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HURST EXPONENT ESTIMATION OF LOCALLY SELF-SIMILAR

(GAUSSIAN PROCESSES USING SAMPLE QUANTILES

By JEAN-FRANGOIS COEURJOLLY?

University of Grenoble 2, France

This paper is devoted to the introduction of a new class of consistent estima-
tors of the fractal dimension of locally self-similar Gaussian processes. These
estimators are based on convex combinations of sample quantiles of discrete
variations of a sample path over a discrete grid of the interval [0, 1]. We derive
the almost sure convergence and the asymptotic normality for these estima-
tors. The key-ingredient is a Bahadur representation for sample quantiles of
non-linear functions of Gaussians sequences with correlation function decreas-

ing as k~“L(k) for some a > 0 and some slowly varying function L(:).

1 Introduction

Many naturally occuring phenomena can be effectively modelled using self-similar pro-
cesses. Among the simplest models, one can consider the fractional Brownian motion
introduced in the statistics community by Mandelbrot and Van Ness (1968). Frac-
tional Brownian motion can be defined as the only centered Gaussian process, denoted
by (X(t))icr, with stationary increments and with variance function v(:), given by
v(t) = o?|t|*H, for all t € R. The fractional Brownian motion is an H-self-similar
process, that is for all ¢ > 0, (X(ct)),cr 4 oH (X(t))4er (where 2 means equal in
finite-dimensional distributions) with autocovariance function behaving like O(|k|>~2)
as |k| — 400. So the discretized increments of the fractional Brownian motion (called the

fractional Gaussian noise) constitute a short-range dependent process, when H < 1/2,

!Supported by a grant from IMAG Project AMOA.
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estimation, Bahadur representation of sample quantiles.
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and a long-range dependent process, when H > 1/2. The index H also characterizes the
path regularity since the fractal dimension of the fractional Brownian motion is equal to
D =2— H. According to the context (long-range dependent processes, self-similar pro-
cesses,... ), a very large variety of estimators of the parameter H has been investigated.
The reader is referred to Beran (1994), Coeurjolly (2000) or Bardet et al. (2003) for
an overview of this problem. Among the most often used estimators we have: methods
based on the variogram, on the log—periodogram e.g. Geweke and Porter-Hudak (1983)
in the context of long-range dependent processes, maximum likelihood estimator (and
Whittle estimator) when the model is parametric e.g. fractional Gaussian noise, meth-
ods based on the wavelet decomposition e.g. Flandrin (1992) or Stoev et al. (2006) and
the references therein, and on discrete filtering studied by Kent and Wood (1997), Istas
and Lang (1997) and Coeurjolly (2001). We are mainly interested in the last one, which
has several similarities with the wavelet decomposition method. Following Constantine
and Hall (1994), Kent and Wood (1997), Istas and Lang (1997), in the case when the
process is observed at times i/n for i = 1,...,n, this method is adapted to a larger class
than the fractional Brownian motion, namely the class of centered Gaussian processes
with stationary increments that are locally self-similar (at zero). A process (X (t))er is

said to be locally self-similar (at zero) if its variance function, denoted by v(-), satisfies
v(t) = B(X(t)?) = o[t} (1 + (1)), with r(t) = o (1) as |t| — 0, (1)

for some 0 < H < 1. An estimator of H is derived by using the stationarity of the
increments and the local behavior of the variance function. When observing the process
at regular subdivisions, the stationarity of the increments is crucial since the method
based on discrete filtering (and the one based on the wavelet decomposition) essentially
uses the fact that the variance of the increments can be estimated by the sample moment
of order 2. We do not believe that this framework could be valid for the estimation of
the Hurst exponent of Riemann-Liouville’s process, e.g. Alos et al. (1999) which is an
H-self-similar centered Gaussian process but with increments satisfying only some kind
of local stationarity, see Remark 2 for more details.

Let us be more specific on the construction of the wavelet decomposition method,
see e.g. Flandrin (1992): the authors noticed that the variance of the wavelet coefficient

(2H=1) "~ An estimator of H is then derived by regressing

at a scale say j behaves like 27
the logarithm of sample moment of order 2 at each scale against log(j) for various scales.

This procedure exhibits good properties since it is also proved that the more vanishing
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moments the wavelet has the observations are more decorrelated. And so asymptotic
results are quite easy to obtain. However, Stoev et al. (2006) illustrate the fact that this
kind of estimator is very sensitive to additive outliers and to non-stationary artefacts.
Therefore, they mainly propose to replace at each scale, the sample moment of order 2,
by the sample median of the squared coefficients. This procedure, for which the authors
assert that no theoretical result is available, is clearly more robust.

The main objective of this paper is to extend the procedure proposed by Stoev et
al. (2006) by deriving semi-parametric estimators of the parameter H, using discrete
filtering methods, for the class of processes defined by (1). The procedure is extended in
the sense that we consider either convex combinations of sample quantiles or trimmed-
means. Moreover, we provide convergence results. The key-ingredient is a Bahadur
representation of sample quantiles obtained in a certain dependence framework. Let Y =
(Y(1),...,Y(n)) be a vector of n i.i.d. random variables with cumulative distribution
function F', as well denote by &(p) and {A (p) the quantile respectively the sample quantile
of order p. By assuming that F'(£(p)) > 0 and F”(£(p)) exists, Bahadur proved that as

n — +00o,

S~ . p=Fl(p

with 7, = Og.s. (n*3/4 10g(n)3/4). Using a law of iterated logarithm’s type result, Kiefer
—3/41oglog(n)3/*

random variables have been pursued in Sen and Ghosh (1972) for ¢—mixing variables,

+ Tn,

obtained the exact rate n . Extensions of the above results to dependent
in Yoshihara (1995) for strongly mixing variables, and recently in Wu (2005) for short-
range and long-range dependent linear processes, following works of Hesse (1990) and Ho
and Hsing (1996). Our contribution is to provide a Bahadur representation for sample
quantiles in another context that is for non-linear functions of Gaussian processes with
correlation function decreasing as k~“L(k) for some o > 0 and some slowly varying
function L(-). The bounds for 7, are obtained under the same assumption as those used
by Bahadur (1966).

The paper is organized as follows. In Section 2, we give some basic notations and
some background on discrete filtering. In Section 3, we derive semi-parametric estimators
of the parameter H, when a single sample path of a process defined by (1) is observed
over a discrete grid of the interval [0,1]. Section 4 presents the main results: Bahadur
representations and asymptotic results for our estimators. In Section 5 are presented

some numerical computations to compare the theoretical asymptotic variance of our
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estimators and a simulation study is also given. In particular, we illustrate the relative
efficiency with respect to Whittle estimator and the fact that such estimators are more

robust than classical ones. Finally, proofs of differents results are presented in Section 6.

2 Some notations and some background on discrete filter-
ing

Given some random variable Y, Fy-(-) denotes the cumulative distribution function of
Y and &y (p) the quantile of order p, 0 < p < 1. If Fy(:) is absolutely continuous
with respect to Lebesgue measure, the probability density function is denoted by fy ().
The cumulative distribution (resp. probability density) function of a standard Gaus-
sian variable is denoted by ®(-) (resp. ¢(-)). Based on the observation of a vector
Y = (Y(1),...,Y(n)) of n random variables distributed as Y, the sample cumulative
distribution function and the sample quantile of order p are respectively denoted by
By (+Y) and Ey (p;Y) or simply by ﬁ(, Y) and g(p; Y'). Finally, for some measurable
function g(-), we denote by g(Y") the vector of length n with real components g(Y (7)),
fori=1,...,n.

A sequence of real numbers u,, is said to be O (vy,) (resp. o (vy,)) for an other sequence
of real numbers vy, if u, /v, is bounded (resp. converges to 0 as n — 400). A sequence
of random variables U, is said to be O, . (v,) (resp. 0q.s. (vy)) if Uy /v, is almost surely
bounded (resp. if U, /v, converges towards 0 with probability 1).

The statistical model corresponds to a discretized version X = (X(i/n));_; _, of a
locally self-similar Gaussian process defined by (1).

One of the ideas of our method is to construct some estimators by using some prop-
erties of the variance of the increments of X or the variance of the increments of order 2
of X. While considering the increments of X is conventional since the associated se-
quence is stationary, considering the increments of order 2 (or of a higher order) could
be stranger. However, the main interest relies upon the fact that the observations of
the latter resulting sequences are less correlated than those of the simple increments’
sequence. All these vectors can actually be seen as special discrete filtering of the vector
X. Let us now specify some general background on discrete filtering and its consequence

on the correlation structure. The vector a is a filter of length £ 4+ 1 and of order v > 1
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with real components if

4

l
quaq:O, forj=0,...,v—1 and Zq”aq#O.
q=0 q=0

For example, a = (1, —1) (resp. a = (1,—2,1)) is a filter with order 1 (resp. 2). Let X*
be the series obtained by filtering X with a, then:

. J4 .
7 1 —q .

X — :E X f >0 +1.
<n> qzoaq ( n ) o= +

Applying in turn the filter @ = (1,—1) and a = (1, —2, 1) leads to the increments of X,

respectively the increments of X of order 2. One may also consider other filters such as
Daubechies wavelet filters, e.g. Daubechies (1992).
The following assumption is needed by different results presented hereafter:

Assumption Aj(k) :fori=1,....k
oO(t) = BT + o (Jt21)

with 5(i) =2H(2H —1)...(2H — i+ 1) (where k > 1 is an integer).

This assumption assures that the variance function v(+) is sufficiently smooth around 0.
It allows us to assert that the correlation structure of a locally self-similar discretized
and filtered Gaussian process can be compared to the one of the fractional Brownian

motion. This is announced more precisely in the following Lemma.

Lemma 1 (e.g. Kent and Wood (1997)) Let a and a’ be two filters of length ¢ + 1
and V' + 1, of order v and v' > 1. Then we have:

. o ¢ ;o
a 1 a [? +J o _02 ’ q—q +7

q,9'=0
=72 () (1+ 32 () . (2)
with
’ 0'2 ’ ’ 1 ¢
) = gy ), ) =5 > agaylg—dq + P (3)
q,9'=0
and

S aqtrla =+ P r ()
7% (j)

5a,a’

n ) =
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Moreover, as |j| — +oo
. 1
Y4 (§) =0 (W) : (5)

Finally, under Assumption A1(v + V'), as n — +0oo
0" (7) =o(1). (6)

Remark 1 In the case of the fractional Brownian motion the sequence oy is equal to 0,
whereas it converges towards 0 for more general locally self-similar Gaussian processes,
such as the Gaussian processes with stationary increments and with variance function
v(t) =1 —exp(—|t|*) or v(t) = log(1 + [t|*H) for which Assumption Ay(k) is satisfied
(for every k > 1).

Remark 2 The stationarity of the increments and the local self-similarity required on
the process X () are important, if the process is observed at times i/n fori=1,...,n.
The crucial result of Lemma 1 is that the variance function of the filtered series behaves
asymptotically as v*(0). It seems to be difficult to relax the constraint of stationarity.
Consider for example the Riemann-Liouville’s process, e.g. Alos et al. (1999). This
process is a Gaussian process which is H-self similar Gaussian but with increments sat-
isfying only some kind of local stationarity. Following the computations of Lim (2001),

the variance of the increments’ series of the Riemann-Liouville’s process is equal to

i+1 i\’ 1 1 1
E|[X -X |- = I+ —
<< < n > <n>>> n?Hr<H+1/2>2{ +2H}’
with I = fol ((1 +u)H-1/2 - uH*I/Q)Bdu—i—foi/n u?"=Ydu. This integral cannot be asymp-

totically independent of time. Note that this could be the case if the process is observed

at 1rregular subdivisions. This question has not been investigated.

Define Y as the normalized vector X® with variance 1. The covariance between
Y@(i/n) and Y (i + j/n) is denoted by pg’a, (7). Under Assumption A;(v + v’), the
following equivalence holds as n — +oo

a,a’(

aa (N oaa s\ g J) ) 7
P () ~ p** () NI ) (7)

When a = a’, we set, for the sake of simplicity v2(-) = v2"%(*), 02(-) = 62°%(-), p2(:) =
pr (), ¥42() = y() and p®() = p™(-).
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3 New estimators of H

3.1 Estimators based on a convex combination of sample quantiles

Let (p,¢) = (P, cr)k=1...x € ((0,1) x RT)K for an integer 1 < K < +oo. Define the

following statistics based on a convex combination of sample quantiles:

K
E(pe; XY = o &(pr; X, (8)
k=1
where ¢,k = 1,..., K are positive real numbers such that Zle ¢ = 1. For example,

this corresponds to the sample median when K =1,p =1/2,¢ =1, to a mean of quar-
tiles when K = 2,p = (1/4,3/4),c = (1/2,1/2) . Consider the following computation:
from Lemma 1, we have, as n — +o0

~ 2 ~
E(p.ei X% ~ = 10 (P Y .

Remark 3 It may be expected that E (p,c;Y?) converges towards a constant as n —
+o00. In itself, this result is not interesting, since two parameters remain unknown: o>

and H and thus, it is impossible to derive an estimator of H.

Remark 3 suggests that we have to use at least two filters. Among all available filters,
let us consider the sequence (a™),,>1 defined by
a; ifi=jm
a;" = fori =0,...,me,

0 otherwise

which is none other than the filter a dilated m times. For example, if the filter a = a'

corresponds to the filter (1,—2,1), then a® = (1,0,-2,0,1), a®> = (1,0,0,-2,0,0,1),
... As noted by Kent and Wood (1997) or Istas and Lang (1997), the filter @™, of length

mf + 1, is of order v and has the following interesting property :
7" (0) = m*y2(0). (9)

From Lemma 1, this simply means that E (X" (i/n)?) = m*"E (X%(i/n)?), exhibit-
ing some kind of self-similarity property of the filtered coefficients. As specified in the
introduction, the same property can be pointed out in the context of wavelet decompo-

sition.
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Our methods, that exploit the nice property (9), are based on a convex combination
of sample quantiles g(p, c;g(Xam)) for two positive functions g(-): ¢g(-) = |- |* for
a > 0 and g(-) = log|-|. For such functions g(-) we manage, by using some property
established in Lemma 1, to define some very simple estimators of the Hurst exponent
through a simple linear regression. Other choices of the function g(-) have not been
investigated in this paper. At this stage, let us specify that our methods extend the one
proposed by Stoev et al. (2006); indeed they only consider the statistic 3 (p,c;9(X a™y)
for p =1/2, ¢ = 1, g(-) = (-)?, that is the sample median of the squared coefficients.
From (3) and (9), we have

€ (poei | X" 1%) = E (X" (1/n))2) """ (pre [Y " |
=m0 (14677 (0) 7 (poes YY), (10)

and

c a™ 1 a™ 2 | & a™

¢ (p,clog | X)) = S log B(X™" (1/n))* + ¢ (p, ;log [Y ")

o2
= H log(m) + log <712—H*ya(0)>
1 m - m
+5log (1+077(0) + & (p, c;log [V ). (11)

Denote by kg = n~2#52y2(0). Equations (10) and (11) can be rewritten as

log€ (p. ;| X" |%) = aHlog(m) +log (x5 Eyie (b)) +eh,  (12)

£ (p.c;log | X" |) = Hlog(m) +log(ku) + g |v| (P, €) + 8 (13)

with the random variables €%, and aizg respectively defined by

E(p.clY" %)) | a m
a —1 14+62°(0 14
en og( Qy‘a(p,c) >+2 og( + 0y ())a (14)
and
~ m 1 N
it = € (p, s 1og [Y " |) = Giog v (py€) + 5 log (1+ 357 (0)) (15)

where, for some random variable Z, {7 (p,c) = Zle ck €z(pr). We decide to rewrite
Equations (10) and (11) as (12) and (13), since we expect that €%, and ElE converge
(almost surely) towards 0 as n — +o0.

From Remark 3, two estimators of H can be defined through a linear regression

of (log& (p, ;| X %™ [*)),,_y __yy and (€ (p,e;log | X9™[)),_y  yy on (logm),,_y 4
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for some M > 2. These estimators are denoted by He and H'"s. By denoting A the
vector of length M with components A,, = logm — % Z%[:l log(m), m=1,..., M, we
have explicitly from (12) and (13) and the definition of least squares estimates (see e.g.

Antoniadis et al. (1992)):

~ AT ~ m
H“:aaw@%ﬁ@ﬂﬁxlwnmﬂwM’ (16)
~ AT ~ m
= Epelog X)) (17)

=11

1/2
where ||z|| for some vector z of length d denotes the norm defined by <Zd z2) .

We can point out that H® and H'"8 are independent of the scaling coefficient o2.

3.2 Estimators based on trimmed means

Let 0 < 81 < (2 < 1 and B = (B1, B2), denote by g(Xa)(ﬁ) the 8—trimmed mean of the
vector g(X®) given by

n—[nfa]
—~a B _ 1 ayy
9(xXe) " = n — [nfBa] — [nBi] [nﬁ;]“ @E Do

where (g(X?))1),, < (@(X)) )0 < - < (9(X?)) (), are the order statistics of
@(X)1,---,(9(X?)),. It is well-known that (g(X?))q) , = E(%;g(Xa)). Hence,

by following the ideas of the previous section, one may obtain

log (lXam |a(ﬂ)) = aH log(m) + log </@}1{/2 |Y|0‘(ﬁ)> + e&tm, (18)
log [ X% = Hlog(m) + log(xyr) + Tog [¥] + elogtm (19)

with
i = 7= VR 4 S g (1427 (0), (20)

and
coztm _ Tor 7@ 1@ _iog 7@ + L log (14 657 (0 21
m g g 2 g n ( ) ( )

Z(ﬁ)

where for some random variable Z, is referring to

—(8) _ 1 1o
27 =1 S —s /1 z(p)dp. (22)
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As in the previous section, two estimators of H, denoted by Hetm and H logtm is derived

through a log-linear regression

~ AT e (0)
gostm — 2 ( X" | ) . 23
amaE X)L (23)
- AT ()
log,tm __ m
T (1og|Xa | )mzl,...,M' (24)

Remark 4 The estimator referred to the “estimator based on the quadratic variations”
in the simulation study and studied with the same formalism by Coeurjolly (2001) cor-

responds to the estimator Hotm with o = 2, 1= =0.

4 Main results

To simplify the presentation of different results, consider the two following assumptions
on different parameters involved in the estimation procedures

Assumption Az(p,c) : a is a filter of order v > 1, « is a positive real number, p
(resp. ¢) is a vector of length K (for some 1 < K < +00) such that 0 < py < 1 (resp.
¢ > 0 and Zle cp = 1), M is an integer > 2.

Assumption As(B) : a is a filter of order v > 1, « is a positive real number,
B = (£1,02) is such that 0 < f; < B3 < 1, M is an integer > 2.

Since AT (log(m)) M= ||A]|* and AT1 =0 (where 1 = (1)p=1... 1), We have

m=1,..
~ AT N AT

O fg=-2 e and [t g = T _clog (25)

ol |A[]? A2

and - .

~ A ~ A

Hoz,tm _ — Eo¢,trn and Hlog,tm _H= Elog,tm’ (26)
af A2 A2

where e* = (5%)7”:17__’]\4, Elog = (elrglg)m:L...,M’ €

1 . . . o
(aﬁg’tm)m:17...7 - Hence, in order to study the convergence of different estimators, it is

atm _ ( a,tm

log,tm _
em =,y and e8I =

~

sufficient to obtain some convergence results of sample quantiles £(p,g(Y ®)) for some
function g¢(-) and some filter @. Therefore, we first establish a Bahadur representation
of sample quantiles for some non-linear function of Gaussian sequences with correlation
function decreasing as k=%, for some a > 0. In fact, the existing litterature on nonlinear
function of Gaussian sequences (e.g. Taqqu (1977)) allows us to slighlty extend this
framework by considering correlation function decreasing as k~*L(k), for some slowly

varying function L(-).
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4.1 Bahadur representation of sample quantiles

Let us recall some important definitions on Hermite polynomials. The j-th Hermite

polynomial (for j > 0) is defined for t € R by

_ (=1 dig(t)
;) = o(t) dti

The Hermite polynomials form an orthogonal system for the Gaussian measure. More

(27)

precisely, we have E (H;(Y)H(Y')) = j! §; . For a measurable function g(-) defined on
R for which E(g(Y)?) < +oo0, the following expansion holds
o) = D50 Hj(t)  with ¢ = B(g(Y)H;(Y)).
jzr
where the integer 7 defined by 7 = inf {j > 0,¢; # 0}, is called the Hermite rank of the
function g. Note that this integer plays an important role. For example, it is related to
the correlation of ¢g(Y7) and ¢(Y2) (for Y7 and Y, two standard gaussian variables with
correlation p) since E(g(Y1)g(Y2)) = Yoy %508 < 571191l 2 agy-

In order to obtain a Bahadur representation (see e.g. Serfling (1980)), we have to

ensure that F;(Y) (&(p)) > 0 and F;(Y)(') exists and is bounded in a neighborhood of

&(p). This is achieved if the function g(-) satisfies the following assumption (see e.g.
Dacunha-Castelle and Duflo (1982), p.33).

Assumption A4(€E(p)) : there exist U, i = 1,..., L, disjoint open sets such that
Ui contains a unique solution to the equation g(t) = &,y (p), such that F;(Y) &(p)) >0
and such that g is a C?—diffeomorphism on UZ ,U;.

Note that under this assumption

50 & ) = Ly (Gaon () =

where g;(+) is the restriction of g(-) on U;. Now, define, for some real u, the function
hu(-) by:

ha(t) = Ligwy<u} (t) — Fyv)(w). (28)
We denote by 7(u) the Hermite rank of h,(-). For the sake of simplicity, we set 7, =
7(&g(v)(p)). For some function g(-) satisfying Assumption A4(§(p)), we denote by

T, = inf (), 29
P =) (7) (29)

that is the minimal Hermite rank of hy(-) for u in a neighborhood of {,y(p).
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Theorem 2 Let {Y (i)} be a stationary (centered) gaussian process with variance 1,

and correlation function p(-) such that, as i — 400

|p(i)] ~ L) i™%, (30)

for some a > 0 and some slowly varying function at infinity L(s),s > 0. Then, under

Assumption A4(€E(p)), we have almost surely, as n — 400

p—F (&) (0); 9(Y))

é\p;g Y) -¢ p) = + Ouas. (Tn(a,Tp)), 31
(P;:9(Y)) = &) () Foor Eorry @) (rn(,Tp)) (31)
the sequence (rn(a,Tp)),>1 being defined by
( 3/ log(n)3/* if oty > 1,
n=3/41og(n)3/4 L= (n)3/4 if ar, =1,
rn(a’Fp) _ g( ) p( ) f p (32)

n~12=0T /A Jog (n)Te/ A2 L(n)Tr/4 if 2/3 < aF, < 1,

n=Tr log(n)™ L(n)™ if 0<at,<2/3,

\

where for some T > 1, Lr(n) =3 <, [p()[".
Note that if L(-) is an increasing function, L, (n) = O (log(n)L(n)7).

Remark 5 Without giving any details here, let us say that the behaviour of the se-
quence 1+, ) is related to the characteristic (short-range or long-range dependence) of
the process {h,(Y (3)) ;r:o; for w in a neighborhood of &yyy(p). In the case a7y > 1,
corresponding to short-range dependent processes, the result is similar to the one proved
by Bahadur, see e.g. Serfling (1980), in the i.i.d. case. For short-range dependent
linear processes, using a law of iterated logarithm’s type result Wu (2005) obtained a

3/ This bound is obtained under the assump-

sharper bound, that is n=/*1oglog(n)
tion that F'(-) and F"(-) exist and are uniformly bounded. For long-range dependent
processes (aTp, < 1), we can observe that the rate of convergence is always lower than

n=3/*1og(n)3* and that the dominant term n=>/* is obtained when a7, — 1.

We now propose a uniform Bahadur type representation of sample quantiles. Such
a representation has an application in the study of trimmed-mean. For 0 < pg < p; <1

consider the following assumption which extends A4(&€(p))
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Assumption As(po,p1) : there exists U;, i = 1,..., L, disjoint open sets such that
U; contains a solution to the equation g(t) = £,y)(p) for all pg < p < p1, such that
Fé(y) (€(p)) > 0 for all pg < p < p; and such that g is a C2—diffeomorphism on UZ ,U;.
Under the previous assumption, define

T = inf (7). 33
P0,P1 SeUE o) ('7) ( )

Theorem 3 Under the conditions of Theorem 2 and Assumption As(po,p1), we have

almost surely, as n — +o0

sup |E(pig(Y)) — &y () — — F(&yn ):9(Y))

= Ou.s. (rn(a, Tpo,pl)) . (34)

po<p<p1 fg(Y) (gg(Y)(p))
Remark 6 To obtain convergence results of estimators of H, some results are needed
concerning sample quantiles of the form g(p;g(Yam)), with g(-) = | -|. Lemma 14
asserts that the Hermite rank 7, of the function he . ) (-) with g(-) = |-, 1s equal

to 2 for all 0 < p < 1. Moreover, for all 0 < p < 1 and for all 0 < pg < p1 < 1,
Assumptions Aq(§(p)) and As(po,p1) are satisfied, and we have T, = Tp,p, = 2.
Since from Lemma 1, the correlation function of Y*" satisfies (30) with o = 2v — 2H
and L(-) = 1, by applying Theorem 2, the sequence ry(-,-) is then given by

(20 — 2H,2) = = 4log(n)*4,  if v >2 (35)
and forv =1
n=3/*log(n)3/* if 0 < H < 3/4,
n~3/*log(n)3/? if H=3/4,
(2 — 2H,2) = (36)

n~V2=(=H)1og(n) if3/4 < H <5/6,
n—2@=2M) 1og(n)?  if5/6 < H < 1.

4.2 Convergence results of estimators of H

In order to specify convergence results, we make the following assumption concerning
the remainder term of the variance function v(-).
Assumption Ag(n) : there exists n > 0 such that v(t) = o2|t|* (1+ O (|t|")), as
|t| — 0.

The first result concentrates itself on estimators H® and H'°® based on a convex

combination of sample quantiles.
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Theorem 4 Under Assumptions A1(2v), A2(p,c) and Ag(n),
(1) we have almost surely, as n — 400
O(n™) + Ogs. (n*1/2 log(n)) ifv>H+ i,
H*—H=3 On™) + Ous. (nY2log(n)*?) ifv=1,H=3, (37)
O (N + O, (N2 M og(n)) ifr=1,3<H<1

A similar result holds for Hlos,

(ii) the mean squared errors (MSE) of H® satisfies
MSE (ﬁa - H) = O (0n(2v — 2H)) + O (rn(2v — 2H,2)%) + O (n™21).. (38)

The sequence r,(2v — 2H,2) is given by (35) and (36) and the sequence v,(+) is defined

by
n1 ifv>H+1,

vn(2v —2H) = { ntlog(n) ifv=1H =3, (39)
p~AA=H) iy = 1,% < H < 1.
Again, the same result holds for MSE <ﬁIlOg — H)
(13i) if the filter a is such that v > H + 1/4, and if n > 1/2, then we have the

following convergence in distribution, as n — +oo
NG (ﬁa - H) — N(0,02)  and  /n (ﬁlog - H) — N(0,02),  (40)

where o2 is defined for o > 0 by

D 1 ZK Hyj a(ae)ck o)
2 _ 2j—1 o T/ -
ieZ j>1 k=1

AT

The vector B is defined by B = w, and the real numbers g, and 7}} are defined by
a1+ pk) (qr)”
1 a
qr = <— and Tp = ——. (42)
2 =i o)

Finally, the matriz R(i,j), defined for i € Z and j > 1, is a M x M matriz whose
(mq, me) entry is

(B iy g = P77 (D)7, (43)

where p®" 132 (.) is the correlation function defined by (7).
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Remark 7 The expression of the variance o2 given by (41) could appear to be very
complicated. However, given some vectors p and ¢ and some integer M, it does not take
unreasonnable effort to compute it for each value of H by truncating the two series. This
issue is investigated in Section 5 to compare the different parameters.

Remark 8 Let us discuss the result (38). The first term, O (vy,), is due to the variance
of the sample cumulative distribution function. The second term, O (r,%) is due to the
departure of g(p) —&(p) from F (&(p)) — p. We leave the reader to check that

O (vp(2v — 2H)) ifv>H+ 1

O (ra(2v — 2H,2)%) + O (vn(2v — 2H)) =
O (rn(2v —2H,2)?)  ifv <H+ .

Finally, the third one, O (n_277) is a bias term due to the misspecification of the variance

function v(-) around 0.

Remark 9 If K =1, we have, for every a > 0,

=0l = Z ZHQ] i BTR(Z Jj)B

i€Z j>1

Assume Ag(n) with n > 1/2 which allows to neglict the bias term with respect to the
variance one. The result (40) is proved by using some general central limit theorem
obtained in this dependence context by Arcones (1994), which is available as soon as
p®(-)? is summable. Therefore, if only A1(2) is assumed, the filter a cannot exceed 1
(and then correspond to a = (1,—1)) and, due to (5), the result (40) is valid only for
0 < H < 3/4. As a practical point of view, one observes that for such a filter and large
values of H, the estimators have very big variance. Note that if A1(2v) can be assumed

for v > 1, then the asymptotic normality is valid for all the values of H.

The next result asserts the link between H°% and H®.

Corollary 5 Let (o)n>1 be a sequence such that oy, — 0, as n — +oo. Then, under

conditions of Theorem 4 (ii), the following convergence in distribution holds, as n — 400
Jn (ﬁgn - H) — N(0,03). (44)

The following theorem presents the analog results obtained for the estimators Hovtm

and H°&! hased on trimmed-means.
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Theorem 6 Under Assumptions A1(2v), As(B) and Ae(n), properties (i) and (ii) of
Theorem 4 hold for the estimator Hetm gnd HY8™ with the same rates of convergences.
(73i) if the filter a is such that v > H+1/4 and if n > 1/2, then, under the notations

of Theorem 4, we have the following convergence in distribution, as n — 400

Jn (ﬁavtm— ) N (0,02 ,,) and ﬁ(ﬁlogvtm —H) — N(0,03 1), (45)

where aat is defined for a > 0 by

m

1 fﬁl * Hoj—1(q)q*dp i Ty
atm ZZ ! B E(Z7J)B7 (46)

1-p
i€z ]>1 J5 7% q@dp

1

: _ &1 (1+
with ¢ = ® (Tp)

5 Numerical computation and simulations

2

5.1 Asymptotic constants ¢, and ai,tm

In order to compare the different estimators, we intend to compute the asymptotic con-
defined by (41) and (46) for various set of parameters (a, p, ¢, 3, M).
are truncated (|i| <200, j < 150). Fig-

ure 2 illustrates a part of this work. We can propose the following general remarks:

stants 02 and o2 tm

For this work, both series defining o2 and O'a o

e Among all filters tested, the best one seems to be

incl if 0 < H < 3/4,

db4 otherwise.

where incl and db4 respectively denote the filter (1,—1) and the Daubechies wavelet

filter with two zero moments explicitly given by
db4 = (0.4829629, —0.8365763, 0.22414386,0.12940952) .

e Choice of M: increasing M seems to reduce the asymptotic constant o2. Obviously,
a too large M increases the bias since & (p, c;g(X “M)) or g(X aM)(B) are estimated
with N — M{ observations. We recommend setting it to the value 5.

e We did not manage (theoretically and numerically since series defining (41) and (46)
are truncated) to determine the optimal value of «. However, for examples considered,

it should be near the value 2.
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e Again, this is quite difficult to know theoretically and numerically which choice of p
is optimal. What we observed is that, for fixed parameters a, M and «, the asymptotic
constants are very close to each other.

e Choice of p in the case of a single quantile (see Figure 2): the optimal p seems to
be near the value 90%. However, p = 1/2, corresponding to the estimator based on the
median, leads to good results.

e Choice of B = B2 = 3 for the estimators based on trimmed-means (see Figure 2):
obviously the constant grows with 8 but we can point out that estimators based on
10%—trimmed-means are very competitive with the ones obtained by quadratic varia-
tions (5 = 0).

5.2 Simulation

A short simulation study is proposed in Table 1 and Figure 1 for n = 1000 and H = 0.8.
We consider two locally self-similar Gaussian processes whose variance functions are in
turn v(t) = [t|>! (fractional Brownian motion) and v(t) = 1 — exp(—|t|*#). To generate
sample paths discretized over a grid [0, 1], we use the method of circulant matrix (see
Wood and Chan (1994)), which is particularly fast, even for large sample sizes. Various
versions of estimators are considered and compared with classical ones, that is the one
based on quadratic variations, Coeurjolly (2001), and the Whittle estimator, Beran
(1994). In order to illustrate the robustness of our estimators, we also applied them to
contaminated version of sample path processes. We obtain a new sample path discretized

at times i/n and denoted by X (i/n) for i = 1,...,n through the following model
XC(i/n) = X(i/n) + UiV (3), (47)

where U(i), i = 1,...,n are Bernoulli independent variables B(0.005), and V (i), i =
1,...,n are independent centered Gaussian variables with variance 020(1') such that the
signal noise ratio at time i/n is equal to 20 dB. As a general conclusion of Table 1,
one can say that all versions of our estimators are very competitive with classical ones
when the processes are observed without contamination and they seem to be particularly
robust to additive outliers. Both bias and variance are approximately unchanged. This
is clearly not the case for classical estimators. Indeed, concerning quadratic variations’
method, the estimation procedure is based on the estimation of E((X%"(1/n))?) by
sample mean of order 2 of (X2")2, Coeurjolly (2001)), that is particularly sensitive to
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additive outliers. Bad results of Whittle estimator can be explained by the fact that

maximum likelihood methods are also non-robust methods.

6 Proofs

We denote by || - [|12(4¢) (resp. || - ||¢a) the norm defined by |[[h||r2ag) = E(h(Y)?)1/?
for some measurable function h(-) (resp. (37 |us|?)'/? for some sequence (u;)iez). In
order to simplify the presentation of proofs, we use the notations F(-), £(+), f(-), F (+) and
€ () instead of Fyy)(+), &) (-): fo () Fyry (59(Y)) and Egyr) (59(Y)) respectively.
For some real x, [x] denotes the integer part of z. Finally, A denotes a generic positive

constant.

6.1 Sketch of the proof of Theorem 2

We give here a brief explanation of the strategy to prove Theorem 2. This proof follows

exactly the one proposed by Serfling (1980) in the i.i.d. case. One starts by writing

p—FE®) (7
e~ (€@ -€w) = A0) + Be) +C)
with

o P F(Ew) s
») = 7w )

oo F(Ew) - Few) - (FEW) - Few) y
= Gm) )

FE W) —FEWP) (2,
C(p) ) (Ew) -<m). (50)

From the definition of sample quantile, we have almost surely, see e.g. Serfling (1980),
A(p) = Ogs. (n_l). Now, in order to control the term C(p), Taylor’s Theorem is used
and a control of & (p) — &(p) is needed. The latter one is done by Lemma 10 which
exhibits the sequence &, (a, 7,) such that g(p) —&(p) = Oq.s. (en(a,7p)). Then, in order
to control B(p) it is sufficient to control the random variable

Sn(&(p),en(a,mp)) = sup  |AE(p) +2) — A(ED)],

|z|<en(a,mp)

with A(-) = F (-)— F(-). This result is detailed in Lemma 11. In order to specify the rate

explicited by Theorem 2, we present and prove Lemmas 10 and 11. Some preliminary
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results, given by Lemma 7, Corollary 8 and Lemma 9, are needed. Among other things,
Lemma 7 and Corollary 8 propose some inequalities for controlling the sample mean of

non-linear function of Gaussian sequences with correlation function satisfying (30).

6.2 Auxiliary Lemmas for the proof of Theorem 2

Lemma 7 Let {Y (i) ;Lzof a gaussian stationary process with variance 1 and correlation
function p(-) such that, as i — 400, |p(i)| ~ L(i)i~®, for some a > 0 and some slowly
varying function at infinity L(-). Let h(-) € L? (d¢) and denote by T its Hermite rank.
Define

Y, - % SO h(Y ().
=1

Then, for all v > 0, there exists a positive constant k. = k~(a, T), such that

P (|7n| > /Q,Yyn) =0 (nM’) ) (51)
with
n~Y2log(n)'/? if ar>1,
Yn = ynla,7) =& nY2log(n) 2L (n)"/? if ar =1, (52)

n=°72log(n)/2L(n)™/? if 0<ar <1
where Lz(n) = 321, [p(0)|7. In the case ar = 1, we assume that for all j > T, the

limit, limy, 4 o0 Ly (n) 7} 2 lij<n lp(i))7 exists.

Proof. Let (yn)n>1 be the sequence defined by (52). The proof is splitted into three
parts according to the value of ar.

Case a1t < 1 : From Chebyshev’s inequality, we have for all ¢ > 1

_ 1 o
P(|Ynl > kyyn) < KTquE<(Yn) q>-

From Theorem 1 of Breuer and Major (1983) and in particular Equation (2.6), we have,

as n — +oo

E((?n)%) SO i 2= (C;!)Qp(z‘)j : (53)

24q! nd
i€ j>7

where ¢; denotes the j-th Hermite coefficient of h(-). Note that o2 < HhH%g(d@HpH%.
Thus, for n large enough, we have

A (29)!
nQy%q 2qq'

— o\ 4
P ([Vnl = Kyyn) < (1112 gy 11252 (54)
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From Stirling’s formula, we have as ¢ — +o0

(zgqqq)!! ~ V240 (27 (55)

From (52) by choosing g = [log(n)], (54) becomes

log(n)

PVl > my0m) < A (26 Ml By lolBrrs?) = O (077,

if 15 > 2||A[1Z2 gy llp117- exp(y = 1).
Case at =1 : Using the proof of Theorem 1’ of Breuer and Major (1983), we can prove

that for all ¢ > 1

E<(n1/2LT(n)*1/2?n)2q> <AL 2¢q! E<( 1/2L (n)~ 1/2?n)2>q

24q!
q
<2 3 (c;)? lim L ( Z I
— 24q! \ 4 4! n—Rﬁm Pl
Jj=T li|<n
A B2 (56)

Then from Chebyshev’s inequality, we have for all ¢ > 1

— L:(n)? 2q! -2
P([Yn| = Kyyn) <A a2 244 (|| ||L2(d¢> ) :

From (52) by choosing g = [log(n)], we obtain
_ B og(n) _
PVl 2 o) < A (26 oy 57) " = O (n77).

if k2 > 2|[h|[7, (dg) % exp(y —1).
Case at < 1 : Denote by k, the lowest integer satisfying ko > 1, that is ko, = [1/a]+1

and for j > 7 denote by Z; the following random variable

Denote by k1, and k2, two positive constants such that ., = max(x1, k2, ). From the
triangle inequality,

ka—1 ka—1

P (’?n‘ = “vyN) < P(‘?n - Z Zj| = “Lvyn) + Z P(1Z;| = K24yn) (57)
Jj=T Jj=T
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Since
o ka—1 1 n C' 1 n
Vo= D Zi=102 > SHiY@) =13 W),
Jj=T i=1j>ka " i=1

where h/(+) is a function with Hermite rank k,. Applying Lemma 7 in the case ar > 1,
it follows that, for all v > 0, there exists a constant x1 5 such that, for n large enough

ka—1
P(IV0 = Y Zil = miqm) =0 (n7). (58)
J=T

Now, let 7 < j < ko and ¢ > 1, from Theorem 3 of Taqqu (1977), we have

N 24
PUZ) 2 ko) <~ (5) 0B 3D HY () B (Y Ga)

|
KonYn' \J- i1ig

Ly (c; 4 2
< )\naqugq <ﬁ’%2;y H2q, (59)
n

q
where f124 is a constant such that pg, < (ﬁ) E (Hj (Y)QQ). It is also proved in Taqqu

(1977) (p. 228), that E (H;(Y)*) ~ (2;q)!/(277(jq)!), as ¢ — +oo. Thus, from Stirling’s

formula, we obtain as ¢ — +oo

. ; q
L(n)(]iT)q —7q .39 2 Gy 2 2] ! -1
P(1Zj] = yn) < A ng(n) N1z \Gr) o) )

By choosing ¢ = [log(n)], we finally obtain, as n — +oo

ka—1 T log(n)
2 \2 (2 _ _
ZP(\Zj\Zﬂ2,vyn)SA< (%) (—) ) =0 (7). (60)

: 1—ar \7! e
j=T

if /@%77 > 2 (%)2 (27)7 exp(y — 7). From (57), we get the result by combining (58)

oT

and (60). H

Corollary 8 Under conditions of Lemma 7, for all« >0, j > 1 and v > 0, there exists
q=q(y) =21 and ¢y > 0 such that

n 2q
E {% ZH](Y(@)} <. (61)
=1
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Proof. (53), (56) and (59) imply that there exists A = A(¢) > 0 such that for all ¢ > 1,
we have
1 9 n=a if aj > 1
E {— ZH](Y(Z))} <AM@n 1= Xq) x { Lr,(n)n™? if aj =1
n
L(n)¥in=%99 if aj <1
=0(n7). (62)

Indeed, it is sufficient to choose ¢ such that, ¢ > v if aj > 1 and ¢ > vy/aj if aj < 1.
[ |

Lemma 9 Let 0 < p < 1, denote by g(-) a function satisfying Assumption A4(€E(p))
and by (xp)n>1 a sequence with real components, such that x, — 0, as n — +o0o0. Then,
for all j > 1, there exists a positive constant d;j = d;(£(p)) < +oo such that, for n large

enough

c;(€(p) +2n) — ¢;(§(P))| < dj |2nl- (63)

Proof. Let j > 1, under Assumption A4(&(p)), for n large enough, {(p) + =, €
UE 1 g(U;). Thus, for n large enough,

cj(&(p) + ) — ¢;(&(p)) = /R (hep)tan () = heg (t)) Hy(t)o(t)dt
L
= Z / (azemrran — Lowsee) HiOo)dt

:Z/m J¢(J (t)dt

S~ (0(Mi) = $(min) ifj=1,
S (=17 (097D (Mi) = U (i) 5> 1,
where g;(-) is the restriction of g(-) to U;, and where m; ,, (resp. M, ) is the minimum

(resp. maximum) between g; *(£(p) + @) and g; '(£(p)). We leave the reader to check

that there exists a positive constant d;, such that, for n large enough

SE 690 @) (6 W) it =12

¢ (§(p) + zn) — ¢;(&(p))| <djlznl x s ‘(b(j,m(gl(_l)(u)) (6“VY ()

if 7> 2,

which is the desired result. W
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Lemma 10 Under conditions of Theorem 2, there exists a constant denoted by k. =

ke(a, ), such that, we have almost surely, as n — +o0c
E;g(Y)) = &) (p)| < en, (64)
where <, = &0, 7(6(p))) = Reyn (0 7(E(P). yu(-.") being defined by (52).
Proof. We have
P(l€@) —0)| 2 2n) =P (E0) <) —20) + P (E) 2 6) +20) . (69)

Using Lemma 1.1.4 (4i7) of Serfling (1980), we have

P(E() <€) —en) <P (F(E(R) =) 2 1) (66)
Under Assumption A4(&(p)), for n large enough
p— FIER) — <) = FE0en +o(e) = TP,

Consequently, for n large enough and from (66)

P(EW < 60)— ) <P (Flel) - - e - = LG ) o)

Define 7,,, = 7(£(p) — €5), from Lemma 9, we have for n large enough

F(6(p) — n) = F(EW) = 20) 2 2 (F (€0) — FED)) + 250 Y Zngs (68)

Jj€JIn
where
{mp <j<mpnt if1pn>m1,
1 & d;
J, =4 0 if o =7 and  Zy; = 2 7parj(yu)).

{mpn < g <} if1pn <7

Now, define ¢, = k:f(&(p))/4. Let v > 0, (61) implies that there exists ¢ > 1 such that,

for n large enough

P (12002 2 TP ) < Y P (200> e

2 :
j€JIn

<Y LE (z2) =0 (n7). (69)




HURST EXPONENT ESTIMATION USING SAMPLE QUANTILES 24

Let us fix v = 2. From (67), (68) and (69) and from Lemma 7 (applied to the function

hep)(+)), we obtain

P(E() <€) —en) <P (IF () — FEM)] > ecen) + 0 (n72) = O (n72),

if c. > ko that is if k. > 4/f(&£(p))k2.
Let us now focus on the second right-hand term of (65). Following the sketch of this

proof, we may also obtain, for n large enough
P(E(p) 2 €(p) +en) = O (n7?),

if ke > 4/f(&(p))ke. Thus, for n large enough P (‘E(p) — f(p)‘ > an) = O (n~?), which
leads to the result thanks to Borel-Cantelli’s Lemma. H
The following Lemma is an analogous result obtained by Bahadur in the i.i.d. frame-

work, see Lemma E p.97 of Serfling (1980).

Lemma 11 Under conditions of Theorem 2, denote by A(z) for z € R the random
variable, A(z) = F(z;9(Y)) — Fyvy(2). Then, we have almost surely, as n — +00

Sn(gg(Y) (p)’ €n(OZ, Tp)) = ‘S‘lip ‘A(gg(Y) (p) + x) - A(gg(Y)(p))‘ = Ou.s. (Tn(a’?p)) )
- (70)
where €, = e, (a, Tp) is defined by (64) and rp (o, Tp) is defined by (52).

Proof. Put e, = e,(a,7p) and 7, = ry(,Tp). Denote by (8,)n>1 and (7, )n>1 the

following two sequences

b
Bn = [n3/45n] and NMon = 5(1)) + 5nﬁ_a

for b= —0,,...,n. Using the monotonicity of F(-) and F (), we have,

Sn(g(p)ﬂfn) < 7ﬁflrlgab)§,8n ’Mb,n’ + G, (71)

where My, = A(mp,n) — A(€(p)) and Gy, = max_g, <p<pg,—1 (F(M+1,n) — F(p,n)) - Under
Assumption A4(&€(p)), we have for n large enough

Gr < (i —n) X sup f(E(p) +2) = O (1), (72)

|z|<en
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The proof is finished if one can prove that for all v > 0 (in particular v = 2) and for all

b, there exists x’, such that

P (|Myp| > kL) = O (n77) (73)
Indeed, since G, = O (n1/2+5) for all 6 > 0, if (73) is true, then we have

P(_max  [Myn| > Korn(e, 7p)) < (20 +1) x _gmax P (1My,n] > Ky

—0 <n73/2+5> ‘
Thus, from Borel-Cantelli’s Lemma, we have, almost surely

55y, Wl = Ons 72

And so, from (71) and (72).

Sn(g(p)a En) - Oa.s. (Tn) + (@ <7”L73/4> - Oa.s. (Tn) ; (74)

which is the stated result.

So, the rest of the proof is devoted to prove (73). For the sake of simplicity, denote
by hy,(-) the function hy,  (-) — he@p)(+). For n large enough, the Hermite rank of hy,(-) is
at least equal to T, that is defined by (29). In the sequel, we need the following bound

for ||h;z||%2(d¢)
R l72(ag) = B0, (Y)?) = wn(1 —wp)  with  wp = [Fyy)(m,n) — Fyr) (€()]-

As previously, we have w,, = O(g,) and so, there exists ¢ > 0, such that
2
||h;1||L2(d¢>) < (en. (75)
From now on, in order to simplify the proof, we use the following upper-bound
en = enla, ) < epla,Tp),

and with a slight abuse, we still denote ¢, = e,(c,7p). Note also, that from Lemma 9,
the j-th Hermite coefficient, for some j > 7,, is given by ¢;(n.n) — ¢;({(p)). And there

exists a positive constant d; = d;(£(p)) such that for n large enough
6]

i (mbn) — ¢ (E(P)| < d; g < dj e, (76)

n
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We now proceed like in the proof of Lemma 7.
Case aTp > 1: using Theorem 1 of Breuer and Major (1983) and (54), we can obtain
forall ¢ > 1

nara? 29q! (s)% "

7 (77)

P (’Mb,n’ > ﬂfyrn) <A LQ(d¢)HpHZ?P'

As ¢ — 400, we get

el _ I \?
P (]Mbn] > n'vrn) <A ngqqq <2Ce 1HPH§?p / 2) :
ndr;, (k)

From (32), (52) (with 7 = 7,) and by choosing g = [log(n)|, we have

B 1 log(n) _
P (‘Mb,n‘ 2 "ffyrn) S A <2CI€56 1HpH§?p (,‘<;/ )2) =0 (n ’Y) ) (78)
Y

. 2
if 5% > 2Cke||pl[7 exp(y - 1).

Case aTp, = 1 from (56), we can obtain for all ¢ > 1

2 (29)! Lz, (n)? ;o , (2q)! Lz, (n)7<d
B (M) < Mgy T ey < A T
L (n)icd
<A ﬂ (2C671)q qq.

nd4
From (32), (52) (with 7 =7,), by choosing ¢ = [log(n)], we have

1 2
P (| Mol = #yra) < —5ae B (M%)
K/’Y Tn

d2 IOg(n)
<A (2( Fe eli—2> =0 (nf'y) ,

if n’f > 20k:d3 /Tl exp(y — 1).

Case aTp < 1: denote by (71,,)n>1 and by (r2,)n>1 the following two sequences

Fin = V20T A og (n) P42 L(n)Te /4 and ry,, = n " log(n) P L(n)r.  (79)

Note that max (ryp,72,) is equal to 71,, when 2/3 < o7, < 1 and to 72,, when

0 < a7p < 2/3. So, in order to obtain (73) in the case 0 < a7, < 1, it is sufficient to

/

~ such that, for n large enough

prove that there exists s

P (| M| > &) max(ripn,7on)) = O (n77) .
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Denote by k, the integer [1/a] + 1 for which ak, > 1, and by Z;,, for 7, < j < k, the

random variable defined by

|
n i1 Vi

From the triangle inequality, we have

ka—1 ka—1
P (|Myn| > K, max(rin, ron)) <P(Mon— Y Zinl > 6rin)+ > P(|Zjnl > 6iran) -
J=Tp J=Tp
(80)
Since,
= i) ~ €D )~ LS gy
Mon = > Zi Z > . Hy(Y (i) = = > (Y (i),
J=T7p 1=1 j>ka =1

where h!’(-) is a function with Hermite rank k,, such that ak, > 1, we have from (77)

e (29)! 1
P(|Myy = Y Zjnl = Hyr10) SAnq !\h’!\Lz(d¢ ) 3q0 —5g 1P pll2E, (81)

J=Tp
for all ¢ > 1. From (75), we obtain, as ¢ — +00

ka—1
IP>(|]\4b,n Z Z] n| > K. 71 n)

j Tp 1,n

_ —2\1
S (26 ol w7

From (52) (with 7 =7), (79) and by choosing g = [log(n)], we obtain

ka—1
_ -2
P( My — 3 Zil 2 iyr10) < A (2667 lpl oo e, )

J=Tp

log(n
= _ o (n7),  (82)

if /<;£/2 > K, = 2C||pl [k, ke exp(y —1). Now, concerning the last term of (80), from (59),

we can prove, for all 7, < j < kq

Ly 1 <cj<nb,n>—cj<s<p>>>2q

P (Zjn > KkLran) < A— :
( o R ) naiq qun /-;’72‘1 g!

M?qa

where pio4 is a constant such that, as ¢ — 400,

2 >q (249)!

1—aj/) 279(jq)t

,U'2q§)\<
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From (76), we have, as ¢ — 400
2% . Ny 2q
e L(n)l? . 2 2 _
P (ij > ﬂ;mm) < )\quq <7 (_]> d? FL; 2>

neiq rgqn 1— Oéj e

From (32), (52) (with 7 =7,) by choosing ¢ = [log(n)], we have, as n — 400

(J‘*?p)q N\ J
P(Zjn > K. ran) < A(M) ( 2 <2_J> e _2>

q

n 1—aj \ e

Consequently, as n — +o0, we finally obtain

. ) o=\ T log(n)
S <2 (2 (2) @) o).

P l1—a7 \ e
J=Tp

if 1%2 > Ky, = == (2??)? dZ kZexp(y — 7). Let us choose «! such that /{fyz >
max (K] ., K ). Then, by combining (82) and (83), we deduce from (80) that, for every
v>0

P (| M| > Iii, max(rin,r2,0)) = O (n77),

and so, (73) is proved. W

6.3 Proof of Theorem 2

Proof. Let us detail the proof presented in Section 6.1. We have

p—F (&(p)
f(&(p))

with A(p), B(p) and C(p) respectively defined by (48), (49) and (50). Under Assumption

A4(&(p)), from Lemma 10 and Taylor’s theorem we have almost surely, as n — +00

- (€W &) = Ap) + Bm) + C0)

~

C) < swp  Flo () +2) (E0) ~£0)) = Ous (el ).

|$|§8"(O‘7TP)

From the definition of sample quantile, we have almost surely, see e.g. Serfling (1980),
A(p) = Ogs. (n_l). Now, by combining Lemma 10 and Lemma 11, we have almost
surely B(p) = Oq.s. (rn(c, Tp)). Thus, we finally obtain

_p—F (W)
f(&p))

which leads to the result by noticing that &, (a, 7,)? = O (rp(a, 7p)). B

E(P) —&(p) + Oa.s. (nil) + Oa.s. (Tn(aan)) + Og.s. (En(aa Tp)2) )
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6.4 Auxiliary Lemmas for the proof of Theorem 4

Let 0 <po <p; <1.

Lemma 12 Under conditions of Theorem 3, there exists a constant denoted by 0 =
0(cv, Tpy,py) Such that, we have almost surely, as n — 400
T= sup [£(p;9(Y))— Sg(Y) (p)| < enla, Tpo,pl)a (84)
Po<p<p1

where €, = €n(Q, Tpy p1) = OUn(, Ty py) and yy, is given by (50).

Proof. Define p;,, = po+ I 3/2}( —po) for j =0,...,[n*?], and let p € [po, p1]. Using
the monotonicity of f( ) and £(+), there exists some j such that p € [pjn,pj+1,n] and such
that

E(p) — £(p) <EMP) — E(Pjr1n) + & (Pjr1n)) — (D)
g(pjﬂ n) - (PJH )) + 5(pj+1,n)) - f(ij)) + f(pjm)) - 5(1))
< EDjr1m) — E@js1n) + E@is1n) — EDin).

This leads to

Ts max §(pin) = &(pjn))| + o max, [E@j1n) = €@l (85)

Under Assumption As(po,p1), it comes

max [€(pji1n) — Eps))| = O (n732). (86)

§=0,...,[n3/2]—1

Now, following the proof of Lemma 10, one can prove that there exists some constant

(o, Tpy,p,) such that for all j =0,..., [ns/z]’

P (1€ (1) = i) = Oy, Tpon) ) = O (n79).

Therefore, as n — +0o0,

P (€ i) i)l 2 20) < (00741 s P (€000 = €3] 2 20)

j:O,...,[n3/2} j:07"'7[n3/2}

::o<n4ﬂ).

which, combined with (85), (86) and Borel-Cantelli’s Lemma, leads to the result. W
The following result is an extension of Lemma 11 and Theorem 4.2 obtained by Sen

(1971).
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Lemma 13 Under Assumptions of Theorem 3 and following Lemma 11, we have almost

surely, as n — +o0

Sh= sup |A(z) = AY)| = Oa.s. (rn(ct; Tpg,p1)) (87)
z,y € [§(po), §(p1)]
‘x - y‘ < En(aﬂ-pmm)

where Ty, p, s defined by (33).

Proof. Set en = en(a, Tpp,) and rn = rn(a, Ty py). Define & = &£(po) + ;%n(f(pl) -
&(po)) for j = 0,...,p, with p, = [e,!], and let 2,y € [(po), £(p1)] such that |[z—y| < ep,.

Two cases may occur

o If there exists some j such that x,y € [ n,&j+1,n] then
[Az) = A(y)] < 1A@) = Al&n)| + [AEn) = AW)] < 2% Sn(&jinsen)

e Otherwise and witout loss of generality, there exists j,k with k& > j such that
x € [§n,Ejr1n] and y € [k s Eptr1,n)- Since |z — y| < g, it follows that [, —
£j+1,n| < én. Then,

|A(z) = A(y)| < |A(z) = Al&rn)| + [ACEkn) = Al&+1,0)] + A& 11,0) — AY)]
S Sn(gk,nagn) + 2 % Sn(§j+1,n75n)-

In other words, for all z,y one may obtain

[A(z) = A@)] < 3% max Sn(&jnen).

Hence, S} < 3 x maxo<j<p, Sn(&jn,en). Now, following the proof of Lemma 11, one
may prove that there exists some positive constant ¢, such that for n large enough and
forall j =0,...,pn,

P (Sp(&jmren) = Oyrn) = O (n77) .

And in particular for v = 2, it comes

P < max Sn(gj,nagn) > 92rn> < (pn + 1) . Inax P(Sn(gj,naen) > ny'rn)
0<j<pn J=0,....pn

()=o)

whatever the value of a7y, ,,. This leads to the result by using Borel-Cantelli’s Lemma.
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6.5 Proof of Theorem 3

Proof. We follow the proof of Theorem 2. Let p € [po,p1] and let €, = e, (a, Tpy py ),

then

p—FE®) (2
- fE) <5 () — 5(19)) = A(p) + B(p) + C(p)

where A(p), B(p) and C(p) are respectively defined by (48), (49) and (50). Similarly

to the proof of Theorem 2, one may prove that sup, <,<,, A(p) = Og.s. (Qn_l). Under
Assumption As(po,p1), C(p) < <SUP\x\§5n(a,Tp) F'(x+ §(p))> %. Therefore,

~ 2
for n large enough, C(p) < A <supp0§p§p1 (§ (p) — {(p))) . And from Lemma 12, this

leads to

sup  C(p) = Ou.s. (enl0r, Ty p1)?) -
Po<p<p1

In addition, using Lemma 13, one also has sup,,<,<,, B(p) = Oa.s. (Tn(c, Tpyp,)), Which
ends the proof. Wl

6.6 Auxiliary Lemma for the proof of Theorem 4

Lemma 14 Consider for 0 < p < 1 the function hy(-), given by

hp(t) = L{<ey (0} () — P, (88)

that is the function he, . p)() with g(-) = |-|. Then by denoting c?” the j-th Hermite
coefficient of hy(-), we have for all j > 1

h h h
Cop = CQ;—H =0 and CQ;? = —2H2j71(Q)¢(Q)’ (89)

where ¢ = {y|(p) = o1 <1#>
Proof. Since P(]Y| < ¢) = p and h,(-) is even, we have cg” = cg;-’ﬂ =0, for all j > 1.
Now, (27) implies
q
h
025 = /th(t)HQj(t)QS(t)dt =2 X/O ng(t)gb(t)dt

=2 x [gb(Qj_l)(t)]Z =2 x [=Haj1(t)o(t)]3
= —2H_1(q)9(q).
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Remark 10 Let g(-) = g(| - |), where §(-) is a strictly increasing function on R™, then
for all 0 < p <1, we have

Evip) =97 (E0n)(P)) -

Consequently, the functions he, .. () for g(-) =[], g(-) = |-

‘ «

and g(-) = log| - |
are strictly identical. And so, their Hermite decomposition is given by (89) and their

Hermite rank is equal to 2.

6.7 Proof of Theorem 4

Proof. (i) Define
1 M
by, = 5 mzl By log (1+6%7(0)) , (90)

where §2™ (0) is given by (4). From (14), (15), and (25), we have almost surely

M
HH = B a
m=1 a
. Bm g(paca|Ya |a)
— 2my .
mzzl a ( §v|e (P:©) ) Fax
M B
_ Z_l ag‘y‘a"(lp’ o (5 (p,c; Y %) = €y ( c))(l + 0a.s. (1)) + a by. (91)
and

M
H'E —H =" Bnegs

m=1
M

= Z By, (g(p, c;log [Y %) — &iog v (P, C)) + by, (92)
m=1

Under Assumption Ag(n), we have
bp=0(n7"). (93)
Moreover, let 4,j > 1, under Assumption A (2v), we have, from Lemma 1

E(Y*" ()Y (i+]) = p7" () = O (|5"7%) . (94)
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Then, for all m =1,..., M and for all k = 1,..., K, from Lemma 10 and Remark 10,

we obtain, that almost surely

g(pk; |Yam |a) - §|Y|a(pk) - Oa.s. (yn(QV - 2H7 Tpk)) ’
E(pk; lOg |Yam |) - glog|Y|(pk:) = Oa.s. (yn(QV - 2H7 Tpk)) )
where the sequence yy, (-, -) is defined by (52) with L(-) = 1. The result (37) is obtained

by combining (91), (92) and (93).
(ii) Let us apply Theorem 2 to the sequence g(Y'®™), for some m = 1,..., M, with

g()=11,9()=|-|* and g(-) = log| - |. For all k =1,..., K, we have almost surely
E(pi Y™ ]) = &y (py) = 2= ii?;if&;g;am ) + Ous. (1)
E (o Y 1%) = Eyia(mr) = 2 iﬁj@fi)(ys;m %) + Ous. (12)
€ (P 10g [Y ™ 1) — Euog v (1) = 2 ﬁffglogyll?gf:tll(;i)?f i) + Ou.s. (1)

where, for the sake of simplicity, r, = r,(2v — 2H,7,, ) defined by (35) and (36). Note
that from Remark 10 7, =2 forall k =1,..., K.

With some little computation, we can obtain, almost surely

€ (e 1Y %) = &y (k) = o€y (1) <§(Pk; Y e™|) — §|Y|(pk)> + Ous. (1), (95)

and

€ (pr: 1og | Y™ |)~Erog v (1) = &y (1) ™ (E(pk; Y "|) - §|Y|(pk)) + Og.s. (rn) . (96)

From (91), (92), (95), (96) and properties of Gaussian variables, the following results

hold almost surely
M K
B Ck o
SH= 33 S Tra (F (@i 1Y) = p) + Ous. (ra) + O (ba), (97)
m=1k=1

and

7y g Zzquﬁ% (Flas 1Y) = pr) + Ous (ra) + O (b)), (98)
=1k=1

where ¢, and 7} are defined by (42). Denote by 62 , the following constant

B,.ci.
0 = m &
R 2kp(qr) "
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Since 7 =1, (97) and (98) can be rewritten as

H —H = Z%+4 O (rn) + O (b) (99)
ﬁlog - H - Zg "’ Oa.s. (Tn) + O (bn) 9 (100)

where for a > 0,

ZZHM( (a: [Y]) — ) (101)

m=1 k=1

Thus, under Assumption Ag(n), we have, as n — 400,

MSE(H® — H) = O (E ((Z2)?)) + O (ra(2v — 2H,2)%) + O (n™27),  (102)
MSE(H" — H) = O (E ((22)%)) + O (ro(2v — 2H,2)?) + O (n™27) . (103)

Now,
B2 =5 >0 3 3 B (e, 0 G, 7 ).
m1,m2 1 ky,ko=141,i2=1
For ki,ko=1,..., K, mi,mo=1,...,M and i1,i0 = 1,...,n, we have from Lemma 14,
chp,cl h%
E (ho, (V" (1)hay, (V" (2)) = 3 Z Ko s

]1>Tpk /2 ]2>7—
x E (szl(Ya (1)) Hajp (Y ¥ (i2)))

h’P]gl thQ

c m

= E Mp 1,a™ (ig — i), (104)
= (2)!

j>

Under Assumption Aq(2v), we have from Lemma 1, p*""%" (i) = O (]i|* =2"). Now,

we leave the reader to check that, as n — +oo

a1 g 1 Y
Loy e it =o [ LS jipen= ) — o en - am),

i1,92=1 li|<n

where the sequence vy (+) is given by (39). Thus, we have, as n — +oo, E ((Z7)?) =
O (vn(2v — 2H)), which leads to the result from (102) and (103).
(13i) Assume v > H + 1/4 and n > 1/2, then from (99) and (100), the following

equivalences in distribution hold

Jn (ﬁf; - H> ~VnZ8 and Vi (Er}fg - H> ~/n Z0. (105)
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Now, decompose Z& = T} + T2, where

| MoK Me+1
T, = o D Ok D> he (YO (3)
me1 k=1 =11

and
M K 1 n
RO D SENESOIY
=1k= i=ME+1
Clearly, T} converges to 0 in probability, as n — +oo. Therefore, we have, as n — +o0
70 ~ { Z Ge <Y“ Ly (i)) } (106)
i=M{+1

where G is the function from R to R defined for o > 0 and t1,...,ty € R by:

M K
G(tr, .o tar) = D> Ok gy (tm)- (107)

m=1 k=1
Denote by ?a(i), the vector defined for ¢ = M{+1,...,n by
Ya() = (Y @i),...,Y%" (i)).
We obviously have E(G*(Y%(i))?) < 4o0. Since, for all k = 1,...,K, the functions
hg, have Hermite rank 7,,, the function G has Hermite rank 2 (see e.g. Arcones

(1994) for the definition of the Hermite rank of multivariate functions). Moreover under

Assumption A;(2v), we have from Lemma 1, as j — 400
E (YO @)Y (i + ) = p¥" () = O (i) € £2(2),

as soon as v > H + 1/4. Thus, from Theorem 4 of Arcones (1994), there exists o2
(defined for o > 0) such that, as n — 400, the following convergence in distribution
holds
7% — N(0,02)
with
-V E <G°‘ (ff“(z")) Ge (ffa(z" + z))) .
1€Z
With previous notations, we have

M K
=3 Y s (o O ), (VR +0)))

1€Z m1,ma2=1ki1,ko=1

hpkl h%

=) Z Z A 2] 2] 0%, 1y 0%y 1y 00 (D), (108)

i€Z m1,ma=1k1,ko=1 j2>r
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From (89), we can see that formula (108) is equivalent to (41), which ends the proof
from (105). W

6.8 Proof of Corollary 5

Proof. Equation (106) is still available for a sequence «;, such that o, — 0 as n — +o0,

that is
1

¢ﬁ<ﬁfn—-H>Ad¢ﬁ{;z > cwm(Yﬂlwx.n,YﬂM<o)}

i=Me+1
From (107) and since 7" — 1, as n — +oc, we have G*(-) — G°(-). Therefore, the

following equivalence in distribution holds, as n — +o0
NG <ﬁgn - H) ~n <Er};’g - H) ,
which ends the proof. W

6.9 Auxiliary Lemma for the proof of Theorem 6

Lemma 15 Let 0 < 81 < 3 < 1 and let Z = (Zy,...,Zy,) n random variables identi-
cally distributed, such that supg, <,<g, EZ (p; Z) = Ous. (1), then

p LR Y L L
Z —7/ & (0 Z)dp = Ons (n7)).
1— B2~ 51 Jp,
Proof. It is sufficient to notice that fori =1,...,n
i i+l
n[[EmDyar< Zga<n [ Ewi2)dp
which leads to
o n=[nfy] ) o nolnfy) | 1
"A;Zd<7< ! nA;Zd.
n — [nBs] — [nf] LR §wiZ)dp < ~ n—[nfa] — [nf] mf1] 4 1 § W Z)dp

The end is omitted. W

6.10 Proof of Theorem 6

Proof. (i) From (20), (21), and (26), we have

M
-~ B
a,tm _ m _a,tm
HOMH = 3 = e
m=1



HURST EXPONENT ESTIMATION USING SAMPLE QUANTILES 37

M B B) B)
ZE:JM%QYMWﬂ/ww‘)+axm
m=1 «
B — ( (
. (. (|Ya o _ |y|a\ﬁ’)(1 + 0 (1) + by (109)
—B)
m=1 Y|
and
M
ﬁlog,tm _H = Z Bmeﬁg,tm

1

3
I

I
M=

—Tog V]?) + b, (110)
1

3
[

Let us notice that from Lemma 12, one can apply Lemma 15 for the vectors |[Y*" |

and log |Y®™|. Then it comes

- /B) (’3) 1 /1_62 ~ m _1
Yo a ™ _ Y|« = ) Y |¥) — a dp + Oa.s. )
VT = [ @Y o) dp o+ On (n7)
—r(8) @ 1 T am -
lOg |Y | _log |Y| 1 ﬁQ _ ﬁl /ﬁ1 <£ (pa lOg |Y |) - glog|Y|(p)> dp + Ogs. (TL ) .

Hence, from (94) and Lemma 12 and Remark 10 and under Assumption (Ag(n)), we

obtain

ﬁla,tm —H = Oa.s. (yn(2H — 2, 2)) +0 (nin) + Oa.s. (nfl)
Hlgtm _ 1 — 0, . (yn(2H —2,2)) + O (n*n) + O, (n,l) ;

where the sequence y,,(+,-) is defined by (52) with L(-) = 1. This leads to the result by
noticing that n=! = O (y,(2H — 2,2)).
(77) By following the proof of Theorem 4 (i) and from Theorem 3, we may obtain

the following representation

M 1-82 T4 |VE™]) _
N B,, 1 F(Qa |Y |) p
HYtm g — X / dp
Z TR L 2t
+ Qs (1) + Qs (n71) + O (n77)
M 1—[2 (e a™ —
_ 1 F(g|Y*"]) —p
Hlog,tm _H = Bm - / d
mzzl 1B 5 2q¢(q) Y

+ Ous. (1) + Oy, (") + O (n7).
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With such a representation, we observe that the result (i) can be proved similarly to
the one of Theorem 4.

(747) By assuming that n > 1/2 and v > H + 1/4, one may obtain the asymptotic
normality of Hostm and [logtm by using the same tools as the one presented in the proof
of Theorem 4 (iii). Therefore, let us just explicit the asymptotic variance of estimators
Hetm and H'°s™ 1f y > H+1/4 and n > 1/2, then from previous representations and

from 104 we obtain as n — +oo

M n
Var <\/ﬁ <ff@vtm —H>> ~ 23S BuyBu, ! !

— X X
n mi,ma=1141,i2=1 (‘Y’a(ﬁ))2 (1 - ﬁQ - ﬁl)Q

hp, h o
1-02 /1,32 02;)162;2 Q? lqu 1 dpldPQmeI’GMQ(i)Qj
(25)! 4¢(q1)0(q2)

)
1

! Jj=1
ith gy = @1 (25) for k = 1,2. Due to (89) and since [V]*” = L [1=% gag
with g = =5& ) for k =1,2. Due to (89) and since |Y| _mf1 q“dp,

2
a,tm

We leave the reader to check that the asymptotic variance of y/n <fI logtm _ fy > is

this variance converges towards o given by (46), as n — +oo.

: 2
given by 05 4, W
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Figure 1: Two examples for the sample paths of non-contaminted (top) and contaminated
processes with variance function v(:) = | - |?# (left), respectively v(-) = 1 — exp(—| - |?¥) (right),
see (47).
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Figure 2: Left: aétm in terms of 3; Right: o2 for estimators based on a single quantile
in terms of p. Three values of the parameter H are considered: 0.3 (top), 0.5 (middle),
0.8 (bottom). The parameter M is fixed to M = 5. The constant line corresponds to

the asymptotic variance of the Whittle’s estimator.
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Non-contaminated sample paths

Estimators o()=|-|*H v() =1 —exp(—| - |2H)
p=1/2, ¢ =1 (median) 0.796 (0.042) 0.801 (0.042)
p=09c=1 0.797 (0.035)  0.798 (0.036)
p=(1/4,3/4),c = (1/2,1/2), g(-) = |- |* 0.795 (0.036)  0.800 (0.037)
10%-trimmed mean, g(-) = | - |? 0.797 (0.03) 0.799 (0.034)
Quadratic variations method 0.802 (0.032) 0.798 (0.032)
Whittle estimator 0.805 (0.024) 0.806 (0.024)

Contaminated sample paths

Estimators v() = PE O w() =1 —exp(=| - [?7)
p=1/2, ¢=1 (median) 0.798 (0.047)  0.803 (0.045)
p=09 c=1 0.793 (0.033)  0.789 (0.032)
p=(1/4,3/4).c = (1/2,1/2), g(-) = |- > 0.797 (0.040)  0.796 (0.037)
10%-trimmed mean, g(-) = | - |2 0.792 (0.037)  0.797 (0.033)
Quadratic variations method 0.329 (0.162) 0.353 (0.149)
Whittle estimator 0.519 (0.106)  0.510 (0.100)

Table 1: Mean and standard deviations for n = 1000 and H = 0.8 using 500 Monte Carlo

simulations of sample paths of processes with variance function v(-) = | - |*# respectively v(-) =

1 —exp(—| - [*#) (first table ) and contaminated versions (second table), see (47).



