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REDUCED GUTZWILLER FORMULA WITH SYMMETRY:
CASE OF A FINITE GROUP

ROCH CASSANAS

ABSTRACT. We consider a classical Hamiltonian H on R2¢, invariant by a finite group of
symmetry G, whose Weyl quantization Hisa selfadjoint operator on L2(R%). If x is an
irreducible character of G, we investigate the spectrum of its restriction ﬁx to the symmetry
subspace Li (R?) of L?(R%) coming from the decomposition of Peter-Weyl. We give reduced

semi-classical asymptotics of a regularised spectral density describing the spectrum of b3 x hear
a non critical energy F € R. If ¥ := {H = FE} is compact, assuming that periodic orbits
are non-degenerate in X g /G, we get a reduced Gutzwiller trace formula which makes periodic
orbits of the reduced space ¥ g/G appear. The method is based upon the use of coherent
states, whose propagation was given in the work of M. Combescure and D. Robert.

1. INTRODUCTION

The purpose of this work is to give a Gutzwiller trace formula for a reduced quantum Hamil-
tonian in the framework of symmetries given by a finite group G of linear applications of the
configuration space R%. This semi-classical trace formula will link the reduced spectral density to
periodic orbits of the dynamical system in the classical reduced space, i.e. the space of G-orbits.

The role that symmetry plays in quantum dynamics was obvious since the beginning of the
theory, and emphasized by Hermann Weyl in the book: ‘The theory of groups and quantum
mechanics’ ([R9)). Pioneering physical results were given for models having a lot of symmetries.
In the mathematical domain, first systematical investigations were done in 1978-79, mainly for
the eigenvalues counting function of the Laplacian on a Riemannian compact manifold simul-
taneously by Donnelly and Briining & Heintze (see [B] and [{]). Later, Guillemin and Uribe
described the relation with closed trajectories in [B] and @] In R?, a general study was done
in the early 80’s for globally elliptic pseudo-differential operators, both in cases of compact finite
and Lie groups, by Helffer and Robert (see [Ld], [1F]) for high energy asymptotics, and later
by El Houakmi and Helffer in the semi-classical setting (see [L0], [L]]). Main results were then
given in terms of reduced asymptotics of Weyl type for a counting function of eigenvalues of the
operator. Here, in a semi-classical study with a finite group of symmetry, we want to go one
step beyond Weyl formulae, investigating oscillations of the spectral density, and establishing a
Gutzwiller formula for the reduced quantum Hamiltonian. The case of a compact Lie group will
be carried out in another paper (see [] and [f]).

Without symmetry, in 1971, M.C. Gutzwiller published for the first time his trace formula
linking semi-classically the spectrum of a quantum Hamiltonian H near an energy F, to periodic
orbits of the classical Hamiltonian system of H on R??, lying in the energy shell X g := {H = E}.
This was one of the strongest illustrations of the so-called ‘correspondence principle’. Later,
rigorous mathematical proofs were given (see for example [R1], [, Rd], [H), using various
techniques like wave equation, heat equation, microlocal analysis, and more recently wave packets
(see ().

Coming back to classical dynamics, let H : R?* — R be a smooth Hamiltonian with a finite
group of symmetry G, such that H is G-invariant, i.e. suppose that there is an action M from
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2 ROCH CASSANAS

G into Sp(d,R), the group of symplectic matrices of R??, such that:
(1.1) H(M(g)z) = H(z), VYgeG, VzeR*
The Hamiltonian system associated to H is:

. B 0 Iy
(1.2) % = JVH(z), where J = ( I, 0 > .

In the framework of symmetry, specialists in classical dynamics are used to investigate this
system in the space of G-orbits : R??/G, also called the reduced space.

Here, for a quantum study with symmetry, it is therefore natural to expect a reduced
Gutzwiller formula, linking semi-classically the spectrum of the reduced quantum Hamilton-
ian near the energy F to periodic orbits of the reduced classical dynamical system on Xg/G.

We now briefly describe our main result. First, we introduce our quantum reduction. We
follow the same setting as in articles of Helffer and Robert [I6], [L3]: let H : R2¢ — R be a
smooth Hamiltonian and G a finite subgroup of the linear group Gi(d,R). If g € G, we set:
(1.3) M(g)(,€) = (g=.'g7"€)

and we assume that H is G-invariant as in (IE) As usual, we make suitable assumptions -see

(@)— to have nice properties for the Weyl quantization of H (as functional calculus), which is
defined as follows : for u € §(R?),

(1.4) Opl (H)u(z) = (zm)*d/ﬂw /Rde%@wﬁﬂ<

In particular, Opl (H) is essentially selfadjoint on 8§(R?) and we denote by D(ﬁ ), H its selfadjoint
extension. ~
G acts on the quantum space L2(R?) by M defined for g € G by :

(1.5) M(g)(f)(z) = flg~'z),  VfeL*R?), veeR”

If  is an irreducible character of G, we set d,, := x(Id). Then, we define the symmetry subspace
Li (R9) associated to x, by the image of L2(R?) by the projector:

(1.6) Pyi= |%| S XN (g),
geG

€ ) ulwdys.

L?(R%) splits into a Hilbertian sum of Li(Rd)’s (Peter-Weyl decomposition), and the property
(IL1)) implies that each L2 (R?) is stable by H. Our goal is to give semi-classical trace formulae

for the restriction }AIX of H to Li (R9), which will be called the reduced quantum Hamiltonian.
We define the following reduced reqularized spectral density :

(17) NOE (wﬁX)f (%)) ,

where 1) is smooth, compactly supported in a neighbourhood |E—6E, E4+dE[of E € R (6E > 0)
such that H1([E — 6 E, E + §E]) is compact (¢(H,) is an energy cut-off which is trace class),
f is smooth and f (the Fourier transform of f) is compactly supported in R. The case where

Supp(f) is localised near zero is the one that leads to Weyl formulae, and gives an asymptotic
expansion of the counting function of H, (see Theorem @, Corollary @) Here we want to

focus on the oscillating part of G, (h). Thus we suppose that 0 ¢ Supp(f).

In order to state the theorem in terms of the reduced space, we need a smooth structure
on Y5 /G, and thus we suppose that the group acts freely on ¥ g, so that dynamics of H on
Y.r would descend to the quotient. Note that this is not an essential assumption, since we
have proved the asymptotic without this hypothesis (see Theorem @) The following result
involves the quantity X(g%), defined as follows: if m denotes the projection on the quotient and
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7 is a periodic orbit in Xg/G, if w(y) = 7, then, there is only one g, in G such that, Vz € v,
M(gv)be;(z) = 2, where T7 is the primitive period of 5. If 7(y1) = 7(72) then g,, and g,, are
conjugate elements of G, and we denote by x(g5) the quantity x(g,,) = x(gr.)-

In order to have a finite number of periodic orbits of the reduced space involved in the trace
formula, we will suppose that periodic orbits of Xg/G are non-degenerate, in the following
sense : If 7 is a periodic orbit of X5 /G, with primitive period 1%, and if n € Z* is such that
nT5+ € Supp( f), then 1 is not an eigenvalue of the differential of the Poincaré map in X5 /G at
nT5+: ker[(dPy)™ — Id] = {0}. Then we have the following result:

Theorem 1.1. Under previous assumptions, suppose that the group G acts freely on X and that
periodic orbits of Xg/G are non-degenerate in the sense given above. We then have a complete
asymptotic expansion of Gy (h) in powers of h, modulo an oscillating factor of the form e'% as
h — 0% (see Theorem Efor details). The first term is given by:

Su(h) =d(E) Y Yo JT)x(gh)ernsT

5 periodic n € Z* s.t.
orbit of X /G nTV* € Suppf

1= etz o7
27| det((dPy)™ — Id)|2

+O0(h).

where S5 fo péqsds % is the Poincaré map of ¥ in Xg/G, and o5, € Z. The other terms
are distributions in f, with support in the set of periods of orbits in ¥g/G.

Remark 1: the case with 0 € Supp( f ) could have been included in the preceding theorem, and
we would get a Weyl term in addition to this oscillating part. This term was already described
by El Houakmi (see [[I(]) for the leading contribution. We obtain here slightly more detailled
asymptotics for the Weyl part, by calculating the contribution of each g € G : see Theorem @

Remark 2: one could also consider a symmetry directly given in phase space R? x R¢, and
set G as a finite subgroup of Sp(d,R). Then we would have to suppose that there is a unitary
action M : G — L(L?(R4)) which is metaplectic, i.e. satisfies:

(1.8) M(g)~t0p¥ (H)M(g) = Op¥(H o g), for all g in G.

For a fixed g, there is always some M(g) satisfying (.9), but it is not unique (multiply M(g)
by a complex of modulus 1). The difficulty is to find a M that is also a group homomorphism.

The method used is close to the one of [ﬂ] : unlike articles previously quoted, which used
an approximation of the propagator exp(—i%ﬁ ) by some FIO following the WKB method, we
will use here the work of Combescure and Robert on the propagation of coherent states. This
method avoids problems of caustics and looks simpler to us. Moreover, the symmetry behaves
well with coherent states, and we get very pleasant formulae. Thanks to these wave packets, we
first reduce the problem to an application of the generalised stationary phase theorem (section
E) Then we find minimal hypotheses for the critical set to be a smooth manifold, and to ensure
that the transverse Hessian of the phase is non-degenerate. These hypotheses will be called
‘G-clean flow conditions’, and we get a theorical asymptotic expansion of G, (h) under these
assumptions (Theorem @ Fmally, as particular cases, we will show that these conditions are
fulfilled on the one hand when f is supported near zero (‘Weyl term’ Theorem @ and on the
other hand when periodic orbits are non-degenerate (‘Oscillating term’ Theorem Q In both
cases, we calculate geometrically first terms of the asymptotic expansion, to make quantities
of the reduced classical dynamics appear, as the energy level, periodic orbits and the Poincaré
map. The symmetry of periodic orbits plays an important part in the result.

Aknowledgements: We found strong motivation in the work of physicists B. Lauritzen,
J.M. Robbins, and N.D. Whelan ([[§], [L9, [B4]). I am deeply grateful to Didier Robert for his
help, comments and suggestions. Part of this work was made with the support received from
the ESF (program SPECT). I also thank Ari Laptev for many stimulating conversations.
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2. DETAILS ON QUANTUM REDUCTION

2.1. Symmetry subspaces. We recall some basic facts on representations (see [@], [@] or
[@]) a representation p : G — GI(FE) of the group G on a finite dimensional complex vector
space FE is said to be irreducible if there is no non-trivial subspace of E stable by p(g), for all g
in G. The character x, : G — C of a representation is defined by x,(g) := Tr(p(g)), for g € G.
The degree of the representation p is denoted by d,, and is the dimension of E. Two such
representations are isomorphic if and only if they have the same character. We will denote by G
the set of all irreducible characters, that is the set of characters of irreducible representations.
Moreover, G finite implies G finite.

A representation M of G on a Hilbert space is said to be unitary if each M (g9) is a unitary
operator. This is the case of our representation M on the Hilbert space L?(RY) defined by
(L) since | det(g)] = 1. One can easily check that M is strongly continuous. Then, the Peter-
Weyl theorem (see [R§] or [2d]) says that if one set L2 (R?) := P, (L?(R?)), where P, is defined
by (E), then the P,’s are orthogonal projectors of sum identity, and we have the Hilbertian
decomposition:

1L
(2.1) LPRY= @ LiRY.

X €

(o))

Furthermore, if y € é, then any irreducible sub-representation of M in Li(Rd) is of character
X, and a decomposition having such a property is unique. These Li(Rd)’s will be called here
the symmetry subspaces.

One has to think of them as a certain class of functions of L?(R?) having a certain symmetry
linked to G and x. For example, if G = {£Idra«}, then we have two irreducible characters x4
and x_ such that L3 (R?) is the set of even functions of L*(R%), and L2 (R?) is the set of odd
functions. More generally, if y is a character of degree 1, then y is multiplicative, and we have:

Ly(RY) = {f € L*(R") : Vg€ G, M(g9)f = x(9)f }.

This is in particular the case for abelian groups. If G ~ 04 is the symmetric group of permutation
matrices acting on R?, then there is at least two characters of degree 1: Yo, the trivial character
(always equal to 1), and the signature e. Thus we get:

- L2 (Rd = {f S LQ(Rd) : Vo € G, f(wg(l), . ,acg(d)) = f(.%'l, . ,xd)}.

- LQ(Rd) {f e L?RY) : Yo € G, f(xs1),- s Toa) =c(0)f(z1,...,24)}-
2.2. Reduced Hamiltonians. It is easy to check on the formula ([[.4) that we have on §(R?):
(2.2) M (g)~'Op}y(H) M(g) = Opy(H o M(g)), Vg€ G.

Thus we see that the property of G-invariance (@) is equivalent to the commutation of H with
all M(g). In particular, it implies that H commutes with all P,’s, and thus, L2 2 (R?) is stable by

H. We can then define the operator that we plan to study: if xy € G set:
D(H,) := L2(R%) N D(H),

The restriction f[ of H to L2 (R (R 4) is called the reduced quantum Hamiltonian, and is a selfadjoint

operator on the Hilbert space i( . If f:R — C is borelian, then we have:
[f(H),P,] =0, D(f(H, =D(f(H))ﬂL2(Rd =Y f(H) P
xe@G

F(H,) is the restriction of f(fAI) to L2(R?). Lastly, if o(.) denotes the spectrum of an operator,
then we have: o(H) = (ﬁ ) (for details, see [H]).

One trace formula will be essential for the rest of this article:
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Lemma 2.1. If f : R — R is borelian, and if f(ﬁ) is trace class on L?(R?), then, for all x € é,
f(H,) is trace class on L2(R?) and:

(2:3) TH(f(H)) = Tr(f(H)Py).
Indeed, we have to show that | f(H,)|# is Hilbert-Schmidt and H \f(H,) HHS < H|f(f[)|% s’

which is clear by completing an Hilbertian basis of L2 (R?) in an Hilbertian basis of L?(R?). Then
one writes:

1
2

Tr(f(Hy))= > dim(Ker[f(H,)— )
A€o (f(Hy))—{0}
Tr(f(H)o Py) = > dim(Ker[f(H) o P, — A))A.

Aeo(f(H)oPy)—{0}
Furthermore, if A # 0, then Ker(f(H) o P, —)) = Ker(f(ﬁx) —\), and we get (R.9).

2.3. Interpretation of the symmetry. The investigation of fAIX provides informations on the
spectrum of H:

Lemma 2.2. If x € G then eigenvalues of ﬁx have a multiplicity proportional to d,, .

Indeed, if F C Li(Rd) is an eigenspace of ﬁx, then it is M-invariant. One can decompose it
into irreducible representations. By the Peter-Weyl theorem, the only irreducible representation
appearing is the one of character x, and thus is of dimension d,. In particular, the operator fAIX
provides a lower band for the multiplicity of some eigenvalues of H.

Another remark: by splitting an eigenfunction of H on the symmetry subspaces, we get at least
an eigenvector in one Li (R4). This means that each eigenspace of H contains an eigenvector
having a certain symmetry. As it is well know for the double well potential (G = {£Id}),
where eigenspaces are of dimension 1, this leads to an alternance of even/odd eigenspaces and
to tunneling effect.

If N, (I) denotes the number of eigenvalues of I;TX (with multiplicity) in an interval I of R,
and N(I) the one of H, then the quantity N, (I)/N(I) can be thought as the proportion of
eigenfunctions of symmetry x among those corresponding to eigenvalues of H.

2.4. Examples. We give a few examples of Schrodinger Hamiltonians with a finite group of
symmetry:
H(z,€) = [¢[2 + V (@),
(1) G = {£Id} : double well: V(z) = (2% — 1)?, harmonic or quartic oscillator: V(z) = 2>
or 2%, ‘the well on the island’: V(z) = (22 4+ a)e™® (a > 0). For the two first examples,
Vi) = +00, so H is essentially selfadjoint on $(R) and with compact resolvant.

(2) G ~09, d = 2: any potential satisfying V(z,y) = V(y, z).

C

7,2

(3) Group of isometries of the triangle, d = 2: V(x,y) =

N[ =

y?)? — xy? + %:cg, which
in polar coordinates is V(r,0) = V(rcosf,rsinf) = 213 cos(30) (see also the
Hénon-Heiles potential: V(z,y) = 3(2* + y?) — zy? + 32>, but one has to look for the
selfadjointness of this operator).

+
+

N =

(4) Group of isometries of the square, d = 2: V(z,y) = $22y>.

(5) G ~ (Z/27)?: harmonic oscillator with distinct frequencies: V(z) =< Sx,z >g4, with
S symmetric positive definite matrix with eigenvalues pairwise distincts. In this case,
H is still essentially selfadjoint on 8§(R?) and with compact resolvant. This is one of the
few cases where we can calculate periodic orbits of the dynamical system.
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3. REDUCTION OF THE PROOF BY COHERENT STATES

We adapt here the method of [ﬂ] The essential tool is the use of coherent states.> We refer
to the Appendix where we recall basic things about it (se also [, [fi], or [{]). Note that, by an
averaging argument (see section Q), we could already restrict ourselves to a group of isometries.
For the moment, we still use the general expression of ), to keep in mind the symplectic form
of M(g). We suppose that ¢ and f are in $(R) such that Supp(¢)) C]E — 0E,E + §E| and
the Fourier transform f of f is with compact support. We know from B] [@ that, under
hypothesis (@), 1/)([? ) is trace class for little h’s, and, by formula (E), we have:

o =1 (s (B2} - 5

geG

where:
(31) 1,(h) = Tr (wu?)f (E - H) M<g>> .

Then, by Fourier inversion, we make the h-unitary quantum propagator Uy () := e
and write:

(3.2) I,(h) =

it H
iwH appear,

3 A0 (90N ) ) i

Then we use the trace formula with coherent states — see (5.4) — to write:

2 R
(3.3) 1,(h) ”h / / ¢ F(t).mn(a t, g)dadt.
R2d
where
(3.4) mp(a,t,9) =< Up(t)pa; M(9) " (H)pa > 12(ra) -

With exactly the same proof as in [ff], we get the following lemma:

Lemma 3.1. There exists a compact set K in R*? such that:

/]R2'i\K |mh(aa t,g)|d0¢ = O(thOO)

uniformly with respect to g € G and t € R.

We can then suppose that X := {H = E} is included in K, and choose a real cut-off function
X1, compactly supported in R?? and equal to 1 on K. We can write 1 = x; + (1 — x1) in (@),
and settle problems at infinity in . Besides, we want to use the functional calculus of Helffer
and Robert ([L, [RF)) for the description of ¢)(H). Thus we make the following hypothesis:
C > 0, 3C, > 0, dm > 0 such that:

<H(Z)><C<HEF)>.<z—2'>m Vz,z eR
(3.5) |02H (2)| < Co < H(2) >, Vze€ R¥ Vo € N2,
H has a lower band on R??,

Then, we can write for Ng € N:

(3.6) Z 1 Opy (aj) + N1 Rivy 41(h).

where Supp(a;) C H_l(]E—(SE,E—i—(SE[), ao(z) = Y(H(2)), with Sup |[Rnyt1(h)||lpy < C.H™%
0<h<1

2More details on the proof can be found in [ﬂ]
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We obtain:
No
(3.7) Iy(h) = W I(h) + O(h~ R0,
j=0

Now, we must get a complete asymptotic expansion for a fixed jy in N of the quantity:

. 2 A .

3.8 o (h ﬂ-h e JS@) m°(a,t, g)dadt,
g R mp,

with

(3.9) mi (a,t,g) =< Un(t)pa; M(g) " OP¥ (aj,)Pa > r2(ra) -

For the right term of the bracket in , We expand Op¥(aj,)pa in powers of h, by Lemma 3.1
of [fl]. Thanks to (R.2), since Tp(a) = Oph (exp( (pr — ¢€)) — see Appendix — we can write:
M(g) ™' Tn(a) = Ta(M (g~ a)M(g) ™"

For the left term of the bracket in ) we use the theorem of propagation of coherent states
given by Combescure and Robert ( or . If M € N, then we have:

M+1

Uh(w% B a(tha) at Ah Zhé e§'<Moz,z> < CM,T(Oé)-h 3
L2(R4)

where oy = ®,(e) is the solution of the system ([.3) with initial condition a (see Appendix for
other notations). After all, since there is no problem of control for « at infinity, we get:

SN 2Tk Naj, (@) ot L
(8.10)  mi(astg) =D D0 hERE YT TR T (ant g, h) + O(h RN,
k=0 j=0 Ivl=k v
with:

Yiq(a,t, g, h) =< Tn(a)Anbj(t, a)es <Mow> T (M (g~ a) Ay M (g) " Qo >
where @), is the polynomial in d variables such that:
(3.11) OpY (=)o = Q-v0

We have: A;Th(—M(g~Y)a)Th(a)A, = emn<Mlg DaJou>g, (%) (see Appendix).
Thus:
ar — M(g Y

Vh

Tjﬂ(a,t,g,h) — eﬁ<M(g*1)a,Jat> < ‘Il ( > bj(t,a)e%<Moz,z>,M(g)lev,JJO >

We will use the notation:
a=(q,p) €R' xR and (qi,pt) == o = Py(r).

Make the change of variable: ¢~'y := x — (¢ — ¢~ 'q)/v/h in the previous <;>2. Since G is
compact, | det(g)] = 1, and we obtain after calculation:

T (a,t, g, h) = 1% ek [~ gpq. ]+ 51 9q: —al? /d e—%<Ay7y>+ﬁyQ7 (y n gqj/% q) b, (. ) (y)dy.
R

where

_ _ ) e
(3.12) Aw=1-"g""Mog™", and B:=ﬁ[(q—gqt)+@(t9 'pe — ).

Then we set:

Z Kuyxt  and bt o)(z) =: Z v (t, )z

[l <1l lv|<3j
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(where ¢, ; is smooth in t,a). For the same reasons as in [[f] (parity of Q, and b;(t, )), only
entire powers of h have non-zero coeflicients. Then, we can expend @~ and b; (¢, «) and use the
following calculus of the Gaussian:

Lemma 3.2. Let A € My(C) such that A = A, and that RA is a positive definite matriz,
B € C? and o € N¢. Then A is invertible and

/ e z<Ave>+pr o, (Qw)%det;Q( 62<A 18,6> Z “1B)"P,(A),
Rd

n<a

where P,(A) doesn’t depend on (3, and Py(A) =1 (for a precise definition of det;%, see ).

We get: einBend(ta) Y, (at,g,h) =

S S st X (4 ) ottt -t i) S - o

[v] <35 |ul <] n<p o<p—ntv

X [(1 —i'g™ Mog ™)™ (80)]” Po(A) h™ 2017 exp (%wE(t,a,g)),
where 3y := V3, and:

i i
(3.13) pu(ta,g) =tE+S(t,a) +ap =" gpa + 5lga: — al* — 5 < A7 o, fo > .
Thus, (B.§) and (B.9) give:
, 27rh —d 2N 2Nk itk K d 1 N d
=PRSS S S S B mE Y () Byt + 00
k=0 j=0 Iy =k 11<35 [l <l n<p
with:
(3.14)
il i A
L= 0 w300 [ o (in(t.00) ) F00705 ()01 (@) D 1.0, 9) .
o<p—ntv R: /R

where: Dy, 0 i(t, o, g) ==

1 . _ _ L -
(3.15)  cyj(t,a)dety > (I —i'g™ Mo g™ ") Po(A) [A™ (g — gar) +i("g ™ pe = p)I]” (900 — 0)"-
A tiresome but straightforward computation gives from (B.13) and (B.19):

PYE = p1 +ipa.

o1(t,a,g) == (E— H(a))t+ 1 <M(g) ta, Ja > f%/ (o — M(g~ ")) Jdsds
0

(3.16) . o2
p2(t,a,g) = 4 < (I = Wi)(M(g)aw — a); (M(g)ae — @) >
T, .— Wi —iWy RIS | e (T _ st —1 —1\—1
where W, := ( LW W, ) with 5 (I +Wy) == (I —i*g~" Mog™")™".

Lemma 3.3. We have: ||[Wi||cay < 1.

Proof: we introduce the Siegel half-plane:
g :=1{Z € My(C):* Z = Z, and SZ is positive definite }.
We know from [12] pp.202, 203 that it Z € g, then ||(I —i2)" (I +iZ)|| ) < 1. Now, we
can take Z = g7! Mpg~!. Indeed My is symmetric, and, since F,(t) is symplectic, we have:

VX eRY S(PX.MoX) = |(A+iB)" ' X|2..
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Thus Z € ¥4. The proof is clear if we note that (I —itg=! Myg=!)"1 (I +itg~ Myg—') = W,.00

We are led to solve a stationary phase problem to get an expansion of each L, ;. ;(h) in
powers of h.

Remark: Note that the term Dy, ,; — (B.15) — and its derivatives will be vanishing on the
critical set of the phase for derivatives up to |o| + |n| (see (B.15) and (f.1))). Therefore, the as-
ymptotic of th Jgad - - - dtdo will be shifted of h to the power £ (|o|+ |n|). This fact compensates

for the term in A= 2(I71+17D at the beginning of the expression of Ly v, (R) in (B.14).

4. THE STATIONARY PHASE PROBLEM

Now, we fix g in G and we want to find the conditions under which we will be able to apply
the stationary phase theorem under the form of [[f] (Theorem 3.3) on L, ,..;(h). A necessary
and sufficient condition will be called ‘g-clean flow’. Then we will give particular cases for which
this criterium is satisfied (see sections @ and @) Our method will first consist in calculating
the critical set of the phase pg and its Hessian. Then we will calculate the kernel of this Hessian,
and, under assumption of smoothness of the critical set, we will describe the conditions for this
kernel to be equal to the tangent space of the critical set. In this section, since g is fixed in G,
we will denote ¢g(t, z,9) by ¢r.4(t, 2), for 2 € R?? and ¢ € R.

4.1. Computations and g-clean flow.

e Computation of the critical set

Let Cp gy :={a € R x R34 . S(¢E,q(a)) =0,Veg 4(a) = 0}.

Proposition 4.1. The critical set is:

(4.1) Crg={(t,2) ERXR*: 2 € Xp, M(g)P:(2) = 2}.
where (t,z) — ®,(2) is the flow of the system ([.3).
Proof :

Ser(t,z,9) = Rea(t, 2,9) = %|Zt - M(g7h)z” - %3? < Wi(M(g)z1 — 2); M(g)z — & >gau .
We note that, if @ and b are in R?, then:
< 17[\/,5(&, b); (a,b) >gpea=< Wi(a — ib); (a — ib) >pa .
Thus,
Spp(t,z,9) =0 <= |z — M(g7)z|> =R < Wi, 8 >pa= R < W 3,8 >ca,
where
8= (9a —q) —i("g"'pr — p).
Therefore, by lemma B.3, we have: Spg(t, z,9) =0 <= ®(2) = M(g~ )z
—Computation of the gradient of ¢ :

{ Opi(t,2,9) = E— H(z) — 5 < (2 — M(g7")z2); 2 >
Vzc,m(t,z,g) = %(tM(g_l) +t Fz(t))J(Zt - M(g_l)z)

—Computation of the gmdient/\of P2 :
40vpa(t, 2,9) =2 < (I = Wi)(M(g)ze — 2); M(g) % >*<at( ) (M(g)z — 2); (M(g)z — 2) >
AV.pa(t, 2, 9) = 2(F= (1) M(g) — D)(I = Wi)(M(g)2 — 2) = [0-(W) (M ()21 — 2)] (M (g)2 — 2)

)
Thus, we see that (¢, z,g) € Cp,4 if and only if ®,(2) = M (g~ 1)z et H(z) = E. O
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e Computation of the Hessian Hess ¢ 4(t, 2)

We first need some formulae coming from the symmetry that will be helpful for the compu-
tation: We recall that F(t) = 9,(®:(z)). By differentiating formula ([L.1]), we get:

(4.2) VH(M(g)z) =t M(g~)VH(z), VzeR* Vged.

This formula implies that we have also:
(4.3)
D, (M(g)z) = M(g)P:(2), Vz € R*, Vg € G, Vt € R such that the flow exists at time ¢.

Moreover we recall that, since M (g) is symplectic, we have:

(4.4) JM(g) =" M(g~")J and M(g)J = J'M(g™").
Finally, if ¢t and z are such that M (g)®(z) = z, then we have:
(4.5) (M(g)F.(t) — I)JVH(z) =0 and ("F,(t)'M(g) — )'VH(z) = 0.

The second identity comes from the first since M (g)F.(t) is symplectic. For this first relation,
one can differentiate at s = ¢ the equation:

(M (g)®s(2)) = s(2).
With these formulae, it is easy to find that:
Proposition 4.2. Hess g 4(t,2) =

L < (I —Wy)JVH(2); JVH(z) >

—VH(z)
+5(UFL(1)' M (g) = I)(I = W) JVH(z) ‘ +5(°F:

E
—~

Q
=
o
=

p
o=
|

o

—~
=
\_/Q
=
o
=

g
G
=
S

e Computation of the real kernel of the Hessian

If A e M,(C), then we define ker, (A4) := {x € R" : A(z) =0} = ker(R(A4)) Nker(J(A4)).
Proposition 4.3. Let (t,z) € Cg,4. Then the real kernel of the Hessian is : ker, Hess op, 4(t, z) =
(4.6) {(r,0) ERxR*®: o | VH(2),7JVH(2) + (M(g)F.(t) — Id)a = 0}.

Proof : Let 7 € R and o € R%¢. We set:
x:=71JVH(z)+ (M(g9)F,(t) — I)o.

Let us denote by W, and Wy the real and imaginary part of W;. Then, (1,c) € ker, Hess ¢ 4(t, 2)
if and only if:

(4.7) < VI//\QJVH(,Z);QU >=2< VH(z);a>.
(4.8) < (I —=W1)JVH(z);x >=0.
(4.9) ("F.(t)'M(g) — I)(I — Wh)z = 0.
and

o~

—27VH(2) 4 [JM(g)F.(t) =" (M (g9)F.(t))J]a + (*F.(t)' M (g) — I)Wax = 0.
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We multiply this last identity by (M (g)F.(t))J, we note that W, = JW,; and recall that
M(g)F.(t) is symplectic to obtain the equivalent identity:
(4.10) (M(g)F.(t) — I)(W; — I)z = 2u.
Now, if (7, ) € ker, Hess ¢ 4(t, 2), then, by (f.10) and ({.9), we have:
x, (I — V/V\l):n >=0, i.e. |z]* =< Wiz, x> .
By lemma @, HL(R%) < 1, thus = 0, and by (@), VH(z) L«

Conversely, if = 0 and VH(z) L a, then, we have (£.7), (£.§), (£9) and ({.10). Thus
(1,c) € ker, Hess ¢ 4(t, 2). O

We are now able to describe the conditions under which we can apply the generalised station-
ary phase theorem on L, ., - ;(h): we easily check the positivity of the imaginary part of the
phase ¢g 4 by lemma B.4. Moreover, if Cg 4 is a union of smooth submanifolds of R x R2¢, if
X € Cg,g, then the Hessian of ¢ 4(X) is non-degenerate on the normal space NxCg 4 if and
only if ker, Hess ¢ 4(X) C TxCg 4, the tangent space of Cg 4 at X. Besides, note that, by the
non-stationary phase theorem, we can restrict this hypothesis to points X in Supp( f )xSupp(aj, )-

. _ 2d
Definition: let g € G, T > 0, such that Supp(f) C]-T,T], and ¥, := { ](t ZI;’S[;\(jng);g)
) t -

We say that ‘the flow is g-clean on | — T, T[xX g’ if zero is a weakly regular value of U, i.e. :
W, 1({0}) =: Cg4 is a finite union of smooth submanifolds of R x R
. V(t,z) S GEyg, T(t7z)€E,g = kerd(t,z)\llg.
We say that ‘the flow is G-clean on | — T, T[xX g’ if it is g-clean for all g in G.

By proposition @, we see that if (t,2) € Cp g, then kerd(; .)¥, = ker, Hess ¢ 4(t, z). Thus,
if we only know that the support of f is in | =T, T'[, then the g-clean flow condition is the minimal
hypothesis under which we can apply the stationary phase theorem to L, ., ~,;(h). Therefore,
we can state the theorem:

Theorem 4.4. Reduced trace formula with G-clean flow.

Let G be a finite subgroup of GI(R,d) and H : R** — R a smooth Hamiltonian G-invariant.
Suppose that E € R is such that there exists SE > 0 such that H Y([E — §E,E + 6E]) is
compact, and ¥y = {H = E} has no critical points. Make hypothesis ). Let f and v be real

functions in $(R) such that Supp(v)) C|E—6E, E+0E[ and f is compactly supported in ] —T,T],
where T' > 0. Suppose that the ﬂow is G-clean on | — T, T|xXg. Then the spectral density

X |G| Z — see )7 (@)7
geG

has a complete asymptotic expansion as h — 0. Moreover, if g € G, and, if [Cg 4| denotes the

set of connected components of Cg 4, then the quantity fot Dsqsds is constant on each element Y
of [Ck,4], denoted by Sy, and we have the following expansion:

I, g(h) = Z (27rh)17d;ny 75‘/9— /f dy(t, z)doy (t, 2) —I—Zhjajy +O(h**°)

Y€[Cr,g] j>1

where a;y are distributions in f® (1o H) with support in'Y, and the density dq(t,z) is defined
by:

_1 (P” (taz) A B_ D
(4.11) dy(t, 2) == det? (M det, ( +iB —i(C+i )).

7 2
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0.4 i given by ([314) and A, B,C, D are the d x d blocs forming the matriz F,(t) := 9.(®;(2))
(see (1),

Remark: without symmetry, this theorem can be compared to articles of T.Paul and A.Uribe
(cf [R1] and [RZ)) or to the Gutzwiller formula in the PhD. thesis of S.Dozias ([§]), see also [Rd]. A
notion of clean flow is also present in [ﬂ] The density dg4(t, z) is difficult to compute in general,
even without symmetry. The purpose of next sections is to calculate it in two special cases:
when f is supported near zero (Weyl part), and under an assumption of non-degenerate periodic
orbits of the classical flow in ¥ g (oscillating or Gutzwiller part).

Proof : as we have seen before, we can apply the stationary phase theorem on each L, ., . (h),

which gives an expansion of each I7°(h) and each I,(h). The first term is given by:

ah)—d R 1 1B —1 )
1), Z5 [ e fap e (FHEIEED

) e 920 (b0) gy,
By definition of Cg 4, ¢E,4 is constant on each connected component of Cg 4, equal to:

t
(pEy(ta a) = S(a’t) +FEt = / DsGsds, where (anPs) = (I)s(a)'
0
This ends the proof of theorem @ O

4.2. The Weyl part. We now deal with one case which leads to an asymptotic expansion at
the first order of the counting function of H, in an interval of R. Fix g in G and define:

(4.12) Lpg={teR: Ize€Xg: M(g9)P:(z) =z}

Theorem 4.5. Let G be a finite subgroup of GI(R,d) and H : R?** — R a smooth G-invariant
Hamiltonian. Let E € R be such that H=Y([E — 0E, E + 0E)) is compact for some E > 0, and
that ¥y = {H = E} has no critical points. Make hypothesis @) Let f and v be real functions
in $(R) with Supp(1)) C|E — 6E, E + 6E[ and f is compactly supported. For g in G, we set:

vy = dimker(g — Idga), F,:=ker(M(g) — Idg=a) and F,:=ker(g— Idga).

Set Iy(h):=Tr (w(ﬁ)f (%) M(g)) Then, under previous assumptions, we have:

~If Suppf N L,y = 0, then Iy 5(h) = O(hT).
— If Suppf N L4 = {0} then we have the following expansion modulo O(hT>°) :

(4.13) I a(h) < h'™vs ch(f,g)hk, as h — 0T,
k>0

uniformly in X in a small neighborhood of E, where ck(f,g) are distributions in f with support
in {0}, and, if d(Xx N F,) denotes the euclidian measure on Xy N F,, then we have:

(4.14) CO(fa g9) = 1/’()‘)]5(0) det((;jnl)_ui]ﬂﬁﬁ /E NF, %-

Remark 1: the oscillating term of Theorem Q is now vanishing, since, for g € G, Sy,g =0
when Y = {0} x (EgNFy). Moreover, it is easy to see that, since X g is compact and non-critical,
zero is isolated in Lg 4. Thus the hypothesis Suppf NLgg = {0} is fulfilled if f is supported
close enough to zero.

Remark 2: we slightly precised the previous result of Z. El Houakmi given in [@], by the
computation of (.14). Note that the leading term of G, (h) is obtained for g = Id, and:

_%

Su(h) = o s [ o

+ 0> %), ash—07.
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Proof : If Suppf N Lpg =10, then (Supp(f) x R24) N Cp,g = 0, and by the non stationary phase
theorem, we get the result.

Now suppose that Suppf NLg 4 = {0}. Then we have:

(4.15) €54 N (Supp(f) x B2) = {0} x (S5 1 F,).

We now give some ‘trick’ to boil down to the case where G is composed of isometries. We recall

that, since G is compact, there is some Sy, symmetric d x d positive definite matrix, such that:

(4.16) Go = Sy ' G Sp is a subgroup of the orthogonal group O(d, R).

One can indeed classicaly find a scalar product invariant by G by averaging with the Haar
measure of G. Thus, we can define a new Gy-invariant Hamiltonian:

Hy(z) := H(M(Sp)z), where M(Sp) := ( %O tS(:jl )

If x € é, then one can define xqo : Gg — C by:
Xo(g0) == X(So go Sy )

Then it is easy to check that yo € @0 and that the application x — xg is bijective from G to
Go. Moreover, identity (E) implies that:

Op}y (Ho) = M(So) ™' Opjy (H) M (So).
If x € é, then we can define:

Py, = Z Xo(g0) M (go)-
|Gol
go€Go
Then we have P,, = M(Sy) ' P, M(Sp). Therefore, if f(H) is trace class, then f(Hp) also, and
we have: R R R
Te(f(Hy)) = Tr(f(H)Py) = Tr(f(Ho) Py,)),
by cychc1ty of trace. This remark apply in partlcular for the trace ([L.49). Moreover, if g € G,
if go := S5 'gSo, then Te(f(H)M(g)) = Tr(f(Ho)M(go)). Finally, it is easy to check that hy-
potheses for (H, G) are available for (Hp, Go), and that coefficients of the asymptotic have the
same expression in terms of (Hy, Go) as in (H, G). O

From now on, we suppose that G is made of isometries, without loss of generality.
First, we remark that X and Fj are transverse submanifolds of R2?, Indeed, if z € Xg N Fy,
then, by (f.9), since g is an isometry, we have VH(z) € F,, thus F, + [RVH(2)]* = R%*.
Therefore
T(0,-)Cp,g = {0} x [Fy N [RVH (2)]"].

If (1,a) € ker, Hess (0, 2) then by Proposition [£3, 7JVH (z) + (M(g) — I¢)a = 0. Then
one can take the scalar product of this equality with JVH(z) to obtain 7 = 0 and thus,
kerg Hess ¢p(0,2) = T(0,-)Cr,y. This means that we have the theorical asymptotic expan-
sion of Theorem

Now, we have to compute the leading term of this expansion. Here again, we can suppose
that ¢ is an isometry, which simplifies the calculus: in particular, [M(g), J] = 0, when t = 0, we
have W; =0, and F,(0) = Id. By Proposition @, we obtain:

_( 2IVH()]? | —'VH(z)
Hess *”Evgm’"")‘( ~VHG) [ TI00(5) ~ Mg + 50 - M@~ M) )

1
3
We have Ng.)Cp,y = R x [F;- + RVH(z )] Let o be a basis of F;-. We set:

0
ot

= (1,0), go := (0, VH(2)).

€y =
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Let 8 be the basis of N .)Cg 4 made up of (in this order) eg, o and . We note that the linear
application 3J(M(g) — M(g™")) + 5(I — M(g))(I — M(g~')) stabilizes the space F;-. Then by
calculating the determinant of the restriction of Hess ¢ (0, 2) to N »)Cr g in this basis, we get
(noting N := N .)Cr,g):

©,9(0,2) |5 2 -1 -1
ot (22222} — ey det | L (ar(9) = A0l + 40 = M) 1~ 21157

g

If 11, is the orthogonal projector on ﬁg, then we have:

1 Py _ (_3Ua—g)Ua—g ") + 11, | 5lg—g7")
det = T =T T T
[VH(2)]? i —59—97) | sTa—9)Ta—g ") +1I
Then, since g is an isometry, we can suppose that g is bloc diagonal with blocs Ip,,, —Ip,,

Ry,,..., Rg,, where p1 4+ p2 4+ 2r = d, 0;’s are not in 7Z, and Ry := < C989 —sing > . We

sinf  cos6

then use the fact that g commutes with II;, and that when [C, D] = 0, then det( é, g )

= det(AD — BC), for any blocs A, B, C, D of same size. A straightforward calculus then gives
(see [f] for details):

05,9(0,2) 1, e i

7

_172
Since [det +2} = det, we have:

(pE g(o )|N CE

det , * ( | = =VH)|| det(La = g), ., |-

We can proove that the factor +1 is in fact equal to 1, either by coming back to the calculus
1

of det, * with gaussians, or, classically, by using a weak asymptotic, i.e. by calculating the

asymptotic of Tr(p(H)M(g)), when ¢ : R — R is smooth and (H) is trace class. See [ for
details.

Using (f.11]), the fact that the phase vanishes on Cg 4, and that dim(Cg )N N (Supp(f) xR24) =
2v4 — 1, we obtain the result we claimed. This ends the proof of Theorem G} g

As a consequence of Theorem @ near t = 0, using a well known Tauberian argument (see
[BH), we get the following:

Corollary 4.6. Let G be a finite group of Gl(d,R), H : R?¥ — R a G-invariant smooth Hamil-
tonian satisfying @) Let By < Es in R, and I := [Ey, Es2]. Suppose that there exists ¢ > 0
such that H=Y([Ey — €, B2 +€]) is compact. Furthermore suppose that Ey and Es are not critical

values of H. If x € G then the spectrum of Hx is discrete in I, and we have:

Nry(h) = |C§| (2rh) =4 Vol[H1(I)] + O(h'~),

where Ny, (h) is the number of eigenvalues of ﬁx in I counted with multiplicity.

Remark: One can interpret this result by saying that, semi-classically, the proportion of
eigenfunctions of H having symmetry x is |dG| In particular, the same proportion of eigenvalues
has multiplicity greater than d,. The more d, is high, the more Li(Rd) takes part in the

spectrum of H.
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4.3. The oscillatory part. If g € G and v is a periodic orbit of ¥ globally stable by M(g),
we set :

Lgyr:={t€Suppf:3Izev:M(g)P(z) = z}.
If tg € Ly, 2 €7, then P, 4, denotes the Poincaré map of v between z and M (g~ ')z at time
to, restricted to ¥ g. The characteristic polynomial of dP, 4, doesn’t depend on z € «y. Note
that, by iterating formula ([.J), since G is finite, if we have M (g)®;(2) = z, then z is a periodic
point of the Hamiltonian system ([L.2).

Theorem 4.7. Make the same assumptions as in Theorem D, but suppose that 0 ¢ Suppf.
Make the following hypothesis of non-degeneracy : if v C X g, is such that 3g € G and Ity € Ly,
to # 0, then 1 is not an eigenvalue of M(g)dPy g.+,. Then the set of such ’s is finite and the
following expansion holds true modulo O(hT>°), as h — 0% :

d E— i A
NOEST D e Y eh ST greto(fpk,

~ periodic g € G s.t. to € Ly~ k>0
orbit of X M(g)y =~ to #0

Terms dZ’g’t“(f) are distributions in f with support in {to}, Sy(to) == fg" psqsds, ((gs,ps) :=
D (z) with z € ), and

* Ji50 ,t
ooy = MDY
27 det(M (g)AP, g — Id)] 2
where T is the primitive period of v and o, (g,t0) € Z.

f(to)

Ezxample 1: if d = 1, periodic orbits are always non-degenerate. For example, in the case of
a double well Schrédinger Hamiltonian, one can illustrate the sum of Theorem Q on figure El,
picturing the classical flow in R?: some periodic orbits appear only for ¢ = Id in the sum, and
others arise for both ¢ = +1d. One can also fold the picture to compare with the periodic orbits
of the reduced space as in Theorem m

FiGURE 1. Double well phase portrait

Example 2: if H is a Schrodinger operator on R? with potential V(z) =< Sz,z >, where

S is the diagonal matrix with diagonal non-vanishing w?, ... ,wg, if one assumes that Vi # j,
w;/w; ¢ Q, then periodic orbits appear as a union of d plans, with primitive periods 17 =4
J

and are all non-degenerate.
As a particular case of this theorem, we get the Theorem [L1}

Proof of Theorem B: if we suppose that G acts freely on X g, then ¥g/G inherits a struc-
ture of smooth manifold such that the canonical projection 7 : ¥ g — X /G is smooth, and the
dynamical system restricted to X descends to quotient. If {5 € R*, g € G and z € X, with
orbit v, are such that M(g)®y,(2) = z, then v and 7(v) are periodic. If Pr(4) x(z)(to) denotes
the Poincaré map of 7(y) at time tg, then we have:

(417) det(M(g)dzP7797t0 - Id) = det(dﬂ(z)Pﬂ(v)m(z) (to) — Id)
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Indeed, if ®; denotes the flow in Xg /G, then one can differentiate the following identity on X g
with variable z:

7-(-(‘]\4(g)q)to (Z)) = i)to (7‘((2’))7
to get the the identity:
d,mo M(g)F,(ty) = Fﬂ(z) (to) o d,,

where Fw(z)(to) is the differential of 2 — @, (x) at m(z). Moreover, 7 is a submersion, and by a
dimensional argument it’s also an immersion. Thus we have ([.17).

Therefore, if we make hypotheses of Theorem E, then hypotheses of Theorem @ are fulfilled.
If z € ¥ is such that the orbit of m(z) is periodic with period ty # 0, then there is only one
g = gy € G such that M(g)®,(2) = 2. If L,eq denotes the set of periods of X /G, then we

Y Y ¥ o o-y ¥ .

~ periodic g € G s.t. to € Lg,~ to€ELeq YCEXR:T 'y) periodic §=9g~
orbit of M(g)y =~ tog # 0 with tg for period

If we denote Stab(vy) :={g € G : M(g)y = 7}, then we have Stab(y) =< g, > and it is easy to
see that Tw(,y) %. If we denote by N () the number of orbits of ¥ with image 7(y) by
7, then we have Ny () = |G|/|Stab(v)|. Thus we have:

> Jt) > X(gr () (to)) n
to€L e YCXE:m(y) periodic NT"(’Y) 27T| det( W(Z)PW(V)vﬂ(Z)(t()) o Id>| 2

with tg for period

T*(,Y) e S~ (to) gi5 oy (g:to)

+O(h).
Then one can show that quantities appearing in the r.h.s. don’t depend on « but only on m(v),
and this proves the Theorem . O

Proof of the Theorem E: We fix g in G. If ty € R*, we set:
Tegt ={yorbitof Zg : Jz €~ : M(g)Ps(2) = 2}.

Lemma 4.8. If we make assumptions of non-degeneracy of Theorem m, then Lg g N Supp(f)
is finite and we have:

(4.18) Crg N (Supp(f) x R*) = | J U {to} <.
to€LE,g YElE g,t¢
t07é0

Proof : one can adapt the proof of the cylinder theorem of [m] For details, we refer to [ﬂ] O

Note that periodic orbits appearing in this critical set are the ones stable by g.
We see that Cg , N (Supp(f) x R24) is a submanifold of R x R2? and if (ty, z) € Cp,4, then we
have:
T(to,z)GE g = {0} X RJVH(Z).
To apply the stationary phase theorem, we have to show that ker, Hess ¢ 4(to, 2) C T(4,,)Cr,g-
Let (7, a) € kerg Hess op 4(to, z). By Proposition 1.3, we have @ L VH(z) and:

(4.19) TJVH(z)+ (M(g)F;(to) — I)a = 0.

If A € R, we denote by E) := Zi‘il ker(M (g)F.(to) — Id)*. Let v be the orbit of z. Since 1
is not an eigenvalue of M (g)dPy 4., 1 is an eigenvalue of M (g)F.(to) of multiplicity 2. Thus
dim B, = 2. Using (.5) and (@), we have a € F;. Let uz € R?? such that (JVH(2),us) is
a basis of E;. Note that < us, VH(z) ># 0, otherwise we would have us € (JE;)*, which is
equal to )\glE,\ since M (g)F.(to) is symplectic. Since o € E; we have A1, Ay in R such that:

o = /\1JVH(Z) + )\2’(1,2.
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Then, using the fact that < a, VH(z) >= 0, we get A2 = 0 (since < ug, VH(z) ># 0). Thus
coming back to (J.19), we get 7 = 0 and a € RJVH(z). Thus (1,a) € T(ty,2)CE,g-

This shows that we can apply the stationary phase theorem and get a theorical expansion of
I,(h) and Gy (k). We have now to compute the first term of this expansion. We suppose that
(to, z) € Cg,g. We denote by II the orthogonal projector on RIVH(z). We set F' := M(g)F,(to)

K2

— 'y 4 (to,2)| .
and W := W,,. Then we have: det ( ’ (t0.2) P ) =

L < (I-W)JVH(2); JVH(z) > ~1'TH(z)
det 1 [(F = (I = W)JVH(2)]

—IVH(z) ‘ 5 JF+" (JF)]
+3(F—D)(I-W)JVH(2) | +3('F—I)(I-W)(F—-1)+1I

Since F' is symplectic, we have JF +! (JF) = (*F + I)J(F — I). Set:

1 1
(4.20) K = 2—Z,(tF+I)J+ §(thI)(IfW).
Then, the forth bloc is equal to K(F —I) +II.
Using (J.1), we note that the third bloc is equal to K JVH(z). Let us set:

1
(4.21) X = 5([ —W)JVH(2).
We then have:

et P02 er, et (SXUIVH(z) [#VH(z) 0 X0 (F ~ 1)
5 - KJVH(z) | KF-I)+1

The following technical lemma is due to M. Combescure (see [[i] in the preprint version or [f]
p.87 for the proof):

Lemma 4.9. K is invertible and K=' = 1[(F — I) +i(F + I)J].

Moreover, if we set F' = < g g >, then det(K) = (—1)¢ det(%([l +iB —i(C +iD)))" L.
Since
aot (£ D\ (1] 0 ((XIVH() | #VH() + X (F - )
¢ i SR JVH(z) | (F-D+K T ’

using (§.11]) and the preceeding lemma, we get:

(4.22) dg(t,2)"% = (=1)"det(g™") det ( 'X1JVH(2) | i'VH(2) +' X1(F — 1) >

JVH(z) | (F-I)+K '

We denote by o :=< X1, JVH(z) > and we use the line operation Ly « Ly — 2 JVH(2)Ly, to
get:

(4.23) dy(t,2)72 = (—1)%adet(D) det(g7 ).
where
D:=(F—-1)+K - éJVH(z)[itVH(z) +t X (F —1)).

Then, we compute det(D) in the basis fp := (v1, ..., v2q) where vy := JVH(z), vs is such that
ve L JVH(z) and (v1,v2) is a basis of ker(F — I)2. Lastly (vs,...v2q) is a basis of V, := @ E,.
A#£1

Let us set w := (F + I)VH(z). We have Dv; = —w and, using lemma Eg:
(4.24) (F—1)+ K M)vy = (F — Ivy.

3NB : a # 0 since I — W is invertible and JVH(z) # 0.
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1 1
(4.25) aJVH(z)[itVH(z)—i—tXl(F—I)]Ug = a(z < VH(z),v2 >+ < X1,(F—I)ve >)JVH(z).
Using the fact that (F'—I)vs € Fy, one easily gets that there exists A; € R such that (F'—I)vy =
MJVH(z). Thus < Xy, (F — I)vy >= Aja. We obtain, using ([.24) and ([.25):

(4.26) Duy = fé < VH(z),v > JVH(2).

Note that (F — I)V, C V,. Moreover K II is of rank 1. Hence, since its image is equal to
K~Mv; = —w # 0, we can neglect it on others columns than the first column. The same idea
holds for L JVH (2)[i'VH(z) +' X1(F — I)], which we neglect in other columns than the second
one (since LJVH (2)[i'VH(z) +' X1(F — I)]vz # 0). Therefore:

—wy —é < VH(z),ve > 0
— W2 0
det(D) =det | —Ws3 0
; : (F - I)\Vz
— W24 0
where (wq, ... ,wgd)_ are coordinates of w in basis (.
Hence det(D) = —zwe < VH(2),v2 > det((F — 1)), ).

We write '
w = %(F—i— IVH(z) =uJVH(z) + wovy + v

where v € V,, then we take the scalar product with VH(z). Since E; = (JV,)*, we have
<v,VH(z) >=0. and i|VH(2)|?> = wa < v2; VH(2) > . Thus we get:

det(D) = $|VH(Z)|2 det((F —1)},.).
Therefore, according to ([£.23)
(4.27) dg(t,z)"% = (=1)¥|VH(z)|* det((F — I)}, ) det(g™").

Since det(g~!) = 41, there exists k € Z, depending on g, such that:

dy(t, 2)

ik

 [VH(2)||det((F — D)z

Moreover, d, being continuous, k£ doesn’t depend on z € . Thus by Theorem Q, we have, if
Lpg={teR:3z€Xg : M(g9)P:(2) =2}:

_ F(t)etks
L= Y Y eis D) | e + o0

1
o€l Paupp(f) YE Bt 2r| det((F —1I)},.)|2

Moreover, if z € «, then:

dt
IVH(¢:(2))|

dry

z;
[ = / TVH (6:(2))] —7

Lastly, we sum on g € G to get the expansion of G, (h). This ends the proof of Theorem @ (I

5. APPENDIX : COHERENT STATES

We recall some basic things on coherent states on R?? in Schrodinger representation. We
mainly follow the presentation of M.Combescure and D.Robert (cf [f, [24]).
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5.1. Notations. The h-scaling unitary operator Ay,

().

The phase translation unitary operator associated to v = (¢, p) =€ R?xR% is given by: T () :=
exp|f (px — ¢.hD,)]. We classically have Tp,(a)* = Tp,(a) ™! = T(—a) and:

(5.1) Tu(@)f(@) =exp (il (e~ 1)) S~ q).

— L?(R?) is defined by:

|z|?

Lzl

The ground state of the harmonic oscillator —A + |z|? is given by ¥o(z) := - exp(—
Tr
We set:

7 jz/?
(5.2) Yo(@) := Antho() T exp(—7-)
Then the coherent state associated to a € R*? is given by [¢a | [Pa | = Tn(a)ho. By (E.1)), we have:
1 D, 4 v — ql2
(5.3) Yalz) = T eXp( h(ac 2)) .exp( 5T .

and we get easily from @I the following formulae:

A Th(@)Ay = ‘3'1(%) and AL OpY (a)Ap = Op¥(an), where ap(z) := a(Vhz).

Tn(@)Th(8) = e <T%0>Ty (a4 B) and Ty(a)*Opl (a)Th(a) = Opla(a + ).

5.2. A trace formula.
If A€ L(L*(R?)) is trace class, then [po. | < Apa; @a >r2(ra) |do < 400, and we have:

(54) TI’(A) = (27Th)7d /2,1 < A(pa;(pa >L2(Rd) da.
RCY
For a proof, see for example [§].

5.3. Propagation of coherent states. For z = (¢, p) € R? x R?, let z; = (g1, ps) := ®4(2) be
the solution of the Hamiltonian system ([L.J) with initial condition z. We introduce the notations:

(5.5) S(t, 2) ::/0 (po-s — H(z4))ds

(5.6) 8(t,2) = S(t, ) — w.

where F,(t) = 0,P:(a) € Sp(d,R). We set:

(5.7) F,(t) = ( él, g > where A,B,C,D € My(R).

Theorem 5.1. Semi-classical propagation of coherent states (Combescure-Robert) [, 6] :
Let T > 0. Let H : R?* — R be a smooth Hamiltonian satisfying, for all o € N2 :
(5.8) |0“H(2)| < Co < x>,  where mq >0, Cy > 0.

Let a € R% be such that the solution with initial condition o of the system z, = JVH(z) is
defined for t €] — T, T[. We denote by Uy(t) := e~ "wH the quantum propagator.
Then, YM € N, 3Cpr(a) > 0, independant of h and of t € [=T,T] such that:

Un(t)pa — €7 Trla) Ay | Y b3 (1, ) (x).c3<Momo> < Cur(a).h™
§=0

L2(Rd)
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where My := (C + iD)(A + iB)™Y, for all t €] — T,T|, b;(t,a) : R — C is a polynomial
independant of h, with degree lower than 3j, with same parity as j, and smoothly dependant of
(t,a). In particular, bo(t,a)(z) = 7~ % (det(A + iB)): 2.

Moreover, if solutions of the Hamiltonian classical system are defined on [=T,T] for initial

conditions o in a compact K, then o +— CM7T(a) is upper bounded on K by Cyr 1 i independant
of v € K.
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