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Polymer chains in confined spaces and flow-injection problems: some remarks

T. Sakaue, E. Raphaël
Laboratoire de Physique de la Matière Condensée, FRE 2844 du CNRS,

Collège de France, 11 Place Marcelin Berthelot, 75231 Paris Cedex 05, France

We revisit the classical problem of the behavior of an isolated linear polymer chain in confined
spaces, introducing the distinction between two different confinement regimes (the weak and the
strong confinement regimes, respectively). We then discuss some recent experimental findings con-
cerning the partitioning of individual polymers into protein pores. We also generalize our study to
the case of branched polymers, and study the flow-injection properties of such objects into nanoscopic
pores, for which the strong confinement regime plays an important role.

PACS numbers: 61.25.Hq, 83.50.-v, 83.50.Ha

I. INTRODUCTION

In recent years, much attention has been paid to the
structure and dynamics of polymer chains in confined
spaces [1, 2, 3]. For instance, understanding how biopoly-
mers migrate through a narrow passageway to get to their
targeted destination [4, 5, 6, 7, 8] is crucially important in
cell biology [9]. In confined spaces, the number of avail-
able configurations for a polymer chain is reduced, lead-
ing to a free energy excess [10]. For an ideal linear chain
confined in a space of characteristic size D (with D < R0,
where R0 = aN1/2 is the natural size of the chain, N is
the number of monomers and a is the monomer size), this
free energy excess was calculated by Cassasa [11]:

Fid

kBT
≃

(

R0

D

)2

(1)

(where kBT is the thermal energy).
Note that the scaling relation (1) holds equally for an

ideal chain confined between two walls, in a cylindrical
pore or in a spherical cavity. For a linear chain with
excluded volume interactions, however, the confinement
into a spherical cavity leads to an excess free energy that
differs from the one corresponding to the confinement
between two walls or in a cylindrical pore. Indeed, the
nature of the confinement depends on whether the inter-
actions between monomers become substantial or not in
the confined state.

In the present article, we revisit these issues for vari-
ous molecular architectures and propose to discriminate
between two confinement regimes (depending on the ge-
ometrical nature of the confinement). In the first regime,
called the weak confinement regime (WCR), the configu-
ration of the polymer is restricted due to the confinement,
but the conformation of the polymer at large length scale
is still somewhat dilute. The free energy required for
the confinement (measured from the unperturbed state
in bulk) is of purely entropic origin, and is an exten-
sive function of the monomer number N . In the second
regime, called the strong confinement regime (SCR), the
chain is highly compressed and the confinement becomes
stronger and stronger as the chain length increases. Here,
the segmental interactions dominate the entropic cost

due to the confinement and, consequently, the free energy
is no longer simply proportional to N . This departure of
the excess free energy from a linear dependence on N was
first noticed by Grosberg and Khokhlov [12] in the case
of a linear polymer inside a closed cavity; unfortunately,
this point is sometimes overlooked in the current poly-
mer literature. We will show that for a linear chain, the
SCR is only obtained in the case of a spherical cavity,
while confinement between two walls or in a cylindrical
pore corresponds to the WCR (Sections II.A and II.B).
We then discuss some recent experimental findings con-
cerning the partitioning of poly(ethylene glycol) (PEG)
molecules inside protein pore is [3, 13, 14, 15, 16, 17] (Sec-
tion II.C). We next generalize our study to the case of
polymers with arbitrary connectivity, using the concept
of spectral dimension (Section III). We show in particular
that for a branched polymer, the SCR is already realized
in a cylindrical pore. This is closely related to the notion
of a ”minimum diameter” for the capillary (introduced
by Vilgis et al. [2, 19]) and should be properly taken into
account when one studies flow-injection problems [20, 21]
(Section IV).

II. LINEAR POLYMER IN CONFINED SPACES

A. Linear chain in the WCR regime

Although in many practical cases the confinement ge-
ometry may be quite complicated, many fundamental
features can be understood by considering simple geome-
tries such as slits, capillaries and spherical cavities. If a
polymer chain is brought into such a confined space, the
number of available spatial dimensions (which is d = 3 in
bulk) is reduced at large scales. Hereafter, we will denote
by dc the number of ”subtracted dimensions”: at large
length scales, the chain behaves as in a space of d = 3−dc

dimensions. For example, for a chain confined into a slit,
one has dc = 1. For the sake of simplicity, let us first
consider the case of linear polymer. In dilute solution,
its radius is given by [1]

R3 = aNν3 (2)
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FIG. 1: Drawing of a linear chain confined between a slit of
width D (top), and inside a cylindrical pore of diameter D

(bottom) (after [1]).

where ν3 is the Flory exponent (in a good solvent, ν3 ≃

3/5). If the chain is brought into a slit of diameter D
(dc = 1), its conformational behaviours depend on the
ratio R3/D. If D < R3, the effect of confinement is
important and the chain displays a two-dimensional be-
havior at length scales larger than D (Fig. 1: top) [1, 10].
The polymer can be envisioned as a sequence of blobs of
size D in the plane. The overall shape of the polymer
is thus characterized by a thickness D and a radius R2

given by [1]

R2 ≃ D

(

N

g

)ν2

(3)

with ν2 being the Flory exponent in two-dimension (ν2 ≃

3/4 in a good solvent condition). The number of seg-
ments in a blob g is given by

g ≃

(

D

a

)
1

ν3

(4)

Equation (4) means that inside blobs, the effect of wall
is insignificant, thus, the internal correlations between
segments are identical to those in bulk. From Eqs. (3)
and (4), the radius of a linear chain confined in a slit is
thus given by

R2 ≃ aNν2

( a

D

)

ν2
ν3

−1

(5)

In good solvent conditions, the preceding equation yields

R2 ≃ aN
3
4

( a

D

)
1
4

(6)

Now, let us consider the free energy per chain mea-
sured from the unperturbed state in bulk solution. As
described above, the chain has to be reflected at the wall.
For each collision, there exists a entropy cost of the or-
der of thermal energy kBT . Therefore, the free energy
required for the chain confinement is easily evaluated as
the entropy loss due to the confinement of N/g blobs [1]:

F2

kBT
≃ N

( a

D

)
1

ν3
(7)

In good solvent conditions, on gets

F2

kBT
≃ N

( a

D

)
5
3

(8)

Note that the above confinement free energy can also
be deduced from the following scaling argument [1, 10]:
(a) F2/(kBT ) is dimensionless and depends only on the
length ratio R3/D, (b) the leading term in F2/(kBT )
should be an extensive function of N . By imposing these
two conditions, one indeed recovers Eq. (7).

A similar argument can be applied to the chain in a
thin capillary (of diameter D < R3), where the poly-
mer shows one-dimensional (dc = 2) behaviours at large
length scale (Fig. 1: bottom). Here, the chain can be
envisioned as a succession of blobs of size D. At length
scales larger than D, the chain shows one-dimensional
conformational statistics, which results in

R1 ≃ aN
( a

D

)
1

ν3
−1

(9)

Thus, in good solvent conditions, we find

R1 ≃ aN
( a

D

)
2
3

(10)

The free energy F1 required to confine the chain inside
the capillary is here again of order kBT per blob, leading
to

F1 ≃ F2 (11)

(omitting numerical prefactors of order one). In other
words, the confinement free energy for a chain in a cap-
illary obeys the same scaling law that for a chain in slit.

B. Linear chain in the SCR regime

Let us further decrease the number of available spatial
dimensions by considering the behavior of a linear chain
confined inside a spherical cavity (dc = 3). Although
sometimes adopted in recent publications, the assump-
tion that the free energy has still the scaling form dis-
played by Eq. (7) is incorrect. This can be seen rather
easily if one imagines the consequence of doubling the
chain length (Fig. 2). For a chain in a slit or in a cap-
illary, this does not affect the local properties at all, but
just adds the same copy as the original system. There-
fore, the free energy is proportional to N . However, for
a chain in a spherical cavity, doubling the chain length
inevitably increases the volume fraction of the chain.
Therefore, the N dependence of the free energy should
be stronger than linear [12].

The scaling form for the free energy of a chain in a
closed cavity F0 of size D is deduced from the following
thermodynamic requirements [12] : (a) F0/(kBT ) is di-
mensionless and depends only on the length ratio R3/D,
(b) F0/(kBT ) is extensive, that is to say, under the vari-
able transformation N → kN and Ω(≃ D3) → kΩ (with
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FIG. 2: Drawing of a linear chain progressively confined in-
side a spherical cavity. As the confinement takes place, the
monomer volume fraction inside the cavity increases and, con-
sequently, the blob size decreases (after [12]).

k > 0), the free energy is modified as F0 → kF0, (or
equivalently, the pressure P = −∂F/∂V remains un-
changed). From these requirements, we obtain

F0

kBT
≃

(

R3

D

)
3

3ν3−1

(12)

For a polymer chain in good solvent (ν3 ≃ 3/5)

F0

kBT
≃ N

9
4

( a

D

)
15
4

(13)

Eq. (12) can be rewritten by using the volume fraction
of the chain φ ≃ Na3/D3.

F0

kBT
≃ Nφ

1
3ν3−1 (14)

The free energy per segment depends only on the vol-
ume fraction, which indicates the analogy with semidilute
polymer solutions. Along this line, it is possible to con-
struct a blob picture for the chain confined in a spherical
cavity. At short distances (smaller than the blob size ξ),
the monomer-monomer correlations are similar to those
in the bulk. The number g of monomers inside a blob is
thus given by ξ ≃ agν3 . Moreover, the confined chain can
be viewed as a compact stacking of blobs : φ ≃ ga3/ξ3.
From these two relations, the correlation length is found
to be [12]

ξ ≃ a

(

D3

a3N

)

ν3
3ν3−1

(15)

In good solvent conditions, the correlation length thus
decays as N−3/4. The free energy can be estimated by
using the kBT per blob ansatz:

F0

kBT
≃

D3

ξ3
(16)

Substituting Eq.(15) into Eq.(16), one indeed recovers
Eq.(12).

We see that there are two qualitatively different con-
finement regimes, depending on the confinement geome-
try. The threshold is obtained by calculating the volume
fraction of the chain as a function of N

φ =
Na3

(Rd)dDdc

∼ Nα (17)

where the exponent α is given by

α =
2(dc − 2)

5 − dc
(18)

If α is negative, as in the case of a chain confined
into a slit (for which α = −1/2), the confined chain is
a rather dispersed system and its density decreases with
chain length. We call such a regime the weak confine-

ment regime (WCR). On the other hand, in the strong

confinement regime (SCR), α is positive (as in the chain
in a spherical cavity for which α = 1); the confined chain
is then reminiscent of a semidilute polymer solutions and
its density increases with chain length. We see that a lin-
ear chain confined inside a cylindrical pore corresponds
to the critical situation α = 0; the overall chain is a dense
packing of blobs, but its free energy is still given by that
of the WCR (corresponding to entropy reduction).

Let us end this section with several remarks:
(a) If a polymer is confined into the sphere of size

Dmin
≃ aN

1
3 , (19)

the volume fraction becomes unity. It means that it
is physically impossible to confine the polymer into the
sphere smaller than the minimum size Dmin. The pres-
ence of minimum allowable size, which is much larger
than the monomer size a, is a unique characteristic of
the SCR.

(b) In case of the repulsive wall (no polymer adsorp-
tion), the monomer concentration should be reduced in
the vicinity of the wall and become zero at the wall. The
range of this monomer depletion is on the order of ξ. This
leads to a surface energy

Fsurf ≃ kBTD2/ξ2
≃ (D/a)2/(1−3ν3)N2ν3/(3ν3−1) (20)

which is associated with the conformational entropy of
the chain [22]. In good and θ solvent conditions, Fsurf ≃

kBT (a/D)5/2N3/2 and Fsurf ≃ kBT (a/D)4N2, respec-
tively. The confinement free energy (Eq. (13)) arising
from segmental interactions is always larger than the sur-
face energy.

(c) Self-consistent field theory results [23] show that
the energy of a polymer chain confined in a sphere
of radius D scales (for good solvent conditions) as ∼

a3N2/D3. Note that this last result - which is essentially
a mean-field result - differs from our scaling prediction
Eq.(13).

(d) The behaviours of confined polymer chains under θ-
solvent conditions (Flory exponent ν = 1/2) differs from
those of ideal chains [25]. This is most prominent for
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strongly confined polymers. The free energy of the con-
fined chain in a spherical cavity is given by

F θ
0

kBT
≃

( a

D

)6

N3 (21)

The N dependence is stronger than that in good solvent
(Eq. (13)). This is due to the fact that in θ solvent, the
repulsive energy comes from the three body interactions.

(e) Since the static behavior of a linear chain confined
in a spherical cavity is reminiscent of a semi-dilute solu-
tion, we might expect that this analogy would also con-
cerns some dynamical properties of the chain.

C. Partition coefficient and comparison with

experiment

The confinement free energy Fc (measured from the
unperturbed state in a the bulk) is accessible experimen-
tally by measuring the equilibrium partitioning of poly-
mer molecules between the confined space and the bulk
solution. The partition coefficient, p, is defined as the
ratio of concentration between these two regions. The
confinement free energy is then related to the partition
coefficient through

p ≃ exp

(

−
Fc

kBT

)

(22)

For a linear chain in presence of a slit, or of a cylindrical
pore, the partition coefficient is obtained using the WCR
confinement free energy (Eq. (7)):

p ≃ exp

[

−

(

R3

D

)
1

ν3

]

= exp

[

−

( a

D

)
1

ν3
N

]

(23)

In the case of a spherical cavity, on has to use the SCR
confinement free energy (Eq. (12)), leading to a partition
coefficient:

p ≃ exp

[

−

(

R3

D

)
3

3ν3−1

]

= exp

[

−

( a

D

)
3

3ν3−1

N
3ν3

3ν3−1

]

(24)

In references [13, 14, 15], the partitioning behaviours of
poly(ethylene glycol) (PEG) molecules was investigated
using single nanometer-scale pores formed by protein ion
channels (see also [3]). By monitoring the ionic conduc-
tance of a channel for various chain lengths, one can de-
termine how the partition coefficient p varies as a func-
tion of N ; using Eq.(22), one then obtains the behavior
of the confinement as a function of chain length, Fc(N).
From their experimental data, the authors of [13, 14, 15]
conclude that the N -dependance of the free energy is
sharper than predicted by theory. More precisely, the
scaling theory for a linear chain confined in a cylindrical
pore gives Fc ∼ N (see Eq.(23)), while the experimental
data are well fitted by a relation of the form Fc ∼ Nµ

with an exponent µ = 3.1 ± 0.2.

Let us remark, however, that the protein pore used
in these experiments (Staphylococcus aureus α-hemolysin
(α-toxin)) has following geometric characteristics (Fig.
3) [3, 18]. The channel consists of a stem region and a

FIG. 3: Schematic cross section of Staphylococcus aureus α-
hemolysin channel. For more detailed information based on
X-ray studies, see [3, 18].

large cap domain. In the cap domain, there is a pore en-
trance (∼ approximately 2.6 nm in diameter). After that
entrance, the diameter of the pore cross section gradu-
ally increases. After the widest part (∼ approximately
3.6 nm in diameter), the diameter again decreases and
reaches the narrowest constriction (∼ approximately 1.5
nm in diameter), which is followed by the stem (approx-
imated by cylindrical shape with average diameter of 2.2
nm).

Hence, if the polymer of size comparable to (or slightly
larger than) the pore size enters the pore from the cis

side (cap domain), it would be quite improbable for the
polymer to negotiate the narrowest constriction, which
effectively works as a geometric barrier. Taking account
these features into account, it may be more favorable to
model the protein pore as a (almost) closed cavity.

For a linear polymer confined inside a spherical cavity,
we have seen that the free energy is given by Eq. (12).
For good solvent conditions (ν3 ≃ 3/5), we thus get µ =
9/4 (see Eq. (13)), which is indeed much larger than
the value µ = 1 expected for a chain inside a cylindrical
pore. The fact that the value of µ found experimentally
(µ = 3.1±0.2) is larger than 9/4 might be do to finite size
effects. Indeed, if the chains are not long enough (and
if the solvent is good, but not athermal), their radius of
gyration might be characterized by an effective exponent
ν somewhat smaller the 3/5, leading to a larger value of
µ larger than 9/4.

One should note, however, that other experiments sug-
gest that the partitioning of PEG into a protein pore may
be described by Eq. (23) [16, 17]. But as mentionned by
the authors, the data analyses for the cap domain is less
convincing than those for the stem region, which is ap-
proximated by cylindrical shape.

We also note the other recent experiment of relevance,
where behaviours of fluorescently labelled single DNA
molecules are observed within spherical cavities prepared
by the colloidal templating method [24]. The results in-
dicate the importance of segmental interactions, which is
in accordance with our argument for the SCR.
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In summary, the partitioning behaviours of flexible
polymers into a nanoscale protein pore is not clear yet.
Many experiments suggest that it may be important to
take real geometry of the pore into account, and we hope
that our remark may shed some light on the problem
under dispute.

III. CONFINED POLYMERS WITH

ARBITRARY CONNECTIVITY

In the previous section, we restricted our attention to
the linear polymers only. However, the behaviours of
polymers with higher connectivity i.e., branched poly-
mers, in confined space are also important. In this sec-
tion, we extend the previous results to the case of poly-
meric fractal objects with arbitrary connectivity in a
good solvent condition.

A. Criterion for the confinement regime

A simple and useful approach to confined branched
polymers is a Flory type of calculation, which allows us
to obtain the spatial size of branched polymers in a given
geometry [2, 19]. First, let us define the notation in
this section; N is the number of monomers in an arbi-
trary direction, M is the total number of monomers in
a given polymer. These two quantities are related to
so called spectral dimension ds [26]: M = Nds . The
physical meaning of ds would be recognized by checking
some simple cases as followings: ds = 1 corresponds to
the simplest example of linear polymers, ds = 2 stands
for a polymeric sheet. In more general cases, ds is non-
integer and statistically branched polymers correspond
to ds ≃ 4/3. Note that the spectral dimension depends
on the connectivity (chemical structure of the cluster),
but does not depend on the spatial conformation of the
cluster. As for the previous section, dc denotes the con-
fining dimension (the number of subtracted dimension
due to the confinement), D denotes the characteristic
spatial size of the confinement geometry and Rd denotes
the characteristic size of the polymer in d dimensional
space: the usual Flory radius for d = 3, the radius of
pancake for d = 2 (dc = 1), the length of cylinder for
d = 1 (dc = 2). Along with ref. [2, 19], we assume ds < 2
in the following discussions.

Starting from the generalized Edwards Hamiltonian for
the cluster with arbitrary connectivity, the corresponding
mean-field Flory free energy is expressed as [2, 19]

F

kBT
≃

(R3)
2

a2N2−ds

+
a3N2ds

(R3)3
(25)

After minimization of the above equation with respect to
R3, one obtains the correct fractal dimension for poly-
mers with arbitrary spectral dimension.

R3 ≃ aN
ds+2

5 = aM
ds+2
5ds (26)

If the branched cluster is confined in d = 3 − dc di-
mensional space, the corresponding mean-filed Flory free
energy is modified

F

kBT
≃

(Rd)
2

a2N2−ds

+
a3N2ds

Ddc(Rd)3−dc

(27)

If the confining dimension dc is smaller than the space
dimension, the branched cluster finds a most preferable
conformation in the restricted space. After minimization
with respect to Rd, one obtains the optimum size [2, 19]

Rd ≃

(

a5Nds+2

Ddc

)

1
5−dc

(28)

This leads to the volume fraction

φ =
Ndsa3

(Rd)3−dcDdc

∼ Mα (29)

where the exponent is

α =
2(ds − 3 + dc)

(5 − dc)ds
(30)

Therefore, the critical confinement dimension is given by

d∗c = 3 − ds (31)

As we have already seen, for a linear polymer (ds = 1),
the critical geometry corresponds to the capillary (dc =
2). However, for branched polymers (ds > 1), we en-
counter the SCR regime already in the capillary. Vil-
gis pointed out the presence of the minimum tube di-
ameter Dmin for branched polymers, which is, in fact,
closely related to the SCR [2, 19]. The volume fraction
of the branched polymer confined in the capillary of size
Dmin becomes unity, thus, the capillary with the size
D < Dmin is inaccessible to branched polymers. From
Eq. (28) and (29), it is found that

Dmin = aM
ds−1
2ds (32)

For a linear polymer (ds = 1), the minimum size of the
capillary is equal to the monomer size as expected. How-
ever, for branched polymers with ds > 1, the minimum
size is much larger than the monomer size, and we no-
tice once more that this is a unique characteristic of the
SCR. Confined in the capillary with minimum diameter,
the branched polymer assumes its maximally stretched
state Rmax

1 = aN = aM1/ds , which is much smaller than
the total length of the chemical path aM .

B. Confinement free energy of polymeric fractals

In this subsection, we give the confinement free energy
of fractal objects with arbitrary connectivity beyond the
mean-field approximation. The partition coefficient be-
tween a bulk and a confined space with a given geometry
is obtained using Eq. (22).
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Confinement in a slit: From the previous subsection,
fractal objects with (1 ≤ ds < 2) is weakly confined
in a slit geometry. Therefore, the correlation length is
set by the separation between slit D, and utilizing the
usual scaling argument that the free energy should be
proportional to the total polymerization index M , one
obtains

F2

kBT
≃

(

R3

D

)2

≃

( a

D

)2

M (33)

Confinement in a capillary: In a narrow capillary, how-
ever, branched polymers with (1 ≤ ds) confined strongly.
To calculate the corresponding free energy, it is conve-
nient to apply the semidilute solution analogy, as de-
scribed in Sec. II B in the case of linear polymers. A
branched polymer inside the capillary is conceived as a
dense piling of blobs of size ξ, which indicates the follow-
ing relation;

g

ξ3
≃

M

D2R1
(34)

with g being the number of monomers inside a blob. The
streached length along the tube axis R1 is deduced from
Eq. (28);

R1 ≃

(

a5M
ds+2

ds

D2

)1/3

(35)

Inside a blob, the confinement is a weak perturbation,
thus, the blob size ξ is related to the number of monomers
g inside blob through Eq. (26);

ξ ≃ ag
ds+2
5ds (36)

From Eq. (34), (35) and (36), the blob size is deduced

ξ ≃

(

D2(ds+2)

R
5(ds−1)
3

)
1

3(3−ds)

(37)

≃

[

D2(ds+2)

a5(ds−1)M
(ds−1)(ds+2)

ds

]

1
3(3−ds)

(38)

For linear polymers (ds = 1), one recovers the conven-
tional result ξ ≃ D, i.e., blob size is set by the capillary
size). However, for polymers with higher connectivity
(ds > 1), the correlation length decays with the increase
in M . The confinement free energy is evaluated by as-
signing ∼ kBT per blob;

F1

kBT
≃

D2R1

ξ3
≃

(

R3

D

)

10ds

3(3−ds)

(39)

≃

( a

D

)

10ds

3(3−ds)

M
2(2+ds)
3(3−ds) (40)

For linear polymers (ds = 1), one again rocovers the well-
known result of Eq. (7), i.e., the free energy is propor-
tional to the molecular weight.

Confinement in a cavity: The free energy of branched
polymers within a spherical cavity is obtained in a similar
way. Now, one has to replace Eq. (34) by the following;

g

ξ3
≃

M

D3
(41)

The blob size is given by

ξ ≃

(

D3(ds+2)

R5ds

3

)
1

2(3−ds)

(42)

≃

(

D3(ds+2)

a5dsMds+2

)

1
2(3−ds)

(43)

By substituting ds = 1, one recovers Eq. (15) with ν3 =
3/5. One sees that the correlation length now decays
with the increase in M even for linear polymers. For the
confinement free energy, one finds

F0

kBT
≃

D3

ξ3
≃

(

R3

D

)

15ds

2(3−ds)

(44)

≃

( a

D

)

15ds

2(3−ds)

M
3(ds+2)
2(3−ds) (45)

which is also deduced from the scaling argument (Eq.
12). By substituting ds = 1, one recovers Eq. (13).

The extension to branched polymers with weak
branching density is discussed in the Appendix A.

IV. INJECTION OF POLYMERIC FRACTALS

INTO NARROW CAPILLARY

Up to now, our attention has been focused on equilib-
rium aspects of confined polymers. One important fact is
that the partition coefficient shows a crossover behaviour
when the characteristic size of the confinement D be-
comes comparable to the natural size of the coil R3 in a
bulk. Although, as we already discussed, the sharpness
of this crossover (dependence on the molecular weight)
depends on the confinement regime, the common feature
is that the probability to find the polymer in the space
of D < R3 is exponentially small.

However, it is possible to force the polymer into the
space of size D < R3 by applying certain flow, and the no-
tion of SCR becomes much more evident here [29]. Aside
from the fundamental interest, this is a subject of techno-
logical importance as a possible efficient methodology for
the molecular characterization and separation [21]. This
section is devoted to this problem of the forced injection
of polymeric fractals into narrow space. The question of
our interest is what is the minimum strength of solvent
current J (measured as solvent flux inside the capillary)
to achieve the polymer injection. One may naturally ex-
pect that the stronger current is necessary to inject larger
branched polymers [20, 21]. We demonstrate, however,
this is indeed wrong.
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FIG. 4: Schematic drawing of the penetration process of a
polymeric fractal into narrow capillary. The branched poly-
mer with (1 < ds) is progressively compressed with the
penetration, consequently the blob size becomes smaller and
smaller. The colour strength represents the density.

Confined in the narrow capillary, the branched poly-
mer is in a SCR. Therefore, the volume fraction of the
branched polymer with (1 < ds) increases progressively
with the penetration process advanced as is schemati-
cally shown in Fig. 4. (Such a feature is, in fact, of a
central importance in the present problem, but missed in
the past theory.) Suppose that a fraction of the branched
polymer is already sucked inside the capillary (Fig. 4).
We denote the length of the capillary section occupied by
the polymer as l, and the number of monomers sucked
inside as P . To evaluate static structures of this polymer,
one can follow the argument for the polymeric fractal in a
capillary (Sec. III B), but now with the caution that our
polymer is only partially injected. Therefore, two quanti-
ties l and P are related by Eq. (35) with the replacement
of M by P .

l ≃

[(

a5

D2

)

P
ds+2

ds

]1/3

(46)

Instead of Eq. (38), the blob size is now dependent on l

ξ ≃

[

D2(ds+2)

a5(ds−1)P
(ds−1)(ds+2)

ds

]

1
3(3−ds)

(47)

The number of monomer g(l) inside a blob is related to
ξ(l) as the same relation for g and ξ (Eq. (36)). Whether
this polymer will be further injected or pushed back is in
view of the balance between the osmotic force and the
hydrodynamic drag force.

The osmotic force due to the confinement is

fosm ≃ Π(l)D2 (48)

where the osmotic pressure is given by Π(l) ≃

kBT/(ξ(l)3). The hydrodynamic force is evaluated to
be a sum of Stokes drag force per blob.

fhyd ≃ ηξ(l)v
P (l)

g(l)
(49)

where the viscosity of the solvent is denoted as η and the
velocity of the solvent inside a capillary is v ≃ J/D2.

By balancing these forces, we see that the current should

be larger than some threshold J
(l)
c to further inject the

polymer;

η

kBT
J (l)

c ≃

[

(

D

a

)5

P (l)−
2+ds

ds

]

2(2−ds)
3(3−ds)

(50)

This is a decreasing function of P (thus, l), which means
that the more penetration process proceeds, the easier
the pushing the branched polymer into a capillary is.
The crucial moment is the injection of a first blob of size
ξ(D) = D (Fig. 4 left), therefore, we reach the critical
current

η

kBT
Jc =

η

kBT
J (D)

c ≃ 1 (51)

In contrast to our naive expectation that larger branched
polymer would be injected into narrower capillary with
more and more difficulties, the critical current does nei-
ther depend on molecular size M nor the capillary size D,
and noticeably it is the same as that for a linear polymer
[21, 29].

The extension to the case of weaker branching (cf. Ap-
pendix A) is straightforward, and one can show that crit-
ical current does not depend on both molecular size M
and the degree of branching (in the notation of Appendix
A, this is related to b), and again we are led to Eq. (51).

V. CONCLUSION

In the present article, we have revisited the problem
of the behavior of a confined polymer chain and intro-
duced the distinction between two confinement regimes.
In the first regime, called the weak confinement regime

(WCR), the confinement leads to a reduction of the con-
figurational entropy of the chain. On the other hand, in
the strong confinement regime (SCR), the chain becomes
more and more compressed as its length increases, and,
as a result, the dominant contribution to the confinement
free energy arises from the inter-segmental interactions.
This leads to some unique features of the SCR: (i) pro-
gressive penetration process, (ii) non-linear dependence
of the confinement free energy on the segment number,
(iii) local analogy with semidilute solutions, (iv) exis-
tence of a minimum allowable size of the confinement.
These features are closely related to each other, and the
appearance of one of them is a manifestation of the SCR.

For a linear chain, the critical geometry separating the
above mentioned two regimes is the capillary tube. A lin-
ear chain confined in a closed cavity is thus in the SCR.
We think that this may provide a possible interpretation
of the recent experimental findings concerning the parti-
tioning of PEG molecules into protein pores [13, 14, 15].

We have developed similar arguments for branched
polymers with arbitrary connectivity. We have shown
in particular that branched polymers with spectral di-
mension ds > 1 are in a SCR already when confined into
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a capillary. Using scaling arguments and a blob picture,
we have analyzed some thermodynamic properties (like
the confinement free energy and correlation length) of
polymeric fractals in various confinement geometries.

We have also discussed the problem of forced injection
of polymeric fractals into a narrow capillary. We have
found that the critical current required for penetration
depends neither on the molecular weight of the polymer
nor on the capillary size. This result suggests that the
simple forced permeation method discussed here will not
be applicable in the context of the technological applica-
tion (such as molecular characterization and separation).
Nevertheless, we expect that by exploiting the nature of
the SCR, it would be possible to construct an injection
device which will enables us to probe the properties of
branched structures.

Very recently, Nakaya et al. observed morphological
changes in micro-emulsion droplets containing polymer
chains [30]. We expect that the notion of the strong
confinement discussed in the present paper plays a central
role to interpret these experimental data.
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APPENDIX A: CONFINED BRANCHED

OBJECT: CASE OF WEAKER BRANCHING

In the main text, we assumed our branched polymer to
be highly branched. However, there also exist branched
polymers whose branching density is lower, i.e., there
are substantial difunctional monomers between two ad-
jacent branching point. In this appendix, we extend
our discussion on the confined polymers to the case of
weaker branching using one of the most important ex-
amples of polymeric fractals, i.e., statistically branched

polymer. In terms of spectral dimension, statistically
branched polymers are characterized by ds ≃ 4/3. If one
synthesizes branched polymers from the mixture of larger
amount of difunctional monomers with multifunctional
monomers, resultant products have lower branching den-
sity, then we denote the average number of such difunc-
tional monomers between branching point as b. The nat-
ural size of such an object in a bulk solution is [28]

R3 ≃ aM
1
2 b

1
10 (A1)

The case with b = 1 corresponds to the highly branched
polymer. Note that by substituting b = M , we recover
the usual coil size of linear polymers in good solvent.

Some modification for the free energy of confined
branched polymer is necessary accordingly.

Chain in a slit: In the slit problem, the modification
is straightforward. From Eq. (33),

F2

kBT
≃

(

R3

D

)2

≃

(

ab1/10

D

)2

M (A2)

Chain in a capillary: In this case, the modification is
also straightforward if the diameter of the capillary is
larger than some threshold D∗ = aM1/8b19/40 [20, 21].
All we have to care is that now the blob size ξ is related
to the number of monomers inside g as

ξ ≃ ag
1
2 b

1
10 (A3)

instead of Eq. (36). Then, the correlation length is

ξ ≃

(

D4

R3

)
1
3

≃
D4/3

a1/3M1/6b1/30
(D > D∗) (A4)

and the confinement free energy is

F1

kBT
≃

D2R1

ξ3
≃

(

R3

D

)
8
3

(A5)

≃

(

ab1/10

D

)

8
3

M
4
3 (D > D∗) (A6)

All these results coincides with those in the previous sub-
section if the distance between branching points is unity
(b = 1). We call such a situation (D > D∗) as regime
I[31].

However, if the capillary becomes narrower (D < D∗),
additional considerations are necessary, since, then, the
blob size ξ (Eq. (A4)) becomes smaller than the charac-
teristic spatial size of linear segment between branching
points ≃ ab3/5 [20, 21]. In such a case (called regime II),
the confined branched object locally looks like semidi-
lute solution of linear polymers, where, instead of Eq.
(A3), the relation ξ ≃ ag3/5 is expected. Therefore, the
correlation length and the confinement free energy are,
respectively, deduced as

ξ ≃ D

(

b

M

)
1
8

(D < D∗) (A7)

F1

kBT
≃

D2R1

ξ3
≃

(

R3

D

)
5
3
(

M

b

)
3
8

(A8)

≃

( a

D

)
5
3 M

29
24

b
5
24

(D < D∗) (A9)

By replacing b by M in these results in regime II, we
recover results for a linear polymer in the capillary (ξ =
D and Eq. (7)).

Chain in a spherical cavity: The situation is the same
as that in the capillary problem. The correlation length
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in regime I and regime II are derived in a similar way as
in the capillary problem, which are respectively written
as

ξ ≃
D3

R2
3

≃
D3

a2Mb
1
5

(D > D∗) (A10)

ξ ≃

(

D

a

)
5
4 D

M
3
4

(D < D∗) (A11)

where the crossover cavity size is D∗ ≃ aM1/3b4/15.
Therefore, the confinement free energy in these regimes
are respectively

F0

kBT
≃

(

R3

D

)6

(A12)

≃

( a

D

)6

b
3
5 M3 (D > D∗) (A13)

F0

kBT
≃

( a

D

)
15
4

M
9
4 (D < D∗) (A14)

Both results of correlation length and free energy in
regime II do not depend on b, and coincide with those
for a linear polymer in a cavity (Eq. (15) with ν3 = 3/5
and (13)).
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