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ALMOST COMPLEX STRUCTURES ON THE COTANGENT BUNDLE
FLORIAN BERTRAND

ABSTRACT. We construct some lift of an almost complex structure to the cotangent bundle,
using a connection on the base manifold. This generalizes the complete lift defined by I.Sato
and the horizontal lift introduced by K.Yano and S.Ishihara. We study some geometric
properties of this lift and its compatibility with symplectic forms on the cotangent bundle.

INTRODUCTION

In the recent paper [[], L.Lempert and R.Szoke defined an almost complex structure on
the tangent bundle over an almost complex manifold. This lift of the ambient structure
defined on the base manifold is characterized via a deformation property. This structure is
also studied by K.Yano and S.Ishihara ([J]) as the complete lift of the ambient structure (see
also [] by P.Gauduchon and [B] by B.Kruglikov for related results). From a symplectic point
of view, the cotangent bundle certainly plays a very important role. This is the phase space
in mechanics and this carries a canonical symplectic structure induced by the Liouville form.
The aim of this paper is to introduce some “natural lift” of an almost complex structure to
the cotangent bundle and to study its compatibility with symplectic forms.

We construct this lift, which will be called the generalized horizontal lift, via a connection
(not necessarily symmetric, minimal or almost complex). This generalizes the lift introduced
by L.Sato ([A]) as a correction of the complete lift, and the horizontal lift constructed by
K.Yano-S.Ishihara ([d]). We establish its geometric properties (Theorems and [[.3). As
an application, we prove that the structure defined by I.Sato may be characterized generically
by the holomorphicity of the complex fiberwise multiplication (Corollary [.2).

Finally we study the compatibility between lifts and symplectic forms on the cotangent
bundle. The non existence of a lifted almost complex structure compatible with the canonical
symplectic form on the cotangent bundle follows from the expression of such a lift in local
coordinates (Proposition p.1l). The conormal bundle of a strictly pseudoconvex hypersurface
is a totally real maximal submanifold in the cotangent bundle endowed with the structure
defined by Sato in [[]. This was proved by S.Webster ([g]) for the standard complex structure,
and by A.Spiro ([fi]) for the almost complex case (see also [P]). One can search for a symplectic
proof of this since every Lagrangian submanifold in a symplectic manifold is totally real for
almost complex structures compatible with the symplectic form. We prove that for every
almost complex manifold and every symplectic form on T* M compatible with the generalized
horizontal lift, the conormal bundle of a strictly pseudoconvex hypersurface is not Lagrangian
(Proposition [[.1).

The structure of the paper is the following. In section one we introduce some notations and
we present the results. In section two we recall some facts about almost complex manifolds,

tensors and connections. In section three we construct the generalized horizontal lift to the
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cotangent bundle of an almost complex manifold. This lift depends on the introduction of
some connection; we study the dependence of the lift on the connection. We prove that the
correction of the complete lift and the horizontal lift are particular cases of the generalized
horizontal lift (Theorem [L1]). Section four contains proofs of Theorems [[.J and [[.3; we give
necessary and sufficient condition for a lift of a diffeomorphism to be holomorphic (Theorem
[7). We also characterize the holomorphicity of the multiplication map on the cotangent
bundle (Theorem [[.3). Finally in section five we are interested in the compatibility between
the generalized horizontal structure and symplectic forms on the cotangent bundle.

1. NOTATIONS AND RESULTS

Let M be a real smooth manifold of even dimension n. We denote by T'M and T*M
the tangent and cotangent bundles over M, by I'(T'M) and I'(T*M) the sets of sections of
these bundles and by 7 : T*M — M the fiberwise projection. Locally, we work with local
coordinates systems z = (z1,- -+ ,x,) in M and (x,p) = (1, ,Zn,p1,- -+ ,Pp) iIn T*M. We
denote by 5;» the Kronecker symbol. For convenience we do not write any sum symbol; we
use Einstein’s summation.

We assume that M is endowed with an almost complex structure J and we denote by
N; the Nijenhuis tensor of J. Let V be a connection on M and let T" be the torsion of V.
Finally we define two tensors A and S by :

AX,Y) = VxJY —JVxY
S(X,Y) = —AX,Y)+AY,X)+T(JX,Y) - JT(X,Y)

for every X,Y € I'(T'M).

We first construct some general lift, called the generalized horizontal lift and denoted by
JEV (subsection 3.1). Let J be the correction of the complete lift defined by I.Sato and let
J™Y be the horizontal lift introduced by K.Yano and S.Ishihara. The precise definitions of
these two structures are reminded in Subsection 3.2. The link between J%V, J and J?V is
given by the following Theorem :

Theorem 1.1. We have :
(1) JEY = J if and only if S(X,Y) = —3JNy,
(2) JEV = JEY if and only if T(J.,.) =T(.,J.) and,

(3) For every almost complex and minimal connection, we have J&V = J = Jmy.

Theorem [[.]] really explains in what sense the generalized horizontal lift generalizes the
complete and the horizontal lifts.
We prove that the generalized horizontal lift J¢V satisfies the following properties :

Theorem 1.2.
(1) The projection m: T*M — M is (JV, J)-holomorphic.
(2) The zero section s : M — T*M s (J, J%V)-holomorphic.
(3) The lift of a diffeomorphism f : (My, J1, V1) — (Ma, J2, V3) to the cotangent bundle
is (JlG’vl, JQG’VQ)-holomorphic if and only if f is a (J1, J2)-holomorphic map satisfying
fS1 = Ss.
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We recall that the lift fof a diffeomorphism f : M; — M> to the cotangent bundle is
defined by f = (f,(df)™!). Locally the differential df is given by the matrix :

> [ df 0
df_ < (*) t(df)fl ) S Mgn(R),
where (%) denotes a (n x n) block of derivatives of f with respect to (z1,--- ,z,).

Let Z denote the complex fiberwise multiplication on the cotangent bundle. This is defined,
in local coordinates, by : Z(z,p) = (a + ib)(x,p) = (z, (a + b'J(x))p) where b # 0.

Theorem 1.3. The multiplication map Z is JV-holomorphic if and only if A(J.,.) =
A, J).

We point out that if b is identically equal to zero then the map Z is always J&V-

holomorphic.

The existence of a symplectic form on the cotangent bundle compatible with the structure
defined by [.Sato and such that the conormal bundle of a strictly pseudoconvex hypersurface
is Lagrangian would imply that the conormal bundle is totally real.

In this way, we have :

Proposition 1.1. Assume (M, J, V) is an almost complex manifold equipped with a connec-
tion. Let w' be a nondegenerate two-form on T*M compatible with the generalized horizontal
lift JV. IfT is a strictly pseudoconvex hypersurface of M then there evist X,Y € TN*(T')
such that W' (X,Y) # 0.

It is sufficient to consider nondegenerate two-forms for two reasons. Firstly, the fact that
Lagrangian submanifolds are totally real for compatible almost complex structures does not
depend on the closedness of the symplectic form. Secondly the existence of a symplectic
form compatible with a prescribed almost complex structure is not guaranted (see the case
of S%, the unit sphere in RT).

2. PRELIMINARIES

Let M be a real smooth manifold of even dimension n.
2.1. Almost complex structures.

Definition 2.1. An almost complex structure on M is a tensor field J of type (1,1) which
satisfies J?> = —Id. The pair (M, J) is called an almost complex manifold.

In local coordinates, J is given by JFdx! ® Oxy,.
We say that a map f : (M,J) — (M’',J’) between two almost complex manifolds is
(J, J')-holomorphic if :

J(f(x))odyf =d.f o J(z), for every z € M.
If f:(M,J)— M'is a diffeomorphism, we define the direct image of J by f by :

fod(y) = dp-ryfo J(f (y)) ody,f7", for every y € M'.
The tensor field f,.J is an almost complex structure on M’ for which f is (J, f.J)-holomorphic.
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We recall that the Nijenhuis tensor of the almost complex structure J is defined by :
Ny (X,)Y)=[JX,JY] - JX,JY] - J[JX,Y] - [X,Y] pour X,Y € T'(TM).
It is important to notice that N;(X,JY) = —JN,;(X,Y).

2.2. Tensors and contraction. Let 6 be the Liouville form on T*M. This one-form is
locally given by 6 = p;da’. The two-form w, = df is the canonical symplectic form on the
cotangent bundle, with local expression wy = —dx* A dps,. We stress out that these forms do
not depend on the choice of coordinates on T*M.

We denote by T;"M the space of g covariant and r contravariant tensors on M; according

to this notation we have N; € Ty M. For positive ¢, we consider the following contraction
map v : T, M — T, (T*M) defined by :

v(R) = kaf17,,,7iqu“ Q- ® dzi! ® Jp'e

for R =Ry, ., da" ®-- @ dz's @ Oxy.

We also define a g-form on T*M by 0(R)
R on M. We notice that O(R)(Xy,---,X,)
L(T*M).

Since the canonical symplectic form wy; establishes a correspondence between g-forms and
(1,q — 1)-tensors, one may define the contraction map v using the Liouville form 6 and the
canonical symplectic form wg on T*M by setting, for Xy,---, X, € [(T*M) :

t(9<R))(X17 e 7XCI) = _w3t<X177<R)<X27 e 7XQ))7
where "(0(R))(X1, -+, X,) = 0(R)(Xa,- -+, Xy, X1).

When R is a (1, 2)-tensor, we have a matricial interpretation of the contraction ~; if RZ ;
are coordinates of R then (R) is given by :

0 0 ny
v(R) = ( a0 ) € M2, (R), with aj :kaﬁi_

J

ppRE i, drt ® - @ da' for a (1, g)-tensor

11,

G?R(dﬁ(Xl), coe,dr(Xy))) for Xy, -, X, €

2.3. Connections. Let V be a connection on M. We denote by Fﬁj its Cristoffel symbols
defined by Vy,,0x; = Ff’jaxk. Let also I'; ; defined in local coordinates (xq - - - , @y, p1,- - , Pn)
on T*M by the equality pkfﬁj =15,
Remark 2.1. By the definition of V, we have : V., (JOx;) = axiJfaxk + Filjjlﬁxk.
The torsion T" of V is defined by :
T(X,)Y)=VxY —-VyX — [X,Y], forevery X,Y € I'(TM).
There are “natural” families of connections on an almost complex manifold.

Definition 2.2. A connection V on M 1is called :

(1) almost complex when Vx(JY) = JVxY for every X,Y € I'(TM),
(2) minimal when its torsion T is equal to 1Ny, and
(3) symmetric when its torsion T is identically zero.



ALMOST COMPLEX STRUCTURES ON THE COTANGENT BUNDLE 5

A.Lichnerowicz, in [[], proved that the set of almost complex and minimal connections is
nonempty. This fact is crucial in the following.
To the connection V we associate three other connections :
e V :=V —T. The Cristoffel symbols fij of V are given by ff,j = F?l
e V:=V-— %T. The connection V is a symmetric connection and its Cristoffel symbols
ffj are given by : ffj = 3(TF, +T%).
e a connection on (M, T*M), still denoted by V, and defined by :

(Vxs)(Y):= X.s(Y) —sVxY forevery X, Y € I'(TM) and s € T'(T*M).

Let x € M and let £ € T*M be such that 7(£) = z. The horizontal distribution HY of V is
defined by :

HY ={d,s(X), X € T,M,s € I(T*M), s(z) =& Vxs =0} C T,T*M.

We recall that d¢m induces an isomorphism between H, gv and T, M. Moreover we have the
following decomposition : T¢T*M = H, gv ®T;M. So an element Y € T;T*M decomposes as
Y = (X,vV(Y)), where vV : T,T*M — T M is the projection on the vertical space T M
parallel to Hgv.

We introduce a tensor A on M, which measures the “lack of complexity” of the connection
V:

A(X,Y)=VxJY — JVxY for every X,Y € I'(T'M).

Locally we have A}, = dx;JF — JITL ;4 JII';;. We denote by A the tensor associated to the
symmetrization V of V : A(X,Y) = VyJY — JVY.

3. GENERALIZED HORIZONTAL LIFT ON THE COTANGENT BUNDLE

Let (M, J) be an almost complex manifold. We define an almost complex lift of J to the
cotangent bundle T*M over M and we prove that this generalizes the complete lift ([f]) and
the horizontal lift ([d]).

3.1. Generalized horizontal lift. Let x € M and let £ € T*M be such that 7(§) = x. We
locally have the following decomposition T.7*M = T, M © Ty M. From an algebraic point of
view it seems natural to lift an almost complex structure J as a product structure, that is
J &*J with respect to T, M & T M. More generally if H is a distribution such that we have
the decomposition T¢T*M = He @ T M, one can define a lift of J by J @ *J with respect
to He @ Ty M. We call such a lift the generalized horizontal lift. Since any such distribution
determines a unique connection it is possible to define this lift using a connection; this point
of view is inspired by the construction of an almost complex structure on the space of 1-jets
of an almost complex manifold due to P.Gauduchon in [J].

Let V be a connection on M. We consider the connection induced by V on (M, T*M),
defined in subsection 2.3. For a vector Y = (X,vV(Y)) € T.T*M = HY & T; M, we define :

TV (V) = (JX, T (Y (V).

Let us explain the meaning of JX. Since the map dem Hy is a bijection between H£V and

T, M, we define JX as (d57T|H£v)_1(J($)d§7T<X)).
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This almost complex structure is given by J¢V = J & J in the decomposition TT*M =
HY @ Ty M.

Definition 3.1. The almost complex structure JV is called the generalized horizontal lift
of J associated to the connection V.

We first describe locally the horizontal distribution HV :

X
L 3.1. We have HY = . X el M.
emma 3.1, et 1~ { (15, ) x el

X
v
Proof. Let us prove that H' C {( T, X0 ) , X € TxM} .
Let Y € HY; Y is equal to d,s(X) where X € T, M and s is a section of the cotangent
bundle such that Vxs = 0. Locally we have s = s;dz’, X = X0x; and so :

X
Y= ( Xjaﬂiji ) '
Since Vxs = 0 we obtain :

0 = X'Voq, (sida") = X7 5V g, da’ + X7 0xjs;da’ = — X7 ;1% da® + X7 05y da’.

Therefore X7 Orjsp =X Js; 1"’ =X 1"] k- This proves the inclusion.
Moreover the following decomp081t10n insures us the equality :

fag X .
T,T*M = {( DX ) ,XeTmM}eBTxM.
O

We study the dependence of JV on the connection V. We introduce the set H := {L €
T)M, L(J.,.) = L(., J.)} of (1,2)-tensors L satisfying L(J.,.) = L(., J.).

Proposition 3.1. Assume that V and V' are two connections on M. Then J&Y = J&V' if
and only if the tensor V' — V belongs to H.

So let V' be another connection on M; there exists a tensor L € T} (M) such that V' =
V + L. We notice that, considering the induced connections on (M, T*M), we have :

s =Vxs—s(L(X,.)).

Moreover :

wV(Y) = 0V (Y) — E(L(den(X), ),
where Y = (X, vV(Y)) € T, T*M.
Proof of Proposition [7-]. A vector Y € TyT*M can be written ¥ = (X,vV(Y)) in the
decomposition HY @TyM of TT*M and Y = (X', vV'(Y)) in the decomposition Hgv'@Tz*M,
with demr(X) = dem(X'). By construction we have demr(JX) = dem(JX'). Thus J&V' = J&V
if and only if vV(JEV'Y) = vV(JEVY) for every £ € T*M and Y € T¢M.
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Let us compute vV (J&V'Y) :
WV(IOVY) = oV(JOVY) + §(L(Jde(X), )
= TV (Y)) + §(L(Jdem(X),

)
= tJY(Y)) - tJ{((L(dg (X), )))) (L(Jdem(X),.))

§
= vV (JOVY) = §(L(dem(X), 1)) + §(L(Jdem(X), ).
So J&V' = J4V if and only if L(dem(X),J.) = L(Jdew(X),.). Since d§7T|Hv is a bijection
between H, gv and T, M, we obtain the result. O

A consequence of Proposition B.]] is the following Corollary :
Corollary 3.1. Let V and V' be two minimal almost complex connections. One has J&V =
JGV.

We see from corollary B.1] that minimal almost complex connections are “natural” connec-
tions in almost complex manifolds, to construct generalized horizontal lifts.

Proof of Corollary [3.]. Since V and V' have the same torsion, the tensor L := V — V' is
symmetric. Moreover, since V and V'’ are almost complex, we have L(.,J.) = JL(.,.). Thus
L(J.,.)=JL(.,.)=L(., J.). O

The following Proposition gives local and tensorial expressions of the generalized horizontal
lift. In order to obtain the tensorial expression it seems useful to consider the complete lift
denoted by J¢ and defined by I.Sato ([@]) as follows : let 6(J) be the one-form on 7 M with
local expression 0(J) = ppJFdal. We define J¢ by the identity d(0(.J)) = wg(JC.,.). Then J¢
is locally given by :

o v 0
- pk(ﬁijf—ﬁxiJf) J )

Proposition 3.2.

JG,V

(1) With respect to local coordinates system (xy,- -+, Tn,P1," " ,Pn), is equal to :

JG’V:( lJ; ! Oj)'
Lyid; = Tiudi J;

(2) We have J&V = J¢ + ~4(S), where S(X,Y) = —A(X,Y) + AY, X) +T(JX,Y) —
JT(X,Y).

Proof of Proposition [3.3. We first prove part (1). With respect to local coordinates system
(1, Tn, P15+, Pn), structure JV is locally given by :

Ji 0
G,V _ J .
! _(%tﬁ)
7

Since ( Fé ‘ ) € HY, it follows from definition of J*VX where X € HY and from lemma
i,
B, that for every i € {1,--- ,n} :

JG’,V 53 JJ
I ; Uy JF )
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Hence we have : a} = T';;J! —T;,J}. This concludes the proof of part (1).
Then we prove part (2). Using the local expression of J¢ we have :
G,V __ 7c 0 0
Sr=s ( —prday JE + 0 JE + Ty dt =Tyl 0 )
It follows from Remark P.1] that :
—prOz; JF +pk8xiJf + FMJ; — D0} = prday[— Vo, (JOz;) + Vo, (JOx;)).

We denote by S"(X,Y) = ~Vx(JY)+Vy(JX) = —Vx(JY)+VyJX+T(JX,Y) and we
notice that S'(9x;,0x;) = =V, (JOx;) + Vo, (JOx;). We point out that S is not a tensor.
However with a correction term, we obtain the tensor S :

S(X,Y) = S'(X,)Y)+ JX,Y]
= —Vx(JY)+Vy(JX)+T(JX,Y)+ JVxY — JVy X — JT(X,Y)
= —AXY)+AY, X)+T(JX,Y)—-JT(X,Y).
The components of S are given by S(dz;, 0x;) = S'(dz;, Ox;) and so J&V = Je+~(S). O

3.2. Generalization of the complete and horizontal lifts. The complete lift J¢ defined
by I.Sato is an almost complex structure on 7*M if and only if J is an integrable structure
on M, that is if and only if M is a complex manifold. Introducing a correction term which
involves the non integrability of J, [.Sato obtained an almost complex structure on the
cotangent bundle; this latter one is given by :

1

For convenience we will also call J the complete lift of J.

Remark 3.1. By definition of 0(J), if Y is a vector field on T*M locally defined by Y =
X0+ P'Op;, then we have 0(J)(Y) = prJFX;. This justifies the following local expression :

O(I)(Y) = 0()(X D) = 6(J (X 0m).
The local expression of J is obtained by finding the coordinates of the tensor JN,.
Since JN;(X,Y) is equal to J[JX, JY]+ [X,JY] + [JX,Y] — J[X,Y], we find :
JN(0x;, 0x5) = [<0x; JF + Ox I} + JEJ10w J; — JETI0x, I} day.

Thus we have the following expression :

~ Ji 0 . i Pk s s
J= < Bj]i» Jz‘j ) , with B} = 5[8ijf — axiJf + JfJf@quj - JfJanqui]-

We now recall the definition of the horizontal lift of an almost complex structure. Let
V be a connection on M and V its symmetrized. K.Yano and S.Ishihara defined in [{] the
horizontal lift of J by :

TV = J° £ (V).
where [VJ] is a (1,2)-tensor given by :
[VJ(X,Y) = (VyJ)X — (VxJ)Y = —A(X,Y) + A(Y, X), for every X,Y € (T M).
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They proved that J#V is an almost complex structure. It is important to notice that if we
do not symmetrize V, the horizontal lift of J is no more an almost complex structure. The
horizontal lift is locally given by :

{WV:<~ R Q).
LyJ, =100 J]

From tensorial expressions of the generalized horizontal, the complete and the horizontal
lifts, we can link these three lifted structures. When we consider “natural” connections on
M we have the equality of the three structures. This is stated by the third part of Theorem
L.

Proof of Theorem [[.]. We compare the three lifted structures via the intrinsic expressions :
o JHV = J¢+~(8) with S(X,Y) = —AX,)Y)+ AY, X))+ T(JX,Y) - JT(X,Y),
o J=J°—1v(JN,) and,
o JEYV = J¢ 4 4([V]) with [V](X,Y) = —A(X,Y) + A(Y, X).
Then part (1) is a direct lecture of the tensorial expressions of J&V, J and JHV.
To prove (2), it is enough to notice that :

[6](X7Y) = _Z(Xay)‘I“AV(YVaX)
= —A(X,Y)+A<Y,X)+%T(X,JY)+%T(JX,Y)—JT(X,Y).

Let us prove part (3). The equality JV = J follows from the fact that A = 0 because V

is almost complex and from —T'(.J.,.) + JT(.,) = +JN; + 1JN; = 1JN,. Since T = 1N,

and N;(J.,.) = Ny(.,J.) we have J&V = JHV, O

We end this section with the study of a distribution associated to the horizontal lift. We
begin with an important Corollary of Theorem [[.1.

Corollary 3.2. We have the equality JTV = JGV.

Proof. We first notice that JV is equal to JHY and since V is symmetric, Theorem [[]]

implies the equality J GV = JHV,

0

Remark 3.2. Previous Corollary [3.3 can be also proved using the local expression of JGV
and JHV.

Let € M and let € € T*M be such that 7(£) = x. We consider the horizontal lift of Ox;
and vertical lift of dx; on the cotangent defined by K.Yano and S.Ishihara in [{] :

HY 5] 1% 0
(Ox;)™Y = = and (dz;)" = si )
1,7 7

The basis {(0x1)®V(€), -+, (0z,) "V (E), (dx1)V (€), -+, (dx,)V (€)} of Te(T*M) is called the
adapted frame of V. With respect to this basis we decompose :

TeT*M =< (0w1)™Y(€), -+, (0a) ™"V (§) > ® < (dx1)"(€), -+, (dwn) " (€) > .
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By identification, we have the equality < (dz1)V(£), -+, (dr,)V(§) >= T:M. K.Yano and
S.Ishihara proved that in this basis, J”'V can be written :

Ji0
HYN _ J .
"=(3 )
Moreover, to the horizontal lift, we associate the distribution of horizontal lifted vectors
fields D = {X#V, X € T(TM)} of T(T*M) with D¢ =< (0z1)®V (&), -+, (Oz,)"V(€) > .

The elements of the distribution D are characterized as follows : if Y = )P( is a vector

of T¢{T*M then Y € De if and only if P; = kaXk
Thus Lemma implies D¢ = H §V , that is D is the horizontal distribution of V. Finally
JIY = JotJ = JV with respect to the decomposition Te(T*M) = De@T; M = HY ®T; M.

4. PROOFS OF THEOREMS [l.2 AND

4.1. Properties of the generalized horizontal lift. Theorem [[.9 explains with geometric
properties why the generalized horizontal lift of an almost complex structure is called a lift.

Proof of Theorem [[.3. The local expression of the generalized horizontal structure implies
the first two points.

Let us prove property (3). Assume f : (M, J1,V1) — (M, Jo,Vs) is a (Jy, Jo)-
holomorphic diffeomorphism satisfying ﬁSl = S5 and let f be its lift to the cotangent
bundle. We recall that J&Vi = J¢ + ~(S;) for i = 1,2 (Proposition B2). We denote by 6;
and w; & the Liouville form and the canonical symplectic form of T*M,;. The invariance by
lifted diffeomorphisms of these forms insure us that ﬁ@l = 0y and ﬁwl,st = wg 5. We also
recall that £(6;(S;)) = —wi st(., 7(5:).).

We want to establish the following equality ﬁ(JlG ’Vl) = JQG V2 The first step consists in
proving that the direct image of J{ by fis JS. By the nondegeneracy of ws 4, it is equivalent
to obtain the equality ws o (frJS., ) = wo(JS.,.) :

ot (JT5) = waal(dfoJio(df)1.,.)
wist(Jf o (df)H (df))
felwrae(JT-5 )
= f.d(6:(J1)) and,
wast(J5.,.) = d(02(J2)).

So let us prove that the pull-back of 65(J;) by f is 61(J1). According to Remark B and

to the local expression of df we have f*(85(J3)) = 65(Js o df) and then :

F¥(02(J2)) = Oa(df o J1) = (F*02)(J1) = 01( ).

Thus we obtain f.d(6;(J;)) = d(62(J5)), that is f..J¢ = JS.

To establish the result, it is enough to prove that the direct image of v(S;) by fis 7(S2).
We prove more generally that f,(S;) = S5 if and only if ﬁ('y(Sl)) = 7(.52). It is equivalent
to prove that f,(S1) = S if and only if wy «(., f*(v(Sl))) = wy gt(.,7(S2).). We compute :
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Wat( f(81):) = waaldf o y(Si) o (df) )
sl () 7(S) o ().
= f*ngl,st(-,’}/(sl)-))
= —fu(*0:(51)).

Let us check that f,(S;) = S, if and only if f,/(61(S;)) = “(62(52)). We have :
f1(02(52)) = 02(S:2(df df ) and 6, (S1) = (f702)(51) = O2(df © S1).
According to this fact and the definition of (R), where R € T) M given in the section 2.2,
it follows that f,S; = Sy if and only if 05(S2(df,df)) = O2(df o S1). So f.(S1) = Ss if and

only if f.(7(S1)) = 7(S,). Finally we have proved that if f : (M, J;, Vi) — (My, J5, Vs)
JG Vl JG,VQ)_
1 )

)

is a (Jy, Jo)-holomorphic diffeomorphism satisfying f.S; = S, then f is (
holomorphic.

Reciprocally if f is (J&V JSV2) holomorphic then f is (Jy,Jy)-holomorphic. Indeed
the zero section sy : M1 — T*M is (J, JG’VI)—holomorphic by (2), the projection s :
T*My — M, is (J2 Va , Jo)- holomorphlc by (1) and we have the equality f = 7r20f031. Since
fis (J1, J2)-holomorphic we have f,J¢ = J¢. Morevever the (JlG Vi JSV2)_holomorphicity
of f implies the equality f*( (S1)) = 7(Ss), that is f.S1 =

U

Properties of Theorem can also be established for the complete and the horizontal lifts
by considering special connections. This is stated by the following Corollary.

Corollary 4.1.

(1) The projection 7 : T*M — M s (J', J)-holomorphic for J' = J, J&V.

(2) The zero section s : M — T*M is (J, J')-holomorphic J = J, J&V .

(3) The lift of a diffeomorphism f : (My,J1) — (M, Js) to the cotangent bundle is
(J~1, jQ)-holomorphic if and only if f is (J1, Jo)-holomorphic.

(4) The lift of a diffeomorphism f : (My, J1, V1) — (Ma, J2, V2) to the cotangent bundle
is (JIPV, TV sholomorphic if and only if f is a (J1, Jo)-holomorphic map satisfying
f[Vidi] = [VaJsl.

Theorem [[.3 and Corollary f.1 characterize the complete lift via the lift of diffeomor-
phisms. Indeed the generalized horizontal lift and the horizontal lift need a connection to be
constructed whereas this is not essential in the construction of the complete lift. Hence it
is natural to require more conditions if we want to lift some diffeomorphisms in case of gen-
eralized horizontal and horizontal structures. And generically there is no way for an almost
complex diffeomorphism to send the tensors Sy (resp. [V1Ji]) on Sy (resp. [VaJs]).

Proof of Corollary [{.]. By local expressions of the complete lift and of the horizontal lift we
have the first two properties.

To prove property (3) we consider almost complex and minimal connections V; and Vq
on M; and M,. Hence J, = JGV1 = J¢ + ~(S;) and Jy = JGV2 — Je + 7(S2). We have
S, = _—JlNJl and Sy = __JQNJ2 We notice that if f : (M, J;) — (Ma, Jo) is a (Jq, Jo)-
holomorphic diffeomorphism then f.N; = Nj and then f.JiN; = JoNj,. According to
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Theorem [.7 the lift of a diffeomorphism f to the cotangent bundle is (jl, :fg)—holomorphic
if and only if f is (Ji, Ja)-holomorphic.
The property (4) follows from the equality J%V = J#V obtained in Corollary B3 and
from Theorem [.3.
O

4.2. Fiberwise multiplication. We consider the multiplication map Z : T"M — T*M
by a complex number a + ib with b # 0 on the cotangent bundle. This is locally defined by

Z(x,p) = (x, (a+b"J(z))p). For (z,p) € T*M we have d, )2 = ( Icc,i aldibtj ) , where
C! = bppd; J}.

Proof of Theorem [[-3. Let us evaluate d(, ;) Z o J*V (z,p) — J&V (x, ap+b'Jp) o d(; ) z. This
is equal to :

0 0
( CJ+ (ald+b"J)B(x,p) — B(x,ap +"'Jp) —'JC 0 ) ’
where B’ (z,p) = pk(FﬁiJ; — 500
We first notice that aB!(z,p) — Bj(x,ap + b'Jp) = —bpy JE(T5,J, —T5,.J7).
Let us compute D = CJ + (ald + b'J)B(z,p) — B(x,ap+tJp) —'JC :
D} = bpp[Jj0w Jf + JIUE T3 = JIT5 P = JET}J5+ JET5 ) — Ji0x, J7).
— e e e N Y=
(1) (2) 2y 3) & @y
We obtain (1) + (2) + (3) = JH(dzy Jf + JiT}, — JIT},) and (1) + (2)' + (3) = J{(0x; JF +
JPT%  — JIT$ ). We recognize the coordinates of the tensor A (section 2.3):

Ay Jf — JfFii + Jisris = Aﬁi and Ox;J — JIT5, + JISF?,S = Ail'

J,
Finally D} = bpy[JIA}, — J{ A% ]. Then Z is J™V-holomorphic if and only if JIA}, = A% J}.
Since A%,J}0x), = A(dx;, JOx;) and JIA},0x), = A(JOx;,0x;) this concludes the proof of

Theorem [L.3.
U

The almost complex lift J may be characterized generically by the holomorphicity of Z;
more precisely we have :

Corollary 4.2.
(1) The multiplication map Z is j—holomtyphic and,
(2) Z is JEY -holomorphic if and only if A(J.,.) = A(.,J.).

Proof. Let us prove part (1). Assume V is an almost complex minimal connection on M.
We have J = J%V and by almost complexity of V, A is identically equal to zero. Theorem
[3 implies the j—holomorphicity of Z. B

The part (2) follows from Theorem [[.J and the equality J#V = J%V stated in Corollary

0
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Remark 4.1. In case of the tangent bundle T M, the fiberwise multiplication is holomor-
phic for the complete lift of J if and only if J is integrable. More precisely, “the lack of
holomorphicity” of this map is measureb by the Nijenhuis tensor (see [{]).

5. COMPATIBLE LIFTED STRUCTURES AND SYMPLECTIC FORMS

Assume (M, J) is an almost complex manifold. We recall that wg; is the canonical symplec-
tic form on the cotangent bundle on M. From a symplectic point of view, it seems natural
to see if the generalized horizontal lifted structure is compatible with wg. More generally one
can search for a lifted structure compatible with ws;.

Proposition 5.1. There is no almost complex structure J' on the cotangent bundle T*M ,
compatible with wg, such that m: T*M — M is (J', J)-holomorphic.

In particular, the generalized horizontal lift, and so the complete and the horizontal lifts,
are not compatible with the canonical symplectic form on 7M.

A 0

C D

(n x n) blocks. Indeed dr is locally given by dr = ( Id 0 ) where Id and 0 are (n X n)
blocks and since 7 is (J’, J)-holomorphic we necessarly have this local expression for J'.
So if we consider a vector Y = P,dp; # 0 € T(T*M) we have J'Y = (DP);0p; and then
ws(Y, J'Y) = 0. Hence J' cannot be compatible with wg.

Proof. Such a lifted structure can be locally written , where A, B and C are

g

Let I' € M be a strictly pseudoconvex hypersurface in M. For x € I', we denote by
N;(T) = {p. € TyM, (ps)j,r = 0}. The conormal bundle over I, defined by the disjoint
union N*(I') = (U, Vi (I'), is a totally real submanifold of 7*M endowed with the complete
lift (see [ and [B]). Moreover N*(T') is Lagrangian for the canonical symplectic form on
T*M. To get a symplectic proof of the total reality of the conormal bundle, it is enough to
search for a symplectic form compatible with the complete lift for which N*(I") is Lagrangian.
More generally we are interested in the compatibility with the generalized horizontal lift.
Proposition [[.1] shows that we cannot find such a form.

Let us recall the definitions of Lagrangian and totally real submanifolds :

Definition 5.1.
(1) A submanifold N of a symplectic manifold (M',w') is called Lagrangian for w' if
W'(X,Y) =0 for every X,Y € I'(TN).
(2) A submanifold N of an almost complex manifold (M',J") is totally real if TN N
J(TN) = {0}.

Proof of Proposition[I.]. Let T be a strictly pseudoconvex hypersurface of M and = € T.
Since the problem is purely local we can suppose that M = R*™ J = J,; + O|(z1, -+ , Tom)|
and x = 0. Since I is strictly pseudoconvex we can also suppose that T,I' = {X € R*™ X, =
0}. The two-form ' is given by ' = «a; ;dz’ A da? + B ;dp’ A dp? + ~; jdx* A dp?.

Assume that w'(X,Y) = 0 for every X,Y € TN*(I'). We have Nj(I') = {po €
T5R*™, (po)inr = 0} = {(P1,0,---,0), P, € R}. Then a vector Y € T N*(I') can be
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written Y = X019 + - - - + X5,,,0x9,, + P10p;. So we have for 2 <i < 7 <2m :
wEO;O) (8$‘Z, 8:10]) =05 = 0.
Then wEO;O) is given by w(o;o) = ay jdxy Ada? + B ;dpt A dp’ + v, jdxt A dp.

. GV __ Jst 0
Since J(o;o) = ( 0 J,

Thus wiy,q (Y7, JEVY") = 0 and so w' is not compatible with JEV.

) we have J(%;’OV)Y’ = Oxom for Y' = 0x9p—1 # 0 € Ti0,0)(T"T).

(0;0 (0;0)
O
Proposition [[.]] is also established for complete and horizontal lifts because J(%Z()V) = j(o;o) =
HY
Jo0)-

Remark 5.1. Since the conormal bundle of a (strictly pseudoconvex) hypersurface is La-
grangian for the symplectic form wg on T*M, Proposition [I.] shows directly that wg and
JEY are not compatible.
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