pointed affine cone in the quotient space
V/1in(§). Its dimension is equal to the codimension of f in < p >. Its vertex
is the projection m¢(x) of any point x of f on V/lin(f).

If a is an affine cone and § is a face of a, then the supporting cone is
a + lin(f) and the transverse cone t(a,§) along f is just the projection mj(a)
of a on V/lin(f).

We shall make use of subdivisions of cones.

Definition 3 A subdivision of a cone ¢ is a finite collection C of cones in V
such that:

(a) The faces of any cone in C are in C.

(b) If 91 and 0 are two elements of C, then the intersection 91 N0y is a
face of both vy and 0.

(¢c) We have ¢ = Upeed.

If furthermore the elements of C are simplicial cones, the subdivision will
be called simplicial.

Example 4 The basic example is the subdivision {R4, (—=R4),{0}} of the

one-dimensional cone R.

It is easy to see that any pointed cone admits a subdivision into simplicial
unimodular cones.

If S is a subset of V, we denote by x () the characteristic function of S
(also called the indicator function of 5).

Explicit expression of operators D(p, §) involves the Bernoulli polynomials
b(n,t), defined by the generating series

= b(n,t) X X
5 X" = )
(5) ; n! eX —1

The Bernoulli number is b(n,0) and is denoted by b(n).

3

3 Meromorphic functions associated to poly-

hedra

By a meromorphic function on V* with rational coefficients, we mean a mero-
morphic function on the complexification of V* which can be written as the

9



quotient of two holomorphic functions with rational Taylor coefficients with
respect to an integral basis of V*.

We recall the construction of two meromorphic functions with rational
coefficients on V*, associated to any polyhedron p in V' (see the survey [H]).
The first function I(p) is defined via integration over p, the second function
S(p) via summation over the set of integral points of p.

We denote by dmcps the relative Lebesgue measure on the affine space
spanned by p.

Proposition 5 There exvists a map I which to every polyhedronp C V asso-
ciates a meromorphic function with rational coefficients I(p) on V*, so that
the following properties hold:

(a) If p contains a straight line, then 1(p)=0.

(b) If € € V* is such that |!&| is integrable over p, then

1)) = [ e dmags (2).
p
(¢c) For every point s € Vg, we have

I(s+p)(&) = e (p)(€).

(d) The map I is a solid valuation: if the characteristic functions x(p;)
of a family of polyhedra p; satisfy a linear relation Y. rix(p;) = 0, then the
functions I(p;) satisfy the relation

Z ril(p;) = 0.

{1,<pi>=V}

Example 6 .

o Ifp = {s} is a point, then I(p)(£) = &,

e In dimension 1, if p = s+ RT, where s € Q, then I(p)(§) = —%
o If ¢ is a simplicial cone generated by k < d independent vectors vy, ..., v,

we have

pvol(d(vy,. .., Uk))

ITiz (€ o)

(6) [(e)(¢) = (=1)

10



These formulas follow immediately from the computation in dimension 1,
fooo ¢*®dr = =L for £ < 0. Thus, for a simplicial cone, the function I(c) can
indeed be extended as a rational function on the whole space V*.

In a similar way, one defines the second meromorphic function, which is

the discrete analogue of I(p).

Proposition 7 There exists a map S which to every polyhedron p C V
associates a meromorphic function with rational coefficients S(p) on V* so
that the following properties hold:

(a) If p contains a straight line, then S(p)=0.

(b) If £ € V* is such that EprﬁA |el&2)| < oo, then

(7) S = Y e,

rEPNA

(¢c) For every integral point s € A, we have

S(s+p)(€) = 085(p)(€).

(d) The map S is a valuation: if the characteristic functions x(p;) of
a family of polyhedra p; satisfy a linear relation Y .rix(p;) = 0, then the
functions S(p;) satisfy the same relation

Z r:S(p;) = 0.

Example 8 .
o [fp = {s} is a point, then we have two cases. If s is an integral point, then

SH{s})(€) = &2, otherwise S({s}) = 0.
e In dimension 1, if p = s + RT, where s € Q, then
ekt

:1—65

S(s +Ry)(E)

where k is the smallest integer greater or equal than s.
o Let a be a solid simplicial affine cone with vertex s € V. Lel vy, ..., v be
integral generators of the edges of a. Then

d

g swo={ Y NI

z€(s+0(v1 ,..0yvg))NA 1=1



We obtain this formula by observing that any element = of the affine cone
a can be written in a unique way as a sum y + 2?21 n;v; where y lies in
the semi-open parallelepiped s+ O(vy, ..., vq) and the coefficients n; are non
negative integers, and that the point x is integral if and only if y is.

Thus indeed S(s 4+ ¢) can be extended to a meromorphic function on the

whole of V*.

Let us check the valuation property in dimension one:

Example 9 In dimension one, let s € Q. The relation x(s + Ry) + x(s —
Ry) —x({s}) = x(R) must imply S(s+R4)+ S(s—Ry) = S({s}). Ifs=0,

we have indeed | |
= 1 =
1 _ eg —I_ 1 _ e_g S({S})(§)7
while, if 0 < s <1, then

et
S(s+R4)(€) = Tt

Sls ~ R = 7=,

thus S(s+Ry)+ S(s —Ry) =0=S5({s}).

The valuation property of the maps p — S(p) and p — I(p) have the fol-
lowing important corollary. This was first obtained by Brion [H] using toric
varieties:

Theorem 10 (Brion) Let p be a polyhedron in V. Then
I(p) = D I(tp,v)),

veV(p)

S(p) = Y S(tp,v)).

veV(p)

The singularities of the functions /(a) and S(a) are easy to compute for a
pointed affine cone:

Lemma 11 Let a = s + ¢ be a pointed affine cone with vertex s and let
U1, ...,0x be rational generators of the edges of the cone ¢. The products

(H (€, vi>> (s +¢)(£) and (H 3 vi>> S(s +¢)(6)

are analytic near Q.

12



Proof. It is easy to see that the cone ¢ admits a subdivision into simplicial
cones whose edges are already edges of ¢. Thus, thanks to the valuation
properties of Proposition B, it is enough to prove the lemma when c¢ itself is
a simplicial cone. In this case it follows immediately from Formulas (H) and

8.

4 The main construction

In this section, we will perform the main construction of this article: to any
affine cone a in V or in a rational quotient V/L of V, we will associate an
analytic function p(a) defined in a neighborhood of 0 in V*. In the next
section, if p is a convex rational polytope in V', we will obtain a local Euler-
Maclaurin formula for p in terms of the functions u(t(p, f)) associated to the
transverse cones t(p, f) of p along its various faces f.

We will denote the ring of analytic functions with rational coefficients,
defined in a neighborhood of 0 in V*, by H(V*) and the ring of meromorphic
functions with rational coefficients, defined in a neighborhood of 0 in V*, by
M(V™)

We will need to extend to the space V* some meromorphic functions which
are a priori defined only on a subspace of the form (V/L)* = L* of V*. For
that purpose, we fix a scalar product Q(x,y) on V. We assume that @ is
rational, meaning that Q(x,y) is rational for x,y € V. We denote also by
Q(&,n) the dual scalar product on V* and we use the orthogonal projection
projy. : V* — LY. If ¢ is a meromorphic function (with rational coefficients)
on Lt we still write ¢ for the function on V* defined by & — ¢(proj .(¢)).
It is meromorphic with rational coefficients.

Actually, we will do this not only for the space V itself, but also when V'
is replaced by a rational quotient space W. The dual W* is a subspace of
V*, thus it inherits the scalar product of V*.

A word of caution. Let L be a rational subspace of V. By means of the
scalar product Q, we can identify V/L with L*2 C V, the orthogonal of L
with respect to (). However these two spaces are not isomorphic as rational
spaces. The lattice of VL corresponds to the orthogonal projection of A on
L*e; it contains the lattice L2 N A, and the inclusion is strict in general,

Y

see Figure B

Let a be an affine cone in V' and let § be a face of a. Recall that the
transverse cone t(a,f) is the projection m¢(a) of a in V/lin(f). When we

13



Figure 5: In dimension 2, the transverse cone along an edge with its lattice

identify V/lin(f) with the orthogonal lin(f)*2, the transverse cone t(a,§) is a
pointed affine cone in lin(f)*<.

We denote by Cpeintea(V') the set of pointed affine cones in V.

Proposition 12 Let V' be a rational space and let Q) be a rational scalar
product on V. There exists a unique family of maps pw, indexed by the
rational quotient spaces W of V', such that the family enjoys the following
properties.

(a) pw maps Cpointea( W) to M(W™).

(6) /W = {0}, then uw ({0}) = 1.

(¢) For any pointed affine cone a in W, one has

(9) S(a)= Y pwinep(ta, H)1(f)
feF(a)
where the sum is over the set of faces of a.
In Formula (H), the transverse cone t(a,f) is a pointed affine cone in the
quotient space W/lin(f). The function pwying(t(a,§)) is a meromorphic

function on a neighborhood of 0 in the dual (W/lin(§))*. We give a meaning
to the formula by extending this function to a neighborhood of 0 in the whole

14



space W* by means of orthogonal projection. The function I(f) is defined as
a meromorphic function on W* as in Section 3.

Proof. The result is easily obtained by induction on the dimension of
W. If W = {0}, the only cone is a = {0} and Formula (@) is true. Let a be
a pointed affine cone in W. Let s be the vertex of a. The transverse cone at
the zero-dimensional face s is a itself. Formula (H) gives

(10)  S(@)(&) = “uw(@)(€) + > pwping (Ha, DIELHIE).

f,dim >0

is a pointed

(a,f)) being

t
) in a unique

For a face § of positive dimension, the transverse cone t(a,
affine cone in the vector space W/lin(f). Therefore, iy iin(s(
defined by the induction hypothesis, Formula () deﬁnes Mw(a
way, as a meromorphic function on W*.OO

The following property follows immediately from the definition:

Proposition 13 If Vi C V5 and a is an affine cone contained in Vi, then

the function pv,(a) is the lift to VJ* of py,(a), by the natural restriction map
Vi =W

In the rest of this article, we will omit the subscript W in the notation pyw (a).

Proposition 14 The functions defined in Proposition & have the following
properties:

(a) For any s € A, one has pu(s + a) = p(a).

(b) The map a — p(a) is equivariant with respect to lattice-preserving
linear isometries. In other words, let g be a linear isometry of W which
preserves the lattice A and denote its transpose by ‘g, then u(g(a))('g™'€) =
wla)(©).

(¢c) The map a — p(a) is multiplicative with respect to orthogonal sums
of cones. More precisely, if W is an orthogonal sum W = Wy & W, and a;
is an affine cone in W; for 1 =1,2, then

plar + a2) = p(ay)u(ay).
(d) If a € Cpointea(W) is such that < a > NAw =0, then pw(a) = 0.

Proof.  The invariance in (a) and (b) and the multiplication rule in (¢)
follow immediately from the definition, by induction. To prove (d) , assume

15



that < a > NAy = 0. Then S(a) = 0 and, for any face § of a, the transverse
cone t(a,f) does not contain any integral point of V/lin(f), therefore, by
induction, p(t(a,§)) = 0 for dimf > 0, hence p(a) = 0. O

If a is an affine cone in V' which contains a straight line, we define p(a) =
0. Since all faces § of a contain a straight line, Formula (H) still holds in this
case. Thus we have defined u(a) for any rational affine cone in any quotient
space of V.

Our objective is to show that p(a) is indeed analytic near 0, but we will
first observe some further properties of this family of functions.

It is easy to compute p in dimension 1. Let ¢ € QQ such that 0 < ¢ < 1.
Then p(—t + R1)(¢) is defined by

S+ RO = o =t RO + [l
hence
et 1
(1) H—t +RNE = T + 7

We may write this in terms of the Bernoulli polynomials b(n, ), defined by
the generating series (H). We obtain
— b((n + 1), 1)
12 —t+ R =— — "
(12) RO = =3 A
Let a be a 1-dimensional pointed cone in V', that is to say a half-line. If
a does not contain any integral point, then p(a) = 0. If a contains integral

points, then there exists an integral point @« € a such that the translated
half-line a — a is of the form

(—t+Ry)v

where v is a primitive integral vector and ¢ € [0, 1].
By a similar computation, we get, for £ € V*,

(HED) 1

The next step is crucial to our construction; we will prove that the map
¢ — p(s + c) enjoys the valuation property:
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Proposition 15 Let ¢; be a finite family of cones in V. Assume that there
exists a linear relation between their characteristic functions . rix(¢;) = 0.
Then, for any s € Vg, we have the corresponding relation ) ripu(s+¢;) = 0.

Example 16 Consider the subdivision of Example ] in dimension one. Let

s € Q. Then

0=pu(R)=puls +Ry)+puls —Ry) — p({s}).
Indeed, if s is an integer, we have

p(s+ RO +pu(s—RL)(E) = (1_1—€£ + é) +(3 _16_5 - %) =1=p({s})(¢)

while, if s €] — 1,0[, we have

=€ 1 e—(st1)E
p(s+RO)(EFpu(s—Ry)(E) = (@T) = g) =0 = p({s}H(&)-

Proof.

We will prove the proposition by induction on dimV. By a standard
argument ([0, see also [H]), it suffices to prove the result in the following
particular case (see Figure ). Let a be a pointed solid affine cone in V' with
vertex s, let H be an affine hyperplane through s. Denote by H¥ the closed
half-spaces separated by H. Then we have

x(a)=x(an H") + x(an H™) = x(an H)
and we must prove:
(14) pla) = plaNHY) +p(an H™) = plan H).

We proceed to prove (EH).
The functions S(a) have the valuation property

S(a)—S(anHY) = S(an H™ )+ S(an H) =0.

By applying Formula (H), we obtain the following expansion of the left hand
side

(15) Y ua I~ Y ptan HYH)I()

feF(a) feF(anHT)

- > wMenH LM+ Y, pltan Hp)I().

feF(anH ~) feF(anH)

17



Figure 6: The cut of a 3-dimensional cone with 5 edges by a 2-dimensional
plane H. The cone is represented by its slice in the figure plane. Thus H is
represented by a line.

Let L be a affine subspace of V' of dimension > 0. We will show

(16) Y eI - >, p(t(a N HT5))I(f)

feF(a),<f>=L feF(anH*),<f>=L

- Y pMenH M+ Y plt(an H)I()
feF(anH ), <f>=L feF(anH),<f>=L

= 0.

From the relation (E@), it follows that the terms in (&) corresponding
to the faces f of positive dimension add up to 0. Therefore the contribution
of the 0-dimensional vertex {s} to (&) is also equal to 0, which proves the
relation ().

We fix L and we proceed to prove ().

Remark that all the transverse cones which appear in (EH) are affine cones
in V/lin(L). We will apply the induction hypothesis to V/lin(L).

I) First we consider the case where there is a face f of a such that < §f >=
L. There are three cases, according to whether the relative interior of f meets
both the interiors of H*, or only one, or none of them (in the third case, § is
contained in H).

e Case I.1: The relative interior of § meets both the interiors of H*. Then

18



Figure 7: Case [.1

§N HT is a face of an H* and < § N H* >= L. Thus we have to prove
p(t(a, I —p(tanH T FOHT) IENHT)—p(tan ™ §0H 7)) I(FNH ) = 0.

The three transverse cones t(a,f), t(anN H*,fN HT) and t(aN H™,§ N H™)
coincide. The integrals add up:

I(f) = I(FNHT)+ I(f N HT),
thus we get
p(t(e, ) (1) = [(FNHT) = 1(f0 H7))

which is equal to 0 as required.

o Case [.2: The relative interior of § is contained in the interior of, say,
H*. Then f = LNan H" is also a face of aN HT, but LNanN H~ and
L Nan H are smaller dimensional, or empty. This time we have to prove

p(t(a H)I(F) — p(tla NV HT fOHT)I(FNHT) = 0.
The transverse cones t(a, f) and t(a N H*, ) coincide, so we get
p(t(a, ) (1(F) = I(F0 HY)).

As § = fN HT, this is equal to 0 as required.
e Case [.3: f is contained in H, thus it is a face of all four cones, in other
words

f=fNH " =fnH =§nH.

19



L L

hspacelem

Figure 8: Case 1.2

f <f>=1L

4

-

Figure 9: Case 1.3

This time we have to prove

p(t(a, ) — p(tlan HT §0 HT))I(FNHT)
— puan H N H NIFNH™) +ptlan H,{))I(fn H) = 0.

In this case, the intersection of the transverse cones is
t(am H+7f) mt(am H_vf) = t(am H?f)v
the union of the transverse cones is

t(a,f) = tlan AT, f)Utlan H,5).
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Thus we get

(4@, 1)) = st 1) = (el 0 H 1) + el L) 1),

From the induction hypothesis applied to the space V/lin(L), we deduce that
this is equal to 0.

f <f>=L

L=H /

«—anH

aNHY lanH-

hspacelem

Figure 10: Case II

IT) Next, we consider an affine subspace L such that L N a is not a face
of a but, say, f = LNan H™ is a face of anN H*. Then we must have L C H
so that f is a face of the three cones aN H, anN H* and aN H~, but not a
face of a. We have to show that

altla NV HEF OV H) 4 (a0 B § 0 HO) G0 )
—p(taNH N H)I(FNH) =0,
with
fANHY=fNH =§fNnH =1.
In this case, the union t(a N H*,§) U t(an H~,f) is the projection iy, (a)

of a on V/lin(f); it is not pointed, therefore, applying again the induction
hypothesis to the space V/lin(L), we have

pta N H ) + p(t(an H.f)) — p(t(an H,f)) = p(ming(a) = 0

and the result follows. O
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Corollary 17 Let p be a polytope in V and s € V. Then

Y nls + dir(t(p, )

veV(p)

is equal to 1 if the point s is integral and 0 otherwise.

Proof. This follows immediately from the valuation property and the
relation (see [H]) between the characteristic functions:

3 (dir(t(p.v))) = ¥({0}) mod £

veV(p)

where £ denotes the space of linear combinations of characteristic functions
of cones with lines. [

Now we show that our functions are analytic near 0.

Proposition 18 Let a be an affine cone in V. The function p(a) is analytic
near 0.

Proof. The result is true when V' = 0 (and the explicit computation
shows that it is true also when dimV = 1). We will prove it by induction
on the dimension of V. Using the valuation property, it is enough to prove
the analyticity when a is a solid simplicial unimodular affine cone in V. Let
vy,...,0; be primitive integral generators of the edges of dira. If & is a
meromorphic function on V* such that the product

(H <§7Ui>> o(¢)

is analytic, we denote by Res,, (®) the residue of ® along v; = 0, that is to
say the restriction to v{ C V* of

<§7U1>q)(f)-

From the properties of the functions S and / (Lemma &) and the induction
hypothesis, it follows that the product

(' <§,vi>) p(a)(©
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is analytic. Thus we want to show that Res,, (p(a)) = 0. Starting from the
defining formula (H), we want to prove that, for ¢ € vi-, we have

(17) Res,, (S(a))(€) = ) p(t(a,§))(€) Resy, (1(F)(6)-

f;dim >0

Let us denote by 7 the projection V' — V/ < vy >. The cone 7(a) is also a
simplicial unimodular cone with primitive integral generators m(vs), ..., m(vg).
If a is unimodular, then the parallelepiped s 4+ O(vq,...,vq) C V contains
exactly one integral point. Therefore, the explicit computations (H) and (H)
of I(a) and S(a) imply immediately that the residues along v; = 0 of the
functions S(a) and [(a) are given by:

Res,, (S(a)) = —S(w(a)),

Res,, (I(a)) = —1(n(a)).

In the sum (), only the faces § for which vy is an edge of dir f contribute, and
these faces are in one to one correspondence with the faces of m(a). For such
a face §, the transverse cone of m(a) along 7(f) coincides with the transverse
cone t(a,f) and we have also

Res,, (1()) = —1(n(f)),

whence (), and the proposition. O

Next we will show that Formula (H) still holds when a is replaced by any
polyhedron p. This will be an easy consequence of Brion’s theorem and the
valuation property of I and S. In the following three theorems, we collect
the results of this section.

Theorem 19 Let V be a rational space and () a rational scalar product on
V= IfW = V/L is a rational quotient space of V, we denote by C(W) the set
of affine cones in W. Fora € C(W), let I(a) and S(a) be the meromorphic
functions with rational coefficients on W* defined in Propositions B and [f}

There exists a unique family of maps pw , indexed by the rational quotient
spaces W of V', such that the family enjoys the following properties:

(a) pw maps C(W) to H(W™), the space of analytic functions on W,
with rational Taylor coefficients.

(b) I W = {0}, then e ({0}) = L.
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(¢c) If the affine cone a € C(W) contains a straight line, then pw(a) = 0.
(d) For any affine cone a in W, one has

S(a) = Z frwy tin(p) (E(a, ) (F)

feF (o)

where the sum is over all faces of the cone a.

As in all this section, in Formula (d), the function ;) jing(t(a, §)) is consid-
ered as a function on W* itself by means of the orthogonal projection W* —
(W/1lin(§))* = (lin(f))* with respect to the scalar product on W* C V*.

Theorem 20 The analytic functions defined in Theorem ™ have the follow-
ing properties:

(a) For any x € A, one has p(x + a) = p(a).

(b) The map a — p(a) is equivariant with respect to lattice-preserving
isometries. In other words, let g be an isometry of W which preserves the
lattice A. Then p(g(a)('g™€) = p(a)(€).

(¢) If W is an orthogonal sum W = Wy & Wy and a; is an affine cone in
W; fore=1,2, then

plar + a2) = p(ay)u(ay).

(d) For a fixred s € Wy, the map ¢ — u(s +c) is a valuation on the set of
cones in W.

(e) Let p C W be a polyhedron, then

(18) S)(E) = Y nlte DIEIHIE).

feF(p)

Proof. In Theorem B only point (e) has not yet been proven. If v is a
vertex of p, let us denote by F(p,v) the set of faces of p which contain v.
For such a face § € F(p,v), the intersection 0 =< § > Nt(p,v) is a face of
the cone t(p,v) and this correspondence is a bijection between F(p,v) and
F(t(p,v)) with inverse given by f = 9 N p. Moreover the transverse cone
t(p,v) of p along its face < f > Nt(p,v) coincides with the transverse cone
t(p,f) of p along §. Therefore we have

Stp.v)) = Y plte.9) 1< > Ntlp,v)).

feEF(p,v)
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Replacing S(t(p,v)) with the right-hand side of this equality in Brion’s for-
mula, we obtain

Sy =Y D ultp.5) [(<F>Ntp,v)).

vEV(p) FEF (p,v)

Then we reverse the order of summation and get

S(p)= Y ultp.§) Y I(<f>ntp,v)).

fex(p) veV(f)

The last sum is equal to I(f). O

Theorem 21 Assume V = R? with a fired dimension d. Then, for m fized,
there exists a polynomial time algorithm which computes p(a) at order m for
any affine cone a C V.

Proof. By [H], there exist polynomial time algorithms which compute the
functions I(c) and S(c) at order m for any affine cone ¢ in R¥ if & < d.
Therefore by induction we get an algorithm which computes p(a) for any
aC V.

Let o be a cone in the dual space V*. The dual cone ¢* C V contains
the vector subspace < o >*. Let us denote by m_ 51 the projection V —
V/ < o >*t. For any s € Vj, the projected cone w51 (s + 0*) is a pointed
cone in V/ < o >*. Thus u(m.,51(s + %)) is an analytic function on
(V] < o>t =< o0 >C V*. We consider it as a function on V* by means
of orthogonal projection, as before. We obtain a map pf : C(V*) — H(V™)
defined by:

Definition 22
M:(U) = ILL(T[-<CT>J‘(S + U*))-

From the valuation behavior of p, it follows that u? is a solid valuation. In
other words, the following corollary holds.

Corollary 23 Let o be a cone in V*, and let {o'} be a subdivision of o. For
any s € Vg, we have

wilo)= Y pileh)

dimo/=dimo
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Proof. As {¢'} is a subdivision of o, we have

o)=Y X+ D> (o).

dimo/=dimo dimo’/<dimeo

Let L =< o >1C V and let 7 denote the projection V' — V/L. The map
T = x(m(s+7)) is a valuation on the set of cones in V* (see [H] for instance).

Therefore

X(r(s+o )= D xls+o)+ D Ex(n(s+0™).

dimo/=dimo dimo’/<dimeo

If dimo’ < dim o, then the cone 7(s + o) C V/L contains a straight line ,
thus p(m(s+ 0™)) =0, and the corollary follows from the valuation property
of . O

In a companion paper [H], we will prove the following theorem, which
extends to equivariant homology a result of Pommersheim-Thomas [E] by
which they answered a question of Danilov [2].

Theorem 24 Let £ be a fan in V* and let X be the corresponding toric
variety. For o € €, let X(o) C X be the corresponding orbit closure. Then
the equivariant Todd class of X is equal to

> (o)X ()]

o€l

in the equivariant homology ring of X.

5 Local Euler-Maclaurin formula

As in the previous section, V' is a rational space and we fix a scalar product
on V. Let p be a (convex rational) polyhedron in V. To each face § of p, we
are going to associate a linear differential operator D(p,§) on V.

To any analytic function ®(&) on V*, defined near 0, there corresponds
a unique linear differential operator D(®) (of infinite degree) with constant
coefficients on V' such that ®(¢) is the symbol of D(®). More precisely, for
¢ € V*, let us denote by €¢ the function z ++ (&7 on V, then D(®) is defined
by the relation

D(®) - & = ®(£)e* for ¢ small enough.
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Let W = V/L be a quotient space of V and let a be a pointed affine cone
in W. In the previous section, we constructed an analytic function p(a) on
W= = L+ C V*. By orthogonal projection, we consider u(a) as a function
on V* and we introduce the corresponding differential operator D(u(a)) on

V:

(19) D(p(a)) - ¢ = p(a)(€)e".
Let p be a polyhedron in V.
Definition 25 Let § be a face of p. We denote by

D(p,§) = D(p(t(p,§)))

the differential operator on V' associated to the transverse cone t(p,§) of p
along §. We denote its constant term by v(p,§). Thus

v(p,§) = D(p,§) - 1 = p(t(p,1))(0).

The operator D(p,f), as well as its constant term v(p, f), are local in the
sense that they depend only on the class of t(p,§) modulo integral transla-
tions. In particular, if p has integral vertices, then D(p,§) depends only on
the cone of transverse feasible directions at a generic point of §. The operator
D(p,§) involves only derivatives in directions orthogonal to the face §.

We are now ready to state the local Fuler-Maclaurin formula for any
polytope.

Theorem 26 (Local Fuler-Maclaurin formula)
Let p be a polytope in V. For any polynomial function h(x) on V, we
have

20 > b= 3 g
z€PNA fEF(p) f

where the integral on the face | is taken with respect to the Lebesgue measure
on < f> defined by the lattice A N1in(§).

Proof.

The method is to check equality (BH) for a polynomial of the form h(x) =
(€,x)*. Taking Taylor series, we may replace h(z) by e“&*) with ¢ small.
Then the equality (E) becomes the formula in Theorem B (¢)

S(P)E) = Y nltp, DIE(E).

feF(p)
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0
In dimension 1, when p is an interval [ay, as], applying Formulas () and

(B2 for u(a; + R*Y) and p(ay — RY), we obtain

S b= [Chwar = 3 ML Sy

a1 <e<as el s (n 4+ 1)!
Sty AL e

where t; and ¢5 in [0, 1] are defined by ¢; = ky — aq, {3 = az — ko, with ky the
smallest integer greater or equal than a; and ky the largest integer smaller or
equal than ay (Figure ). Of course, when ay and ay are integers, we recover
the historical Euler-Maclaurin formula.

k’l kZ

-+ [ e e e o o o e e ] : -

ay a2

Figure 11: Euler-Maclaurin for the interval [ay, a3]

6 Ehrhart polynomial

Let p be a rational polytope in a d-dimensional rational space V and let ¢
be an integer such that ¢p has integral vertices. Let h(x) be a polynomial
function of degree r on V. For any integer ¢, we consider the dilated polytope
tp and the corresponding sum

S(tp,h) = > h(x).
zEPNA

As a function of ¢, it is given by a quasipolynomial: there exist functions
t— Fi(p,h,t) on Z which are periodic with period ¢ such that

d+r

(21) S(tp,h) =Y Ei(p, h,t)t'

=0

whenever ¢ is a positive integer and even in a slightly larger range including
negative values.

28



Definition 27 The periodic functions E;(p,h,t) defined by Equation (E1)
are called the Ehrhart coefficients for the polytope p and the polynomial h.

When h is the constant polynomial h(z) = 1, we denote the Ehrhart
coefficients simply by E;(p,t).

Our local Euler-Maclaurin formula gives an expression of the coefficients
Ei(p,h,t) in terms of the functions u((¢(p,§)), as we will now explain.

Let a be a pointed affine cone with vertex s in V. If ¢ is a nonzero
integer, we define pu(a,t) = p(ta). For t = 0, we define p(a,0) = p(dir(a)).
Then p(a,t 4+ q) = p(a,t) for any integer ¢ € N such that the point ¢s is
integral. Let p be a polyhedron and § a face of codimension m. We define

D(p,f,t) = D(u(t(p,§),t)) for any integer ¢ € N.

Remark 28 [f the affine span < | > of the face § contains an integral point,
then the vertex of the transverse cone t(p, §) is integral, therefore u(t(p, §),t) =
p(dir(t(p, 1)) and D(p,f,t) do not depend ont. We have D(p,§,t) = D(p,§).

Let wy,...,w,, be an integral basis of the subspace lin(f)*¢ C V. The
operator D(p,f,t) has the following expression:

o0

D(p,f.t) = wo(p, f. 1)+ > valp.f,1)0"

A,lAl=1

where A = (ay,...,a,), with ¢; € N and 94 = D(w)* -+ D(w,,)*. The
coefficients v4(p, f, 1) € Q are periodic with respect to ¢, with period equal
to the smallest integer ¢; such that ¢; < § > contains an integral point.

Proposition 29 Let p be a rational polytope and h a polynomial function of
degree v on V. Then, for any integer t > 0, we have

(22) S(tp,h) = > /D(p,f,t)-h.
)7

feF(p

Furthermore we have

dim f+r
/D(pvat)h: Z El(pvhvat)tZ
tf i=dim f

where the coefficients E;(p, h,§,t) are periodic with period ¢.
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Hence the Ehrhart coefficients are given by

Ei(pvhvt): Z Ei(pvhvat)‘

fdimf<i

Proof. For t > 0, Formula (B) is just the Euler-Maclaurin formula of
Theorem E& and the second equation follows from obvious estimates on the
polynomial behaviour of the integrals.

For t = 0, as both sides of (B) are quasipolynomials, they take the same
value. We may also deduce the equality for ¢ = 0 from Corollary IE1 Indeed,
for t = 0, the left hand side is h(0) and the faces of dimension > 0 give a
zero contribution to the right hand side. The equality becomes

h(0) = Y (D(dir(t(p,v))) - h)(0),

veV(p)

and follows immediately from Corollary I O

For instance, let h be a monomial h(z) = =™ with m € N¢. The coefficient
of the highest degree term t%t1™l is the integral fp x™dx. As the operator
D(p,p,t) is equal to 1, the face p does not contribute to the coefficients of
lower degree. The coefficient of t¥+1™1=1 involves only the faces of codimension
1, the coefficient of t*+™1=2 involves only the faces of codimension 1 and 2,
etc.

When we apply the last proposition to the function h(z) = 1, we obtain
a formula for the number of integral points in ¢p.

Corollary 30 (a) The Ehrhart quasipolynomial of the polytope p is given by

Card(tp N A) = > wolp, . 1) vol(fyrtmt,
feF(p)

hence

Ex(p,t) = Y volp,f.t) vol(f).

f,dim f=k

(b) The rational number vo(p,§,t) depends only on the class modulo lattice
translations of the transverse cone 14(p,§). Therefore, it is a periodic function
of t with period at most equal to g, the smallest integer such that ¢ < § >
contains integral points. In particular, if the affine span < § > contains inte-
gral points for every k-dimensional face § of p , then the Ehrhart coefficient
Er(p,t) does not depend on t.
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(¢c) When dim V' is fived, there exists a polynomial time algorithm which
computes vo(p, §,1).

Proof. The last statement in (b) is due to Stanley [E4]; it also follows imme-
diately from Remark B The computability follows from the computability
of the functions p(a). O

Barvinok [@] proved recently that, given an integer m, there exists a
polynomial time algorithm which computes the m highest coefficients of the
Ehrhart quasipolynomial of any rational simplex in R?, when the dimension
d is considered as an input. We hope that our construction of the functions
i leads to another polynomial time algorithm which would compute the m
highest coefficients of the Ehrhart quasipolynomial for any simplex in R? and
any polynomial h(x), when the dimension d and the degree of the polynomial
are considered as input.

7 Computations in dimension 2

In this section, V = R? with A = Z?% Let v; and vy be primitive integral
vectors. Let s € V. We are going to compute p(a) for the affine cone

a=s+Riv + Riv,.

We will use the following notations:

For t € R, we denote the smallest integer greater or equal than ¢ by ceil()
and we define [[t]] € [0, 1] by [[t]] = ceil(t) — t.
We denote by B the function B(y,t) = i[[_t]e]z + i Recall that the function
p(a) for a one-dimensional cone (half-line) a is expressed in terms of B.

s = s1v; + sovy with s; € Q.

Oy = Gl for i = 1,2.

q= det(v;, vy). We assume ¢ > 0.

w € Z* is a vector such that det(vy,w) =1,

p = det(vg,w). Thus p and ¢ are coprime integers.

r = (gs1+ [[gs1]]) + p(gs2 + [[gs2]])-

¢ is a primitive g-th root of 1.

We observe that the lattice in V/Ruvy is generated by w = 5@2 where w, v,

denotes the image of w, vy in V/Rwvy. Thus the transverse cone t(a,f;) C

V/Ruwy is given by
1
ta, f1) = (gs2 + R+)§@2-
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Proposition 31 For ¢ € V™, let y; = (&,v;), fori=1,2. Then the function
p(a)(§) is given by

(23)  p(a)(§) =

1 s 28 s Y2 1 q_l CkT’
—6[[q 1]] q 6[[q 2]] q o — + Z - -
I (=)l —eh) & (1-cre)(1 - cieT)

+ BT (s + S B (s -
Y1 q Ya q Y1Y2
Its value at € = 0 is equal to
1 1 1
(24) W(@)0) = (5 = a5 — llas)
ot = gl + llasl) + G = Sl + gllasil)
. l_q_l gkr
g 2 T )1 =)

k=1

When a is unimodular, p(a)(€) is given by

exp(lsillys + [[s2ls2)
29) wa©) = T

+ By~ Cun [ls2ll) + - Bl — Cag, [l]) — —
hn Y2 Y1Y2
and its constant term p(a)(0) is given by
(26)  (@)(0) = (5 — ()5 ~ )
b = Sl gl + S = sl + 5l

Remark 32 In actual Maple computations, we use only the unimodular case
@A) which is computable in polynomial time at any given order. Thanks to
the valuation property, for a non unimodular cone a, we compute u(a) by
performing first a signed decomposition of a into unimodular cones, similar to
Barvinok’s decomposition. As a result, by our local Euler-Maclaurin formula,
we have fast algorithms which compute, for a polygon p C R? and a monomial
h(z) = 27" a)?, the sum of values at integral points S(p,h) = h(x)
and the coefficients of the corresponding Fhrhart quasipolynomial.

rEPNA

32



Proof. We use the defining relation of Proposition B First, we obtain a
summation formula for S(a) by using finite Fourier transform as in [B]. We
observe that A C M = é(Zvl + Zwvs). Let a C a be the cone

ﬁ: §—|—R+U1 —|—R+U2

with vertex

1
§ = —(ceil(gs1)vy + ceil(gs2)vs).
q

ThenaNn M =an M. As A C M, we have also anNn A =an A. Consider the
dual lattice M* C A*. Let x € M. We have

Z 2i7r(w,x) . 0 lf T Qé Zz
EA/Me T gqifx e Z
,y * *

Therefore we have
1 .
S(ﬁ)(f) —— Z Z e(?zww-l—f,x)‘
q ~yEA* [M* zeanM
Since ; ;
aﬂM:§+Z+—1—I—Z+—2,
q q
we obtain

1

L}

€(2i7rk5,§>

(27)  S(a)(€) = S(a)(€) = &)

o (1 — e<2”k5+fv%>)(1 _ €(2i7rk5+g7%2>)'

= =

In this formula, § is a generator of the group A*/M* =2 Z /qZ. By using the
basis (vq,w) of Z?, we obtain:

(6,v1) =1, (d,v9) = p.
Let (v},v3) be the dual basis of (vy,v3). The orthogonal projection of £ on
(V/Ruy)* = Ruj is equal to (—=Chys + y2)v5, with
Q(Urv U;) _ Q(Ulv UQ)
Q(U;U;) Q(Uhvl)
Then the computation in dimension one (El) gives

—Chyr + Yo
q

01:—

p(t(a,1))(€) = B( s [[gs2]])
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and similarly

uMmMXOZB&L%E%MWM)

with o )
O, = L)
Q(U27U2)
We have |
I : — €y151+y252 - ,
(1) (—)
[(ﬂ)(f) — €y151+y252 L
Y1Yy2

Therefore, by (), we have

(28) u(a)(€) = e g a) )
b T ) + L BT ()
Y1 q Y2 q
_ q
Y1Yy2 '

In Formula (BH), we replace S(a) with the right hand side of (E), taking in
account the equality ceil(gs;) — ¢s; = [[¢s:]]. This gives (EX). O
If a is not unimodular, then u(a)(¢) involves the “extended” Fourier-
Dedekind sum
1 éﬂkr
u«%wu—@%ﬁ
and p(a)(0) involves the Fourler—Dedekmd sum

1q 1 éﬂkr
D(Qvlvpv = ;Z 1_§k ( éakp)

=1

One has (see for instance [H])

q—1
k 1
Q717p7 Z ))_@7

k=0

where the “”sawtooth” function ((@)) is defined by



The Dedekind sum D(q, 1, p,r) can also be computed in polynomial time by
means of reciprocity relations (see for example [H]), but here we do not use
this fact.

5131761430387/12155092992

287696501/133706022912

1/10626

°—28224572717107/66853011456
—1/252

Figure 12: Le savant Cosinus

Example 33 (Figurdfd) We compute the right hand side of Euler-Maclaurin
formula in the case of the “dull triangle” with vertices (0,0),(1,0),(0,1), and
the polynomial h(x) = x1%¢y. As expected, the contributions of the various
faces of p add up to 0.

Contribution of vertices: 0,
Contribution of edges:

_28224572717107 5131761430387

66853011456 7 12155092992 -~
1 287696501 0

T 2527 133706022912’

Integral over triangle: c5e.

—_

Example 34 Triangle with vertices s; = (5,3), s2 = (%,1), 53 = (35—7, 2).
Number of integral points: 31

T .. 89133678169939 _ 4281800310619 _ 401172431621091
Contm.butz.on of vertices: 6608208614500 ~ 21063962702167  457987274773000
Contribution of edges :

AP 2107~ 2107 1050
Area of triangle: =55

1=

—_

Example 35 Quadrangle with vertices (3,1), (12,1), (35—7, 2), (3,10).
Number of integral points: 49

Contribution Of vertices: 210849514883 4281800310619 _ 179008247 _ 4382929

1=

1279563220307 | 2106396270267 7068161807 6869864
Contmé)glétwn of edges : 515, — 515> 35 30
Area: =5

!This computation delighted us, and it would have delighted Dr. Pancrace Eusébe
Zéphyrin Brioché alias ”Dr. Cosinus” [
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FA57987274773000

=

N

+1y210

-
T

89133678169939/6608820861450 L

-4P811800310619/2106396270216

179668247/706816180

|
H
T
o

—4382929/6

[
Qo

/_1 210

=
=

/

/ /

210849514883/127956322980 L— I 14
1/210

Do

1800310619/2106396270216

), (%7 %), (ﬂ %) and quadrangle with

U=

Figure 13: Triangle with vertices (%,
extra vertex (3,10)

Remark that, as expected, the contributions of the bottom right vertex (%, %)

in the triangle or the trapezoid of Figure B are the same, as this vertex have
the same tangent cone in both polygons.

Example 36 We compute the Ehrhart quasipolynomial Eqt* + Ey (1)t + Eo(t)
for the number of integral points of the triangle of Example B4 The highest
coefficient is the area of the triangle, Ey = 314015807. The coefficient F1(t) is the
sum of the contributions of the edges. The coefficient Eqo(t) is the sum of the
contributions of the vertices.

On this example, we can observe the periods of the contributions of the

edges and vertices to the Ehrhart coefficients (CorollaryB). The period of a
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vertexr contribution is equal to the lem of the denominators of its coordinates.
For an edge starting from a vertex (ay, as) and parallel to the primitive vector
(v1,v2), the period is the least integer q such that q(ayvy— azvy) is an integer.

Contribution of edges (periods 3, 5, 7 respectively):
—=mod (t,3) + =, —1b mod(4t 7)+1/30,

Contmbutwn of vertex sy = (1, 1) (period 15):

25 mod (2t,5) + 55

" B25 210

= mod (t,5) mod (t 15) — 4 mod (,3) mod( ,15) — od (t,5) mod (2t,3)

1 Lo
5 M
1765457034769 747989 i
+ 208725371620 mod (1, 5) 11987225 od (21, 5)2 55 mod (T1,15)

—|— mod (81, 15) — —mod (t,15) + 5= (mod (t 5))
= (mod (81, 15)) + -1 (mod (1, 15)) +3 L mod

45 225

+ 13227 n0d (,3) — L (fmod (2t 3) + 25 (mod (1,3))

183774 9 9 91887 5
— a8 (mod (21,5))" — s (mod (71,15))" 4 2= mod (2t,5) mod (7¢,15)

++ mod (8¢,15) mod (2t,3)

Contribution of vertex s; = (12, 13) (period 21):

734271;’6246098377;’; — ﬁ (mod (t, 7)) + 12—3 mod (t,7) + GL mod (t,3) mod (21,21)
11853272774 mod (1, 3) — 21 mod (2¢,21) — 921586877 (mod (1, 3))2 % mod (21, 3))2

—2 mod (2t,3) + & mod (2t,21) mod (2t,3)
—|— - mod (2t,3) mod (4t,7) — 30189 ) od (4,7)

e ; 545804
3820628 (mod (41,7))

37



Contribution of vertex s3 = (35—7, 2) (period 35):

(mod(16t,35))* + ﬁ(mod(Zi’)t 35))? 4 641856910509

1225 373867163080

30189 mod(41,7) + ﬁ (mod(34t,35))?

545804

+1/10 mod(3,5) — 1/35 mod(34t,35) — 2450(
-|-1225(m0d(9t 35))2 + s (mod (21, 5))

119872250

+ mod(18t 35) + =5 (mod(31,5))?
1225 fmod (23, 35)m0d(16t 35)
—I—ﬁ mod(3t,5)mod(231,35) —

mod(2t,5)mod(16¢,35)

175

—1/35mod(3t,7)mod(3t,5)
—1/35 mod(3t,5)mod(41,7) — %mod@t 35)mod(3¢,7)
——=mod(3t,5)mod(9t,35)

175

— oz mod (16 ¢,35)mod (181,35) + o= mod(2t,5)

11987225

F o (mod(41,7))? — 1/35 mod (9, 35) — & mod(23¢,35)

3820628

—38—5 mod(16t,35) + 1/49 (mod(3¢,7))?

mod(18,35))?

(34¢,35)mod(181,35)

1225

mod(34t,35)mod(16¢,35)

1225

Example 37 (Computation time).

We computed the full Ehrhart quasipolynomial corresponding to the tri-
angle of Example and the polynomial h(xq,x2) = :I;Iflxg?, with increasing
exponents ki and ky. Allowing a computation time of about one hour, we
reached ki = ky = 24. The result is of course too big to write here.

The sum of values x{3x5% at the integral points of the triangle of Example
dilated by the factor N = 11° took about the same time. The result is the

following number

55969247458735493271268368615238071121335974262337882261418363621
89704055956429496253759473056373507451253522021344188115187647607
84555431172202923756940824265247663088847763429436570335188702325
06644969965841257822711805056447218921550669146263582661876630783
21357671611262065293901983868557252464459832189159990869820527095
53646871654914800005753059422066576204781923454823934475242960034
42199041253798398004263030681714027295470241663946228744550160085
43856624239377702107746492579014275563017167813144052693763385569
75239252588060279466314599314734680953729093269435217987689840619
0740089242444014302.

As experiments showed, our method for the computation of EprﬁZd h(x)
is very efficient for this small dimension, compared to other available soft-
wares. Furthermore, as Example Bl shows, the Ehrhart polynomial is written
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as a sum of canonical contributions of all faces, once the scalar product is
fixed. We will come back soon to the computational and complexity aspects
of this problem for higher dimensions.
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