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L-TYPE ESTIMATORS OF THE FRACTAL DIMENSION OF

LOCALLY SELF-SIMILAR (GAUSSIAN PROCESSES

By JEAN-FRANCOIS COEURJOLLY'

University of Grenoble 2, France

This paper is devoted to the introduction of a new class of consistent esti-
mators of the fractal dimension of locally self-similar Gaussian processes.
These estimators are based on linear combinations of empirical quantiles
(L—statistics) of discrete variations of a sample path over a discrete grid
of the interval [0,1]. We derive the almost sure convergence for these
estimators and prove the asymptotic normality. The key-ingredient is
a Bahadur representation for empirical quantiles of non-linear functions
of Gaussians sequences with correlation function decreasing hyperbolli-

cally.

1 Introduction

Many naturally occuring phenomena can be effectively modelled using self-similar

processes. Among the simplest models, one can consider the fractional Brown-

ian motion introduced in the statistics community by Mandelbrot et al] ([963).

Fractional Brownian motion can be defined as the only centered Gaussian process

denoted by (X (t))ter, with stationary increments and with variance function, v(-)
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defined by v(t) = o|t|*# for all t € R. This process exhibits remarkable properties.

Is is a H-self-similar process, that is for all ¢ > 0

{X(ct)her £ M{X ()} 1er

where < means equal in finite-dimensional distributions. Autocovariance function
of the fractional Brownian motion behaves like O(|k|*2) as |k| — +o0, so that
the discretized increments of fractional Brownian motion (called fractional Gaus-
sian noise) constitutes a short-range dependent process, when H < 1/2; and a
long-range dependent process, when H > 1/2. The index H characterizes also
the path regularity since the fractal dimension of fractional Brownian motion is
equal to D = 2 — H. In this paper, we focus on a class of processes that extend
the notion of self-similarity. We consider Gaussian processes (X (t));cr, centered,
with stationary increments and such that the variance function, denoted by v(-),

satisfies
v(t) = E(X(t)z) = 02\t|2H (1+7r(t), with 7(t) = o(1) as |t| — 0, (1)

for some 0 < H < 1. Such processes are called locally self-similar (at zero)
Gaussian processes. An interesting property is that their fractal dimension remains

D =2— H, e.g. Constantine and Hall ([[993).

This paper deals with estimators of the parameter H (and so on the fractal

dimension). According to the context, a very large variety of estimators has been

investigated. We refer the reader to Beran] ([994), Coeurjollyl (R00]) or Bardet ef]
| al] (003)) for an overview of this problem. Among the most often used estimators
we have: methods based on the variogram, on the log—periodogram e.g.

[ and Porter-HudaK ([[983) in the context of long-range dependent processes, maxi-

mum likelihood estimator (and Whittle estimator) when the model is parametric
e.g. fractional Gaussian motion. In the precise context of locally self-similar
Gaussian processes, let us cite methods based on the wavelet decomposition e.g.
FTandriy ([[992) or Btoev et al] (R004) and the references therein, and on discrete

filtering studied by [Kent and Wood ([[997), [stas and Lang (I997) and [Coeurjolly]
(ROOT]). These two last ones rely on a specific filtering that is designed to destroy
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the correlation structure of observations. More precisely for wavelet method (for
example), the procedure is based, at each scale, on the estimation of the mean
of the squared coefficient by empirical moment of order 2. Btoev et al] (R004)

illustrate the fact that estimators derived from these procedures, are very sensi-

tive to additive outliers and to non-stationary artefacts. Therefore, they propose

to replace at each scale, the empirical moment of order 2, by the empirical me-

dian of the squared coefficients. This procedure for which authors assert that no
theoretical result is available, is clearly more robust.

The main objective of this paper is to extend the procedure proposed by

[ et al] (PO04) by deriving semi-parametric estimators of the parameter H, using

discrete filtering methods, for the class of processes defined by ([l) and to pro-

vide convergence results. To derive convergence results of developped estimators,
key-ingredient is a Bahadur representation of empirical quantiles in a certain de-
pendence framework. Let Y = (Y3,...,Y},) a vector of n i.i.d. random variables
with cumulative distribution function F. A Bahadur representation of sample
quantiles consists in the following result: assuming F” exists and is bounded in
a neighborhood of £(p), quantile of order p, for some 0 < p < 1, we have almost

surely, as n — +00 R

-~ p—F(p)

§(p) —&(p) = 7€)
with r, = O (n™**log(n)'/?log(n)"/*). This result proved by Bahadui ([968),
was improved by ([967) that obtained the rate r,, = O (n=%/*loglog(n)*/*).
Note that, assuming only that F” exists and is bounded in a neghborhood of £(p),
it can be proved e.g. Berfling ([980), that r, = O (n~*/*log(n)**). Extensions
of above results to dependent random variables have been pursued in (I973)
for ¢—mixing variables, in [Yoshiharg ([999) for strongly mixing variables, and
recently in Wy (R003) for short-range and long-range dependent linear processes,

following works of (I990) and Ho and Hsing] (I996). Our contribution is to
provide a Bahadur representation for sample quantiles in another context that is

+ Tn,

for non-linear functions of Gaussian processes with correlation function decreas-

ing hyperbollically. The bounds for r,, are obtained under a minimal assumption

which is similar to the one done in Serfling ([[980).
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The paper is organized as follows. In Section P}, we give some basic notation
and some background on discrete filtering. In Section [, we derive semi-parametric
estimators of the parameter H, when observing a unique sample path of a process
defined by ([)) over a discrete grid of the interval [0,1] that we denote by X.
Estimators are based on linear combinations of empirical quantiles of g(X %) which

is a function of the series X filtered with a, that is

~

&P, e, g(X) = adulpr, 9(X?)).

Two functions are considered g(-) = |-|* for some o > 0 and g(-) = log |-|, leading to
two different estimators of H. Section [] presents main results. We first establish a
Bahadur representation of empirical quantiles for non-linear functions of Gaussian
sequences. We apply this result to control almost surely our estimators, and to
obtain, under certain conditions the asymptotic normality with rate 1/4/n, for all
0 < H < 1. In Section [ are proposed some numerical computations to compare
theoretically asymptotic variances of our estimators and a simulation study. In
particular, we illustrate the relative efficiency with respect to Whittle estimator
and the fact that such estimators are more robust than classical ones. Finally,

proofs of differents results are presented in Section fj.

2 Some notation and some background on dis-

crete filtering

Given some random variable Y, let us denote by Fy () its cumulative distribution
function, by &y(p) for some 0 < p < 1 its theoretical quantile of order p. If
Fy (+) is aboslutely continuous with respect to Lebesgue measure, the probability
distribution function is denoted by fy(-). The cumulative (resp. probability)
distribution function of a standard Gaussian variable is denoted by ®(-) (resp.
¢(+)). Based on the observation of a vector Y = (Y (1),...,Y(n)) of n random

variables distributed as Y, the empirical cumulative distribution function and the
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empirical quantile of order p are respectively denoted by By (+Y) and Ey (n;Y)
or more easily by F (+Y) and E (p;Y). Finally, for some measurable function
g(+), we denote by g(Y') the vector of length n with real components g(Y (7)), for
1=1,...,n.

Statistical model corresponds to a discretized version X = (X(i/n)),_,
of a locally self-similar Gaussian process defined by ([J). Let us now give some
background discrete filtering. We denote by a a filter of length ¢+ 1 and of order

v > 1, that is a vector of length ¢ 4+ 1 with real components such that:

¢ ¢
quaqzo, forj=0,...,v—1 and Zq”aqséo.
q=0

q=0
For example, a = (1,—1) (resp. a = (1,—2,1)) is a filter with order 1 (resp. 2).
Let X @ be the series obtained by filtering X with a, that is:

. ¢ .
7 1—q )

X% - :E X f >0+ 1.
(n) q:an ( o ) orv>tL+

The following assumption is needed by different results presented hereafter:

Assumption A; (k) : for some integer k > 1, we have for i =1,... k
V() = P BEEPT + of[t)

with 5(i) =2H(2H —1)...(2H — i+ 1).

This assumption means that the variance function v(-) has to be sufficiently
differentiable. In particular, Assumption A;(k) is satisfied (for every k& > 1)
for processes with variance function v(t) = [t|*", v(t) = 1 — exp(—|t|*") or v(t) =
log(1+|t[*?). The following Lemma asserts the change of the dependence structure

when applying discrete filtering.

Lemma 2.1 (e.g. Kent and Wood (1997)) Let a and a’ be two filters of length
(+1 and V' +1 and of order v and v/ > 1. Then we have:

. . e .
Blxe(L) yo (LY _ T a,d,v 9-qa+y
n n 2 7 n

q,9'=0

=92 (j) (1+ 52 () @)
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with
o? 1 ¢ oH
’ a /- a.a' /- / / -
(1), "0 =—5 > agaylg—dq + 1", (3)

q,9'=0

a,a

W0 =

and
Zq7q’ aqa'q/|q - ql + ]|2H xXr (%)
7% (5)

o (j) =

Moreover, we have as |j| — 400

1 (0) = O o ) 5)

Finally, under Assumption A1(v + V'), we have, as n — 400

0 (j) = o(1). (6)

Define Y@ the vector X® normalized with variance 1. The covariance between
Ye(i/n) and Y (i + j/n) is denoted by p®® (j). Under Assumption Aq(v + /'),
we have the following equivalence, as n — +oo

a,a’ [ : a,a’ ,yaa' ]
pn® () ~ p** (j) = aa (a?a,
V7 (0)

(7)

When a = a’, we put, for the sake of simplicity v%(-) = y2%(-), 6%(-) = d&*(-)
and pi(-) = pip®(-) (idem for v*(-) and p*(-)).
3 L-type estimators of H

Let (p,c) = (Pk, Ck)k=1,..., € ((0,1) x RT)X for an integer K > 1. Define the fol-

lowing statistics based on linear combinations of emprical quantiles (L-statistics):

Mw

p7CXa = pkvXa (8)

k=1

where ¢, k =1, ..., K are real numbers such that Zle cr = 1. For example, this

corresponds to the empirical median when K = 1,p = 1/2,¢ =1, to a mean of
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quartiles when K = 2,p = ¢(1/4,3/4),c¢ = (1/2,1/2) , and to the  trimmed-mean
(for 0 < f < 1) when K = [(1-0)n] and py, = f+k/n,c,, =1/K fork=1,... K.
Consider the following computation: from Lemma P, we have, as n — 400

o~ 2 o~
£(p,e; X)) ~ T;—H 7%(0)¢ (p, c;Y?) .

If the observations are sufficiently decorrelated, we can hope that E (p,c;Y?) con-
verges towards a constant, as n — +oo. In itself, this result is not interesting,

2 and H and thus, it is impossible to

since two parameters remain unknown: o
derive an estimator of H. This obvious remark suggests that we have to use at
least two filters. Among all available filters, let us consider the sequence (a™),,>1
defined by

a; ifi=jm
alt = forie=0,...,mt,
0 otherwise
which is nothing else that the filter a dilated m times. For example, if the fil-
ter @ = a' corresponds to the filter (1,—2,1), then a®> = (1,0,-2,0,1), a® =
(1,0,0,—2,0,0,1), ... As noted by Kent and Wood ([[1997) or [stas and Land ([997),
the filter a™, of length m¢+ 1, is of order v and has the following interesting prop-

erty :

7" (0) = m*5%(0). (9)
Our methods, that exploit the nice property (f), are based on linear combinations
of empirical quantiles g(p, c;g(X ™)) for two positive functions g(-): g(-) = |- |*
for > 0 and ¢(-) = log| - |. The choice of positive function ensures that the
statistics E (p, c,g(Xxe” )) is strictly positive, which is important for the estimation

procedure described hereafter. From (§) and (fl), we have

E(p,c | X% = E (X" (1/n)>)* & (p, ; |V |%)

=t T (0)° (14 65" (0)) P E (e [V, (10)

and

—~ m 1 m ~ m
¢ (pc;log | X)) = S log E(X® (1/n))? + £ (p. c;log |[Y "))
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~ Hlog(m) + log (;—27“(0))

+ %log (1 + 5Zm(0)) + g(p, c;log |Y“m|). (11)

Denote by kg = n=2%0242(0) and by Y, a standard Gaussian variable. Equations

(I9) and () can be rewritten as

log g(p, c; |X“m|a) = aH log(m) + log (/‘i?{/2£‘y‘a (p, c)) + e (12)

¢ (p.c;log | X" |) = Hlog(m) +log(kn) + e (13)
where the random variables €2 and £l are respectively defined by
g(p, c,|ye” |°‘) «a m
e = log + —log (1 +4, (O 14
( {vie (P, ©) 2 ( ( )) (14
and
o c a™ 1 a™
E}ng = g (pa (6 log |Y |) - glog|Y| (pa C) + 5 10g (1 + 511 (O)) (15)

where, for some random variable Z

&2(pe) =) o bzlp).

From ([[2) and ([[3), two estimators can be defined through a simple regression of
(log¢ (Pa ¢ | X" |a) )=, and (§ (Pa c;log | X" |) Jim=1,..a on (logm),,_,

-----

for some M > 2. These estimators are denoted respectively by H® and H'"e. By

----------

denoting A the vector of length M with components A,, = log m—+; Zﬁf:l log(m),

m=1,..., M, we have explicitly:

ITa AT = . a™ |«

i = allAll? (logf (P, 1 X7 )>m:1 ..... M’ (16)
. AT

log __ . a™
i = e (Epetogl X)) {7

We can point out that both estimators are independent of the scaling coefficient 2.
To simplify presentation of different results, consider the following assumption

on different parameters involved in the estimation procedure

Assumption A, : a is a filter of order v > 1, « is a real strictly positive, p (resp.

c) is a vector of length K (for some K > 1) such that 0 < pp < 1 (resp. ¢, > 0

and Y0 ¢p = 1), M is an integer > 2.
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4 Main results

From previous notation, to study the convergence of ﬁ,‘j‘ and ﬁ,llog, we will use the

fact that

N AT N AT
H-H=—"—¢* and H% - H= " ¢l°8 (18)
aof|Al? |A[[?

where e* = (¢2)), _, ,, and €'°8 = (gl°8) =

m)m=1.... o 1~ Thus, it is sufficient to obtain

some convergence results of empirical quantiles gn(p, g(Y®)) for some function g(-)
and some filter a. Therefore, we first establish a Bahadur representation of em-
pirical quantiles for some Gaussian sequences with correlation function decreasing

hyperbollically.

4.1 Bahadur representation of empirical quantiles

Let us recall some important definitions on Hermite polynomials. The j-th Hermite

polynomial (for j > 0) is defined for t € R by

(=1) d'4(t)

H;(t) = - 19
For example, the first polynomials are Hy(t) = 1, Hy(t) = t, Hy(t) = t*—1, Hs(t) =
t3 — 3t,... The Hermite polynomials form an orthogonal system for the Gaussian

measure. More precisely, by denoting Y a standard Gaussian variable, we have
E(H;(Y)H(Y)) = j! 0% For some measurable function f(-) defined on R such
that E(f(Y)?) < +oo, that is f € L*(d¢), we have the following expansion

f(t) = Z; Hi(t) with ¢ = E(f(Y)H,(Y)).

JjzT

The integer 7 defined by 7 = inf {j > 0, ¢; # 0}, is called the Hermite rank of the

function f. We also have

2
2y _ (¢)

E(fY)) =) i

Jj=7

Let us now describe assumption under which we obtain a Bahadur representa-

tion of g(p; g(Y)).
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Assumption Az({(p)) : there exists U;, i = 1,..., L, disjoint open sets such
that U; contains a solution to the equation g(t) = &;vy(p) and such that g is a
C!—diffeomorphism on UiLlei.

Previous assumption asserts that F} (Y)(-) exists and is bounded in a neighborhood

of £5v)(p). More precisely, in &,y (p) we have

—1(t
3 olg; (1))

o0 (& (P) = for) (&g (p) = 2 56 0)

)

where g;(+) is the restriction of ¢g(-) on U;. Note that, Assumption A3(£(p)) is the

minimal hypothesis under which, in the i.i.d. case, a Bahadur representation can

be obtained, see e.g. Serfling ([L980).

Now, define, for some real u, the function h,(-) by:

ha(t) = Ligay<up (t) — Fyory(u). (20)

We denote by 7(u) the Hermite rank of h,(-). For the sake of simplicity, we
put 7, = 7(&v)(p)). For some function g(-) satisfying Assumption Az({(p)), we
denote by

T, = inf  7(v), (21)

yeul g(Uy)

that is the minimal Hermite rank of h,(-) for u in a neighborhood of &;v(p).

Theorem 4.1 Let {Y (i)} be a stationary (centered) gaussian process with vari-

ance 1, and correlation function p(-) such that, as i — +o0

p()] ~ L(i) i™® (22)

for some o« > 0 and some slowly varying function at infinity L(s),s > 0. Then,
under Assumption Asz(£(p)), we have almost surely, as n — +o0o
= F(&m(p);9(Y))

Eig(Y)) = & (p) = G @) O (rn(a, 7)) s (23)

where the sequence (rn(a,Tp)),, is defined by
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(
n~3*1og(n)>/* if oT, > 1,
n=3/*1og(n)3* L= (n)3/4 if a7, =1,
ra(o ) = ) . . (24)
n=l2eTe /A og(n)Te /A2 L(n) /4 if 2/3 < aF, < 1,
\ n=7 log(n)™ L(n)™ if 0<at,<2/3,

where for some T > 1, Lo(n) = 2., |p(0)[".
Note that if L(-) is an increasing function, L.(n) = O(log(n)L(n)7).

Remark 4.1 Without giving any detail here, let us precise that the behaviour
of the sequence ry(-,-) is related to the characteristic (short-range or long-range
dependence) of the process {h,(Y (i)}, for u in a neighborhood of Ev)(p). In
the case aT, > 1 corresponding to short-range dependent processes, the result is
similar to the one proved by Bahadur, see e.g. [Serfling (198Q), in the i.i.d. case
when assuming that F'() exists and is bounded in a neighborhood of £(p). For

short-range dependent linear processes, [Wi ([2007) obtained a sharper bound, that

is n~3/*1loglog(n)>/*.

However, this bound was obtained under the assumption
that F'(-) and F"(-) ezist and are uniformly bounded. For long-range dependent
processes (aT, < 1), we can observe that the rate of convergence is always lower
—3/410g(n)** and that the dominant term n=3/*

than n is obtained when a7, — 1.

Remark 4.2 To obtain convergence results of estimators of H, some results are
needed concerning empirical quantiles of the form g(p;g(Y“m), with g(+) = |- |.
An obvious consequence of Lemma [6.3, is that the Hermite rank, 7, of the function

ey ) (1) with g(+) = | - |, is given by

- 2 ifp#20(v3) — 1, (25)
4 ifp=20(/3) - 1.

Consequently, for all0 < p < 1, we have T, = 2. From Lemma P4, the correlation
function of Y satisfies (23) with o = 2v — 2H and L(-) = 1. Then by applying
Theorem [[.1, we obtain that the sequence ry(-,-) is given by

(20 — 2H,2) = n~**log(n)¥*,  if v>2 (26)



12 J.-F. COEURJOLLY

and forv =1

(0 3/tlog(n)®4 if0 < H < 3/4,

n~341og(n)3/? if H=3/4,

rm(2-20.2) =4 _ (27)
n log(n) if3/4 < H <5/6,

n—2C=2H) Jog(n)?  if5/6 < H < 1.

\

4.2 Convergence results of H® and H"s

In order to precise convergence results of H® and H log e make the following
assumption concerning the remainder term of the variance function v(-).
Assumption A4(3) : there exists 3 > 0 such that v(t) = o®[t|*! (1+ O(|t|?), as
|t| — 0.

For the sake of simplicity, denote by 7 = ming—1__x 7p,, where 7, = 7({yv)(pk))

is the Hermite rank of the function hg(,,(-) with g(-) =1 - |. From (P3), we have

N 2, if K>1or K =1andp#2®(+/3) — 1, (28)
T =
4, if K =1and p=2®(v/3) - 1.

For two sequences u,, and v,,, the notation u,, =< v,, means that there exists two

constants ¢y, ¢y such that, as n — 400, we have civ, < u, < cov,.

Theorem 4.2 Under Assumptions A1(2v), Ag and A4(f),
(1) we have almost surely, as n — 400
O(n™P) + O (n"*1og(n)) ifv>H+ 5,
H*—H =4 O(n ")+ 0 (n?log(n)*?) fr=1,H=1-4%, (29)
On P+ 0O (n"0-MTlog(n)/?) ifv=1,1- % <H<1.

and H°® — H < H* — H.
(13) the empirical mean squared errors (MSE) of He and H'"® satisfy

MSE (ﬁa - H) = O (0,20 — 2H,7)) + O (r(2v — 2H,2)?) + O (n"2) . (30)
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The sequence r,(2v — 2H,2) is given by (28) and (27) and the sequence v, (-, ) is
defined by

n-! ifv>H+ 5,
vn(2v —2H,7) = ¢ ntlog(n) ifv=1,H=1-%, (31)
n 2T fy =11 - < H < 1.

We also have,

MSE (ﬁﬂog - H) = MSE (ﬁa - H) . (32)
(1ii) if the filter a is such that v > H + 1/(27), and if B > 1/2, then we have

the following convergence in distribution, as n — +o00
Nz (ﬁg . H) L N(0,6%)  and  n (ﬁ;og - H) — N(0,02), (33)

where 2 is defined for o > 0 by

2= 5 o (L ) B R ) (34)

€L j>r
T
The vector B is defined by B = W, and the real numbers g, and T} are defined
by
(L4 pe (qr)"
g = ! ( ) and T = ——— (35)
2 2j=16(45)°

Finally, the matriz R(i,7), defined fori € Z and j > 1, is a M x M matriz whose
(mq, mg) entry is

(B ) gy = P (1) (36)
where p®" "2 (.) is the correlation function defined by (7).

Remark 4.3 Let us discuss results (B0) and ([33). The first term, O(v,), is due
to the variance of the empirical cumulative distribution function. The second term,
O(r?) is due to the departure of E(p) —&(p) from F (€(p)) —p. We leave the reader

n

to check that
O(v,(2v — 2H,7)) ifv>H + £,

O(r,(2v — 2H)?) 4+ O(v,(2v — 2H,7)) =
O(ro(2v —2H)?)  if v < H + 5.
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Finally, the third one, O(n=%%) is a bias term due to the misspecification of the

variance function v(-) around 0.

Remark 4.4 If K =1, we have, for every a > 0,

H
=22 o 2] 19 prg, )b,
i€Z j>1
If A1(2) is only assumed, then, the order of the filter can not exceed 1. So, under
Assumption A4(B) with > 1/2, we see that result ([33) only holds for 0 < H <
7/8, if K =1 and p = 2®(\/3) — 1, and for 0 < H < 3/4, otherwise.

Remark 4.5 The condition > 1/2 implying (33), ensures that the bias term

/2

18 1S negligible with respect to n~ Indeed, the bias term is governed by b, =

1/25°M 1 627(0), where 627 (0) is defined by (). And, under Assumption A4(3),
we have b, = O(n=P). Let us precise, that if the bias term were known or at least

estimated, the following convergence in distribution would hold, as n — 400

N (ﬁ[g _H- bn) L N(0,0%)  and Va (ﬁ[}fg _H- bn) — N(0,02).

Next Corollary asserts the link between H'™8 and H®.

Corollary 4.1 Let (ay,)n>1 be a sequence such that a,, — 0, as n — +oo. Then,
under conditions of Theorem [[.3 (ii), the following convergence in distribution

holds, as n — +o0

NG (H;;n - H) — N0, 02). (37)

5 Numerical computation and simulations

Estimators defined previously depend on several parameters that is the choice of
the vectors p and ¢, the filter a, the number of dilated filters M and the function

g(+) which is either |- |* for some o > 0 or either g(-) = log|-|. To have an idea on
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optimal parameters, we plot the asymptoyic constant o2 defined by (B4) in terms

of H. Figure [l illustrates a part of this work. In fact, we compute

K

Z Z ﬁ(z H2j—1(Qk)Ck 7rg‘>QBTE(Z',j)B.

i<l j=r k=1 r

with I = 200 and J = 150. We can propose the following general remarks:
e among all filters tested, the best one seems to be

incl if H<3/4and K >1, or K =1and p# 2®(/3) — 1,
a*=¢ incl if H<7/8and K =1,p=2®(+/3) -1,
db4  otherwise.

where incl (resp. db4) denotes the filter (1, —1) (resp. a Daubechies wavelet

filter with two zero moments).

e choice of M: increasing M seems to reduce the asymptotic constant 0. Ob-
viously, a too large M increases the bias since E <p, c;g(X “M)) is estimated
with N — M/ observations. We advice to fix it to 5.

e the estimator based on g(-) = log| - | seems always to have a greater variance
than the one based on the function ¢g(-) = | - |* for all @« > 0. We did not
manage (theoretically and numerically since series defining (B4) are trun-
cated) to exhibit the optimal value of a. However, for examples considered,

it should turn around the value 2.

e again, this is quite difficult (theoretically and numerically) to know which
choice of p is optimal. What we observed is that, for fixed parameters a, M

and «, asymptotic constants are very near.

Then, we intend to conduct a short simulation study. Two locally self-similar
Gaussian processes whose variance functions are v(t) = |t|*# (fractional Brownian
motion) and v(t) = 1 — exp(—|t[*!) are considered. To generate sample paths

discretized over a grid [0,1], we use the method of circulant matrix (see Wood

and Char ([994)), which is particularly fast, even for large sample sizes. Figure
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presents empirical mean squared errors in terms of n, using 500 Monte-Carlo simu-
lations for three values of the Hurst parameter (H = 0.3,0.5 and 0.8). Four L—type
estimators have been considered (based on the median, the (2®1/3 — 1)—quantile,
the mean of quartiles and the 10%-trimmed mean) and are compared with a ver-
sion of estimator based on quadratic variations, [Coeurjolly] (BO0I]) and Whittle
estimator, e.g. (1994). We can say that L—type estimators are really effi-

cient for the three values of the parameter H. We can also underline that L—type

estimators are very competitive with classical ones.

Now, let us illustrate the fact that L—type estimators are more robust to
additive outliers. The contaminated version of sample paths of processes X ()
discretized at times i/n, that we consider, is denoted by X (i/n) fori =1,..., n.

We choose the following model
XC(i/n) = X(i/n) + UGV (i), (38)

where U(i), ¢ = 1,...,n are Bernoulli independent variables B(p), and V (i),
i=1,...,n are independent centered Gaussian variables with variance o2 (i) such
that the signal noise ratio at time i/n is equal to 20 dB. We choose n = 1000,
H = 0.8 and p = 0.005. Figure JJ gives some examples of discretized sample paths
of such processes. Table [ summarizes a simulation of m = 500 replications. We
observe that L—type estimators are unchanged and, so, are robust to the model
defined by (BS). This is, as expected, not the case for quadratic variations method
and Whittle estimator. Indeed, concerning quadratic variations method, the es-
timation procedure is based on the estimation of E((X%"(1/n))?) by empirical
mean of order 2 of (X®")2, Coeurjolly] (B001)), that is particularly sensitive to
additive outliers. Bad results of Whittle estimator can be explained by the fact

that maximum likelihood methods are also non-robust methods.

6 Proofs

We denote by ||-||za(ag) (resp. ||-||e) the norm defined by ||h||r2(ag) = E(h(Y)?)"/?

for some measurable function h(-) (resp. (3,5 |ui|?)"/? for some sequence (u;)ez).-
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In order to simplify presentation of proofs, we use the notation F(-), £(-), f(-), F (-)
and £ () instead of Fyy)(), &n(): fon) (), Foor) (19(Y)) and &yiv) (5 9(Y))

respectively. For some real x, [z] denotes the integer part of z. Finally, A denotes

a generic positive constant.

6.1 Auxiliary Lemmas for proof of Theorem fg.1]

Lemma 6.1 Let {Y (i) ;;010 a gaussian stationary process with variance 1 and cor-
relation function p(-) such that, as i — 400, |p(i)| ~ L(i)i~*, for some o > 0 and
some slowly varying function at infinity L(-). Let h(-) € L? (d$) and denote by T

its Hermite rank. Define
— 1 — .
Y, = > (Y (i)
i=1

Then, for all v > 0, there exists a positive constant k, = k+(a, T) such that

P ([Yn] = Kyyn) = O(n77), (39)
with
n~1/2log(n)'/? if  ar>1,
Yn = Yn(a, 7) = n~1/2 log(n)l/QLT(n)l/2 if ar =1, (40)

n=°2log(n)"2L(n)"? if 0<ar<l1.

where L-(n) = 3, |p(0)|". For the case at =1, we assume that for all j > T,
the limit, limy, . 400 L (1) ' 32, <, [p(0)| ewists.

Proof. Let (y,)n>1 the sequence defined by ((). Proof is split into three parts
according to the value of ar.

Case ar <1 : From Chebyshev’s inequality, we have for all ¢ > 1

_ 1 _
K~y Yn

From Theorem 1 of Breuer and Majo1] (983) and in particular Equation (2.6), we

have, as n — +o0

E((Vn)m) - (29)! 1 0% with 0% = ZZ %p(i)j, (41)

24q! n4
€L J>T
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where ¢; denotes the j-th Hermite coefficient of (). Note that 62 < [|h|[72 40 lol|7--

Thus, for n large enough, we have

v A (29)! ‘
PVl 2 o) < — 5o (ol fns?) (42)

From Stirling’s formula, we have as ¢ — +o0

COL 3 g e, (43)

24q!
Then from (0) and by choosing ¢ = [log(n)], (E2) becomes
_ 1 9 5 _o\los(n) .
P(IVal 2 #y0) <A (267l By llplEens?) = O(7),
if 15 > 2/ h[72 (4 llpl]7- exp(y = 1).
Case a7 =1 : Using the proof of Theorem 1’ of Breuer and Majoq ([983), we can
prove that for all ¢ > 1

_ 2q! _
B ((n"Lo(n) 7Y ,)") < AZ LB ((0Lo(n) Y%

QQl
q
<2 (¢;)” lim L.(
= 9441 Z T IOl
j>T [i|<n
< 2q ,HM\HW (44)

Then from Chebyshev’s inequality, we have for all ¢ > 1

_ L.(n)t 2q! 2
P (Y, > kyyn) <A a2 2aq] <|| 1222 5 ) :

Then from (f0)) and by choosing ¢ = [log(n)], we obtain

— log(n)
P(IVal 2 Ky0n) <A (267l 1,2) = O,

if K2 > 2||h||7, g < exp(y —1).
Case a1 < 1 : Denote by k, the lowest integer such that k,a > 1, that is k, =

[1/a] + 1, and denote by Z;, for j > 7 the following random variable

@zlz%ﬂwm

|
21‘]
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Denote by k1, and ke, two positive constants such that k., = max(ky ., Ka-).
From triangle’s inequality,

ka—1 ka—1

P (Y| > Kyyn) < IP)<|7n -> 7> ffm.%) + Y P2 = Faqyn)  (45)
J=T J=T
Since
o ka—1 1 n . 1 n
V- Y Zj=- z; zk: ﬁHj(Y(i)) =~ z;h’(Y(i)),
J=T =1 j>ka 1=

where h'(-) is a function with Hermite rank k.. Then by applying Lemma in
the case where a7 > 1, it comes that, for all v > 0, there exists a constant s,

such that, for n large enough

ka—1

(V0= Y 2| = miamn) = O ), (46)

j=r

Now, let 7 < j < k, and ¢ > 1, from Theorem 3 of (I971), we have

1 e\ , ,
BUZI = ma) < i (5) 0B (X HV ) BV (i)
27’y n ’ il

..... i2q

L(n) [ c. 2q
A (Gt) (47)

nOéjQé‘%Lq

IN

q
where p9, is a constant such that pg, < (ﬁ) E (H;(Y)?). Tt is also proved in

Tacqu] (I077) (p. 228)., that B (H;(Y)) ~ (2jq)!/(2"(jq)!), as ¢ — +oc. Thus,

from Stirling’s formula, we obtain as ¢ — +o0

. : q
L(n)(]iq—)q Tq,Jq 2 Cj ? 2] ! —1
P(1Z;] > en) <A ng(”) U AV o ) )

By choosing ¢ = [log(n)], we finally obtain, as n — +o0

ka—1 T log(n)
2 c\2 (21 _ -
SRzl mm < (2 (5) () m2) 0w e

1 —ar \7l e

j=r

if k3 > 2 (%)2 (27)" exp(y—7). From (), we get the result by combining (i)

1—ar

and (£3). &
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Corollary 6.1 Under conditions of Lemma .4, for all « >0, 5 > 1 and v > 0,
there exists ¢ = q(v) > 1 and ¢, > 0 such that

E {%ZHj(Y(i))} <Gn (49)

Proof. From ([)), (A4) and ([7), it comes that there exists A = A(¢) > 0 such
that for all ¢ > 1, we have

" 2% n1 if aj > 1
E {% ZHJ(Y(Z’))} <A@ T =Xg) x  L,(n)n ifaj=1
= L(n)®in=4 if aj < 1
=0(n7"). (50)
Indeed, it is sufficient to choose ¢ such that, ¢ > v if aj > 1 and ¢ > v/aj if
aj<1. 1

Lemma 6.2 Let 0 < p < 1, denote by g(-) a function satisfying Assumption
A3(&(p)) and by (z,)n>1 a sequence with real components, such that x, — 0, as
n — +o0o. Then, for all j > 1, there exists a positive constant d; = d;(£(p)) < 400

such that, for n large enough

|¢;(€(P) + 2n) = ¢;(E(p))] < d; [n]. (51)

Proof.
Let j > 1, under Assumption Az(£(p)), for n large enough, &(p) +x,, € UL, g(Uy).

Thus, for n large enough,

¢ (E(p) +2a) — ¢;(E(p)) = / (Pew)+an (t) = he (1)) H;(t)(t)dt

R

L
= Z /U (Loiy<e)ran — Lgin<ew) Hi(t)p(t)dt
=1 %

L M'L,n

— Z/ (—1)7 Y (t)dt,

S = (M) — d(mi)) if j=1,
S (=1 (U (M) — 9U TV (my ) i 5> 1



FRACTAL DIMENSION ESTIMATION 21

where g;(-) is the restriction of g(-) to U;, and where m;,, (resp. M,,) is the
minimum (resp. maximum) between g; *(&(p) + x,) and g; ' (£(p)). We leave the

reader to check that there exists a constant A, such that, for n large enough

SE |06 w) (6 )| it =12

Cj + ) — ¢y Sd] Tn I . —1 —1)\/ e -
AE0) ) ~ O Sl o o 5

which is the result. B
Note that (B3) is valid for all 5 > 1 which means that for 1 < j < 7, we have

¢;(E(p) + xn) < djfan]. (52)

Lemma 6.3 Under conditions of Theorem[{.1, there exists a constant denoted by

ke = ke(, 7y), such that, we have almost surely, asn — +00
£ g(¥)) — &0 (p)| < e (53)
where &, = £,(00, T(§(p))) = ket 7(E(P)), yn(-,-) being defined by (D)
Proof. We have
P(|€@) - )] 2 ) =P (E) <€) —ea) +P (E0) 2 600) +20)  (54)
Using Lemma 1.1.4 (iii) of Berfling ([[987), we have
P(E(p) < &) —2n) <P (F(E() —20) 2 p). (55)

Under Assumption Az(£(p)), we have, for n large enough

FED))_
2 ny

p—F(&(p) —en) = f(€(p))en + ofen) =
Consequently, for n large enough, we have from (59)

P (E0) < €0) - en) < P (Flet) — ) - Pl -2 = K)o

Define 7,,, = 7(£(p) — €n), from Lemma p.g and from (53), we have for n large

enough

FE(p) — =) = FE@) —20) 2 2 (F €)= FEW)) +220 Y Zog  (57)

J€JIn
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where

{p <j<mpn} Hrn>1,
. 1 = d; ,
J, =<0 it 70 = 7, and Z,; = - ; ﬁHj(Y<Z))
{rpn<j<mn} if1n,<. B

Now, define ¢. = k. f({(p))/4. Let v > 0, it comes from ([[9) that there exists
q > 1 such that, for n large enough

P (|25nzn| > @gn) < P(|Znyl > c.)
Jj€JIn

< Z %E (Z2) =O0(n™). (58)

Let us fix v = 2. From (Bg), (B7) and (Bg) and from Lemma 6.1 (applied to the

function he(p) (+)), we now obtain

P (£(p) < &) —2a) <P(IF (5(0) = FEP)| 2 2n) + On™?) = O(n7),

if c. > ko that is if K. > 4/ f(£(p)) k2.
Let us now focus on the second right-hand term of (54). Following the sketch

of this proof, we can also obtain, for n large enough

P () 2 () +20) = O(n7?),

if ke > 4/f(£(p))k2. Thus, we obtain, for n large enough

P (|€w) - €w)] 2 20) = 00,

which leads to the result thanks to Borel-Cantelli’s Lemma. B

Following Lemma is an analog result obtained by Bahadur in the i.i.d. frame-

work, see Lemma E p.97 of (1980).

Lemma 6.4 Under conditions of Theorem [[. 1, denote by A(z) for = € R the
random variable, A(z) = ﬁ(z;g(Y)) — Fyv)(2). Then, we have almost surely, as
n — +00

S = sup |A(&w)(p) +2) — A& (p)] = O (1), (59)

|z|<en

where €, = e,(, 7) is defined by ([B3) and r,(c,T,) is defined by (24).
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Proof. Put ¢, = ¢(a, 7,) and r, = (e, 7,). Denote by (5,)n>1 and (1s.)n>1 the

two following sequences

b
By =[n*e,] and 1y, =E&(p) + o

for b= —0,,...,B,. Using the monotonicity of F(-) and F (+), we have,

Sp < max | My,|+ Gy, (60)

where My, = A(mp.n) — A(€(p)) and

Gn=_ max  (F(nin) = Flliin)) -

Under Assumption Az({(p)), we have for n large enough

G < (Ms10 = Mn) X sup f(E(p)) = O(n™*"). (61)

|z]<en

The proof is finished, if one can prove that, for all 7 > 0 (and in particular v = 2)

there exists x/ such that
P (|Myn| > K ry) = O(n™). (62)
Indeed, since 3, = O(n'/?*9) for all § > 0, if (B3) is true, then we have

P( max |M,| > Qérn(a,Tp)) < (26, + 1P (| M| > KoTn)

— O<n73/2+5).
Thus, from Borel-Cantelli’s Lemma, we have, almost surely

s, Moal = 00

And so, from (B0) and (B1),

S, = O(ry) + O(n~%* = O(ry), (63)

which is the result.
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So, the rest of the proof is devoted to prove (b2). For the sake of simplicity,
denote by Ay, (-) the function hy, (-) — he()(-). For n large enough, the Hermite
rank of A/ (-) is at least equal to 7,, that is defined by (BI). For the following, we

need a bound for Hh;LH%Q(d(b). We obtain,
11122 ag) = B0, (Y)?) = wa(l = wa) - with  wy = [Fyr) (o) — Fyry (€(p))]-
As previously, we have w,, = O(e,) and so, there exists ¢ > 0, such that
||h;||%2(d¢>) < (én. (64)
From now on, in order to simplify the proof, we use the following upper-bound
en = enla, 1) < ep(a, 7).

And with a slight abuse, we still denote ¢, = €,(a,7,). Note also, that from
Lemma [6.9, the j-th Hermite coefficient, for some j > 7, is given by ¢;(m,) —
¢;(&(p). And there exists a positive constant d; = d;(£(p)) such that for n large
enough

14

i (o) — ¢;(E(P)| < d; fng. < dj en. (65)

We now proceed like proof of Lemma [.]].
Case a7p > 1: using Theorem 1 of Breuer and Majoy ([[983) and (f3), we can
obtain for all ¢ > 1

1 (2¢) 1

> K/ <
P Mol 2 5570) S0 gt o)

12 112 (66)

As ¢ — 400, we get

el 1 \?
! n -1 2
P (Ml = 1) < A=t (26 ol 7 )

From (24), (BQ) (with 7 = 7,) and by choosing ¢ = [log(n)], we have

B 1 log(n) 3
P (| Myn| > Kyrn) < A (2@-@56 el 7 )2) =0(m™),  (67)
Y

if 1% > 2Cke|lpl|7- exp(y — 1),
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Case a7, = 1 from ([4), we can obtain for all ¢ > 1

B (M) < \C0 ()"
bn/ =" 24q 4
Lz, (n)%d

nd

(2¢9)! L=, (n)%d
24q! nd

(2¢e™)7 ¢ (68)

1l g < AC?
<A
From (24), (BQ) (with 7 = 7,) and by choosing ¢ = [log(n)], we have

P (|My,| > Kiry) < E (M;‘jl)

2q,.29
/-dy dy.

_1d72_p 1 log(n) -
SA( 20k e e =0(n™"),

if /{ff > 2(k.d? [Tyl exp(y — 1).

Case a7, < 1: denote by (r1,,)n>1 and by (r2,),>1 the two following sequences

Pin = n 2O M og(n) /2L (n) ™/ and ry,, = n log(n) ™ L(n)™.  (69)

Note that max (71, 72,) is equal to 71, when 2/3 < a7, < 1 and to ry, when
0 < a7, < 2/3. So, in order to obtain ([F) in the case 0 < a7, < 1, it is sufficient

to prove that there exists #, such that, for n large enough
P (| My] > K, max(ryp, rap)) = O(n™7)

Denote by k, the integer [1/a] + 1, which is such that ak, > 1, and by Z;,, for
Tp < j < kq the random variable defined by

ij _ % Z C]'<nb,n)j_! G (£<p> HJ(Y(Z))

From triangle’s inequality, we have

ka—1 ka—1
P (| My,| > K., max(ry p, ron)) < P(| M, — Z Zin| > R;T17n)+z P(|Z;n| > /ifyfrz,n) .
J=Tp J=Tp
(70)
Since,
ka—1 n n
\ 1 ¢ (1n) — ¢(E(p)) a1 :
Min= 3 Zin =130 30 2= 6C0D )~ LS v,

J=Tp 1=1 j2>ko i=1
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where h!(-) is a function with Hermite rank k,, such that ak, > 1, we have

from (B4)

= (29)! 1
|Mbn E n| > Kllyrl,n) <A ||h, ||L2(d¢) 2qq' o 2q|| ||gka (71)
Y

nq
J=Tp

for all ¢ > 1. From (B4), we obtain, as ¢ — +o0

ka—1

P(|Mym = > Zjnl = K1) <

J=Tp ,n

_ —2\¢
ot (2¢e ol ar, )"

From (Q) (with 7 =7,), (69) and by choosing ¢ = [log(n)], we obtain

ka—1
o log(n)
P(1Myn = D Zial = W) <A (e plhanar, ) =0, (72)

J=Tp

2

if K7 > K, = 2¢]|pl[f. ke exp(y — 1). Now, concerning the last term of ([0),

from ({7), we can prove, for all 7, < j < kq

q ) o 2q
P (Zj,n Z K;rzm) S )\ L(n)] 1 <C](nb,n) : Cj (S(p))) M2qa

naia 7»2‘1 Kl 2 J!

where p9, is a constant such that, as ¢ — +o0,

2 )q (2j9)!

L—aj/) 2749(jq)!

N2q§A<

From (9), we have, as ¢ — +00

. 2q
XL (n , 2 25\’ _
]P)(ZjnZK'TQn)<)\¢qjq< (?J) d?/{i{ 2) '

neda 24 1—ay

From (P4), (B0) (with 7 = 7,) and by choosing ¢ = [log(n)], we have, as n — 400

log(n)L(n)\ Y"1 2 21\’ ., o
P (ij Z K'{\/TQ,n) S A <T 1 aj ? d] R /‘ify

Consequently, as n — 400, we finally obtain

o] 2 (oF\T oo
Z P (Zj,n > H;Tg,n) <A ( — (_> di "iz "izy_2> = O<n77>7 (73)

e 1—a7 \ e
J=Tp
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Q/Q > Ky, = )" d2 k2exp(y — 7). Let us choose k!, such that /{;2 >
max (k) ., Ky ). Then, by combining ([2) and ([3), we deduce from ([[Q) that, for

every v > 0

2(2_?

if K 1-a7 \ e
P (‘Mb,n| > l‘i; maX(Tl,na T2,n)) = O(niw)v

and so, (p3) is proved. W

6.2 Proof of Theorem H.]]

Proof. From Lemma .3, we deduce the almost sure convergence of Z" (p) towards
&(p), as n — +o00. Then, from Taylor’s theorem (Young’s form), we have almost

surely, as n — 400

FE() = FEW) = fEP) (E0) = €0)) + O (eala, 7))

Now, using Lemma [6.4, we have almost surely

~

F(EW) = PE®) = 1E®) (E0) = €0)) + O (nl 7)) + O (rala, 7).

We have almost surely, see e.g. ([980), F (g(p)) =p+O(n'). Thus, we
finally obtain

p—ﬁ(f(p)> 0 N o
TiEw) (enlc, 7)%) + O (ru(a, 7)) + O(n7Y),

which leads to the result by noting that &,(a, 7,)* = O(rn(a, 7). B

£(p) —&p) =

6.3 Auxiliary Lemma for proof of Theorem @A.2

Lemma 6.5 Consider for 0 < p < 1, the function h,(-) given by

hp(t) = L <ey mn (8) — P, (74)
that is the function he, ., (") with g(-) =|-|. Then, we have for all j > 1
' =cry =0 and ¢ =—2Hy 1(q)6(q). (75)

where we denote by ¢ = &y|(p) = P! (12&)
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Proof. Since P(|Y] < ¢) = p and since h,(+) is even, we have cg” = c;“’H =0 for

all j > 1. Now, from ([[9), it comes
c%:iéhAwH@@ dt_2x/1H%
=2X [¢(2J 1)(t)]0 =2X [ HZ] 1 (t 0
= — 2Hz;1(q)9(q).

Remark 6.1 Let g(-) = g(|-|), where g(-) is a strictly increasing function on RY,
then for all 0 < p < 1, we have

Evi(p) = 37" (&) -

Consequently, the functions he, ., () for g(-) =1-1, g(-) =|-|* and g(-) = log |- |
are strictly identical. And so, their Hermite decomposition is given by (7J) and

their Hermite rank by (23).

6.4 Proof of Theorem
Proof. (i) Define

By (0), (76)

M=

1
by = =
2

3
[

~ =

where 62" (0) is given by ({). From ([[@), ([3), and (I§), we have almost surely

H*—H = %5%
m=1 @
M -~ m
- ¢ (p,c | Yo" |)
— —my b
; a Og( §ivie (P, €) >+ !
M B R
= Z anpc) (f (0,6 1YY" |%) = &y (p, C)) (1+0(1)) + bn. (77)

and
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M
=Y Bn (E(p, c;10g |[Y ") — &gy (P, C)) +b,  (78)

m=

1
Under Assumption (A4(f3)), we have
b, = O(n™"). (79)
Moreover, let 4,5 > 1, under Assumption A;(2v), we have, from Lemma P]]
EYe ()Y (i + 7)) = p*" (j) = O(1").
Then, for all m = 1,..., M and for all £k = 1,..., K, from Lemma and Re-
mark .1, we obtain, that almost surely
E(Ps 1Y 1%) = &vie(pr) = O (yn(2 — 2H,7,,)).
& (pr;10g [Y ¥ |) = Loy () = O (yu(2v — 2H,7,,))

where the sequence y,(-,-) is defined by (B0) with L(-) = 1. The result (R9) is

obtained by combining ([77), () and (F9).
(ii) Let us apply Theorem 1] to the sequence g(Y@™), for somem =1,..., M,

with g(*) = |-], g(-) = |- |* and g(-) = log|-|. Forall k =1,..., K, we have almost

surely

i — F (Evi(pe); [Y))

S amiay Dk ﬁ(f\yw(pk); |Yam|a) ,
~ am iy Pk — ﬁ(élog|Y|(pk‘);lOg |Yam|) ,
g (pka IOg |Y |) glog\Y\(pk) - flog|Y\(£log|Y|(pk)) + O( n)7

where, for the sake of simplicity, 7, = r,(2v — 2H,T,,) defined by (BG) and (7).
Note that from Remark [6.] and from (B3), 7,, =2 forallk =1,..., K.

With some little computation, we can obtain, almost surely

E (s 1Y ") =€y () = (o)™ (€ (05 1Y " 1) = &1 (21) ) +O (1), (80)

and

E (pi10g [V | iogty (1) = &1 (1) ™" (€ (s 1Y 1) = € (1)) + O (). (81)
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From (77), (78), (B0), (B1) and properties of Gaussian variables, the following

results hold almost surely

M K p . R
—H = sy (F@slYD) =) +00) + 06n). ()
= 2akdan
and
K B, c

s _ | — k (ﬁq,Y )+(9rn+(9bn, 83
;;Q%M GIYT) = p) +O() + O, (83)

where ¢, and 7 are defined by (BY). Denote by 62 .. the following constant

a Bmck o

00 . = T
™ 2gup(qr) "
Since 1) = 1, (B2) and (B3) can be rewritten as

HY — H = 2%+ O (r,(2v — 2H,2)) + O(b,,) (84)
H' — H = Z°+ O (r,(2v — 2H,2)) + O(by), (85)

where for oo > 0,

=33, (Plas1¥ D) — ). (36)

m=1 k=1
Thus, under Assumption A4(3), we have, as n — +o0,
MSE(H® — H) = 0 (E (Z2)%)) + O (ra(2v — 2H,7)?) + O(n~%), (87)
MSE(H" — H) = O (E ((2°)%)) + O (r\(2v — 2H,7)?) + O(n™%). (88)

Now,

CICT D S Sl R N E (g, (V" (i) gy, (V2" (12)))

mi,ma=1kq,ko=111,i2=1
For ki,ky = 1,...,K, mi,me = 1,...,M and ¢;,75 = 1,...,n, we have from
Lemma .3,
my . a™ . c c
B (b, (V" ) (V) ) = 3 Y Call)canlie)
> 2]1 2]2)
J12Tpy, /2 j2>7p,_ /2
X B (H%(Ya "(i1)) Hajy (Y (i)

_ C2j (qkl )C2j <QI€2> a™l,a™2
S X Ty

iy —i1)%.

J=7/2
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Under Assumption A;(2v), we have from Lemma R.1, p®" 2™ (i) = O(Ji]*H ).

Now, we leave the reader to check that, as n — +oo

n

1
n?

R (P 21 =0 Z |4 |(2H #7 =0 (vn(2v = 2H), 7)),

11,i2=1 ‘ ‘<n

where the sequence v, (-, -) is given by (BT). Thus, we have, asn — +oo, E ((Z2)?) =
O (v,(2v — 2H), 7)), which leads to the result from (B7) and (BS).
(i14) Assume v > H + 1/(27) and 3 > 1/2, then from (B4) and (BY), the

following equivalences in distribution hold
Jn (ﬁg - H) ~VnZ8 and  Vn (ﬁ;og - H) ~/n 20, (89)

Now, decompose Z» = T + T?  where

1 M K Mi+1
(SRR o) T DY el
m=1 k=1 i=0+1

and
T =iy > 0 {% > hqkm’”@))},

Clearly, T} converges to 0 in probability, as n — +o00. Therefore, we have, as

n — +oo

Jn {% Z Ge (Y“l(z’), S <¢>)} (90)

1=M0+1

where G is the function from RM to R defined for & > 0 and ¢y,...,t) € R by:

G(tr, .- tu ZZGmkhqk (91)

Denote by f’a(z’), the vector defined for i = M{ +1,...,n by

M

Yo(i) = (Y*(),...,Y* (i)).

We obviously have E(G*(Y%(i))?) < 4o0. Since, for all k = 1,..., K, the func-

tions h,, have Hermite rank 7, , the function G* has Hermite rank 7 (see e.g.
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Arconeq ([[994) for the definition of the Hermite rank of multivariate functions).

Moreover under Assumption A;(2v), we have from Lemma .1, as j — +oo
E (Y YY" (i+5)) =p™ () = O (i) € £(2),
as soon as v > H + 1/(27). Thus, from Theorem 4 of [Arconed ([994), there

exists 02 (defined for a > 0) such that, as n — +oo, the following convergence in

distribution holds

Zroz[ - N<07 O'i)
with
2 =3 E (GO‘ (ffa(z")) Ge (fm(z” + z))) .
€7
With previous notations, we have

Y YN B (I (Y™ (1), (Y (0 +4)))

1€Z mi1,ma=1ky,ko=1

hpkl hka

= Z Z Z Z 2] 2] et O o p* TR ()%, (92)

1€Z m1,ma2=1 ky,ko=1 j>r
From ([[9), we can see that formula () is equivalent to (B4), which ends the proof
from (§9). W

6.5 Proof of Corollary @7

Proof. Equation (PQ) is still available for a sequence «,, such that «,, — 0 as
n — +oo, that is
T 1 - Qn al/- aM /.
\/E(Hn _H) N\/ﬁ{ﬁ Y @ (Y (i),....Y (z))}
i=M/{+1

From (P1) and since " — 1, as n — 400, we have G**(-) — G°(-). Therefore,
the following equivalence in distribution holds, as n — 400

N (F[;jn _ H) ~ T (ﬁ[,?g — H) ,
which ends the proof. B
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Estimators based on the median and the (2&{3-1)-quantile
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Figure 1: Constants of empirical variances in terms of H for estimators based on
the median and on the (2®(y/3) — 1)—quantile (top) and on the mean of quartiles
(below).
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v(t):tZH (fractional Brownian motion), H=0.3

W)= l-exp(—tzH) (exponentiall, H=0.3
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Figure 2: Empirical mean squared errrors in terms of n using 500 Monte Carlo
simulations of sample paths of processes with variance function v(t) = [t|*", frac-

tional Brownian motion, (left) and v(-) = 1 —exp(—|-[*#) (right). The parameter
H equals 0.3 (top), 0.5 (middle) and 0.8 (below).
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Estimators v() =] 2H v() =1 — exp(—| - |2H)
p=1/2, ¢ =1 (median) 0.798 (0.047)  0.803 (0.045)
p=28(+3)—1,c=1 0.793 (0.033)  0.789 (0.032)
p=(1/4,3/4).c=(1/2,1/2), g(-)=|-]>  0.797 (0.040)  0.796 (0.037)
p=(1/4,3/4),c=(1/2,1/2) , g(-) =log|-| 0.798 (0.044)  0.804 (0.044)
10%-trimmed mean, g(-) = | - |? 0.792 (0.037)  0.797 (0.033)
Quadratic variations method 0.329 (0.162)  0.353 (0.149)
Whittle estimator 0.519 (0.106)  0.510 (0.100)

Table 1: Empirical mean and standard deviations for n = 1000 and H = 0.8 using

500 Monte Carlo simulations of contaminated (see (Bg)) sample paths of processes

with variance function v(-) = |- |* and v(-) = 1 — exp(—| - [*).
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Figure 3: Example of sample path of non-contaminted (top) and contaminated
(bottom), see (BY), processes with variance function v(-) = | - |?* (left) and v(-) =

1 —exp(—|-|*) (right).



