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A mixed finite volume scheme for anisotropic diffusion
problems on any grid

Jérome Droniou ! and Robert Eymard 2

27/03/2006
Abstract

We present a new finite volume scheme for anisotropic heterogeneous diffusion problems on
unstructured irregular grids, which simultaneously gives an approximation of the solution and
of its gradient. The approximate solution is shown to converge to the continuous one as the size
of the mesh tends to 0, and an error estimate is given. An easy implementation method is then
proposed, and the efficiency of the scheme is shown on various types of grids and for various
diffusion matrices.

Keywords. Finite volume scheme, unstructured grids, irregular grids, anisotropic heteroge-
neous diffusion problems.

1 Introduction

The computation of an approximate solution for equations involving a second order elliptic
operator is needed in so many physical and engineering areas, where the efficiency of some
discretization methods, such as finite difference, finite element or finite volume methods, has
been proven. The use of finite volume methods is particularly popular in the oil engineering
field, since it allows for coupled physical phenomena in the same grids, for which the conservation
of various extensive quantities appears to be a main feature. However, it is more challenging to
define convergent finite volume schemes for second-order elliptic operators on refined, distorted
or irregular grids, designed for the purpose of another problem.

For example, in the framework of geological basin simulation, the grids are initially fitted on the
geological layers boundaries, which is a first reason for the loss of orthogonality. Then, these
grids are modified during the simulation, following the compaction of these layers (see [14]), thus
leading to irregular grids, as those proposed by [16]. As a consequence, it is no longer possible
to compute the fluxes resulting from a finite volume scheme for a second order operator, by a
simple two-point difference across each interface between two neighboring control volumes. Such
a two-point scheme is consistent only in the case of an isotropic operator, using a grid such that
the lines connecting the centers of the control volumes are orthogonal to the edges of the mesh.
The problem of finding a consistent expression using only a small number of points, for the finite
volume fluxes in the general case of any grid and any anisotropic second order operator, has led
to many works (see [1], [2], [3], [14] and references therein; see also [19]). A recent finite volume
scheme has been proposed [11, 12], permitting to obtain a convergence property in the case of an
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anisotropic heterogeneous diffusion problem on unstructured grids, which all the same satisfy the
above orthogonality condition. In the case where such an orthogonality condition is not satisfied,
a classical method is the mixed finite element method which also gives an approximation of the
fluxes and of the gradient of the unknown (see [4], [5], [6], [22] for example, among a very large
literature). Note that, although the Raviart-Thomas basis is not directly available on control
volumes which are not simplices or regular polyhedra, such a basis can be built on more general
irregular grids. In [17], such a construction is completed using decomposition into simplices and
a local elimination of the unknowns at the internal edges. In [9] and [13], such basis functions
are obtained from the resolution of a Neumann elliptic problem in each grid block. However, it
has been observed that the use of mixed finite element method could demand high refined grids
on some highly heterogeneous and anisotropic cases (see [18] and the numerical results provided
in the present paper). Note that an improvement of the mixed finite element scheme is the
expanded mixed finite element scheme [7], where different discrete approximations are proposed
for the unknown, its gradient and the product of the diffusion matrix by the gradient of the
unknown. However, this last scheme seems to present the same restrictions on the meshes as
the mixed finite element scheme.

We thus propose in this paper an original finite volume method, called the mixed finite volume
method, which can be applicable on any type of grids in any space dimension, with very few
restrictions on the shape of the control volumes. The implementation of this scheme is proven
to be easy, and no geometric complex shape functions have to be computed. Accurate results
are obtained on coarse grids in the case of highly heterogeneous and anisotropic problems on
irregular grids. In order to show the mathematical and numerical properties of this scheme, we
study here the following problem: find an approximation of u, weak solution to the following
problem:

—div(AVa) = f in Q, (1)

% =0 on 0,

under the following assumptions:
Q) is an open bounded connected polygonal subset of RY, d > 1, (2)

A Q — My(R) is a bounded measurable function such that
there exists ag > 0 satisfying A(x)¢ - € > aglé]? for a.e. € Q and all £ € R?,

(3)
(where Mg4(R) stands for the space of d x d real matrices) and

feL*(Q). (4)

Thanks to Lax-Milgram theorem, there exists a unique weak solution to (1) in the sense that
u € H}(2) and the equation is satisfied in the sense of distributions on (2.

The principle of the mixed finite volume scheme, described in Section 2, is the following. We
simultaneously look for approximations ux and v in each control volume K of @ and Vu,
and find an approximation F, at each edge o of the mesh of [ A(z)Vu(x) - ny dy(z), where
n, is a unit vector normal to o. The values F, must then satisfy the conservation equation in
each control volume, and consistency relations are imposed on ug, v and F,. After having
investigated in Section 3 the properties of a space associated with the scheme, we show in Section
4 that it leads to a linear system which has one and only one approximate solution u, v and



F, and we provide the mathematical analysis of its convergence and give an error estimate.
In Section 5, we propose an easy implementation procedure for the scheme, and we use it for
the study of some numerical examples. We thus obtain acceptable results on some grids for
which it would be complex to use other methods, or to which empirical methods apply but no
mathematical results of convergence nor stability have yet been obtained.

2 Definition of the mixed finite volume scheme and main results

We first present the notion of admissible discretization of the domain 2, which is necessary to
give the expression of the mixed finite volume scheme.

Definition 2.1 [Admissible discretization] Let Q be an open bounded polygonal subset of R?
(d>1), and O = Q\ Q its boundary. An admissible finite volume discretization of Q is given
by D = (M,E,P), where:

e M is a finite family of non empty open polygonal convex disjoint subsets of Q0 (the “control
volumes”) such that Q = Ugepm K.

e & is a finite family of disjoint subsets of 0 (the “edges” of the mesh), such that, for all
o € &, there exists an affine hyperplane E of R® and K € M with o0 C 0K NE and o is a
non empty open convex subset of E. We assume that, for all K € M, there exists a subset
Ex of € such that 0K = Uycg, 0. We also assume that, for all o € £, either o C 02 or
o =KNL for some (K,L) € M x M.

e P is a family of points of Q indexed by M, denoted by P = (Xx)xem and such that, for
all K e M, xg € K.

Some examples of admissible meshes in the sense of the above definition are shown in Figures 1
and 2 in Section 5.

Remark 2.1 Though the elements of Ex may not be the real edges of a control volume K (each
o € Ex may be only a part of a full edge, see figure 2), we will in the following call “edges of K”
the elements of Ek .

Notice that we could also cut each intersection K N L into more than one edge. This would not
change our theoretical results but this would lead, for practical implementation, to artificially
enlarge the size of the linear systems to solve, which would decrease the efficiency of the scheme.

Remark 2.2 The whole mathematical study done in this paper applies whatever the choice of
the point xg in each K € M. In particular, we do not impose any orthogonality condition
connecting the edges and the points xx. However, the magnitude of the numerical error (and,
for some regular or structured types of mesh, its order) does depend on this choice.

We could also extend our definition to non-planar edges, under some curvature condition. In
this case, it remains possible to use the mized finite volume scheme studied in this paper and to
prove its convergence.

The following notations are used. The measure of a control volume K is denoted by m(K); the
(d—1)-dimensional measure of an edge o is m(c). In the case where o € £ is such that @ = KNL



for (K,L) € M x M, we denote 0 = K|L. For all 0 € £, x, is the barycenter of 0. If o € Ex
then ng , is the unit normal to o outward to K. The set of interior (resp. boundary) edges is
denoted by Eint (resp. Eext), that is Einy = {0 € &; 0 € N} (resp. Eext = {0 € E; 0 C IN}). For
all K € M, we denote by N the subset of M of the neighboring control volumes (that is, the
L such that K N L is an edge of the discretization).

To study the convergence of the scheme, we will need the following two quantities: the size of
the discretization

size(D) = sup{diam(K); K € M}

and the regularity of the discretization

diam(K)?
regul(D) = sup {max (ﬁé), Card(gK)> ; K e M} (5)
PK
where, for K € M, pg is the supremum of the radius of the balls contained in K. Notice that,

for all K € M,
(D
diam(K)? < regul(D)p% < %m([() (6)
Wd
where wy is the volume of the unit ball in RY. Note also that regul(D) does not increase in a
local refinement procedure, which will allow the scheme to handle such procedures.

We now define the mixed finite volume scheme. Let D be an admissible discretization of ) in
the sense of Definition 2.1. Denote by Hp the set of real functions on €2 which are constant on
each control volume K € M (if h € Hp, we let h be its value on K).

As said in the introduction, the idea is to consider three sets of unknowns, namely v € Hp
which approximates u, v € H% which approximates Vu and a family of real numbers F' =
(FK,o)KeM oeex (we denote by Fp the set of such families) which approximates ([ A(z)Vi(z)-
ng o d’Y(w))KeM ,0EEK -

Taking v = (Vk)kxem a family of nonnegative numbers, we define L, (D) as the space of
(u,v,F) € Hp x H% x Fp such that

VK - (X —XK) + VL - (X — X5) + vem(K)Fg o — vpm(L)Fr o = ur, — ur,
VK € M, VL € Nk, with 0 = K|L, (7)

VK - (X0 —xK) +vkm(K)Fg o = —ug, VK €M, Vo € Eg N Eext

and we define the mixed finite volume scheme as: find (u, v, F') € L, (D) such that

FK70' + FL,U = O, Vo = K’L € 5int7 (8)
m(K)Agvi = Y Fro(xs —xg), VK €M )
o€k

(where A = ﬁ [z A(x)dz) and

=Y Fro :/ f(z)dz, YK e M. (10)
K

oeli

The origin of each of these equations is quite easy to understand. Since v and v stand for
approximate values of @ and Vau, equation (7) simply states, if we assume vx = 0, that v is



a discrete gradient of w: it is the discrete counterpart of u(xp) — u(xx) = u(xr) — u(x,) +
u(Xy) —u(xg) =~ Vu(xr) - (X5, —Xs) + Vu(xg) - (xo — xx ). This equation is slightly penalized
with the fluxes to ensure existence and estimates on the said fluxes (to study the convergence
of the scheme, we will assume vg > 0; see the theorems below). Notice that the boundary
condition @ = 0 is contained in the second line of (7). As Fi , stands for an approximate value
of [ AV(z)u(z) - ng o dy(x), it is natural to ask for the conservation property (8), and the
balance (10) simply comes from an integration of (1) on a control volume. Last, the link (9)
between Av and its fluxes is justified by Lemma 6.1 in the appendix, which shows that one can
reconstruct a vector from its fluxes through the edges of a control volume.

Our main results on the mixed finite volume scheme are the following. The first one states
that there exists a unique solution to the scheme. The second one gives the convergence of this
solution to the solution of the continuous problem, as the size of the mesh tends to 0, and the
third one provides an error estimate in the case of smooth data.

Theorem 2.1 Let us assume Assumptions (2)-(4). Let D be an admissible discretization of
in the sense of Definition 2.1. Let (vk)xem be a family of positive real numbers. Then there
exists one and only one (u,v, F) solution of ((7),(8),(9),(10)).

Theorem 2.2 Let us assume Assumptions (2)-(4). Let (Dy,)m>1 be admissible discretizations
of Q in the sense of Definition 2.1, such that size(D,,) — 0 as m — oo and (regul(Dp,))m>1
is bounded. Let vg > 0 and 3 € (2 — 2d,4 — 2d) be fized. For all m > 1, let (upm, Vin, Fin) be
the solution to ((7),(8),(9),(10)) for the discretization D,,, setting v = vodiam(K)P for all
K € M,,. Let u be the weak solution to (1).

Then, as m — 00, Vp, — YV strongly in L>(Q)¢ and u,, — @ weakly in L?>(Q) and strongly in
L9(Q2) for all g < 2.

Theorem 2.3 Let us assume Assumptions (2)-(4). Let D be an admissible discretization of §2
in the sense of Definition 2.1, such that size(D) < 1 and regul(D) < 0 for some § > 0. We
take vy > 0 and B € (2 — 2d,4 — 2d) and, for all K € M, we let v = vodiam(K)?. Let
(u,v, F) be the solution to ((7),(8),(9),(10)). Let u be the weak solution to (1). We assume that
A € CHQ; My(R)) and @ € C?(Q).

Then there exists C1 only depending on d, ), u, A, 0 and vy such that

v = V[ 2qp < Clsize(D)%min(ﬁ+2d_2’4_2d_ﬁ) (11)

and
lu — ]| p2 () < Cisize(D) s min(F+2d-24-2d-5) (12)

(note that the mazimum value of 3 min(B +2d — 2,4 — 2d — j3) is &, obtained for 3 = 3 — 2d).

Remark 2.3 These error estimates are not sharp, and the numerical results in Section 5 show
a much better order of convergence.

3 The discretization space

We investigate here some properties of the space L, (D), which will be useful to study the mixed
finite volume scheme. Recall that L, (D) is the space of (u, v, F') which satisfy (7).



Lemma 3.1 [Poincaré’s Inequality] Let us assume Assumption (2). Let D be an admissible
discretization of Q) in the sense of Definition 2.1, such that regul(D) < 6 for some 6 > 0. Let
(Vi) Kkem be a family of nonnegative real numbers. Then there exists Co only depending on d,

Q and 0 such that, for all (u,v,F) € L,(D),

lullz2e) < Co (IVl2oye + Na(D, v, F)) (13)

1/2
where we have noted No(D,v, F) = <ZK€M Y octn diam(K)24-2p2 F2 Um(K)) .

PROOF.

Let R > 0 and z¢ € Q be such that Q C B(zg, R) (the open ball of center zp and radius R).
We extend u by the value 0 in B(xg, R) \ , and we consider w € H}(B(xo, R)) N H?(B(z¢, R))
such that —Aw(x) = u(x) for a.e. x € B(zo, R). We multiply each equation of (7) by [ Vw(z)-
ng o dvy(z), and we sum on o € &; since ng , = —nr, whenever ¢ = K|L, we find

Z Vi (X — XK) / Vw(z) -ng,dy(z) + vy - (xe —x1) / Vw(z) -np, s dy(x)
c€&nt ,o=K|L 7 7

+ Z Vi - (X — XK) / Vw(z) - ng,dy(x)

0€Eext 70'651(

+ Z vim(K)Fg o / Vw(z) -ng,dy(z) +vim(L)Fr » / Vuw(z) - ng, o dvy(z)
0€E st ,o=K|L g g

+ Z vrm(K)Fg o / Vw(z) - ng . dy(x)

Uegext 70651(

= — Z uK/Vw(m) ‘ng e dy(z) +uL/ Vw(z) -np, s dy(x)

Uegint 7U:K|L

- Z uK/Vw(:U) ‘ng dy(x).

0E€Eext 70'651(

Gathering by control volumes, we find

Z VK - Z (X0 — XK) / Vuw(z) - ng ,dy(z)

KeM c€fK
+ Z Z VKm(K)FK,J/Vw(x)-nK,J dy(z) = — Z UK Z Vw(z) - ng , dy(z)
KeMocEx g KeM celx 7
= — Z uK/ Aw(x) dx
KeM K
= > m(K)ui = [Jullf2 ) (14)
KeM

Let T1 and 75 be the two terms in the left-hand side of this equation.
Define T3 = [, v(z) - Vw(x) dz; we have

T5] < [Vl 2@ llwll z1 () (15)

6



and we want to Compare T1 with T5. In order to do so, we apply Lemma 6.1 in the appendix to
the vector G = f i Vw(z)dz, which gives

/KVw(x) dz =m(K)Gg = Z m(o)Gg - g o (Xe — XK)

ocli

and therefore

T3 = Z VK - Z 0)Gk ng o (Xe — XK).

KeM oeli

Hence, setting G, = f Vw(x)dy(x), we get

m(o
Ty — T3] < Z [vi| Z 0) |Gg — G,| diam(K).
KeM oelK

Thanks to the Cauchy-Schwarz inequality, we find

(T =T3) < | D Ivel’ DY m(o)diam(K) | { > > m(o)diam(K)|Gg — G,|”

KeM o€l KeMoely
We now apply Lemma 6.3 in the appendix, which gives C3 only depending on d and 6 such that
diam(K)
2 2
Gk — G| < C3w\\w”m(z<) (16)

(notice that a := %9_1/d < regul(D)~V4 < pp/diam(K) is valid in Lemma 6.3). We also
have, for 0 € Ex, m(0) < wg_1diam(K)?!, where wy_1 is the volume of the unit ball in R9~!,
Therefore, according to (6) and since regul(D) > card(Ek) for all K € M,

Z |vic|? Z m(o) diam(K) Z Z Csdiam(K HwHHg K)

KeM o€€K KeMoely

(wd 1regul(D Z lvi|?diam(K) ) (Cgsize(D)2regul(D)||w||fqg(9))

KeM

IN

(Ty — Ts)°

IN

_ 1(D)?
< e8PV s Codiam(Q)regul (D) |l 4 g (17)

Wd

Turning to Ty, we have Ty = D rcrq D pee, VEM(K)Fi om(0)Go - Nk s, which we compare
with Ty = 3" et Dvegy VEM(K) Fi om(0)Gr - N o thanks to (16):

(Tp—Tu)°
< . 2 2 2 B 2
< Z Z diam(K)m(o)vg F ,m(K) Z Z dlam G, |
KeMoelx KeMoe€k
< | wasiwa Y D diam(K)* R F om(K) regul(D)Ca|[w|[32 g

KeMoelk

IN

wq_1wadiam(Q)? No(D, v, F)*regul(D)Cs||w| ]%Q(Q). (18)

7



On the other hand, we can write

7 oc (2 Y uweriram) (XY nwied
KeMoelgk KeMoelyk
< w2 Ny(D,v,F)? (regul(D) Z m(K)\GKP)
KeM
< wi_ 1 No(D, v, F)?*regul(D) w1 - (19)

Thanks to (15), (17), (18) and (19), we can come back in (14) to find

lullfe = Ti+Th
< Ty = T3] + T3] + [Ty — Ty| + |T4]

Jwg—1C30% .
leam(Q)HVHm(Q)d\’me(Q) + HVHL2(Q)deHH1(Q)

+1/wa_1waC30 diam(Q) No (D, v, F)|Jw]| 12 () + wa—1V0 No(D, v, F)||w|| g1 o

Since there exists Cy only depending on d and B(zg, R) (the ball chosen at the beginning of the
proof) such that [|w[|g2(q) < Cullul[12(q), this concludes the proof. [J

Lemma 3.2 [Equicontinuity of the translations| Let us assume Assumption (2). Let D
be an admissible discretization of Q0 in the sense of Definition 2.1, such that regul(D) < 6 for
some 0 > 0. Let (vi)xem be a family of nonnegative real numbers. Then there exists Cy only
depending on d, Q and 0 such that, for all (u,v,F) € L,(D) and all ¢ € R?,

- +€) = ull sy < Cs (IVla(aya + Ni(D,w, F)) I, (20)

where N1(D,v, F) = 3 ke Dveey diam(K)? vk |Fk o|/m(K) (and u has been extended by 0
outside Q).

PRrROOF.

For all o € &, let us define Dyu = |up, — ug| if 0 = K|L and Dyu = |ug| if 0 € Eg N Eext. For
(2,6) € REx R% and o € &, we define x(z,£,0) by 1if o N [z, 2 + €] # 0 and by 0 otherwise.
We then have, for all ¢ € R? and a.e. « € R? (the 2’s such that z and = + £ do not belong to
UrkemOK, and [z, z + £] does not intersect the relative boundary of any edge),

lu(z + &) —u(z)] < Z X(z,&,0)Dyu.

oce€

Applying (7), we get [u(x + &) — u(x)| < T(x) + Ts(x) with

Ts(z) = > x(@ &) (Ve —xk| + [Villxn — %)
0€&ns,0=K|L

+ Z X(l’,f,O’)‘VKHXO——XK‘

Uegext 7U€£K

Z Z (z,&,0)diam(K)|vg|

KeMoe€lgk

IN



and

Ts(z) = > x(@,60) (vkm(K)|Fi 0| + vim(L)|Fr o)
0€&ns,0=K|L

+ Z X(xafaa)VKm(K)’FK,U‘

Uegext 70651(

= D D x(@&o)km(K)|Fr,l.

KeMoe€gk

In order that x(z,£,0) # 0, x must lie in the set o — [0,1]¢ which has measure m(o)|n, - ¢|
(where n, is a unit normal to o). Hence,

/ x(z,€ 0)dr < m(o)|ny - €] < wg_idiam(K)?1¢| if o € &k.
R4

Since Card(€x) < regul(D), this gives

/ T5(x) de < wg_qregul(D)[¢| Z diam (K)%|vg|
R4

KeM

and

[ Ty de < el 35 dinm(K)* vl i ),

KeMoelk
which concludes the proof thanks to (6). OJ

Remark 3.1 We could prove the property
lu(-+€) = ull 72y < CIVIT2q)a + N2(D, v, F)?) €] (I€] + size(D)),

by introducing the mazximum value of diam(K)/pr, for all (K,L) € M x M, in the definition
of regul(D). This would allow, in Theorem 2.2, to prove the strong convergence of un, in L*(S).
Nevertheless, we chose not to do so since the quantity diam(K)/py, cannot remain bounded in a
local mesh refinement procedure.

Note that we shall all the same prove, in a particular case, a strong convergence property in
L?(Q) for u, as a consequence of the error estimate.

Lemma 3.3 [Compactness property| Let us assume Assumption (2). Let (Dy)m>1 be
admissible discretizations of Q0 in the sense of Definition 2.1, such that size(D,,) — 0 as
m — o0 and (regul(Dy,))m>1 s bounded. Let (U, Vi, Frn, Vm)m>1 be such that (um, Vi, Frn) €
Ly, (D) (Vin)m>1 is bounded in L*(Q)¢ and No(Dy,Vm, Fin) — 0 as m — oo (No has been
defined in Lemma 3.1).

Then there exists a subsequence of (Dy,)m>1 (still denoted by (Dp)m>1) and 4 € HL(Q) such
that the corresponding sequence (Um)m>1 converges to u weakly in L*(Q) and strongly in LI(S2)
for all ¢ < 2, and such that (V,)m>1 converges to Vu weakly in L*(Q).

PROOF.



Notice first that, for all discretization D, for all v = (v )gesm nonnegative numbers and for all
F = (FKﬂ')KEM ,0EEK

Ni(D,v,F) = > ) diam(K)* vk|Fgom(K)
KeMoelk
1/2 1/2
< | DD D diam(K)* g FR m(K) > m(K
KeMoeli KeMoely
< Nyo(D,v, F)regul(D)"/?m(Q)/2. (21)

Hence, if No(D, v, F') and regul(D) are bounded, so is N1 (D, v, F'). Owing to this, the hypotheses,
Lemmas 3.1, 3.2 and Kolmogorov’s compactness theorem allow to extract a subsequence such
that vy, — v weakly in L2(Q)? and w,, — @ weakly in L*(Q) and strongly in L'(Q) (which
implies the strong convergence in L4(f2) for all ¢ < 2). We now extend t,, @, v, and v by 0
outside € and we prove that v = V& in the distributional sense on R?. This will conclude that
u € H'(R?) and, since @ = 0 outside Q, that @ € H} ().

Let e € R and ¢ € C‘X’(Rd). For simplicity, we drop the index m for D,,, v,, and u,,. We
multiply each equation of (7) by f z)dy(x)e-ng ,, we sum all these equations and we gather
by control volumes, getting T+ 15 = Tg with

T = Z VK - Z/ )e- nKo( o — XK),

KeM oefi

= Y Y ven(K)Fico [ ola) diale: n

KeMoelk

- uk Y / )e-ng,=— /Q u(x)div(p(z)e) dz.

KeM o€l

and

We want to compare T7 with Tyg defined by

Tio = Z Vi - Z / z)dz m(o) e ng (X — XK).

KeM o€l

Since there exists Cg only depending on ¢ such that, for all o € £,

o 0 - s [ oo

|T7 — Tio| < Celefsize(D) > |vi| > m(o)x, — xk|.
KeM ocli

< Cgsize(D),

we get that

But m(0)[x, — xx| < wg_1diam(K)4 < %dglﬂ(p)m(l() and, since card(Ex) < regul(D), we
obtain

) wq_1regul(D 2
|T7 — Tyo| < C6|e|Slze(D)1w—d()HV||Ll(Q)

10



and thus limg;,e(p)_o |77 —Ti0| = 0. Moreover, thanks to Lemma 6.1, we get T19 = Joe(z)v(x)-
edz and so limg;j,e(p)_o Th0 = Joe(@)v(z)-eda = [pao(x)V(z)-edx (V has been extended by
0 outside 2). This proves that

~ lim T7:/ p(x)v(z) - edx. (22)
size(D)—0 Rd

Since ¢ is bounded, by (21) we find C7 only depending on ¢ and e such that

Ts| < Cr > > m(o)vk|Fr o m(K)
KeMoelyk
< Crwq—1N1(D,v, F)
< Crwg_rregul(D)Y?m(Q)Y2Ny(D, v, F)

and therefore, by the assumptions,
Clim Ty =0. (23)
size(D)—0
We clearly have
lim Ty= —/ u(x)div(p(z)e)dz = —/ u(x)div(p(z)e) dz
Q R4

size(D)—0

(recall that u has been extended by 0 outside €2). Gathering this limit with (22) and (23) in
T7 + Ts = Ty, we obtain

/R [ $@)v(e) - ede = - / a(x)div(p(z)e) dz,

R4

which concludes the proof that v = V& in the distributional sense on R%. O

4 Study of the mixed finite volume scheme
We first prove an a priori estimate on the solution to the scheme.

Lemma 4.1 Let us assume Assumptions (2)-(4). Let D be an admissible discretization of Q0 in
the sense of Definition 2.1. Let (Vi)kem be a family of positive real numbers and (u,v,F) €
L, (D) be a solution of ((7),(8),(9),(10)). Then, for all vy > 0, for all By > [ > 2 —2d such that
vk < ypdiam(K)? (VK € M) and for all § > regul(D), this solution satisfies

V2@ + D Y veFRm(K) < Csllf 1720 (24)
KeMoelyk

where Cg only depends on d, €, ag, 6, vy and Gp.

Remark 4.1 This estimate shows that if f = 0 then F' =0 and v = 0, and thus u = 0 by Lemma
3.1. Since ((7),(8),(9),(10)) is square and linear in (u,v,F'), the existence and uniqueness of
the solution to the mized finite volume scheme (i.e. Theorem 2.1) is an immediate consequence
of this lemma.

11



PROOF.
Multiply (10) by ux, sum on the control volumes and gather by edges using (8):

Z Fro(ur —ug) + Z —Fg oux = / f(x)u(z) dx
Uegint 7U:K|L 0EEext ,O'Eg}( Q

Using (7) and (8), and gathering by control volumes, this gives

| @) ds
Q
Z Frovk (X = XK) + FrLove - (X0 —X1) + Z Frovi - (Xo — XK)
o€€int 7O’=[(|L 0€Eext ,0EEK
+ > wkm(E)FR, +vim(L)FE,+ Y vkm(K)Fg,
o€Ent ,U:K‘L 0E€Eext ,0EEK
= D vk ) Frolxe —xi)+ > Y vkm(K)Fi,.
KeM ce€k KeMoelk

Applying (9), we obtain

/Q v(z) - A@)vz)de+ Y > vkFr,m(K) = /Q f(@)u(x)dz (25)

KeMoe€g
< ez lullzz@)-
Using Young’s inequality and Lemma 3.1, we deduce that, for all £ > 0,

1
aOHVH%Q(Q)d + Z Z VKFIQ(,am(K) < %Hﬂ@(n) +8022HVH%2(Q)‘1
KeMoelk

+eC3 Y Y diam(K)* T PuR FR om(K). (26)
KeMoelk

Since vx < vpdiam(K)?, we have vgdiam(K)?—2 < yydiam(K)?+24-2 < ypdiam(Q)724-2 <
vosup(1, diam(Q)%+24-2) (recall that 8+ 2d — 2 > 0). Hence, (26) gives

1
ol VI + 30 S vk F () < [1flay + <GV s
KeMoelk

+evg sup(1, diam(Q) P +24-2)C2 Z Z vk Fi ;m
KeMoelk

concludes the proof of the lemma. [

Taking e = mln(26‘2 > 2vg sup(1, d1am(Q)50+2d 2)02)

We now prove the convergence of the approximate solution toward the weak solution of (1).
Proor OoF THEOREM 2.2.

For the simplicity of the notations, we omit the index m as in the proof of Lemma 3.3. We first
note that, thanks to Estimate (24) and since vg = vodiam(K)?,

No(D,w, F)? = ) ) diam(K)*2ui F m(K)
KeMoelk
= 1 Z Z diam(K)ﬁ‘LQd*QVKFIQ(,Jm(K)
KeMoelk

< wpsize(D)PH24720

12



where Cy does not depend on the discretization D (recall that regul(D) is bounded). Since
B+42d—2 > 0, this last quantity tends to 0, and so does Ny(D, v, F'), as size(D) — 0. Hence, still
using (24), we see that the assumptions of Lemma 3.3 are satisfied; there exists thus u € H{(Q)
such that, up to a subsequence and as size(D) — 0, v — Va weakly in L2(Q)¢ and u — @
weakly in L2(2) and strongly in L4(Q) for ¢ < 2.

We now prove that the limit function @ is the weak solution to (1). Since any subsequence of
(u,v) has a subsequence which converges as above, and since the reasoning we are going to
make proves that any such limit of a subsequence is the (unique) weak solution to (1), this will
conclude the proof, except for the strong convergence of v.

Let ¢ € C°(£2). We multiply (10) by ¢(xx) and we sum on K. Gathering by edges thanks to

(8), we get
Z Fro(o(xp) — Z / (xK)f

oE&nt,U:K|L KeM

as long as size(D) is small enough (so that ¢ = 0 on the control volumes K such that 0K NoS2 #
0). We set, for o = K|L,

1 1
p(xr) — p(xK) = m(K) /KV‘P(QU) dz - (x; — Xk ) + M/va(x) do - (x — %5) + Rk

and we have | R | < C,(diam(K)? +diam(L)?). We then obtain, gathering by control volumes
and using (9) (and the fact that ¢ = 0 on the control volumes on the boundary of 2),

| (o) Vita)do = [ faen(a)do +Tis (21)
where Ap and pp are constant respectively equal to Ax and ¢(xx) on each mesh K, and
Tl <Cp Y |Frol(diam(K)? + diam(L)?) = C, > Y diam(K)?|Fx o|-
o€&nt,0=K|L KeMoely

Let us estimate this term. We have

TP < [ S wrzmm) | [ % d;i‘fn

KeMoelk KeMoelyk

< Cu Z Z dlamffi m(K) (28)

KeMoe€lgk

where, according to (24), Co does not depend on the mesh since regul(D) stays bounded. But
v = vpdiam(K)% and diam(K)? < %m(fﬂ, so that

diam(K)* - regul(D)?diam(K)* ¥ regul(D)?

_ di K 472d7,8.
vem(K)?2 —  wiyydiam(K)2 wivy lam(K)

Since 4 — 2d — 3 > 0, we deduce from (28) that

(D 1(D)3m(Q
|T11|2 <Cloregu(y )? s1ze(D)4_2d_5 Z Z m(K) < Cyoregul(D) m( )Size(’D)4_2d_B
wao

2
WAy,
KeMoek av

13



and this quantity tends to 0 as size(D) — 0. Hence, we can pass to the limit in (27) to see that

| Vi) Velw)do = [ fla)pte) d,
Q Q

which proves that u is the weak solution to (1).

The strong convergence of v to Vu is a consequence of (25). From this equation, and defining
N(w)? = [ Az)w(z) - w(z) dz, we have N (v)? < [, f(z)u(z) dz and thus

limsup N(v)> <  lim fx)u(z)de = / f(x)a(z)dz = N(Va)? (29)
0J¢0 Q

size(D)—0 - size(D)—

(we use the fact that u — @ weakly in L?(2) and that @ is the weak solution to (1)). But
N is a norm on L?*(Q)¢, equivalent to the usual norm and coming from the scalar product
(w,z) = g Mw(m) - z(r)dr; since v.— Va weakly in L2(Q)¢ as size(D) — 0, we
therefore also have N (Va) < liminfg, oo NV(v). We conclude with (29) that N(v) — N (Vu)
as size(D) — 0, and thus that the weak convergence of v to Va in L2(Q)? is in fact strong. [J

Remark 4.2 As a consequence of (25) and the strong convergence of v to Vu, we see that
DoKeM Dooctx I/KFI%UHI(K) — 0 as size(D) — 0. This strengthens Lemma 4.1 which only
states that this quantity is bounded.

To conclude this section, we prove the error estimates. Note that these estimates could be
extended, for d < 3, to the case @ € H?(Q) following some arguments of [15].

PrOOF OF THEOREM 2.3.

In this proof, we denote by C; (for all integer i) various real numbers which can depend on d,
Q, u, A and 6, but not on size(D). We also denote, for all K € M and 0 € &k, ux = u(xg),
Uy = u(Xy),

Fro= / A(z)Viu(z) - ng o dvy(z),

_ I =
VK = MAK Z FK,O’(XU —XK)

oeli

(notice that A is indeed invertible since, from (3), Ax > ag). Thanks to Lemma 6.1, we have
|V — Vu(x)| < Cppdiam(K), Vere K, VK € M, (30)
which implies
‘_’K'(XJ_XK) Zﬂg—ﬂ[(—i-RKJ, VK e M, Vo € &k,

with |Rk ,| < Cradiam(K)? for all K € M and o € k. Since 4 is a classical solution to (1),
we have

=Y Fro :/ f(z)dz, VK e M.
K

oeli

Denoting, forall K € M and allo € £, gy = ux —Ug, Vi = Vi —V and ﬁK,o = Fro—Fk o,
we see that R
- Y Frko=0, VKeM, (31)

oeli
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ﬁK,U_{_ﬁL,O' :Oa \V/O-ZK|L € gint, (32)

m(K)AxVik = Y Fro(xo —xg), VK €M, (33)
oefi

Vi - (Xo — XKg) 4+ VL - (X1 — Xo) + vgm(K) F.o + vgm(K)Fr o + Ric.o
—I/Lm(L)FLJ - VLIH(L)ITL#7 - RLJ = 1/1?[, - 1/1\,[(,
VK € M, VL € Nk, with 0 = K|L, (34)

~

VK - (XO — XK) + I/Km(K)F\KJ =+ VKHI(K)FKJ =+ RKJ = —QK,
VK € M, Vo € Ex N Eo.

We then get, multiplying (31) by ug, (34) by }?K,U and using (32), (33),

Z m(K)AKVK . i’\K + Z Z VKHI(K)F\IQ(’U = T12 + T137 (35)
KeM KeMo€elyk

where

Tig = — Z Z VKm(K)FKpF\K,m
KeMoelk

T13 = - Z Z RK,UF\K,U-

KeMoelk

Using Young’s inequality and the fact that |Fy | < Cizdiam(K )91, we have

1 _ 1 ~
Tl < 3 Sy vim(K)Ff , + 5 >N vkm(K)FE,
KeMoe€g KeMoelk
. o 1 ~
< Cysize(D) 2 2—1—5 Z Z I/Km(K)FIZ(’U.
KeMoe€g

Similarly, since |Rx | < Ciadiam(K)?,

1 Ry, 1 ~
Tul < 52 2 o T 2 2 vemEFE,
KeMoeli KeMoely
diam(K)* 1 ~
2 2
S 012 Z Z mﬂl([()—'-g Z Z I/KIH(K)FKp.
KeMoelk KeMoelk
1 ~
< Cpssize(D)240 4 5 Z Z I/Km(K)Ff(p.
KeMoelk

Gathering these two estimates in (35), the terms involving F K,o in the left-hand side and the
right-hand side compensate and we obtain

00|92z < Cie (size(p)ﬁﬂd*? + size(p)‘**?d*ﬁ) . (36)

Estimate (11) follows, using the fact that size(D) < 1 and that ||V — V|| gy < Crisize(D).
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We now set ﬁKJ = ﬁKU + Fr o+ W(RmL&() = Fg o+ w?nlj&) for all K € M and o € &, and we

estimate No(D, v, F) the following way:

Nyo(D,v, F)? = Z Z diam(K)2d72y[2(ﬁ[2(70m(K)
KeMoelk

< 2 Z Z diam(K)Qd_QV%Féam(K)
KeMoelyk

_ C%,diam(K)*

. 2d—2 2 12

+2 E E diam(K )= “vzm(K) (rm(K))?
KeMoelk

< Cyr(size(D)P+2472 4 size(D)?) (37)

(we have used (24)). Since (34) implies that (@, v, F') € L, (D), Lemma 3.1 gives
lillzz) < Co (912 + Na(D,v, F))

and (12) follows from (36), (37) and an easy estimate between ux and the values of w on K. [

5 Implementation

We present the practical implementation in the case where A(x) is symmetric for a.e. x € Q,
though it is valid for any A (notice that, in the physical problems given in the introduction of
this paper, the diffusion tensor is always symmetric).

5.1 Resolution procedure

The size of System ((7),(8),(9),(10)) is equal to (d + 1)Card(M) + 2Card(Eint) + Card(Eext)-
However, it is possible to proceed to an algebraic elimination which leads to a symmetric positive
definite sparse linear system with Card(&y) unknowns, following the same principles as in the
hybrid resolution of a mixed finite element problem (see for example [21]). Indeed, for all
(u,v, F) such that (7) and (9) hold, we define (u,)scs by

VK - (X6 — XK ) + vk Fr om(K) =u, —ug, VK e M, Vo e Ek.

We thus have that u, = 0 for all 0 € Ex N Eext. We can then express (v, F') as a function of
(ug)oes and of u, since we have

1 —
m(K) Z FK,a/AKl(Xg/ —xK) - (X —xK) + vk Fx em(K) = uy — ug,
o'efk

VK € M, Yo € &k,

which is, for all K € M, an invertible linear system with unknown (Fk »)scg) , under the form
Bk (Fk.o)ocex = (Uo — UK )oce, Where B is a symmetric positive definite matrix (thanks to
the condition vk > 0). We can then write

Fro= Y (Bg'oo(ue —ux), VK€M, Vo€ Ex. (38)

)

o' €€k
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We then obtain from (10), denoting by o = ZaegK(Bl}l)ggz and bx = 3 ice. b ory that ug
satisfies the relation

— Z bK,J/uo/—l—bKuK:/Kf(x)dx. (39)

o' €€k

We have (bg o)o'cere = B;(I(l)gzegK and therefore we get b = (1)57eg, -B;(I(l)(,/egK > 0 since
B;(1 is symmetric positive definite. Reporting the previous linear relations in (8), we find

j : — K obK ! b[ b /
1 b s Nea Z 1 ,oVL,o
<(BK )0‘7/ > o <(BL )‘70/ bl ) Uo! =

O’ESKb b: o'e€r (40)
ﬁ/ f(z)dx + Lo / f(z)dz, Vo= KI|L € &y,
br JK br Jr

which is a symmetric linear system, whose unknowns are (uy)qscg,,, - Let us show that its matrix

M is positive. We can write, for all family of real numbers (uq)oee,,,

_ (ZU £ bK,au0)2
(uU)Uegint - M (uU)Uefint = Z Z Z (BKl)oo’uauo/ - SCK

b
KeM \o€lk o’'elk K

Thanks to the fact that B;(I is symmetric positive definite, we get, using the Cauchy-Schwarz
inequality,

((1)0651( 'BEI(UU)JEEK)Q < ((1)0€5K 'Bf?l(l)oegx) ((UU)UGEK 'BEI(UU)UEgK) )

which is exactly

2
Z bK,o‘“o‘ < bK Z Z (B[_(l)gg/uaug/-

oeli o€k o'e€k

In order to show that M is definite, we simply remark that the preceding reasoning shows that
the systems ((7),(8),(9),(10)) and (40) are equivalent. Hence, since ((7),(8),(9),(10)) has a unique
solution, so must (40), which means that M is invertible.

Hence, we can first solve (us)sce,,, from (40), and then compute (u, F') thanks to relations (39)
and (38) and finally v by (9).

5.2 Numerical results

Taking v = 0 for all K € M, we could prove in the symmetric case, via a minimization
technique, that there exists at least one (u,v,F) € L, (D) solution of ((7),(8),(9),(10)). In this
case, (u,Vv) is unique, but this is no longer true for F' in the general case (see however section
6.2). Within such a choice, the proof of convergence of (u, v) to the continuous solution remains
an open problem. Nevertheless, this gives an indication that very small values of (vx)rem
can be considered. Hence we take v = 107?/m(K) in all the following computations. The
inversion of matrices By arising in (38) and the solving of System (40) are then realized using
direct methods.
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5.2.1 Case of a homogeneous isotropic problem

We consider here the case d =2, Q = (0,1) x (0,1), A =1; and a(x) = z1(1 — z1)z2(1 — z2) for
all x = (x1,29) € Q.

We first present in Figure 1 two different triangular discretizations D;; and Dy used for the
computation of an approximate solution for the problem. We also show in Figure 1 the error
ep, defined by

_ Jug —u(xk)|

e = — , VK € M,
HUHLOO(Q)

using discretizations Dy and Dys. Note that these discretizations do not respect the Delaunay
condition on a sub-domain of €2, and that the 4-point finite volume scheme (see [10]) cannot be
used on these grids. The grids Dy and Dy3 (which is not represented here) have been obtained
from Dy (containing 400 control volumes) by the respective divisions by 2 and 4 of each edge
(there are 1600 control volumes in Dy and 6400 in Dy3). For all these discretizations, the points
xx have been located at the center of gravity of the control volumes. The errors in L? norms
obtained with these grids are given in the following table.

lu—allr2) | V= Villgzq
Dn 5.1 10°* 1.8 1072
Dyo 1.910714 9.0 1073
Dys 8.2 107° 451073
order of convergence >1 1

We observe that the numerical orders of convergence for [|u — 1| z2(q) and [[v — V|| 2 (qye seem
to be equal to 1, and therefore no super-convergence property can reasonably be expected in
this case.

We then present in Figure 2 discretizations Dg; and Dyo and error ep using these grids. Such grids
could be obtained using a refinement procedure: for example, in the case of coupled systems, the
grid might have been refined in order to improve the convergence on another equation (thanks
to some a posteriori estimates maybe) and must then be used to solve (1) which is the second
part of the system. The grid Dyo has been obtained from D, by a uniform division of each edge
by 2, and similarly D,3 (not represented here) has been obtained from Dgs in the same way. The
respective errors in L? norms obtained with these grids are given in the following table.

lu —all 20 | [V = Vil g2(0)a
D1 8.710°1 5.8 1073
Do 1.71074 1.3 1073
Dys 3.9107° 4.0 1071
order of convergence > 2 >1

We then observe that the numerical order convergence is better than 2 for ||u — @[ ;2(q), which
corresponds to a case of a mainly structured grid (there is no significant additional error located
at the internal boundaries between the differently gridded subdomains, see Figure 2).

Finally, in Figure 3, we represent grids D, and Dy and the error ep thus obtained. These meshes
(which have the same number of control volumes) could correspond to the case of moving meshes
(for example, due to a phenomenon of compaction, see [14]). The respective errors in L? norms
obtained with these grids are given in the following table.
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Figure 2: Discretizations and error ep on grids Dy and Dgs.
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[u—alliz@ [ v = Valle
D, | 2010°* 6.710°*
Dy | 4610°° 1.810°7

We observe that the error is mainly connected to the size of the control volumes, and maybe to
some effect of loss of regularity of the mesh.

5.2.2 Case of a heterogeneous anisotropic problem

Let us now give some numerical results in a highly heterogeneous and anisotropic case, inspired
by [18]. With Q = (0,1) x (0,1), let us define Z = (—0.1,—0.1) and € = 107%, and let us set

(.Tz —.f‘g)z—i-z’f(.%'l —51)2 —(1—6)(%1 —fl)(.’L‘Q —fz)

A(z) = , Vo e Q.
—(1—6)(%1 —.f‘l)(.%'g—fz) (.’L‘l —5'1)24-8(%2—.@2)2

The eigenvalues of A(z) are equal to A(z) = el —Z|? and A(z) = |z —Z|?: the anisotropy ratio is
therefore 1/¢ = 10% in the whole domain. Note that, thanks to the choice # = (—0.1,—0.1), we
have inf,eq A(x) = |Z|?e = 0.02¢ and sup,cq A(z) = |T — Z|%c = 2.42¢ with 7 = (1,1). Therefore
Ax)/A(y) and A(z)/A(y) are in the range (1/121,121) for all z,3 € Q (note that in [18], these
ratios are in the range (0, +00) since the author takes z = (0,0), but then (3) does not hold).
Since the directions of anisotropy are not constant, one cannot solve this problem by a classical
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finite volume method on a tilted rectangular mesh. We assume that the solution of Problem (1)

is given by u(x) = sin(7x1) sin(mzz); in this case, ||u[|12(q) = 1/2, and the function f satisfies:
f(z) = 72(1+¢)sin(rzy)sin(mzs)|x — z|?

+7(1 — 3¢e) cos(mxy) sin(mxe)(x1 — T1)

+m(1 — 3¢) sin(mz1) cos(mxe) (w2 — T2)

+27%(1 — €) cos(may) cos(mae) (w1 — 1) (w2 — Z2), Vo € Q.

We then compare on this problem the numerical solution given by the mixed finite volume
scheme (denoted by MFV below), with that obtained using the low degree mixed finite element
scheme (denoted by MFE below) in the case of triangles or rectangles. We compute the solutions
with both schemes on the following grids: Dy, including 5600 acute triangles, D;s, including
4x 5600 = 22400 acute triangles, Dyq, including 16 x 5600 = 89600 acute triangles, D4, including
1600 rectangles (in fact, squares), Dgys, including 4 x 1600 = 6400 rectangles, Dy, including
25 x 1600 = 40000 rectangles. For the triangular grids D;4, Di5 and Dy, the points xx have
been located at the circumcenter of the triangles.

Remark 5.1 Choosing for xy the circumcenter of the triangle instead of the center of gravity
leads to an error about ten percent lower on the grids Dy, Dis and Dyg.

For the rectangular grids, the points xx have been located at the center of gravity of the control
volumes. We provide in the following table the error Ea = |lu —u||2(q), as well as the minimum
value Umi;, = mingea ug and the maximum value upmay = maxgepy ur of the approximate
solution (note that the exact solution u varies between 0 at the edges of 2 and 1 at its center),
using both schemes.

. MFE MFE MFE MFV MFV MFV
Grid
E2 Umin Umax E2 Umin Umax
Dyy 1.53 -1.32 6.35 1.20 -2.46 4.68
Dys 0.397 -0.344 2.20 0.315 -0.633 1.99
Dis 0.101 -0.0867 1.20 0.0807 -0.163 1.25
Dys 0.795 -1.03 2.62 0.000912 | 0.000566 0.997
Dys 0.200 -0.259 1.38 0.000162 | 0.000141 0.999
Dy | 0.0320 | -0.0415 1.06 0.0000202 | 0.0000229 1.00

These results show a surprisingly bad performance for the MFE and MFV schemes on triangular
grids (this was pointed out for the MFE scheme in [18]). An order of convergence close to 2 is
nevertheless observed for the L?(£2) norm of the error, with a very high multiplicative constant.
But this similarity between both schemes does no longer hold on the other grids: on the regular
rectangular grids (on which the MFE solution can be computed using the classical RT basis), the
MFV method provides accurate results where the MFE scheme is far from the exact solution.
Moreover, in the case of the MFV scheme, the bounds on the approximate solution are close to
that of the exact solution. These results are confirmed by Figure 4, where some of the numerical
solutions considered in the above table are plotted.

We now give in the following table the values Fs, tmin and umax in the case where the MEFV
scheme is used on three irregular grids: the grid D, which is a Voronoi tessellation with 105
control volumes, the grid Dy, already considered above, including 16 + 144 + 49 + 25 = 234
rectangles (in fact again, squares) and the grid Dy with 400 quadrangles, also considered above.
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MFE Dy, MFE Dy, MFE Dy

MFV Dy, MFV D,y MFV Dy

Figure 4: Comparison of mixed finite element and mixed finite volume solutions on Le Potier’s
test case.
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MFV D, MFEV Dy MFV Dy

Figure 5: Solutions of Le Potier’s test case using MF'V on irregular grids.

MFV MFV MFV

EQ Umin Umax
Dy 0.0929 0.0126 0.980
Dy | 0.0232 | 0.00259 1.00
Dy 0.0217 | -0.00890 | 0.999

These results show an acceptable convergence, confirmed by Figure 5 in which the corresponding
approximate solutions are drawn.

6 Appendix

6.1 Technical lemmas

Lemma 6.1 justifies the link (9) between the approximate gradient and the approximate fluxes.

Lemma 6.1 Let K be a non empty open convex polygonal set in RY. For o € Ex (the edges of
K, in the sense given in Definition 2.1), we let X, be the center of gravity of o; we also denote
ng . the unit normal to o outward to K. Then, for all vector e € R? and for all point xi € RY,
we have

m(K)e= Y m(o)e: ngq(xs — Xk).

oefi

PROOF.
We denote by a superscript i the i-th coordinate of vectors and points in R%. By Stokes formula,
we have

m(K)e' = /K div((2' —xj)e)dz = Y [ (2" —xf)e ng o dy(w)

oeli g

and the proof is concluded since, by definition of the center of gravity, fg(:{:Z — xb)dy(x) =
[, 2" dy(z) — m(o)xY = m(o)x, — m(o)xy. O

The following lemma is quite similar to [8, Lemma 7.2], but since the proof Lemma 6.3 uses this
result with slightly more general hypotheses than in [8], we include the full proof of Lemma 6.2
for sake of completeness.
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Lemma 6.2 Let K be a non empty open polygonal convex set in R%. Let E be an affine hyper-
plane of R? and o be a non empty open subset of E contained in 0K NE. We assume that there
exists « > 0 and pxg € K such that B(pk,adiam(K)) C K. We denote Ak, the convex hull
of o and px. Then there exists C1g only depending on d and o such that, for all v € H'(K),

i is 2
<m /AK,U”“”) de - m(la) / v() dv(é)) < Tudt (XIZ,)@ /A o

PROOF.

The regular functions being dense in H!(K) (since K is convex), it is sufficient to prove the
lemma for v € C'(RY). By translation and rotation, we can assume that F = {0} x R4~1,
o = {0} x o with & € R%"! and that px = (p1,0) with p; = dist(px, F).

Notice that, since K is convex and 0K N E contains a non empty open subset of E, K is on one
side of E. In particular, B(pg, adiam(K)) is also on one side of E' (it is contained in K) and

p1 = dist(pk, F) > adiam(K). (41)
For a € [0,p1], we denote 5, = {z € R"! | (a,2) € Ak} By definition, (a,z) € Ak, if and

only if there exists t € [0,1] and y € o such that ¢(p1,0) + (1 —1)(0,y) = (a, z); this is equivalent

tot:pilandz:(l—t)y:(l—p%>y. Thus,'ava:<1—pil)5.

For all y € o and all a € [0, p;], we have

w0~ (a(1-2)0) = [ W (tac (165 ) ) (o) at

Integrating on y € g and using the change of variable z = (1 — p%) y, we find

/Uv(g) dvy (&) — ﬁ/& a,z)dz —// Vv <m <1—t—> y> : <—a,p%y> dtdy.

d—1
Multiplying by <1 - p%) and integrating on a € [0,p;], we obtain

/gv({)dy({)/opl (1——>d 1 da—/pl/ (a, 2) dzda
- /Opl <1_—>d 1// Vo (ta (1_75—) y> - (—a, p%;,) dtdyda.

But [ <1 - i)d_l da =

P

a3

and m(Ag ) = %; therefore, dividing by m(Ag ), we find

1 1
o / HONE) ~ /A G

i <1_p£1>d 1 /] R (1 (1)) - (=) dtayaa. a2
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For all y € 7, we have [y[ = [(0,y)| < [(0,y) — px| + [px| < diam(K) + p1 (because (0,y) and
pk belong to K). By (41), this implies |y| < (£ + 1)p; and thus

[0 L)) (o) oo

D1 d—1
< 019/ <1 - —> // Vo <ta <1 —t—) y) a dtdyda
P1 ta d—1
< 019 Vo <ta <1 — t—) y) a (1 — p_> dtdyda (43)
1

where C'9 only depends on « (We have used the obvious fact that, for ¢ €]0,1[, 1 —

<1-— ;—‘;).
But, for all a €]0,p;], the change of variable

a
pP1

0o (ty) €0,1[x5 — 2z = <m, <1 . tp%) y> € ¢a(]0,1[x7)

has Jacobian determinant equal to a <1 — ;—‘j) and therefore

! a ta\
/ / Vo <ta, <1 - t—) y) a (1 - —) dtdy = / |Vou(z)|dz.
GJ0 n n ©a(]0,1[x5)

Moreover, (taa (1 _tpil)y) = ;)_?(pho) +( - %)(07y) with zt;_(f 6]07 1[7 hence, @a(]07 1[)(5) - AI(,o‘

L LL e (e (=50)0)

We introduce this inequality in (43) and use the resulting estimate in (42) to obtain

‘m | vwae—— [ aro] < 2 [ e

(AK 0)
and the conclusion follows from the Cauchy-Schwarz inequality, recalling that p; = dist(px, E).
O

d—1

t

a <1 — _a) dtdyda < p; / |Vou(z)|dz.
pl AK,U

Lemma 6.3 Let K be a non empty open polygonal convex set in R% such that, for some a > 0,
there exists a ball of radius adiam(K) contained in K. Let E be an affine hyperplane of R? and
o be a non empty open subset of E contained in OK N E. Then there exists Coy only depending
on d and o such that, for all v € H'(K),

(ﬁl{v(m)dx—ﬁlv(m)dw(m))Q < %fni?i;n)(m/lJVv(x)de.
Proor.

Let B(pk,adiam(K)) C K and A , be the convex hull of px and o. By Lemma 6.2, we have

2
(F(Al;(o) /A v(x)de — m(la) /v(x) d’y(x)) < Cl8d1§tAI:: / |Vo(z)|? d.
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But m(Ag ) = w and dist(px, F) < dist(px, o) < diam(K). Therefore,

2 .
(@/A v(:n)dx—m(la)/v(x)dv(x)> < %ﬁ‘;(m/}(wv@)ﬁdx. (44)

Using Lemma 7.1 in [8], we get C; only depending on d such that

2
_ 1 . () da Cyydiam (K )4+2 ()2
<m(AK70) /AK,Uv(x)dx m(K)/K (z)d ) < n(Are)m(K) /K|v (z)? dz,

which implies

2
_ o1 () de Cy1d diam (K )@+2 ()2 da
(m(AK,o) /AK’UU(DU)dw m(K)/K (x)d ) < m(a)dist(pK’E)m(K)/Kyv ()]* da

But, as in the proof of Lemma 6.2, we have dist(px, E) > adiam(K) (see (41)). Since m(K) >
wgatdiam(K)¢, we deduce that

2
1 1 Cyrddiam (K 2
- - <
(m(AK,J) /AK’Ov(x)dx m(K)/Kv(:U)dx> S oo im(o) / |Vou(z)|* de. (45)

The lemma follows from (44) and (45). O

6.2 Simplicial meshes

For some meshes, it is possible to completely drop the penalization on the fluxes, that is to say
to take vg = 0 in (7). This is for example the case if each control volume K of the mesh is
a simplex, i.e. if K is the interior of the convex hull of d + 1 points of R? such that no affine
hyperplane of R? contains all of them and if Card(£x) = d + 1. In this situation, the following
lemma is the key ingredient to the study of the mixed finite volume scheme with vg = 0.

Lemma 6.4 Let us assume Assumptions (2)-(4). Let D be an admissible discretization of Q@ in
the sense of Definition 2.1, such that regul(D) < 6 for some 6 > 0 and M is made of simplicial

control volumes. Let v € H% and a family of real numbers F' = (Fg 5)KeMm, cce, e given such
that (9) and (10) hold. Then there exists Cao only depending on d, Q, A and 0 such that

Z Z diam(K)*~"Fi , < C22(||f||%2(9) + ||V||%Q(Q)d)' (46)
KeMoelk

PROOF.

For K € M, let Ak be the (d+ 1) x (d 4+ 1) matrix whose columns are (1,x, — XK)ZGEK (since
K is simplicial, it has d + 1 edges and Ak is indeed a square matrix). The equations (9)-(10)
can be written Ax Fg = Ex, where Fg = (F ¢)cg, and

B = (il )
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We now want to estimate ||Ax!|| and, in order to achieve this, we divide the rest of the proof in
several steps.

Step 1: this step is devoted to allow the assumption diam(K) =1 in Steps 2 and 3.

Let Ko = diam(K) ' K. Then xf o = diam(K) 'xx € Ky and the barycenters of the edges of
Ky are x50 = diam(K)~'x,. Notice also that, if pK,0 is the supremum of the radius of the balls
included in Ky, then

1 diam(Kp) diam(K)

< regul(D)V/? < g1/4, (47)
PK.0 PK.0 PK

Let Ak o be the (d+ 1) x (d + 1) matrix corresponding to Ky, that is to say whose columns are
(1,%x50 — XK,O)ZeeK = (1,diam(K) " (x, — xK))ZEgK. Since

1 0 - 0
0 di K

A = | fam(K) Ak,
: . . 0
0 e 0 diam(K)

we have ||AR!]| < sup(1, diam(K)~1)||A.})||. Hence, an estimate on ||A}|| gives an estimate
on || Az -

Step 2: estimate on Ag .

By (47), Ko contains a closed ball of radius %6*1/ 4. Up to a translation (which does not change
the vectors x,,0—Xk 0, and hence does not change Ak o), we can assume that this ball is centered
at 0. Since diam(Kjp) = 1, we have then B(0, %9_1/d) C Ko C B(0,1).

Let Zy be the set of couples (L,xz), where L is a simplex such that B(0, %H*I/d) c Lc B(0,1)
and 7 € L. Bach simplex is defined by d + 1 vertices in R? so Zy can be considered as a
subset of P = (R))9*1/S;,1 x RY, where Sy, is the symmetric group acting on (R%)%*! by
permuting the vectors. As such, Zy is compact in P: it is straightforward if we express the
condition “the adherence of a simplex contains B(0, %6*1/‘1)” as “any point of B(0, %H*I/d) is a
convex combination of the vertices of the simplex”, which is a closed condition with respect to
the vertices of the simplex.

For (L,x1) € Zy, let M(L,xy,) be the set of (d + 1) x (d + 1) matrices whose columns are, up
to permutations, (1,x, — XL)ZEEL (€1 being the set of edges of L and x, being the barycenter
of o). M(L,xy) can be considered as an element of My 1(R)/Sg11 (Sqs1 acting by permuting
the columns) and the application (L,xy) € Zyg — M(L,x1) € Mgy1(R)/Sg441 is continuous: to
see this, just recall that the barycenter of an edge o € &, is x, = 522:1 X;, where x; are the
vertices of o (i.e. all vertices but one of L).

If (L,x1,) € Zy, all the matrices of M(L,xz) are invertible. Indeed, assume that such a matrix
has a non-trivial element (A1,...,Ag41) in its kernel; this leads (denoting (o1,...,04+1) the
edges of L) to Zfill A; = 0 and Zflill Ni(Xo, — X1) = Zfill AiXy, = 0. Assuming Agi1 # 0, we
then can write x,,,, = Zf’l:1 Xy, With Z?:l i = 1 (since p; = —X;/Ag+1). This means that
Xgq,, 18 in the affine hyperplane H generated by the other barycenters of edges. Note that H is
parallel to o441 (this is a straightforward consequence of Thales’ theorem at the vertex which
does not belong to o441, and of the fact that the barycenters (x,,,...,Xy,) of the edges are in
fact the barycenters of the vertices of the corresponding edge). Therefore H contains the whole
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edge 0441, because it contains x,,, , € 0441. Let a be the vertex of L which does not belong to
o4+1; a belongs to o1 and we denote (by,...,bg_1) the other vertices of o1 (which also belong
to 0441). We have x,, = J(a+ Z?;ll b;), and therefore a = dx,, — Z?;ll b;; but d— Z?;ll 1=1
and thus a belongs to the affine hyperplane generated by (x4,,b1,...,bg_1). Since all these
points belong to H, we have a € H and, since o411 C H, all the vertices of L in fact belong to
‘H; L is thus contained in an hyperplane, which is a contradiction with the fact that it contains
a non-trivial ball. Thus, for (L,x1) € Zy, M(L,x1,) is in fact an element of Glg1(R)/Sg11.
The inversion inv : Glg41(R) — Glg41(R) is continuous; hence, ||inv(-)|| : Glg+1(R) — R is also
continuous. Permuting the columns of a matrix comes down to permuting the lines of its inverse,
which does not change the norm; therefore ||inv(:)|| : Glg+1(R)/Sg+1 — R is well defined and
also continuous.

We can now conclude this step. The application Zy — Glgy1(R)/S4+1 — R defined by (L, x1) —
M(L,x1) — |linv(M(L,xpr))|| is continuous. Since Zy is compact, this application is bounded
by some Co3 only depending on d and 0. As (Ko, Xk,0) € Zp, this shows that ||A[_(}O|| < Chs.

Step 3: conclusion.
Using the preceding steps, we find || Frc|| < [|[A' ]| [|Ex|| < Cogsup(1,diam(K)~1)||Ef||. Hence,

> diam(K)* | Fg|* < C35sup(diam()?,1) > diam(K) || Ex||*.
KeM KeM

But ||Ex|* < m(K) [ |f(2)*dz + Coum(K)?|vkg|? with Ch4 only depending on A. Since
m(K) < wgdiam(K)?, this concludes the proof of (46). O]

Let us now consider ((7),(8),(9),(10)) with vx = 0; notice that the results of Section 3 still hold
in this situation.

Equation (25) gives, if vxg = 0, an estimate on v in L?(Q)? which, thanks to Lemma 6.4,
translates into an estimate on the fluxes (this estimate replaces the one obtained before thanks
to the penalization), provided that the control volumes are simplicial. This gives, as in Remark
4.1, existence and uniqueness of a solution to the non-penalized mixed finite volume scheme (i.e.
((7),(8),(9),(10)) with vg = 0). From the estimate on the fluxes, it is straightforward to see
that the term 7', in the proof of Theorem 2.2 still tends to 0 as size(D) — 0. Hence, in the case
of simplicial control volumes, the solution to the mixed finite volume scheme ((7),(8),(9),(10))
with vg = 0 still converges toward the weak solution of (1).

It is also quite easy to establish, in this situation, error estimates in the case of smooth data A
and u; these estimates are in fact quite better than the ones of Theorem 2.3: we can prove that

[v — Vil 2 (qya < Cassize(D) and |u — || 12(q) < Cassize(D).

To obtain such rates of convergence, one must simply bound 7’3 in (35) by using Lemma 6.4
with F=F,v=vand f =0.

Remark 6.1 In the particular case where D is made of simplicial control volumes, and, for
al K € M, vg = 0 and xx is the center of gravity of K, then the solution (u,v,F) of
((7),(8),(9),(10)) is also the solution of the following generalization of the expanded mized finite
element scheme [7]: find (u,v,W =3 (D pee, FrRoWk o) € Hp X HE x RTY (RTC denotes
here the lowest degree Raviart-Thomas basis (W, )see on the mesh M, such that, choosing for
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an internal edge o = K|L the orientation from K to L, then W, restricted to K is Wk , and

W,

restricted to L is =W, , — note that w € RT° thanks to (8)) such that

/ Az)v(z) -V (z)dz = / w(z) - v/ (x)dz, Vv € HS,
Q Q

which gives (9),

/ v(z) w'(x)dx +/ u(z)divw’(z) dz = 0,¥w’ € RTY,
Q Q

which gives (7) with vk =0, and

— /Q o (z)divw(z) dz = / u'(z) f(x) dz, Vu' € Hp,

Q

which gives (10). This formulation differs from that of [7], in which the restrictions of v and
w on each control volume must belong to the same space. The proof of convergence of the
mixed finite volume scheme therefore gives at the same time that of this particular version of the
expanded mized finite element scheme.
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