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DIAMOND REPRESENTATIONS OF sl(n)

DIDIER ARNAL, NADIA BEL BARAKA, AND NORMAN J. WILDBERGER

Abstract

In [W], there is a graphic description of any irreducible, finite dimen-
sional s[(3) module. This construction, called diamond representation
is very simple and can be easily extended to the space of irreducible
finite dimensional U, (s[(3))-modules.

In the present work, we generalize this construction to sl(n). We
show this is in fact a description of the reduced shape algebra, a quo-
tient of the shape algebra of sl(n). The basis used in [W] is thus nat-
urally parametrized with the so called quasi standard Young tableaux.
To compute the matrix coefficients of the representation in this basis,
it is possible to use Groebner basis for the ideal of reduced Pliicker
relations defining the reduced shape algebra.

1. INTRODUCTION

In this paper, we consider the irreducible finite dimensional repre-
sentations of the Lie algebra sl(n) = sl(n,C). Of course these repre-
sentations are well known and there are very explicit descriptions for
them, for instance in [FH].

First, sl(n) acts naturally on C", its fundamental representations are
the natural actions on C*, A2C", ..., A" 'C", they have highest weights
Wi,y ..., Wy—1. Bach simple s[(n)-module has a highest weight A and this
highest weight characterizes the module. Note S* this module, it is a
submodule of the tensor product

Sym™(C") @ Sym™(A*C") @ - - - @ Sym*~* (A" 'C"),

if A= AW+ + Ap_1Wp—1-
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The direct sum S*® of all the simple modules has a natural realization
as the shape algebra of sl(n), i.e. as the algebra C[SL(n)]N" of polyno-
mial functions on the group SL(n), which are invariant under the right
multiplication by upper triangular matrices. Let g be an element in
SL(n), denote 52(18)2 (g) the determinant of the submatrix of g obtained
by considering the s first columns of g and the rows i; < --- < i,, then
S* is generated as an algebra by the functions 5Z(f)2 More precisely, it

is the quotient of (C[dl(f)l] by the ideal P(J) generated by the Pliicker
relations.

Generally a parametrization of a basis for S* is given by the set of
semi-standard Young tableaux T of shape A i.e. with a,,_; columns of
size n — 1, ..., a; columns of size 1.

Using this description, we give here a natural ordering on the set
of variables 5Z(f)2, we determine the Groebner basis of P(J) for this
ordering, getting the corresponding basis of the quotient as monomials
6T, for T semi-standard.

Thus the action of upper triangular matrices on this basis can be
easily computed. (See for instance the description given in [CT]).

On the other hand, in [W], N. Wildberger gave a really different pre-
sentation of the simple s[(3)-modules. This description is based on the
construction of the diamond cone for s[(3), it is an infinite dimensional
indecomposable module for the Heisenberg Lie algebra with a very ex-
plicit basis. The matrix coefficients are integral numbers and fixing the
highest weight A, it is easy to build the corresponding representation of
s(3), on the submodule generated by this vector in the diamond cone.

In this paper, we extend this presentation to sl(n). In fact the di-
amond cone module is a quotient of the shape algebra. We call this
quotient the reduced shape algebra. It is the quotient of C[él(f)l] by
the ideal P,.q(d) sum of the ideal of Pliicker relations and the ideal

generated by 5§S)S -1

With the same approach as above, we define a new ordering on the
variables 52(15)2, with this ordering, we can compute the Groebner ba-
sis for P,.q(d) and the corresponding basis for the quotient : the set of
monomials 67, for some Young tableaux T called here quasi-standard.
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The action of the upper triangular matrices on this basis is easy to
compute : this gives us the diamond cone for sl(n).

In order to refind the complete sl(n)-modules, we have to define a
symmetry on each S* and on the corresponding submodule in the re-
duced shape algebra. This symmetry exchanges the role of N* and
N~ and we get the complete sl(n) representation.

Unfortunately, this symmetry corresponds to a modification of the
ordering on Young tableaux, thus, if n > 3 to a different basis in S*.
The n~ action on the first base is not so simple as in [(].

2. USUAL (ALGEBRAIC) PRESENTATION OF THE sl(n) SIMPLE
MODULES

Let us consider the Lie algebra sl(n) = sl(n, C): it is the set of n xn
traceless matrices, it is the Lie algebra of the Lie group SL(n) of n xn
matrices, with determinant 1. The Cartan algebra f is the space of
diagonal matrices:

0, 0
b: H = , HJ-EC, ‘91++‘9n:0
0 0,

We put «;(H) = 6;. The root system of s[(n) is the set of linear form
on h generated by the a; — a;, (i # 7).
The usual basis A for the root system is given by :

A:{Oéi—ai+1, z:1,2,,n—1}

The root space corresponding to the simple root 7, = a; — a1 is
generated by the upper triangular matrix:

0
X, =
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The root space corresponding to —n is generated by lower triangular
matrix:

0
}/;7: = tXn
0

these matrices generate sl(n) as a Lie algebra.

A weight A for sl(n) is a linear form :

0, 0
A — (a1t Fan_1)01+(as+- - +a,_1)02+ - +a,_10,_1.
0 0.,

If ay,...,a,_1 are positive integral numbers, we shall say that A is a
dominant integral weight. This is the case if and only if A is a linear
n—1
combination A = » a;w;, with positive integral coeflicients a;, of the
j=1
fundamental weights:
0, 0
wj=oq+- - Fa;: =64+ 0; (1<j<n-1).
0 0,
The set of simple sl(n)-modules up to equivalence is isomorphic to
the set of dominant integral weights. More precisely, sl(n) acts nat-
urally on V' = C" (with canonical basis ey, ...,e,), thus also on the

totally antisymmetric tensor products A’V (j = 1,...,n — 1) and on
the symmetric tensor products Sym® (A/V) and finally on

Symal(V) (%9 Symaz(/\2v) R ® Sym“”ﬂ(/\"—lv)'

For each dominant integral weight A\ = )" a;w;, the corresponding
simple module S*(V) is the submodule of

Sym™ (V) @ Sym™(A2V) @ - - - @ Sym™ ' (A""'V).
generated by the vector:
v = (el)m ® (61 A 62>a2 R ® (61 A A en—1)a"’1.

With this construction, we get each simple sl(n)-module, and two
distinct weights A\, X' give rise to inequivalent simple s[(n)-modules.
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This action gives rise by exponentiation to a representation of SL(n).
Let us put

0 €n
0 —
€n 0
where ¢, = 1 if [%] is even and ¢, = ew if [%} is odd. Then

belongs to SL(n). In fact, this matrix, acting by adjoint action gen-
erates the longest element of the Weyl group of SL(n). It corresp-
nds to a change in the choice of simple roots and nilpotent subalge-
bras nt and n™, if X = [x;] is a strictly upper triangular matrix,
QX = [:E(nﬂ_i)(nﬂ_j)} is strictly lower triangular. Let us put:
= ()" @ (enAen1)2@ @ (en A+ Ney)®t =g, M Q?,

with [\ = a; + 2ay + -+ + (n — 1)a,—;. Then v* is a lowest weight
vector in SM(V).

3. THE SHAPE ALGEBRA: ABSTRACT ALGEBRAIC PRESENTATION

Let us put:
s*(V) =P sMV).

Since we have an explicit realization of each highest weight vector, it
is possible to define a natural comultiplication A on S*(V'), just by
defining

ASNV)— @ SHV)®SY(V)
puArv=>A
as the unique sl(n)-morphism sending v* on
A = Z v @Y.
prrv=A>A

A is cocommutative. The contragredient module (S*)* is naturally
identified with S"* where t\ = > ap—iw; if A => a;w;. By transposi-
tion, A defines a commutative multiplication m on S*(V):

m="'A:S"V)@S"(V) — SH(V).
By definition, if p =}, bjw;, v =3, cjw;,

b e
m* @vY) = vt =" =TT @ @ (e A Ay )it T
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Since each isotypic component of the SL(n) module S*(V) is simple
the multiplication m is characterized by this relation and the condition

m (S"(V) @ S"(V)) C S#(V).

We shall call shape algebra of SL(n) the algebra S*(V') equipped
with the above multiplication.

By construction the shape algebra is generated as an algebra by the
subspace V @ A2V @ --- @ A" V. Thus it is a quotient of the algebra
denoted in [FH]:

A(V)=Sym* (Ve NV & & A"'V)
= P symm(ATV) @@ Sym (V).

We define now the ideal of Pliicker relations: it is the ideal P of
A*(V) generated by the vectors in Sym?(APV):

(€ AveeAei,)(ejy Aeee Aej, )+
p
+Y (=D)fejy Aeiy Ao NE A Ae) (e, Nejy Ae Aey,)
/=1

and by the vectors in APV @ ANV (p > q)
(e A= Nejiy).(ej, Ao+ Nej )+

p
+ Y (=D ejy Aei, Ao NE A Ae) (e, Nejy Ao Aey,).
/=1

Theorem 1.
The shape algebra S*(V') is the quotient of A*(V') by the ideal P.

This theorem is well known. There is a complete proof in [FH] p.
235, this result is cited by Towber in [CT]] as a theorem due to Kostant.

We define a symmetry 7 in S® just by putting:
7(v) = Qu if v € S*(V)

Since the multiplication is a morphism of sl(n) and SL(n) module,

T(vv') = 7(v)7(v'). Especially, we can define the multiplication just as

above by fixing v} v = ™).
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Now for each matrix A in sl(n), QAQ = 7 A is the matrix defined by
a central symmetry on the entries of A:

TA = [an+1_i7n+1_j] lf A = [CLZ'J']

If A is the matrix X, for a positive root n = a; — a;, 7X,, = QX, is
the matrix Y, if 7n is the positive root "n = ay41-j — g1 Then for
each v in S*:

(ToX,o7)(v) =QX, Qv =Y v

4. THE SHAPE ALGEBRA: GEOMETRIC PRESENTATION

The shape algebra can also be viewed as an algebra of functions on a
quotient SL(n)/N* of the Lie group SL(n). Denote N* the subgroup
1 *

of matrices nt =
0 1
Let us consider the space C[SL(n)] = C|g;;]/(det — 1) of all polyno-

mial functions f with respect to the entries g;; of the matrix g € SL(n).
There is a SL(n) x SL(n) action on this space, defined as follows:

((g1, 92)-f)(9/) = f(tglg’gg).

Since this space is generated by the invariant finite dimensional sub-
spaces of class of functions with degree less than N (N = 0,1...),
this action is completely reducible in a sum of finite dimensional sim-
ple SL(n) x SL(n) modules. The highest vector for these modules are
class of functions f such that:

f(nigng) = f(g) ni € N, ng € N*.

But, let us consider the restriction of f to the dense set of g such that,

.....
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we can reduce g to a diagonal matrix, getting:

51" (9) N 0o ]
51,2(9)
5" (g)
.+ - +
g=""n e ny .
55,2,..1.),71—1(9)
)
0 -
B 5§ 2,1, 1(9)_

The highest weight is (A, \) with A = > a;w;, that means f is a poly-
nomial function in the variables

2 n—1
5(1)(9) 552) (9) 5%,2,...?71—1(9) 1
1 » (1 2 (n—2 » (n—1 ’
55 )(9) 5%,...,73—2(9) 55,2,...),71—1(9)
homogeneous with degree a; + -+ ap_1,a2 + -+ ap_1,...,0n_1,0,

i.e. the function f is a multiple of the function:

= (o) (63) " (ot h)

Acting with only the first factor SL(n) on these functions, we get all
the polynomial N* right invariant functions on SL(n). Due to the
form of the bi-invariant functions f, these functions are polynomial
functions in the d-variables :

CISL(m)¥" =~ [, 1/P(5),

11500052

where P(6) is an ideal. Moreover each irreducible representation of
SL(n) happens exactly one times in this space, thus as a vector space,

S*(C™) ~ C[SL(n)V"

Acting on 6* (A = >, a;w;) on the left by N= = {(NT), we get
polynomial functions which contains only monomials of the form:
n—1 as
[I1Io¢
zl, ik
s=1 k=1

Let us call V91 the space of such functions. In view of our de-
scription, it is a simple module and the isotypic component of type A

in C[SL(n)]N"
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Finally the usual pointwise multiplication of polynomial functions
send Ve an-1 @ Vbibno1 into Y (@+b1)(@n-1+bn-1)  Thus the above
identification

S*(C™) ~ C[SL(n)V",
characterized by v* — §” is a morphism of algebra.

Proposition 1.

The shape algebra is isomorphic to the algebra O(SL(n)/NT) of the
regular functions on the homogeneous space SL(n)/N*.

The ideal P(0) is the ideal generated by the Pliicker relations written
on the § functions.

Remark 1.

In this presentation of S*(C™), the SL(n) action on the elements of
the shape algebra, viewed as a polynomial function f is very natural
since it 18 just:

(9-H)(d') = f(99'), g € SL(n), ¢g' € SL(n).

The symmetry 7 can be directly implemented in the space C[SL(n)]N".
Indeed 7 is up to conjugation by €2, a morphism of SL(n) modules and
the formula

T(er N Neg) =epen N Neni1s
becomes here
7'(58 ..... s) = 625£szn—1) ..... (n+1—s)"
But, if we put for any regular function f on SL(n), (0f)(g) = f(§2g),
we define a bijection from C[SL(n)]"" into itself such that

Thus 7 = 6.

5. THE SHAPE ALGEBRA : COMBINATORIAL PRESENTATION

The usual basis of S*V) are parameterized by the semi standard
Young tableaux with shape A. Let us be more precize:
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We can naturally associate to each § variable a column C"

i1

02

50 — 5(17)

. —
11,..00p

i

Then if we identify two Young tableaux which differ only by a permu-
tation of their columns, the set of Young tableaux defines a linear basis

for the algebra (C[dz(f)l]

5T — 5(?1) 5(102) 5(1%)

215-05tp1 " J15--50pg glv"'vgpk

(p1 < ps < -++ < pi). That means, we read the Young tableau from
right to left, using the following convention: if two different columns C'
and C’ have the same height, we put in the first place in T" the column
Cif

by = Gy ip—1 = Ty 1y .oyl = Gy, and 4, <.

The Pliicker relations are quadratic in the 0 variables, they corre-
spond to linear combination of Young tableaux with two columns, for
instance, we get for s[(3) the following relation between tableaux:

73] [2]1]  [1]2]
o 31 "

2 1 2 1 2 1
61205 — 04301 + 81305 —

In order to describe a basis for the quotient space:
S*'(V)=C) i)/ poy:
we will use the notion of Groebner basis [[CLJ].

Let us consider the algebra C[X7, ..., X}] of polynomials in the vari-
able X; and an ideal I of C[X7, ..., Xk].

Suppose we fix an ordering on the set of monomials X7 ... X*
in C[Xy, ..., X}] (for instance by using the lexicographie ordering on
words ag ...y if we put X; < Xy < --- < Xi). Then any polynomial
¢ has an unique leading term LT'(g); the greatest monomial happening
in g for this ordering.



DIAMOND FOR sl(n) 11

Definition 1.

A finite subset {g1, ..., gx} of an ideal I is said to be a reduced Groeb-
ner basis for I if and only if the leading term of any element of I is
divisible by one of the leading term of g; and if for all g; no monomial
of g; is divisible by the leading term of some g; j # t.

If {g1,...,9x} is a reduced Groebner basis for I, then the set of
(classes of ) monomials which are not divisible by any monomials LT'(g;)
(t=1,...,k) is a basis of the quotient C[X;, ..., X4]/I.

Following [FH], we know there is in the ideal P(¢) the following

elements for any p > g > r:

(p) () (p) (p)
5i17i27---7iP5j17j27~~~7jq _I_ Z j:(s({ilv---vip}\A)U{jl7'"7j7'}5AU{jT+17"'7jq}
AcC{in,... i}
H#A=r

(%)
where 5((1{)21,...,ip}\A)U{jh,,,,jT} = 0 if there is a repetition of some index
and, if {]{31,. . .,]fp} = ({il, .. ,Zp}\A)U{jl, . .,jr} and ky < --- < ]{fp,

then

(») _ <)
Ofin . ip A1} = Oty

Now we put an ordering on the variables 52-(1? )
relations:

, by the following

52

s 5 5@ 5 s-1)
and 67, > 6% if iy = jp ..., ips1 = o1 and i < .
We put the lexicographic ordering on the monomials 67 in (C[éi(f ).

Remark 2.
In [FH], an ordering < on Young tableauz is defined,in fact our or-
dering s the reverse ordering since:

6T < 67" if and only if T' < T.

Recall that a Young tableau is semi standard if its entries are in-
creasing along each row (and strictly increasing along each column). Tt
is well known that the set of semi standard Young tableau gives a basis
for C[5§f7)___7ip]/P(5) (see [FH] for instance).
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Our ordering defines an unique Groebner basis for P(4). We shall
now build this basis.

For any non semi standard Young tableau 7" with 2 columns, there
exists an element in P(J) of the form (x). This relation can be written
as:

0T+ " +6" with 6% < 67 Vj.
j=1

Each Tj has the same shape as 7' but some of them can be non semi
standard. We repeat the construction for each non semi standard 7}
and finally we get, for each non semi standard 7" with 2 columns, an
element fr in P(§) such that the leading term of fr is 7 and all
the monomials of fr have the form a.6” with 7" semi standard and
67 < o7,
Theorem 2.

The set

G ={fs, S non semi standard with 2 columns}

is the reduced Groebner basis of P(9) for our ordering.

Proof:

First denote NS the set of all monomials 67 with T non semi stan-
dard. Since each non semi standard 7" has 2 consecutive columns such
that the sub tableau defined by these 2 columns is non semi standard,
67 is divisible by one of the §°, i.e. by one of the leading term of fs.

Thus the ideal < 6° > generated by the leading terms of G contains
the vector space span(N.S).

Conversely let T" be a semi standard Young tableau. Suppose T'
belongs to the ideal < LT(P(§)) > generated by the leading terms of
all the f in P(6). That means:

o =f= apd”
T/<T
If any 7" is semi standard we keep this relation. If some of the T” are

non semi standard, then §7" is in < 6 > thus in < LT(P(J)) > and
we repeat the construction for 67". We get finally:

6" = fo — > apd™, fo€ P(9).

T"<T
T"semi standard

This implies that
5T + Z CLT//(ST” S P((S)

Tll
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But this is impossible, since the set {67, T semi standard} is a basis
for C[6{" , 1/P(5) Thus:

< LT(P(9)) >= span(NS)

Moreover, since any monomial in fg is either §° or ard” with 7' semi
standard, it can not be divisible by a ¢° with S’ # S, S’ non semi
standard with two columns. This proves our theorem.

The usual basis of the shape algebra S*(V') by semi standard Young
tableaux can thus be described as a natural basis of a the quotient of

the polynomial algebra C[éi(f 7)___%] by the ideal of Pliicker relations, if
we put the ordering < on the monomials 67.

Especially, we can write the action of any element of the Lie algebra
sl(n) on any polynomial function with variables 52(;9)%, for instance, if

X, = E;; i # j then X, acts on C[(Si(i)...,ip] as the derivation:

_4d tx ) — (») of
Xof = Flsmofleaps'Xa) = > 00 _ninom P

{ilr“vip}m{ivj}:{j} 7‘17"'77:P

Finally, the Cartan algebra acts on f as the derivation

d o
Hf = Zleof(exp s'HY = 3 0y +--+0,)00 ,—5

115 ylp

)

0, 0
it H = L . This action defines the action on the quotient by

0 0.,

P(9), since we have a Groebner basis for the ideal P(¢), the quotient
action on the basis of semi standard Young tableaux reduces to compute
the canonical form of the polynomial X,f or Hf, this is easy to do
with usual computer software.

As an illustration, we gives a graphic description of the N part
of the adjoint representation S*17%2(C3) of sl(3) (see [K] for similar
presentation).
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Swl +w2 (((:3)

If we change our Weyl chamber, we can repeat this construction,
defining first anti semi standard tableaux as Young tableaux with en-
tries strictly decreasing in each column and decreasing in each row.
Then we define an ordering on the set of variables o7 ;i3 > iy >

s> by putting: .5(1) > 6@ > .. and 52-(1107)___72-1) > 53('?...,]'1, if 4, =
Jp - irgp1 = Jrg1 and i, > g,

Let T be an anti semi standard tableau. We can associate to T a

monomial:
S T

and exchange the variables corresponding to columns with equal height,
then we get another Young tableau T” such that 67 = 67 .
For instance:

412 2) o(2 2) o(2 113
T = 31 54(13)651) = 5%2)(%4)7 T/ = 214
or:
1]1] 271]
T=[3] . &ma’ = —oma’, T'= [3]
2] 4]
Unfortunately, if n > 2, T” is generally not semi standard (7' =
2 L ‘ , T = g ! ‘ ) thus our change of ordering on the variables

§ defines a new Groebner basis on the shape algebra if n > 2.
Now, the symmetry 7 corresponds to the following operation on tableaux
since:

7(52(5):6) = 5357(121—1'1,...,%1—@
We can define 7 directly on Young tableaux by replacing each entry ag»
of T"by n+ 1 — aj. The anti semi standard tableaux are exactly the
image by 7 of the semi standard ones.

6. THE REDUCED SHAPE ALGEBRA : ALGEBRAIC PRESENTATION

Let V be a complex vector space with dimension n. From now one,
we shall study a quotient of the shape algebra S*(V).
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Definition 2.
Let RT be the ideal in the shape algebra generated by v* — 1:

Rt == 1=(e))"(e1 Aex) .. (ex AosAen)™ =1, VA=) ajw))
=(er—l,esNea—1,...;eg A= Neyog — 1),

We call reduced shape algebra and write S?,,(V') the quotient S.(V)/R+.

red

This reduced shape algebra is no more a natural sl(n) module but
the ideal R is invariant under the action of the solvable group HN™
consisting of upper triangula matrices in SL(n). Thus the quotient is a
HNT module too. The action of the Cartan group H is still diagonal,
let study the N* (or n™) action on S¢_,(V)™.

red

Proposition 2.
Denote " the canonical projection from S*(V') to St 4(V)T. Then

red
e i) The space of vectors uw € St (V)T such that ntu =0 is C1.
e 1) St (V)T is an indecomposable module.

e iii) For any X\, the n* module S*(V') is equivalent to the sub-
module 7 (S*(V)) of St4(V)*.

red

e iv) For any A > p, " (S*(V)) is a submodule of 7 (S*(V)).

Proof

i) We know ([V] p. 317 for instance) that, in each S*(V), the space
of vectors u such that nTu = 0 is exactly Cv*. This gives i) in the
quotient S¢_, (V).

red

ii) Let u be a non zero vector in S¢_,(V)*, the n™ module W generated
by w is finite dimensional since w is a finite sum of image through 7+ of
weights vectors. The n™ action is locally nilpotent on S*(V'), thus it is
also locally nilpotent on S?_,(V)*, as a consequence W contains a non
trivial vector annhilated by n*. This vector is a multiple of 1. Thus

any nt submodule of S?_,(V)" contains 1, S?_,(V)" is an indecompos-
able n™ module.

ii) Let my be the restriction of 7 to S*(V). It is a morphism of n™
modules. If its kernel is not vanishing, thanks to Lie theorem, the n™
module Ker (7)) contains a non zero vector annihilated by n*, this
vector is a multiple of v*, but 7+ (v*) =1 # 0. Thus 7 is an isomor-
phism of n™ modules.
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iv) The relation A > p is equivalent to say there is ¥ dominant integral
weight such that A = g+ v. In S§*(V), the multiplication by v” send
S(V') into S*(V). In the quotient, this operation becomes the identity
mapping: 7 (uv”) = 7w+ (u) for any u in SH#(V).

Similarly, we define S?_,(V)~ as the quotient of S*(V') by the ideal
R~ generated by {e, A---Nepy1-s—1, s=1,....n—1}. Itisa HN~
module. If we denote 7~ the canonical morphism, we get the same

roposition with ”—" instead of "4” everywhere.
prop

7. THE REDUCED SHAPE ALGEBRA, (GEOMETRICAL PRESENTATION

As above, we can write everything in term of the functions 62))%
If R(6)" is the ideal generated by 58).)“7[, — 1, we get:

Clap) )

. (V)+ 2(C[SL(’/L,C)]]\H/

red

R(6)* = /R(6)* + P(6)

Suppose now f is a polynomial function, invariant with respect to the
right multiplication by N*. Then f is characterized by its restriction to
the dense open subset of SL(n) of the matrices g such that 58 )“,p(g) # 0
for all p. On this set, by the use of the Gauss method, we can write:

_gil 0 0 c. 07 1 a2 a1z ... aln'
gél gé2 0 c. 0 0 1 ao3 ... Qop
g= |91 9 G ... 0 0 0 1 ... as,
91 9o Gnz - Gpud 1O 00 1]

With, for all & > j:

k)
5%,2,...,1@—1,]'(9)

/
9ik = G-,
5%,2,...)&—1(9)
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By N right invariance, we get

-----

T o e, @ T 0 -1)°

............

belongs to R(é) For any g in N~ and any k > j, we have 5 ,,,, r15(9) =
gjx and f(g) = @, 0(g;x) = F(g). The restriction of the functlon f to
N~ characterizes the function @
and f are in the same class modulo R(§)". Conversely, any polyno-
mial function ® on Nt defines a function F in C[SL(n,C)]¥". The
restriction mapping is an isomorphism of algebra between Sy, ,(V)* and

C[N].

.....

Remark 3.
In this presentation of St.,(V)T, the NT action on the elements of
the reduced shape algebra is very natural since it is just:

(9-NH(g)=f(9d), ge N*, g e N", feC[NT].

But since

.....

¢ (V) <O 0> )

Where P,.q(0)" is the ideal generated by the Pliicker relations but
where we replace the function 5 ; by 1

.....
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Especially, if X, = E;; ¢ < j then X, acts on C[égfv)__“ip(ip > p)] as
the derivation:

Xof = %\szof(e:cp s'X,.)

of ®) of
- iaé(p) - Z ié({il ----- ip\{7HU{i} o5®
({1, PP HUG} (i1 ip i b=} i1 i
{insip MU HU{}A{1,...p}
The same construction for S?_,(V)~ gives:

R™(5) = 0 (R*(0))

is the ideal generated by the set {51(5 .)..7(n_p 1

quotient of C[SL(n)]¥" (which is stabilized by #) by R~(5). The Gauss

formula allows to write:

) — 1}, S7(V)™ is the

red

/ /
911 91n 1 Q1n

.....

And any f is modulo R(§)~ characterized by its restriction to:
gz/'j 1 1 gz/'j 0 En
| — NtQ =
1 ‘ 0 0 . 1 €n . 0
Finally, if we put f(n*tQ) = h(n'), we get S, ,(V)~ ~ C[NT] with
the natural N~ action:

(9-h)(g1) = h(*gg1).

Theorem 3.

The reduced shape algebras are isomorphic to the algebra of polyno-
mial functions on N=(N*), then:
rea(V)" = CIN7] = C[n7]

red

* (V)™ = C[N*] = C[n*].

red
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The last assertions of the theorem comes from the observation that
the exponential mapping from the Lie algebra n™(n*) onto the Lie
group N~ (NT) is a polynomial bijection with inverse polynomial too.

8. THE REDUCED SHAPE ALGEBRA: COMBINATORIAL
PRESENTATION

8.1. Super and quasi standard Young tableaux.

In order to describe the restricted shape algebra and the restricted
Pliicker relations, we have to perform the quotient of the preceding con-
struction by the ideal generated by {5@3 —1}. On the Young tableaux
this operation can be viewed as an ’extraction’ of trivial columns.

A column whose height is ¢ in a tableau is trivial if its entries are
1,2,...,¢c, a Young tableau 7' is trivial if each column of T is trivial.
Now let 7" be a Young tableau (semi standard or not), we define the
extraction of trivial columns in 7" in the following manner:

Denote a;; the entries of 7" (a;; is in the row ¢ and the column j, for

any j, a;; < ag41); and the heights ¢y, ..., ¢, of T" are decreasing). We
say that the tableau T is reducible if
e there is a column j whose the s top entries are 1,2, ..., s (a;; =i
for 1 <i<s),

e on the right of the column 7, there is a column j" with height s
in T" (there is 5/ > j such that ¢; = s),
o for any k > 7, if ¢4_1 > s and ¢ > 5, Agq14-1 > Gs -

Let T be a reducible Young tableau, let 5 the smallest index and s
the largest index for which the above conditions hold. Let us suppress
the trivial top part of the column j and shift to the left the right parts
of the s first rows (i.e. we shift to the left every a; with 1 <i < s and
j < k), then we get a Young tableau R;: the entries of R; are by, with

agesry if 1<k<s and j<0<t-—-1
bie =
) if s<k or (<.

If the number of column of T" was ¢, then R; has t — 1 column, more
precisely if the heights of the columns of T were: (cq,...,¢) and the
columns of heights s had the number j', ..., j”, then the heights of the
columns of Ry are (¢},...,c,_;) with

¢ =cp if 1<k<j”

,=cpp if JP<k<t-—1.
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Simultaneously, we define L; as the Young tableau with only one trivial
column with entries 1,...,s.

Now if Ry is reducible, we repeat the above operation, extracting a
second trivial column from R;, getting two Young tableaux a trivial
one with two columns L, and a Young tableau Ry with ¢ — 2 columns.

Repeating this construction, after m steps, we get a trivial Young
tableau L,, with m column and a Young tableau R,, with t—m columns.

This construction stops when the Young tableau R, is not reducible
we say R, is irreducible and call R, the residue of T'.

Definition 3. (Super, left and right Young tableaux)

A super Young tableau is a pair S = (L, R) of two Young tableaux,
the left one L is a trivial Young tableau, the right one, R is an irre-
ducible Young tableau. L or R can be the empty tableau without any
column.

Our construction defines a mapping f (the extraction mapping) from
the set ) of Young tableaux into the set S) of super young tableaux

f(T)=S=(L,R).

If A is the sequence of the heights of the column of 7: A = (¢; <
o <gland p= () < <¢)and v = (cf <--- <) the corre-
sponding sequence for L and R (one of these sequences can be empty),
then p and v are two disjoint subsequences of A and A is the 'union’ of
1 and v: we refind the sequence A by putting together the elements of
i and v and ordering them in a decreasing sequence.

Starting with an irreducible Young tableau R, we can insert to it
any family of trivial columns, say {Ds,..., D}, getting a new tableau
T. We insert these column in the following way: if the height of D; is
d;, we insert Dy, ..., D; such that any column of T, after D; has height
strictly less then d;, the columns of T" before D; are the columns of R
with length at least d;, with their ordering and the column D; (j < 7).
Then T is a Young tableau. Of course, if £ > 0, T is reducible.

Let us try to extract a trivial column from 7. Among the new
column, the first one is D; with height d;. In T this column is the
column p. Suppose the first trivial column extracted from T is the s
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top elements of the column j, with j < p. Since R is irreducible, there
is a k > j such that ¢ff | > s, ¢f > s and af, ,_; < aff, (we denote
¢ the height of the column k and aY; the i, j-entry in R). We choose
the smallest such k. Since we can now extract the trivial column from
T, there is, in T, at least one new column, say D between the two
columns k£ — 1, k£ in R, which are now columns ki, ko in T'. We choose
for D the last one: D is the column ky — 1 in 7. The height of D is
¢y =d>ct, =cf > s and we get:

T _ R R _ T
as—i—l,kg—l =s+1 S as—i—l,k—l S as,k - as,kg'

We cannot extract the trivial column consisting of the s top elements
of the column j, with 7 < p. Of course, we can extract all the col-
umn p of 7. Thus, in the computing of f(7"), the first step is just to
eliminate the column D; from T, repeating this construction, we get
f(T) = (L, R) where L is the trivial tableau (Dy,..., D;). We proved
that f is a surjective mapping by defining a mapping h from SY to Y
such that foh(L,R) = (L, R).

Definition 4. (Quasi standard tableaux)

A super Young tableau S = (L, R) is said quasi-standard if its right
tableau R is semistandard.

A Young tableau T is said quasi-standard if it is irreducible and
semistandard.

Let us denote by QSY (resp. Q)) the set of quasi standard super
Young tableaux (resp. quasi standard Young tableaux). Denote SEM
the set of semistandard Young tableaux.

Lemma 1. (f is a bijection from SEM onto QSY)
The mapping f, when restricted to SEM is a one-to-one onto map-
ping from SEM onto QSY .

Proof
First it is clear that if T is semistandard, then each tableau in the
sequence Rq,..., R, defined above is still semistandard, then f is a

map from SEM to QS).

Now let S = (L, R) be an element of QS). Denote the rows of
L by (Ly,...,L,), their lengths being ¢;,...,¢ . Similarly, denote

(LY,..., L) the rows of R, their lengths being ¢/, ..., ¢! We define
the new tableau 7' = ¢(.S) as the tableau with the row i contains (from
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left to right) ¢; entries 4, then the ¢/ entries of the row i of R. In fact, T’
is a Young tableau since if agj is an entry of T, it is either ¢ or an entry
of R (al; = aff._, if aff, are the entries of R). In any case, a]; > i.

7.7_62' iv.?
T _ T _ ~ T T _ R .
If aj; =1, then a;;, =1 <i+1 < aj ;. Ifa; = ;g Since
/ / T _ R T _ R R R _
2>y, a0 ;= i1, and a; ; = Qo < Qiy1 e, < Citrj—e,, =
oy
i+1,5°

T is semistandard: by construction each row in 7' is a increasing
sequence of entries. ¢ is a map from OS)Y to SEM.

The map g is the inverse mapping of f. Indeed if T" is semistandard,
if a column C' of T" begins by a trivial part, then all the columns before
C begin with the same trivial part and suppressing the top of the first
column or the top of C' is the same operation, thus to construct the
sequence Ry, ..., R,,, we just have to consider the first column at each
step.

Starting with 7" = ¢(.5), we can extract at each step a trivial column
having the height of the corresponding column of L, but no more, since
R is irreducible. Thus f o g(S) =S, for any S € QSY.

Conversely, starting with a semistandard 7', we build first f(7) =
(L, R) and by construction the rows of L are the left part of the rows
of T, thus go f(T) =T.

8.2. Quasi standard Young tableaux and Groebner basis.
In this section we shall repeat the construction of section 3 but for
the ideal R(0)* and the quasi standard Young tableaux.

First, we choose the following elimination order on the variables 9:
defining the degree deg(6\" . ) as 1ifi, > s (5Z(f)

11...1s

;. is not trivial) and 0
if iy =s (52(;9)25 is trivial), the degree of 47 is the sum of degree of each

variables and T' > T" if and only if:

deg(6T) > deg(6™)
or
deg(6T) = deg(6™") and T > T’ for the preceding ordering.

Now we look for the leading terms of elements of R(4)*, for this
ordering. We saw that the leading terms of elements of P(J) for the
preceding ordering were non semistandard monomials.
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Let T be a non quasi standard tableau.
Case 1: T is non semi standard.

Then T contains a non semistandard tableau with two columns 7°:
6T = 6UsT°. For T°, we saw there is a Pliicker relation Pro in P(6)
whose leading term for the ordering of section 3 was 1.

Case 1.1: T° contains a trivial column C;, since T° is non semistan-
But 558)8 is the

leading term of the element V; = 5?)3 —1in R(5)*. 6™ is the leading
term of 6V6% ..V, which is in R(6)*.

dard, it is its second column. 67" = 5?)55&?(1

c*

Case 1.2: T° does not contain any trivial column. 67" = 5éf)b5c(fl)a
with ¢ > s, there is j such that a; > b;, we choose the largest such
j, due to our conventions of writing, if ¢ = s then j < s and a. > ¢,
by > s.
Thus the relation Pro has the following form:
_ STO (s) (c)
Proo =00 — 30 F0u00,0 0301, ac AU b
Ac{a1,...,ac}
HA=j
= 7" — S +5(5).

S<TO
S semi standard

If a tableau S in this relation contains a trivial column, i.e S = C1C5
with C] trivial, we replace S by C5 since
6% — 6% = V,.6%.

Repeating this operation, we get an element

=0T — Y x5

S<T10
S quasi standard

Case 2: T is semi standard.

If T has only one column, this column is trivial 7" is the leading term
of some Pr =67 —1in R(§)7.

Since T is semi standard the construction of the super Young tableau
f(T) begins with the extraction of the top s elements 1,...,s of the
first column of T'. Let us look to the two first columns of 7', C¥ and
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CT. By hypothesis, 667 = 5%?,1..),5,%“,...,%1, 0 =8 and
bs < Qg4
Let us define 9T as the tableau with the following first columns C97

and C9T:

s+17~~~7bc2

§eiT — gl §eT _ gle2)

blv"'7b37as+17“-7acl 17"'757bs+17"'7b62 )

the other columns of T being C7 = CT (i > 3). Let us write the
Pliicker relation corresponding to these two columns and s:

5T o 58T_
o S(c2) (1)
Z :l: H 5 6AU{bS+17---7b62}5({17“'78?a5+17"'7a01}\A)U{blv"'vbs}
AC{17---757as+17---,ac1} >3
AZ{1,.5}
#A=s

=07 =7 =) 4™,
A

Each term 674 in the sum has a second column containing a; with

1> s, thus a; > asy1 > by and 5%){bs+1 bey) < 5CzT, §Ta < 67T,

If c; = s, deg(69T) < deg(6T), 67 is the leading term of an element
in R(6)". If ¢ > s, we repeat this construction for 9T, forgotting its
first column. We get the following element of R(§)™:

58T _ 5827“_
CF s(cs) (c2) cdT
> ] 07 08 s O sbessssbig BVt e}
Bc{lv'”vsystrlv"-ybcz} >4
B#{1,...,s}
#B=s
— 59T _ 582T . Z 5B
B
Each term 67# in the sum has a third column containing b; with i > s,
T
thus b; > bs11 > ¢ and 5%5){63%“”663} < 0% 6T < o7,

Repeating this operation we finally get an element in R(§)" of the
form:
5T - 58kT - Z(sTj
J

with 6% < 67 for all j, the column k + 1 of &7 is trivial, deg(6?"7) <
deg(67) and &7 is the leading term of an element of R(§)T.

Remark 4.
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The tableau O*T considered here is (perhaps up a reordering of the
columns with height s ) the tableau h(C, Ry) if C is the first trivial
column:

3¢ = o\,

and Ry the first step in the process of trivial columns extraction from
T.

We got an element of R(6)*:
0" — oM =N "6 (R < T,T; < T)

If Ry is quasi standard, we stop the process. If it is not the case, we
continue the extraction, getting new tableaux 7} < R; < T'. Finally we

get: T = g(L, R) with L # 0 and 67 — 6% — > a;6} belongs to R(5)*.
T, <T

R is quasi standard R < T, T}, <T'. We repeat this operation for each
non quasi standard T}; getting an element Pr = 67 — 6% — S apd7*
with Ty < T, Ty quasi standard, P(T) in R(§)*.

We proved that each non quasi standard Young tableau is the lead-
ing term of an explicit element Pr of R(J)". Let us now prove that
any quasi standard Young tableau is not a leading term of an element

in R(6)*.

Let A be a highest weight for sl(n) and V* the corresponding simple
module. We saw that V* is naturally a sub-module of S¢_,(V'). More
precisely, V* is the space spanned by the classes modulo R(d)" of the
monomials 67 for all Young tableau T of shape A\. A basis for V* is
given by the classes of the monomials 7 for 7' semi standard with
shape A in the quotient C[§]/R(5)". Let us consider the sub-space W*
of V* spanned by the quasi standard and semi standard Young tableau
of shape \.

A basis of V* is given by the classes of 7, T semi standard with shape
A modulo R(§)T. Either T is quasi standard and (67) is a basis of
W*or T = g(L,R), we saw 07 — 6 = 3~ .67 modulo R(§)* with
Ty quasi standard T, < T and R is quasi standard with shape p < A.

This proves that V?* is a subspace of Y. W*.But since g is injective,
p<A

dimV> = Y dim(W*) thus VA = @ W,
<A st
Let now T be a quasi standard Young tableau of shape A. Suppose
67 is the leading term of an element T + >, axd”* in R(0)", then
using the first part of the proof, we can replace each 67* with a non
quasi standard T}, by a linear combination of 6% with quasi standard
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T; modulo R(4)*. Finally we get an element in R(§)" of the form
T+> ; a;077 with any T} quasi standard and strictly smaller than 7.

The shape p; of Tj is thus smaller than A. But this is impossible since
the sum > W* is direct.

u<A
Finally, as in section 3, for each non quasi standard Young tableau,
we got an element in R(0)" of the form:

Pyt =" =) " a;6"
J
with 677 strictly smaller than §7 and quasi standard.

Let T be a non quasi standard tableau with shape A\. We shall say
that 7" is minimal if it does not contain any non quasi standard tableau
with shape ¢ < A. For instance a semi standard non quasi standard
tableau with one column or with 2 columns without trivial column are
minimal.

If n < 3 there are no other semi standard, minimal, non quasi stan-
dard tableaux, but if n > 4 there is semi standard, minimal, non quasi
standard tableau with 3 columns for instance:

1]2]3]
34

Theorem 4. The Groebner basis

The set
G = {PL, T semi standard minimal non quasi standard or

T non semi standard with 2 columns, without any trivial column}

is the reduced Groebner basis of R(8)" for our ordering.

Proof:
We saw that

< LT(R(6)") >= {67, T non quasi standard}.

If T contains a trivial column C, §7 is divisible by 6 and C' is min-
imal semi standard non quasi standard.

If T" is non semi standard, it contains a non semi standard tableau
S with 2 columns, without any trivial column.
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If T does not contain any trivial column and is semi standard then
by definition it contains a minimal non quasi standard tableau S but
S is by construction semi standard.

Thus
< LT(G) >=< LT(R(0)") > .
Now each monomial in any PZL, of G which are not the leading term,
are a7 with 7" quasi standard.
But if S € T, then S is also quasi standard. Indeed, S is semi

standard, suppose S non quasi standard then S contains a first column
Cy=(1,2,...,8,a511,--.,0¢,),

other column
Ci - (bl,bg,...,bs,bs+1,...)
a last column
Cy = (c1,09,...,¢) With t <.
We can extract (1,2,...,s) from S.

Now, we can refind T from S by adding some columns before Cf,
between columns of S or after C;. But T is semi standard. By con-
sidering each case for these new columns, we directly see that the top
(1,2,...,s) of columns C] can still be extracted from 7" which is im-
possible since T' is quasi standard.

Thus any monomial of PL, is not divisible by the leading term of
another PT .

This means that G is the reduced Groebner basis of R(d)" for our
ordering.

The same result holds with the anti standard tableau, image by 7 of
the quasi standard tableaux.

The anti quasi standard tableaux can be defined exactly as the quasi
standard tableaux by extracting ”trivial” top of columns like:

n
n—1

n—s

They are still the image by 7 of the quasi standard tableaux.
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Remark 5.

In fact, if n < 3, the quasi satndard Grobner basis is invariant under
the action of 0. Similarly, with the symmetry 7, if we identify (T with
+T" with T" the Young tableau such that é7(T) = 61", then T quasi
standard implies T' quasi standard. In the study of sl(4) below, we
shall see this no more true for n > 3.

Let us now picture the adjoint representation of s[(3) in S,

oq €quipped
with its Groebner basis:
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(2,3)

(1,2)
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and the same representation in S__, equipped with its Groebner basis

is:

red
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(2,3)

(1,2)
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We resume our construction by the two following diagrams:
AV)=ClVe(VAV)S---®d(VA---AV)
!

TN
S’(V) _ClVe--®An~1V] /P

AN
c[vea~~~@An*1V]/(P+R7):S;Ed S, _ClVve--en"'V] /(PiRt)
and :
R
)1 , g
Onadizezie fp gy = CISLM)INT =Panaslizesi )
Vect(antisemistandard) = = Vect(semistandard)
7N\
n)N _ n NT
BEOI by +ry-) = CINT] = CINT] =/ ) poy)
) ©)
i is]“"“*s/ﬂ-ed(a)* = =Ciiiglias / Preatd)-
Vect(antiquasistandard) = = Vect(quasistandard)

9. THE sl(2) CASE

9.1. Representations of s((2).
The sl(2)-simple modules are charachterized by a highest weight a.
More precesely, the basis of s[(2) is:

0 1 1 0 0 0
L B R P
If a is a positive integer, the simple module 7® acting on the space V¢
is a + 1-dimensional, with a basis v, (0 < n < a) and the matrices of
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the action are:

0 1 0 0
00 2
(X)) = ,
a
K 0
[a 0 0
0 a—2 0
Wa(Ha) = )
10 —a
0 0 0 O
a 0 0 O
T (Yy) = o
K 1 0

There is only one fundamental representation, associated to the
weight w;. We realize it in the space generated by the functions
59)(9) = 11, 551)(g) = go1. The other representations are realized
on the space of homogeneous polynomial functions of degree a in these

variables.

9.2. Shape and reduced shape algebra.
There are no Pliicker relation between ¢y; and g9, thus the shape
algebra is isomorphic to the algebra

A* (V) = Clg11, g21) = S(V).

The reduced shape algebra is the quotient by the ideal generated by
g1 — 1. Let us put:

()

rea(V)" = Cloy] = C[X],

red

The X, acts on a polynomial function as the operator:

Then:

0
Xo = =—.
0X
We realize the sl(2)-diamond cone as the half line of the entire nodes
0,1,...,a,a+1,..., at each node n, we put the quasi standard Young

tableau - or the monomial X™. We have an explicit basis for
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the representation of N* on the diamond cone defined by the action of
X, pictured by the graph:
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For any a > 0, we define the diamond D, as the graph generated by

X? the vector space V* as the vector space with basis the nodes of
D,.
We saw that the anti semi standard (resp. the anti quasi standard) ba-
sis can be identified with the semi standard (resp. the quasi standard)
basis. More precisely, a being fixed, the action of 7 on V¢, denoted by
7(9) is defined as:

7_(a) (Xn) — xoa-n

s J2)=[2]... 2]

We can see 79 as the succession of the operations:

e Completion of the tableau T' (compl[2...2] =[1...1][2...2])
e Action of 7 (7(compl[2...2]) =[2...2][1...1])

e reordering (ord(7(compl[2...2])) =[1...1][2...2])

e Cancelling the trivial columns

We put:
Yo(X™) = (71 0 X4 0 7@)(X™) = (a — n) X"
and H, = [X,,Y,] or:
Ho(X") = [(n+1)(a —n) — n(a—n+1)]X" = (a — 2n)X".

We complete the diamond D, by adding the edges corresponding to
the Y, -action.

10. THE sl(3) CASE

10.1. Representations of s((3).
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The s[(3)-simple modules are characterized by their highest weight.
More precisely, the basis of sl(3) is:

[0 1 0 00 0 00 1
Xo=10 00|, Xg=100 1|, Xap=10 0 0f,
0 0 0 00 0 000
(1 0 0 00 0
H,= |0 —1 0|, Hz=|0 1 0],
0 0 0 00 —1
[0 0 0 00 0 00 0
Yo=110 0, Ys3=10 0 0, Yas=10 0 0
0 0 0 010 100

The simple modules have non multiplicity free weights. We can describe
then by using the reduced shape algebra. The fundamental modules
are three dimensional, they are realized on the space V¥* = C?® and
Ver = AICE

For each pair of natural integers, there is an unique irreducible repre-
sentation 7(a,b) with highest weight awy + bws.

10.2. Shape and reduced shape algebra.
Now we have just one Pliicker relation: let us put as above:

5%” = g11, 551) = g21; 5§1) = 031
5(2) _ _ 5(2) _ _ 5(2) _ _
12 911922 — 12921, 13 911932 — g12931, 23 921932 — g22931-

Then the unique Pliicker relation is:
1) ¢(2 1) ¢(2 1) o(2
0708 — 857613 + 85613 = 0.

The shape algebra is the quotient of the algebra of polynomial functions
in these 6 variables by the above relation.

The reduced shape algebra is obtained by imposing 5%1) =1 and
52 =1.

An explicit description of a basis for this module V(® and the
X,, Y,, H , actions on this basis can be found in [W] for instance.
More precisely, Wildberger defines a diamond cone D in R? and a in-
finite dimensional vector space V' with basis:

B ={emnns, (mn, )€ DCR}
={emns, mn>0 —n<l<2m—n, m—2n<{<m,
¢ = max(m,n)mod2}.
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He defines the action of X, on these vectors e, ¢ and the irreducible
module V(®?) with highest weight aw; + b, is the module generated
by the X, action on the highest weight vector €, q4,a—b-

A basis for this module is an explicit subset B®? of B. There is a
symmetry T, p) on V(b)) T(a,b) (B@b)) = B and the Y,, H, actions
are defined as:

Yo =T © Xy © Tap), Hy = [Xp, V)]

mon

see [W] for explicit formulas.

Let us put:
0 00 1 0 0
n=¢|z 00|y, N =exp(n’)= r 10
u y 0 ut+3 oy 1
Then:

and
* (V)T =~ Clz,y,ul

red
1 1 2 2
— C[(Sg )7 5:& )7 6§3)7 553)]/ (1) (2) (1) ¢(2)
<53 +523 - 52 513)

XU G B xyy.

The quasi standard ordering on variables is:
5§1) < 551) < 6%) < 6%), orU>X>FE>Y.

Then the leading term for this basis is 551)5@ = XY, thus we get the
basis:

{6 (68 o) = U B X", u, e, v €N}

U{ @) @) 00 = U BY?, w, e, yeN, y>0}.

Now the action of X,, X3 and X,13 on these polynomials are the
following;:

0 yo 0 x0 0
Xo= 50 " 25w Xﬁ_ay+2&/ Xats = g0
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Xo(X) =1, Xo(Y) =0, Xu(U)=0, Xo(E) =Y,
Xp(X) =0, Xp(YV) =1, Xs(U) =X, Xs(E) =0,

XQ+B(X) - 0, Xa+ﬁ(Y) - 0, XQ+B(U) - 1, Xa+ﬁ(E) - —]_

Then the X, acting by derivations on the polynomial functions ¢, we
refind the diamond cone, the diamond D@ the vector space V(%% the
symmetry T, and the complete diamond graphs on D@ described
in [W] with the identification:

m—£ m—4~ .
emne=U"""2 E2 X" ifm>n

m-4£ m—4

emne=U"2 E2 ifm=n
m-4£ n+4+4

emne=U"2 EM"" 2 Y™™ if m <n,

our basis coincide with the basis B given by Wildberger, for S¢_,(V)*.

red

10.3. X,, action, Symmetry and Y, action.
With our notations, we have the following identification between
column and variables X, U,Y, E:

X =59 —

U=d"9) —

Y =609 —

E=03(9) —

[eele] [ [ [

The unique reduced Pliicker relation is:

_§2‘_|_:0

For instance the X, action on our basis is exactly the Wildberger’s
one:

U'E°X® | U TETX* T 1 (e + 2)U"E°X" T (z > 0)
UE°Y" cUE=TY VT (y > 0)
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or
Cm,n,0 mT_Zem—l,n,Z-H + (m —n—+ mT_Z)em_l,mg_l (m > n)
6771,,77/7( (m — HTM)em—Ln,Z (n 2 m)
and the X3 action:
U"E° X" W TEE X" T (2 > 0)
UtEYY |uU 1B XYY + yUrEeY V! (y >0)
or
em,n,f (n — mT_z)em,TL—l,Z (m > n)

Em,n

(n —-—m—+ HTH)em,n—l,Z-l—l + (HTM)em,n—l,Z—l (n Z m)

For s[(3), our symmetry 7 on quasi standard Young tableaux induces
a very simple transformation on V(@
Starting with a quasi standard Young tableau T with a' columns of
height 1 and & columns of height 2, @’ < a and ¥ < b, we complete T'

1
by adding a — @’ trivial columns and b’ — b trivial columns . For

instance:

a=50=3T=

2

2

2[2]3]

3

3

, compl(T) =

1

2

2

L]1]2]2]3]

2

3

3

Then we compute 7(compl(T')), we reorganize the columns as above

and finally we suppress the trivial columns, on our example:
373]3]2]2]1]

T(compl(T))

3|2

211

1

1]2]1]2]2]3]3]

3

2

~

2[2[3]3]

3

The resulting quasi standard tableau will be denoted 7(*? (7). Explic-
itly we get with the polynomial notations:

T(a,b) (UuEeXm) —
7_(a,b) (UuEeXm) —

or:

+(ab) (

6m,n,€) = €a+b—n,a+b—m,a—b+m—n—~L

Ua—(m—i—u) Fb—exe
Ua—uEb—(y+e) Y'Y
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We refind the symmetry, thus the Y, and H, actions of Wildberger

([&1)-

11. THE sl(4) CASE

11.1. Representations of s((4).
As above, we have simple roots «, 3 and -, with:

0100 0000 0000
0000 0010 0000
Xe=Tlg 000l ®=looool> “=|oo0o01
0000 0000 0000
Moreover we have positive roots a + 3, f + v and « + 3 + ~, with:
0010 0000 0001
0000 0001 0000
Xa+ﬁ_0000’Xﬁ+’*“0000’Xa+5+7—0000
0000 0000 0000
We put Y, = X, and
1 0 00 00 0 0 000 0
0 -1 0 0 01 0 0 000 0
Ha‘oooo’Hﬁ—OO—lo’H7_0010
0 0 00 00 0 0 000 —1

The fundamental representations are 4 and 6 dimensional, they are
associted to the fundamental highest weight w; for the canonical repre-
sentation on V = C*, w, for the representation on A?V and wy for the
representation on A3V. These fundamental representations are easy
to describe, the reduction of the tensor product of any two of them is
completely described in [FH|. Especially, we get the Pliicker relations
via this decomposition.

11.2. Shape and reduced shape algebra.
Now we have 10 Pliicker relations: let us put as above:

gi1 G2
gj1  gj2

@) gir Gi2  9i3
v Ok = |91 952 Y;3
9kl Gk2  Gk3

1) _ (2) _
0; " = g, 5ij =
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Then we have 4 Pliicker relations between the 6 and §® :
562 — 56D 4 sV52) =,
03053 — oV + 676 =0,
61005 — 6561y + 63613 =0,
07085 — 85617 + 83613 = o.
There are also 4 relations between the 52 and §®):
00055, — 05703 + 050653, = o,
015015 — 613015, + 017 913 = 0,
015 055, — 055 05, + 057613, = 0,
01305 — 053 013 + 051 Otz = 0.
And one between the §®2:
015657 — 013057 + 61705 = .
And finally one between the 6 and the §¢
oV o55, — 03603 + 0613, — 6163, = 0.

The shape algebra is the quotient of the algebra of polynomial func-
tions in these 14 variables by the 10 above relations.
The reduced shape algebra is obtained by imposing 5§1) =1, (59 =1
() _
and 4,55 = 1.

Let us put:
0 000
n— x 0 0 0
o u y 00
w v 2z 0
and
1 0 0 0
_ _ x 1 0 0
N==eap(n”) = u+ % y 10
wt+ ST +5F+E v+E o2 1
Then we get:

s =1, 60V = x, oV ?zpa&” w =y 2y TE

A
2 2 6
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and
5%23—1 5124—2 5134—yz—§ =W, 5234—%—%—%—1-1026'
and
z
-, -y =0t =y
2 Y 2 TYyz TV ZU 9 xy?
553):7—U:E, 554)=7+7—7—w:D, 5§4):—12 +uv —yw = B.
Now
;ed(v)+ = C[l’,y, zZ, U, v,w]
1 1) (2 2) (3 3
_ 60 6D 5D 50 .,55321]/Pm(5)+

_ C[X,Y.Z,U,E,W,V,A,C, D, B|

/ Pluck
where Pluck is the ideal generated by the 10 polynomials:
Pluck=(U—- XY+ FE, D—XV+4+A B-UV+YA XB-UD+ AE,
B—-YD+FEV, C—XW,+UZ - A,
VC—-DW+PZ W-YZ+V, C—EZ+D, YC—EW + B).

We choosed the following ordering for our variables:
Z<W<(C<Y<E<V<D<B<X<U<A
Then the leading terms of this basis are:
XY, XV, UV, BX,YZ, EZ YC, VC, XW, EV, UDW, UDY.

Now the basis of our space, i.e. the nodes of the s[(4)-diamond are
monomials

XYYZFW VU ECA*C° DB
with:

O=zy=2v=uv=br =yz =ez =yc=vc=zw = ev = udw = udy.

The action of our generators X,, Xz and X, on these polynomials

are:
Ly yz v
Xo=0r = 50.+ (12 2)8“”
Tz
—0y — — 0O,
6

4
Xﬁ_8y+§au 5

_ 4
X7_8Z+28v+(12+ )
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Thus the X,, for n simple are acting on our basis of the reduced shape
algebra by giving linear combination with integral coefficients, indeed,
we find first such a linear combination on Z (even Z%) coefficients but
on monomials which are perhaps not all admissible, then we come back
to admissible monomials, using the reduced Pliicker relations, but these
relations are with coefficients £1, thus we finally get a combination of
monomials in the basis with coefficients in Z.

11.3. Symmetry.
Now the symmetry 7 on Young tableaux does not induce a simple

operation T

(abe)

on the basis of the simple module V(@)

1

3]

For instance the tableau |2

4

= ZU is an element of the basis

of VO (see fig.). Repeati—ng the operation performed for s[(2) and



46 D. ARNAL, N. BEL BARAKA, AND N. WILDBERGER

s[(3), we get:

1]3] 1]3] 1]3] 4]2] 1]2]
compl(|2| )= |2| ,7(compl(|2| ))=[3| =-]3
4 4] 4] L] 4]

but this tableau is not quasi standard: the extraction of the trivial top
of the first column is not trivial:

7_(1,0,1)(

‘»b|l\:> —
N—
Il
|

|
‘»h|l\> —

+

[+]

or:
7(170,1)(2(]) = WX=-C—-ZU+ A

We prefer to keep the new Groebner basis to see 7 as a global change
of basis inside the reduced shape algebra and to realize Y, = 7.X,7 by
using the two basis. For instance in V(D the basis is:

{1,X,U A Z,W,C,WU,WA,CU,CA,CX, ZU, ZA, ZX}

the image by T.omyp of this basis is:

{AC,UC, XC,C,WA, ZA A, ZX, Z, X, 1, WX, W, WU}

The matrix of Y, on this new basis is exactly the matrix of X, in the
old one.
Here is the presentation for adjoint representation V10D of SL(4):
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(3:4)
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(2,3)

Iy

(1,2)
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