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Summary. We prove several limit theorems that relate coalescent processes to continuous-state
branching processes. Some of these theorems are stated in terms of the so-called generalized Fleming-
Viot processes, which describe the evolution of a population with fixed size, and are duals to the coa-
lescents with multiple collisions studied by Pitman and others. We first discuss asymptotics when the
initial size of the population tends to infinity. In that setting, under appropriate hypotheses, we show
that a rescaled version of the generalized Fleming-Viot process converges weakly to a continuous-state
branching process. As a corollary, we get a hydrodynamic limit for certain sequences of coalescents
with multiple collisions: Under an appropriate scaling, the empirical measure associated with sizes
of the blocks converges to a (deterministic) limit which solves a generalized form of Smoluchowski’s
coagulation equation. We also study the behavior in small time of a fixed coalescent with multiple
collisions, under a regular variation assumption on the tail of the measure v governing the coalescence
events. Precisely, we prove that the number of blocks with size less than ez at time (ev([e,1]))~}
behaves like e 71 A;(]0, z[) as € — 0, where ); is the distribution of the size of one cluster at time 1 in
a continuous-state branching process with stable branching mechanism. This generalizes a classical
result for the Kingman coalescent.
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1 Introduction

J. L. Doob was a pioneer in the development of the theory of martingales and its applications to
probability theory, potential theory or functional analysis. The fundamental contributions that
he made in this field form the cornerstones of one of the richest veins explored in mathematics
during the last half-century. In particular, martingales and stochastic calculus provide nowadays
key tools for studying the asymptotic behavior of random processes; see the classical books by
Ethier and Kurtz [10] and Jacod and Shiryaev [12]. In the present work, we shall apply such
techniques to investigate a class of stochastic flows related to certain population dynamics.

The general motivation for the present work is to get a better understanding of the relations
between the so-called coalescents with multiple collisions, which were introduced independently
by Pitman [16] and Sagitov [17], and continuous-state branching processes. Note from [17] that
coalescents with multiple collisions can be viewed as asymptotic models for the genealogy
of a discrete population with a fixed size, and so the existence of connections with branching
processes should not come as a surprise. Such connections were already derived in [3], where the
Bolthausen-Sznitman coalescent was shown to describe the genealogical structure of a particular
continuous-state branching process introduced by Neveu, and in [6], where similar relations were
obtained between the so-called beta-coalescents and continuous-state branching processes with
stable branching mechanism. Here, we do not focus on exact distributional identities, but rather
on asymptotics for functionals of coalescent processes, where the limiting objects are given in
terms of branching processes. In order to get such asymptotics, we apply the machinery of limit
theorems for semimartingales [12] to the so-called generalized Fleming-Viot processes, which
where shown in [4] to be duals to the coalescents with multiple collisions.

Generalized Fleming-Viot processes, which model the evolution of a continuous population
with fixed size 1, have appeared in articles by Donnelly and Kurtz [7, 8], and were studied
more recently in our work [4, 5]. It is convenient to view a generalized Fleming-Viot process
as a stochastic flow (Fi,t > 0) on [0,1], such that for each ¢t > 0, F; : [0,1] — [0,1] is a
(random) right-continuous increasing map with F3(0) = 0 and Fy(1) = 1. We should think of
the unit interval as a population, and then of F; as the distribution function of a (random)
probability measure dF;(x) on [0, 1]. The evolution of the latter is related to the dynamics of
the population as follows : For every 0 < r; < ry < 1, the interval |F;(ry), Fy(rs)] represents
the sub-population at time ¢ which consists of descendants of the sub-population |ry, r5] at the
initial time. The transitions of the flow are Markovian, and more precisely, for every s,t > 0, we
have Fy,, = I, o F,, where F} is a copy of F, independent of (F.,0 <r <t). The distribution
of the flow is then characterized by a measure v on |0, 1] such that [, 2*v(dz) < oo. To
explain this, consider the simple case where v is a finite measure. Let ((7}, U;, &), € N) denote
the sequence of atoms of a Poisson random measure on [0, 00[x[0,1] x [0,1] with intensity
dt ® du @ v(dx), ranked in the increasing order of the first coordinate. The process (Fy,t > 0)
starts from Fy = Id, remains constant on the intervals [T;_1, T;[ (with the usual convention that
To = 0), and for every i € N

Fr, = Ajobr,

where
AI(T) = fil{UiST} + T<1 - €2> ) re [07 1]'
In terms of the population model, this means that at each time 7T}, an individual in the popu-



lation at time 7;_; is picked uniformly at random and gives birth to a sub-population of size
&. Simultaneously, the rest of the population shrinks by factor 1 — &;, so the total size of
the population remains 1. The previous description does not apply when v is infinite, since
then the Poisson measure will have infinitely many atoms on a finite time interval. Still, the
Fleming-Viot flow can be constructed via a suitable limiting procedure ([4] Theorem 2).

Our first motivation for studying generalized Fleming-Viot processes came from their re-
markable connection [4] with the class of coalescents with multiple collisions considered by
Pitman [16] and Sagitov [17]. To describe this connection, fix some time 7" > 0 viewed as the
present date at which the population is observed, and pick a sequence of individuals labelled
1,2,...independently and uniformly over [0, 1]. For every ¢ < T', we obtain a partition I1(¢) of N
by gathering individuals having the same ancestor at time 7' —¢. The process (I1(¢),0 <t < T')
is then a Markovian coalescent process on the space of partitions of N. In the terminology of
[16], it is a A-coalescent, with A(dr) = z?v(dz), started from the partition of N into singletons.
As a consequence of Kingman’s theory of exchangeable partitions, for every ¢ > 0, each block of
I1(t) has an asymptotic frequency, also called the size of the block, and the ranked sequence of
these frequencies yields a Markov process called the mass-coalescent. As a consequence of the
preceding construction, the mass-coalescent at time ¢ has the same distribution as the ranked
sequence of jump sizes of Fj.

The first purpose of the present work is to investigate the asymptotic behavior of a rescaled
version of the preceding population model. Specifically, we consider a family (7*,a > 0) of
measures on ]0, 1] such that Jo.1) 2259 (dx) < oo for every a > 0, and the associated generalized

Fleming-Viot processes F(@. For each a > 0, we rescale F@ by a factor a in space and time,
i.e. we set

Ft(a)(r) = GFOE?)(T/CL), ref0,al,t>0.

So the process F'(® describes the evolution of a population with fixed size a. Roughly speaking,
considering F(@ in place of F'® enables us to focus on the dynamics of a sub-population having
size of order 1/a. Denote by v(® the image of 7(* under the dilation + — az, and assume
that the measures (2% A 2)v(¥ (dr) converge weakly as a — oo to a finite measure on ]0, oo,
which we may write in the form (z? A z)7(dz). Then Theorem 1 shows that F®) converges in
distribution to the critical continuous-state branching process Z with branching mechanism

W(g) = [ (@ 14 gojm(dr), 420,
0,00

As a consequence of this limit theorem, we derive a hydrodynamic limit for the associated
coalescent processes (Theorem 2). Precisely, we show that under the same assumptions as
above, for every ¢ > 0, the empirical measure corresponding to the jumps of F’t(a) (or equivalently
to the block sizes in the associated coalescent) converges, modulo a suitable rescaling, towards
a deterministic measure \;. Informally, \; is the distribution ofa cluster at time ¢, that is
a collection of individuals sharing the same ancestor at the initial time, in the continuous-
state branching process with branching mechanism W. In a way analogous to the derivation
of Smoluchovski’s coagulation equation from stochastic models (see Aldous [1], Norris [15] and
the references therein for background) we prove that the family (A, ¢ > 0) solves a generalized



coagulation equation of the form

d{h, f) & (=1)FEW((N, 1))
at 2 k!

k=2

/]Om[k(f(xﬁ- )= (F() 4+ f (@) Ae(dmr) - . A (dy)

where f can be any continuous function with compact support on |0, co| (Proposition 3).

In the last part of this work, we study the small time behavior of generalized Fleming-Viot
processes and A-coalescents, under a regular variation assumption on the measure v (recall that
A(dz) = 2*v(dx)). Precisely, we assume that the tail v([g,1]) is regularly varying with index
—~ when ¢ goes to 0. We are interested in the case when the A-coalescent comes down from
infinity (i.e. for every ¢ > 0, II; has finitely many blocks), which forces 1 < v < 2. Leaving
aside the boundary cases we suppose that 1 < v < 2. As a consequence of Theorem 1, we prove
that the rescaled Fleming-Viot process

) 1
Fi(2) = - Fyuea (ex)

converges in distribution to the continuous-state branching process with stable branching mech-

anism: F(2 )
-7
g = —2q".
+(q) Y1 q

We then use this result to investigate the small time behavior of the size of blocks in the A-
coalescent. Write N;(]0, z[) for the number of blocks with size less than x in the A-coalescent
at time t. If g(e) = (ev([e,1])) 7", Theorem 4 states that

sup [eNyie) (10, ex]) = (10, 2| — 0,

x€]0,00]

in probability. Furthermore, the measure A\; can be characterized by its Laplace transform
/(1 —e M\ (dr) = (T'(2 — ) + ¢ )Y,

Theorem 4 is analogous to a classical result for the sizes of blocks in the Kingman coalescent
in small time (see Aldous [1]). The proof uses an intermediate estimate for the total number
of blocks in a A-coalescent, which is closely related to the recent paper [2] dealing with beta-
coalescents.

The paper is organized as follows. Section 2 gives a few preliminary results about continuous-
state branching processes. In particular, the Poisson representation (Proposition 2) may have
other applications. Section 3 states our first limit theorem for generalized Fleming-Viot pro-
cesses. The derivation of the hydrodynamic limit is developed in Section 4, which also discusses
the generalized coagulation equation for the family (A;,¢ > 0). Finally Section 5 is devoted to
the behavior in small time of generalized Fleming-Viot processes and A-coalescents.

Notation. We use the notation (u, f) for the integral of the function f with respect to the
measure g. We denote by Mp the space of all finite measures on ]0, co[, which is equipped with
the usual weak topology. We also denote by Mg the space of all Radon measures on |0, ool.
The set Mg is equipped with the vague topology: A sequence (u,,n € N) in Mg converges
to p € Mg if and only if for every continuous function f :]0, 00— R with compact support,



2 Stochastic flows of branching processes

In this section, we give a few properties of continuous-state branching processes that will
be needed in the proof of our limit theorems. A critical branching mechanism is a function
U : [0, 00[— [0, 00[ of the type

U(g) = B + /]Om[ (7 — 1+ rq) m(dr) (1)

where 5 > 0 is the so-called Gaussian coefficient and 7 is a measure on |0, 00| such that
[(r Ar?)m(dr) < oo. The continuous-state branching process with branching mechanism ¥ (in
short the W-CSBP) is the Markov process with values in R, , whose transition kernels Q,(z, dy)
are determined by the Laplace transform

/Qt(l‘,dy) e = exp(—x ut(Q)) ) "L‘at Z 07 q Z 07 (2)
where the function u;(q) solves

6ut(q)
ot

= —U(w(q) , wolg) = q. (3)

The criticality of ¥ implies that a U-CSBP is a nonnegative martingale. If Z! and Z? are
two independent W-CSBP’s started respectively at x; and x,, then Z' + Z2 is also a W-CSBP,
obviously with initial value x; + z5. From this additivity or branching property, we may
construct a two-parameter process Z = (Z(t,z),t,x > 0), such that:

e For each fixed x > 0, (Z(t,x),t > 0) is a V-CSBP with cadlag paths and initial value
Z(0,z) = x.

o If 1,29 > 0, Z(-, 11 + x3) — Z(+,x1) is independent of the processes (Z(-,x),0 <z < x7)
and has the same law as Z(-, x3).

These properties entail that for each fixed t > 0, Z(¢,-) is an increasing process with inde-
pendent and stationary increments. Its right-continuous version is a subordinator with Laplace
exponent u; determined by (2) and (3). By the Lévy-Khintchin formula, there exists a unique
drift coefficient d; > 0 and a unique measure A; on |0, 00[ with [ (1 A 2)A\i(dx) < oo such
that

ui(q) = qd; + }000[(1 —e )\ (dz), q>0. (4)
One refers to \; as the Lévy measure of Z(t,-). Measures \; play an important role in this
work. Informally, we may say that A, is the ‘distribution’ of the size of the set of descendants
at time ¢t of a single individual at time 0. This assertion is informal since ); is not a probability
distribution (it may even be an infinite measure). A correct way of stating the above (in the
case d; = 0) is as follows: Z(¢,x) is the sum of the atoms of a Poisson measure with intensity
xA(+). Moreover, the study of the genealogical structure of the W-CSBP (see e.g. [9]) allows
one to interpret each of these atoms as the size of a family of individuals at time ¢ that have
the same ancestor at the initial time.



From now on, we assume that 3 = 0 and we exclude the trivial case © = 0.

We start by recalling in our special case an important connection between continuous-state
branching processes and Lévy processes due to Lamperti [14]. Let = > 0 be fixed, and let
€ = (&,t > 0) denote a real-valued Lévy process with no negative jumps, started from &, = x,
and whose Laplace exponent is specified by

E [exp(—q(§ — &o))] = expt¥(q), ¢>0.

In particular 7 is the Lévy measure of £&. The criticality of the branching mechanism W ensures
that the Lévy process ¢ has centered increments and thus oscillates. In particular the first
passage time ¢ :=inf {¢ > 0: & = 0} is finite a.s. Next, introduce for every ¢ > 0

tAC ds

() = / e o Co=inf{s20:9() > AC
0 s

Then the time-changed process (£ o Cy,t > 0) has the same distribution as (Z(t, z),t > 0).

It follows from this representation that (Z(t,z),t > 0) is a purely discontinuous martingale.
We can also use the Lamperti transformation to calculate the compensator of the jump measure
of this martingale. By the Lévy-Ito decomposition, the compensator of the jump measure of &,

Y duac)

{t:A&#0}

is dt ® m(dx). By a time change argument, we can then deduce that the compensator of the

measure
Y. duazia)
(t:AZ(t,2)£0)

is Z(t, z)dt @ 7(dr).

Since (Z(t,x),t > 0) is a purely discontinuous martingale, the knowledge of the compensator
of its jump measure completely determines the characteristics of this semimartingale, in the
sense of [12] Chapter II. We will need the fact that the distribution of (Z(¢,z),t > 0), and
more generally of the multidimensional process ((Z(t,x1), Z(t,z2),...,Z(t,z,));t > 0) for any
choice of p and z4,...,x,, is uniquely determined by its characteristics.

Fix an integer p > 1 and define
D, ={r=(21,...,2) : 0< 2y <9 <--- < 1,}. (5)

For every (yi,...,Yp) € D,, define a o-finite measure U(yy,...,yp;dz1, ..., dz,) on RE\{0} by
setting, for any measurable function ¢ : RE. — R, that vanishes at 0,

/U(yl, o Yprdz, o dzy) o(2, L, 2p) = /W(dr) /0 du go(rl{ugyl}, o ,Tl{ugyp}). (6)

Proposition 1 Let (zy,...,x,) € D, and let (Z*,...,ZP) be a p-dimensional semimartingale
taking values in D, such that (Z5,...,Z8) = (x1,...,13,). The following two properties are
equivalent:



(i) The processes ((Z},...,Z8);t > 0) and ((Z(t,21),...,Z(t,x,));t > 0) have the same
distribution.

(ii) The process ((Z},...,Z);t > 0) is a purely discontinuous local martingale, and the com-
pensator of its jump measure is the measure

O(dt,dz, ...dz) =dt U(Z}, ..., Z0;dz, . .., dz).

Proof: The implication (i)=-(ii) is a straightforward consequence of the remarks preceding the
statement and the branching property of continuous-state branching processes. We concentrate
on the proof of the converse implication (ii)=(i). Let ¢ = (q1,...,q,) €]0,00[", and let Y; =
(V;1,...,Y?) be defined by Y = Z! — Z/"' if i > 2 and Y;! = Z}. Notice that Y; > 0. Using
property (ii), an application of It6’s formula (cf Theorem 11.2.42 in [12]) yields that the process

exp(—q - Y;) — exp(—q - Yp)
p

exp(—q-Yy) (e 4" — 14 q;r) 1iy<yirds dun(dr

> [ SR Al 4ir) Lusysyds dum(dr)

is a local martingale. This local martingale is bounded over the time interval [0, ¢] for any ¢ > 0,
hence is a martingale. Taking expectations leads to

P

Ble"] = B + 3" W(q) [ dsBIY e ] )

i=1

It is immediate to verify from (ii) that each Y is also a nonnegative local martingale, and so
E[Y!] < E[Y{] = z; — x;_1 (by convention xo = 0). If we set f;(¢) = E[e~7"*] we have

dfi(q)
ol

= —E[y/ e "]

and so we deduce from (7) that

dfi(q)
ot

+V(q)-Vfilq) = 0, (8)

where we write ¥(q) = (¥(q1),...,¥(g)). In order to solve (8), fix t; > 0, and consider the
function g(t) = (uy,—¢(q1), - .., uy—1(gp)) for t € [0,¢;], where us(q) is as in (3). Since

gl(t) = (‘Il(utlft(%))v R \Il<ut1*t<qp)>>7

it follows that of of
t ° g = —t / . =

by (8). Hence f; o g(t) is constant over [0, ¢;], and

p

fu (@) = fu(9(t)) = fo(g(0)) = exp(= D (s — zi—1)ur, (¢:))-

i=1



This shows that

—

VE YD) L (2, 20), Z(t, ) — Z(ty,30), - Z(t, ) — Z(t, 7 1))

t19

and so @
(Ztll,,Zfl) = (Z(tl,l‘l),Z(tl,fL'Q),...,Z(tl,l‘p)).

It is easy to iterate this argument to obtain that the processes ((Z},...,ZF);t > 0) and
((Z(t,x1),...,Z(t,xp));t > 0) have the same finite-dimensional marginal distributions. The
desired result follows since both processes have cadlag paths. a

We now turn our attention to the representation of critical CSBP as stochastic flows on
[0, o[ solving simple stochastic differential equations. On a suitable filtered probability space

(Q, F,(F),P), we consider :

e an (F;)-Poisson random measure

M = Zé(tmuzﬂ"i)v
i=1

on R, x [0, 00[x]0, 0o, with intensity dt ® du @ 7(dr).
e a collection (X;(z),t > 0), z € R, of cadlag (F;)-martingales with values in R,

e the stochastic differential equation
Xi(z) = x +/ M(ds, du,dr)r 1i<x, (o)} - 9)
[0,£] x [0,00[x]0,00]

The Poissonian stochastic integral in the right-hand side should be understood with respect to
the compensated Poisson measure M (see e.g. Section II.1 of [12]). This stochastic integral is
well defined according to Definition I1.1.37 of [12], since the increasing process

— 1/2
t / M(ds, du, dr) r* 1iucx. (@
( [0,1%[0,00[x[0,00[ ( )72 Luex, @)

is locally integrable under our assumption on 7.

A pair (M, (X.(a),a > 0)) satisfying the above conditions will be called a weak solution of

(9)-

Proposition 2 The equation (9) has a weak solution which satisfies the additional property that
Xi(z1) < Xy(z9) for everyt > 0, a.s. whenever 0 < x1 < x9. Moreover, for every such solution
(M, X), for everyp € N and 0 < xy < ... < z,, the process ((Xi(z1),...,X:(z,)),t > 0) has
the same distribution as ((Z(t,x1), ..., Z(t,xp,)),t > 0).

Proof: The second part of the statement is immediate from the implication (ii)=-(i) in Propo-
sition 1. The first part can be deduced from Theorem 14.80 in [11] by the same arguments that
were used in the proof of Theorem 2 in [5]. We leave details to the reader as this result is not
really needed below except for motivation. a



3 Generalized Fleming-Viot flows and their limits

We now recall some results from [4, 5] on generalized Fleming-Viot processes and related
stochastic flows. Let v denote a o-finite measure on 0, 1] such that [, 2°v(dz) < co. Ac-
cording to Section 5.1 in [4], one can associate with v a Feller process (F,t > 0) with values
in the space of distribution functions of probability measures on ]0, 1] (i.e. for each ¢t > 0, F; is
a cadlag increasing map from [0, 1] to [0, 1] with F;(0) = 0 and F;(1) = 1), whose evolution is
characterized by v and has been described in Section 1 in the special case when v is finite.

In [5], we have shown that such generalized Fleming-Viot processes can be described as
the solution to a certain system of Poissonian SDE’s. More precisely, on a suitable filtered
probability space (2, F, (F;),P), one can construct the following processes:

e an (F;)-Poisson point process N on R, x]0,1[x]0, 1] with intensity dt ® du ® v(dr),
e a collection (Yi(x),t > 0), x € [0,1], of adapted cadlag processes with values in [0, 1] with
Yi(z1) < Yi(xg) for all t > 0 a.s. when 0 <2y <9 <1,

in such a way that for every r € [0, 1], a.s.
Yilw) = o+ [ N(ds, du, dr)r (Lpzy, ) — Y (2)) - 10
fz) =@ [0,£]]0,1[x]0,1] (ds, du T)T< fus¥e- (@)} (x)) (10)

The Poissonian stochastic integral in the right-hand side should again be understood with
respect to the compensated Poisson measure V.

Weak uniqueness holds for this system of SDE’s (Theorem 2 in [5]). Furthermore, for every
integer p > 1 and every 0 < 27 < ... <z, <1, the processes ((Yi(z1),...,Y:(x,)),t > 0) and
((Fy(x1), ..., Fi(xp)),t > 0) have the same distribution. Note the similarity with Proposition
2: Compare (9) and (10). This strongly suggests to look for asymptotic results relating the
processes Z(t,z) and Fy(z).

For every integer p > 1 and every a > 0, set

<...<z, <a}.

D, =D,N[0,a]f = {(21,...,7,) €RE:0< 2 <y <

From (10) we see that for every (z1,...,,) € D, the process (Fy(x1),..., Fy(x,)) is a purely
discontinuous martingale, and the compensator of its jump measure is

dt R(Fy(x1),..., Fi(xp);dz, ..., dz,),

where for every (y1,...,yp) € D},, the measure R(yi,...,y,;dz,...,dz,) on RP\{0} is deter-
mined by

1
/R(yl, e Yprdzy, oo dzy) oz, 2p) = /y(dr) /0 du o(r(Liu<yy=v1), - - T (Lu<y,} —Yp))-

Consider now a family (7(%, a > 0) of measures on |0, 1] with Jo.11 725 (dr) < oo, and for

each a > 0, let F(@ be the associated Fleming-Viot process. We then write

F(x) == aF\y (z/a), z €[0,a],t >0



for the rescaled version of the Fleming-Viot flow. So, for each t > 0, E(a) is the distribution
function of a measure on |0, a] with total mass a. For every fixed real number a > 0, we also
denote by v(¥) the measure on ]0, co[ which is 0 on ]a, co[ and whose restriction to |0, a] is given
by the image of #(*) under the dilation r — ar from ]0, 1] to |0, a]. In particular r?v(9(dr) is a
finite measure on ]0, col.

By a scaling argument, we see that, for every (z1,...,7,) € Dy, (Ft(a) (1),..., £ (x)) is a
purely discontinuous martingale, with values in Dj, and the compensator of its jump measure
is

By (dt dz . dz) = dt RO(F (), ..., F(x,);dz, .. dz) (11)
where

/R(a)<y17 s ,yp;d21, . -,de) QO(Zl, .. .,Zp)

= /V(“)(d'f’)/o du@(r(Liusyy —a 'y, 7 (Liusy,) — a”'gp)). (12)

Let m be as in Section 2 a nontrivial measure on ]0, oo[ such that [(r A r?)w(dr) < oo, and
let ¥ be as in (1). Denote by (Z(t,z),t > 0,z > 0) the associated flow of continuous-state
branching processes constructed in Section 2.

Assumption (H) The measures (r A r2)v\@(dr) converge to (r Ar*)m(dr) as a — oo, in the
sense of weak convergence in My.

Theorem 1 Under Assumption (H), for every (xq,...,x,) € D,

(FEO (1), ..., F2@,));t > 0) % (Z(t,21), ..., Z(t,2,)); t > 0)

a—00

in the Skorokhod space D(R ., RP).

Proof: The proof only uses the facts that (F} 2 (1), ..., £ (xp)) is a purely discontinuous
martingale and that the compensator of its jump measure is given by (11) and (12). The latter

properties indeed characterize the law of the process (Ft(a) (x1),..., £ (xp)) (cf Lemma 1 in
[5]), but we do not use this uniqueness property in the proof. We fix a sequence (a,) tending
to +o00, and (x1,...,x,) € D,. To simplify notation we write

Y= (YY) = (B (), B ()
which makes sense as soon as a,, > x,, hence for all n sufficiently large. We also set

Z, = (Z)...,20) = (Z(t,21),. .., Z(t,z,)).

We rely on general limit theorems for semimartingales with jumps which can be found in
the book [12]. To this end, we first need to introduce a truncation function 4 : R — R, that is
a bounded continuous function such that h(x) = z for every x € [—¢, 4], for some 6 > 0. We
may and will assume that h is nondecreasing, |h(x)| < |z| A1 for every x € R and that h is
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Lipschitz continuous with Lipschitz constant 1, that is |h(z) —h(y)| < |z —y| for every z,y € R.
We can then consider the associated (modified) triplet of characteristics of the p-dimensional
semimartingale Y™

(B",C", fgan)).
See Definition I1.2.16 in [12]. To be specific, fi(a,) is defined in (11). Then, since ;" is a purely

discontinuous martingale, we have B}" = (B;"")1<i<p, wWith

BM = — an(dt,dz ... d . — h(z
y — (dl,dzy .. dzy) (2 — h(z:))

Similarly, étn = (é;’j’n>1§i7j§p, with

Sign _ /Mxkp By (dt, dz1 . .. dzy)h(2)h(2).

Write C(RP) for the space of all bounded Lipschitz continuous functions on R? that vanish
on a neighborhood of 0. We fix g € C,(RP) such that |g| < 1, and we choose o > 0 such that

g(z1,...,2p) = 01if |z| < a for every i = 1,...,p. Following the notation in [12], we set
* [h(a,))t = ay(dt,dzy . ..d s Zp)-
(9 * fh(an))t /[O,t]XRP Pan) (dlydzy - dzy) 9215 2)

From formula (11) we have
B = [Ldsgriem v
= sy ) (13)
(9% Wan))e = /Ot ds " (YW, YP),
where the functions 8™, ™%/, " are defined by

ﬁ"’i(yl,...,yp) = — RPR(“")(yl,...,yp;dzl,...,dzp)(zi—h(zi))
7m,j(yl, e Yp) = /Rp R(“")(yl, e Yprdza, o, dzy) h(z)h(z;)

O (Y15, Yp) = /RPR(“")(yl,...,yp;dzl,...,dzp)g(zl,...,zp).

Similarly, the (modified) characteristics of the semimartingale Z are
(B,C.0)

where 6 is as in Proposition 1, and

B = /Otdsﬁf(zg,...,zg)
& o= "dsyti(Z), .. ) (14)
(g*0); = /Otdsw(Zi,---7Z§),

11



where the functions 3%, 7%, ¢ are respectively defined by

ﬁi(yl,,..,yp) = —/RpU(yl,...,yp;dzl,...,dzp)(zi—h(zi))
yi’j(yl,...,yp) = /RpU(yl,...,yp;dzl,...,dzp)h(zi)h(zj)

oY1, yp) = /RpU(yl,...,yp;dzl,...,dzp)g(zl,...,zp).

Lemma 1 For every (yi,...,Yy,) € D,

5 sl S 201 [ V(@) 7Ly
)| S () [ M (@) (0 AT)
n 2
|90 (y1a~-->yp) < ayp/y(an)(dr)rl{r>a}~

Moreover,

lim 6" (y1, - ¥) = B, Up)

Tm " () = Y (YY)
lm "y, yp) = @Y Yp),

uniformly on bounded subsets of D,,.

Let us postpone the proof of the lemma and complete that of the theorem. The first step
is to check the sequence of the laws of the processes Y is tight in the space of probability
measures on D(R,, RP). This will follow from Theorem VI.4.18 in [12] provided we can check
that:

(i) We have for every N > 0 and € > 0,

ll)le (limsup Pt ([0, N] x {z € R : |2| > b}) > 6]) = 0.

n—0o0

(ii) The laws of the processes B™*, Cmiod | g H(a,) are tight in the space of probability measures
on C(R4,R).

To prove (i), set
Th =inf{t >0:Y"" > A}

for every A > z,. Since Y™? is a (bounded) nonnegative martingale, a classical result states
that .
Plsup{Y;"",t > 0} > A] = P[T} < 0] < Zp' (15)

From formulas (11) and (12), we have on the event {sup{Y",t > 0} < A}

Py ([0, N] x {z € RP : |2| > b}) < N(A V(an)(]g, oo[) + ay, V(an)(]lf—z, oo[))

12



Under Assumption (H), we have

li n Y(a R
Am an v n><]pA

and so, on the event {sup{Y;"" ¢t > 0} < A},
b
lim sup fi(a,) ([0, N] x {z € RP : |2| > b}) < NAW([]—Q,OOD.

If we first choose A so that x,/A is small, and then b large enough so that N A W([%, >[) < ¢,
we see that the statement in (i) follows from (15). Part (ii) is a straightforward consequence
of formulas (13), the bounds of the first part of Lemma 1 and (15) again. This completes the
proof of the tightness of the sequence of the laws of the processes Y.

Then, we can assume that, at least along a suitable subsequence, Y™ converges in distribution
towards a limiting process Y™ = (Y°! . ., Y°oP). We claim that Y™ is a semimartingale
whose triplet of (modified) characteristics (B>, C'*, 1) is such that

. t .
B = [aspt. v
0
.~ t .
Gt = sy et ) (16)
0
t
(g * MOO)t = /0 ds 80<}/sz0’17 s 73/50071))7

with 3°,7%, ¢ as above. To see this, it is enough to verify that the 4-tuples (Y™, B, cn, G*[h(an))
converge in distribution to (Y°°, B®,C*, g * fis) (see Theorem IX.2.4 in [12]). The latter
convergence readily follows from the convergence of Y" towards Y, formulas (13) and the
second part of Lemma 1.

Finally, knowing the triplet of characteristics of Y°°, Theorem 11.2.34 in [12] shows that Y
is a purely discontinuous martingale, and the compensator of its jump measure is

dt UYL Y dzy, . dzy).

By Proposition 1, this implies that Y*° has the same distribution as Z, and this completes the
proof of Theorem 1. a

Proof of Lemma 1: By definition, for (yi,...,y,) € Dy",
B ) = = [V @) [T du(r (s — a'n) = A (Lusy — a'w)
= = [ V) i (1 = ) = B (1= 0 )
* / V@) (dr) (an — yi)(ay "1y + h(—a, 'ry:)).
Recalling that h(x) = z if |z] < J, we immediately get the bound

ﬁmi(yh cee 7yp) < 2% / V(an)<d,r) Tl{r>5}-

13



Furthermore, using the fact that h is Lipschitz with Lipschitz constant 1, we have
5ty yp) + i [ VO dr) (7 = B(r))]
< 2ar_zlyi2 / V(an)(dr) T]‘{T>5} + Ui / V(an)(dr) rl{aﬁlry¢>5}

and it is easy to verify from Assumption (H) that the right-hand side tends to 0 as n — oo,
uniformly when y; varies over a bounded subset in R, . Since Assumption (H) also implies that

lim | o) (dr) (r — h(r)) = /W(dr) (r = h(r)),

n—oo
we get the first limit of the lemma.

Consider now, for (y1,...,y,) € Dy, and 1 <i < j <p,

V(g y) = /V(“")(dr) /Oan duh(r(Lpueyy — ap ' y)h(r(Luusy,) — a,'y;))
= [V ) g h(r (1 = 0 ))h(r(1 - a;'y;)
+/y(“")(dr) (y; — wi) h(—a, 'ry;) h(r(1 = a,'y;))
[ VO dr) (= ) h(=a; ry) hl=a, ) (17)
Using the bounds |h| < 1 and |h(2)| < |z|, we get
syl Sy [ V(A2 AL + g [V dr)yr(r A ),
which gives the second bound of the lemma. Then, using the Lipschitz property of h,
| / ) (dr) h(r(1 — a; "y:))h(r(1 — a; 'y;)) — / p@)(dr) h(r)
< 2a;1yj/u(“")(dr) rh(r) — 0
as n — oo. Notice that

lim i [V (dr) h(r)? = g [ 7(dr) B =7, )

n—0o0

uniformly when (yi,...,y,) varies over a bounded set. To complete the verification of the
second limit in the lemma, we need to check that the last two terms in the right-hand side of
(17) tend to 0 as n — co. We have first

[ e @) b= r)h(r(1 = a;')) < [ V) (dr) v i blr) — 0
as n — oo. It remains to bound
‘an/l/(an)(dr) h(—a; 'ry;) h(—a;lryj)’
< [ dr) ryil(ar rys) A1)

< yi/U(an)<dT)T1{r>A} +y¢yja;1/u(“")(dr) 7’21{rg,4}
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where A > 0 is arbitrary. If n > 0 is given, we can first choose A sufficiently large so that

lim sup V(“”)(dT)Tl{r>A} < /W(dr)rl{rzA} <1

n—oo

On the other hand, we have also

n—0o0

lim a;l/y(“")(dr) r*1g<ay =0

and together with the preceding estimates, this gives the second limit of the lemma.

Finally, we have

wn(yla cee 7yp) = /V(an)(dr) /0 dug(r(l{uﬁyl} - a’;lyl)v cee 7T(1{u§yp} - arzlyp))'

Since |g| <1 and g¢(z1,...,2,) = 0 if sup || < «a, we easily get the bound

" (Y1, u)l <y / V(an)<dr) Lirsay + an / V(an)(dr> Lartryp>al

< Yp / V(an)<dr) 1{7">oz} + % / V(an)<dr) Tl{r>o¢}

which gives the third bound of the lemma. Then, if M denotes a Lipschitz constant for g,

" (Y1) —/V(“”)(dr)/o dug(rliusyys- - Ly,
< Mp/y(an)<dr>/0 du<1{u§yp}arjlryp 1{r>a} + 1{u>yp}a’1:1ryp 1{a;1ryp>a}>
< Mp( [V (dr) L)z v+ Moy, [ V0 (@) Ly,

which tends to 0 as n tends to oo, uniformly when y,, varies over a compact subset of R. The
last convergence of the lemma now follows from Assumption (H). This completes the proof. O

4 Hydrodynamic limits for exchangeable coalescents

The motivation for this section stems from hydrodynamic limit theorems leading from stochastic
coalescents to Smoluchowski’s coagulation equation, which we now summarize.

4.1 Stochastic coalescents and Smoluchowski’s coagulation equation

Consider a symmetric measurable function K :]0, 0o[x]0, co[— R, which will be referred to
as a coagulation kernel. A stochastic coalescent with coagulation kernel K can be viewed as
a Markov chain in continuous time C' = (Cy,t > 0) with values in the space of finite integer-
valued measures on |0, co| with the following dynamics. Suppose that the process starts from
some state 3%, &,,, where k > 2 and x; €]0,00[ fori =1,...,k. For 1 <i < j <k, let e;;
be an exponential variable with parameter K(x;,x;), such that to different pairs correspond
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independent variables. The first jump of the process C' occurs at time min;<;;<;€;;, and if
this minimum is reached for the indices 1 < ¢ < m < k (i.e. £ and k are the indices such that
miny<;< <k € j = €s,,), then the state after the jump is

5wz+xm + Z 5961--

1#Lm

In other words, a stochastic coalescent with coagulation kernel K is a finite particle system in
10, oo[ such that each pair of particles (z;,z;) in the system merges at rate K (x;, x;), indepen-
dently of the other pairs.

Now consider a sequence (C't("),t > 0)nen of stochastic coalescents with coagulation kernel
K and set O™ = n_lét(zz for t > 0. Suppose that the sequence of initial states C™ converges
in probability in Mg to a Radon measure p. Then under some technical assumptions on the
coagulation kernel K (see e.g. Norris [15]), the sequence (C’t("),t > 0) converges in probability
on the space of cadlag trajectories with values in My towards a deterministic limit (u, ¢ > 0).
Moreover this limit is characterized as the solution to Smoluchowski’s coagulation equation

d<lutaf> _ 1
dt 2 J10,00[2

(flx+y) = f(z) = f(y) K(z,y)pe(dz) pe(dy) (18)

where f :]0,00[— R denotes a generic continuous function with compact support.

4.2 Hydrodynamic limits

Let v denote a o-finite measure on |0, 1] such that [, ) 7*v(dr) < oo, and write A(dr) = rv(dr),
which is thus a finite measure on |0, 1]. The so-called A-coalescent (or coalescent with multiple
collisions, see [16]) is a Markov process (II;, ¢ > 0) taking values in the set of all partitions of
N. Unless otherwise specified, we assume that Il is the partition of N into singletons. For
every t > 0, write D, for the sequence of asymptotic frequencies of the blocks of II;, ranked
in nonincreasing order (if the number k of blocks is finite, then the terms of index greater
than & in the sequence are all equal to 0). Then ([16], section 2.2) the process (Dy,t > 0) is
a time-homogeneous Markov process with values in the space S; of nonincreasing numerical
sequences s = (s1,...) with >2°, s; < 1.

The following connection with generalized Fleming-Viot processes can be found in [4]. Let
(Fi,t > 0) be the generalized Fleming-Viot process associated with v, and for every ¢t > 0, let
Ji be the sequence of sizes of jumps of the mapping z — Fi(x), ranked again in nonincreasing
order, and with the same convention if there are finitely many jumps. Then, for each fixed
t >0, J; and D; have the same distribution (Theorem 1 in [4] indeed gives a deeper connection,
which has been briefly described in Section 1).

For each a > 0, let 7@, p(@ F@ and F@ be as in Section 3. Denote by g,ﬁ“) the point
measure whose atoms are given by the jump sizes of the increasing process r — Ft(a) (x):

~(a)
Mg = Z 0 F) (@)= F\") (a—)
{z€]0,1] :ﬁt(a) (m)fﬁt(a) (z—)>0}
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Fom the preceding observations, the atoms of g,ﬁ“) also correspond to the sizes of the blocks in

a A-coalescent at time ¢, for A(dr) = TQD,f(a)(dT). We then consider the rescaled version i\,

iven as the image of a~1fil? under the dilation r — ar. Equivalently, 1(® is ¢! times the
g g Hat H

sum of the Dirac point masses at the jump sizes of the mapping r — Ft(a) (x).

Theorem 2 Suppose that (H) holds and let (Z(t,z);t,x > 0) be the flow of continuous-state

branching processes associated with w. Then for everyt > 0, /,L,Ea) converges to the Lévy measure
A of the subordinator Z(t,-) as a — oo in probability in Mg.

Theorem 2 is an immediate consequence of Theorem 1 and the following lemma.

Lemma 2 Let 0 = (0y,t > 0) be a subordinator with Lévy measure \. For each a > 0, let
X@ = (Xt(a),() <t < a) be an increasing cadliag process with exchangeable increments, with
Xéa) =0 and X9 = a a.s. Suppose that X¥ converges to o as a — oo in the sense of
finite-dimensional distributions. Then the random point measure

—1
at Y 5AX§‘”
0<t<a

converges to A in probability in My as a — oo.

Proof: Pick some nonnegative continuous function f :]0,c0[— R with compact support and
write

ci= f(x)A(dx).

10,00]

By the Lévy-Ito decomposition for subordinators, the random point measure >-a,,~0 0(t,A0)
on R, x]0, ool is Poisson with intensity dt @ \(dz). Let p > 0. The law of large numbers ensures
the existence of a real number a, > 0 such that

Ella," > f(Ao) —cf] <p. (19)

0<t<ap

Then consider for a > a, the bridges with exchangeable increments, bounded variation and
no negative jumps on the time interval [0, a,], defined by

Bt(a) = Xt(a) - ta;lXé‘Z) , B,=o0,— ta;lcrap , te[0,a,.

Our assumptions entail that B(® converges in the sense of finite dimensional distributions to
B, so according to Kallenberg [13], the random measure

Z 5AB§“> Z 5AX§“>

0<t<ap 0<t<ap

converges in law on My towards

Z 5ABt = Z 5Aat7

0<t<ap 0<t<ap
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and in particular, when a — oo,
(d)

S AAx)y oot Y f(Aoy). (20)

0<t<ap 0<t<a,

Let us check that the variables

| X s@axi).

0<t<ap

a < [aﬂv OO[

are uniformly integrable. Let [u,v] be a compact subinterval of |0, co[ such that the support
of f is contained in [u, v]. Denote by Nyl the number of jumps of the process X (@ with size
in [u,v]. By classical results about processes with exchangeable increments, conditionally on
Nf,. = n, the number
(a,ap) |, _
Nt = 3 L (AX(Y)

0<t<ap

since X{* = a. We sce that NV, (ua,ﬁp)

ag
u
) distribution, and the desired uniform

IN

has a binomial B(n, <2) distribution. Notice that N, o
is bounded above in distribution by a binomial B([%], “
integrability readily follows.

It then follows from (19) and (20) that

> HAX) —d] = Ella;t 3 f(Ac) ] <p.

0<t<a, 0<t<ap

Q|73

lim E

a—00 H

Moreover, an easy exchangeability argument shows that we have also

limsupEHcf1 > f(AXt(a)) - CH <p.

a—0o0 0<t<a

Since p may be taken arbitrarily small, we have thus shown that

-1 (a)
lim a™ ') f( AXt ) = /]O’Oo[f(x))\(dx),

a—0o0
t<a

in L' for every continuous function f with compact support. The conclusion now follows by a
standard argument. a

We will now show that the family (A, ¢ > 0) of Lévy measures, which appears in Theorem
2, solves a certain coagulation equation with multiple collisions. To this end, we introduce the
following additional assumption, which also plays a key role in the study of the genealogical
structure of continuous-state branching processes (see e.g. [9]).

Assumption (E) The W-CSBP becomes extinct almost surely.
Equivalently, this assumption holds iff P[Z(¢,2) = 0] > 0 for every ¢ > 0 and z > 0. By
solving (3), it is easy to verify that Assumption (E) is equivalent to

% du

1 U(u)

< 00. (21)
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In particular, Assumption (E) holds in the so-called stable case ¥ (u) = u”, v €]1, 2], that will
be considered in Section 5 below.

From (4), we see that under Assumption (E) we have d; = 0, and the total mass \;(]0, o) =
—logP[Z(t,1) = 0] is finite for every ¢t > 0. Moreover the function ¢ — \(]0, co[) is nonin-
creasing.

We denote by Co(R,) the space of all bounded continuous functions f on R, such that
f(0) = 0 and f(x) has a limit as z — +o00o. The space Co(R) is equipped with the uniform
norm, which is denoted by || f||. For every integer k > 2 and ¢ > 0, we denote by U*)(q) the
k-th derivative of ¥ at ¢. It is immediately checked that

WO (g) = (~1)" [ w(dr) e (22)
Obviously, (—1)¥W®)(g) > 0 for every k > 2 and ¢ > 0.

Proposition 3 Under Assumption (E), for every f € Co(Ry), the function t — (A, f) solves
the equation

(23)

where the series in the right-hand side converges absolutely.

It is interesting to observe that (23) also holds when W(q) = cq¢® for some constant ¢ > 0.
Take U(q) = ju? for definiteness (then the W-CSBP is the classical Feller diffusion) in such a
way that (23) exactly reduces to (18) with K = 1. Then us(q) = 2¢ (2 + qt)~!, and it follows

that A 5

M(d) = - exp(—%) dx (24)
so that the density of \; is the classical solution, arising from infinitesimally small initial clusters,
of the Smoluchovski equation (18) in the case K =1 (cf Section 2.2 of [1]).

We can rewrite equation (23) in a somewhat more synthetic way by introducing the following
notation. If u is a measure on ]0, oo[ such that [, (1 A z)u(dr) < oo, we write u® for the
distribution on [0, 00[ of the sum of the atoms of a Poisson random measure on |0, co[ with
intensity u. Note that pu® is a probability measure and that, by Campbell’s formula,

/[O’OO[eqm,u@(d:C) = exp{ - /}0700[(1 — e*qr)ﬂ(da:)} , q>0. (25)

As we will see in the proof below, (23) follows from the equation

% — /}0700[7T(da)<<(a)\t)@’ F) = laX, f))_ (26)

Informally, we may think of \;(dz) as the density at time t of particles with size = in some
infinite system of particles. The right-hand side in (26) can be interpreted by saying at rate
m(da), a ‘quantity’ a of particles coagulates at time t. More precisely, this ‘quantity’ is sampled
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in a Poissonian way, viewing at a); as an intensity measure for the sampling (so, loosely
speaking, the particles involved into the coagulation are sampled uniformly at random amongst
the particles present at time t).

As the proof below will show, (26) still holds without Assumption (E) at least for functions
f of the type f(x) = 1—exp(—qz), provided that d; = 0 for every ¢ > 0 (recall from Silverstein
[19] that the latter holds whenever [, 7rm(dr) = co). In that case however, the measures \;
may be infinite, and then coagulations involve infinitely many components, so that one cannot
write an equation of the form (23).

Proof: We first prove (26). For ¢ > 0, let f,) € Co(R,) be defined by f,)(z) =1 —e %. By
(25) and (4),

(@A), fig) = 1= exp (= a [ Aldr)(1 = ™)) =1 = exp(~au(q)).

On the other hand, by (4) again,
(At fi)) = we(q)-

Thus when f = f(,) the right-hand side of (26) makes sense and is equal to

/]O,Oo[ﬂda)(l —exp(—au(q)) — aut(q)) = —U(uy(q)).

Therefore (26) reduces to (3) in that case. Note that we have not used Assumption (E) at this
stage (except for the fact that d, = 0 for every t > 0).

Denote by H the subspace of Cy(R,) that consists of linear combinations of the functions
f(g)- Then H is dense in Co(R; ). Obviously, for every f € H, (26) holds, and the right-hand
side of (26) is a continuous function of ¢ €]0, 00[. Fix f € C4(R;) and a sequence (f,),>1 in H
that converges to f. If we also fix 0 < e < t, we have for every n > 1,

O fu) = s o)+ [ ds [(@a) (@A), 1) = (ado, 1), 1)
Plainly, for every s > 0,

Ao fu) =2 A, f) and ((aXo)®, fu) —2 (@A), f).

n—oo

We claim that there exists a constant C. such that, for every s > ¢ and n > 1, and every
h € C‘(R-l-)a
[{(aXe)®, k) = (aks, h)| < C(a® Aa) ||, (28)

As the quantities (\g, 1), s € [g, 00| are bounded above, it is clearly enough to consider a < 1.
Since h(0) = 0, the definition of (a)s)® immediately gives

((aX)®, h) = e~ *PVa(h, h) + O(a®||A]))

where the remainder O(a?||h||), which corresponds to the event that a Poisson measure with
intensity a\s has at least two atoms, is uniform in A € Co(R;) and s > e. The estimate (28)
follows.
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Using (28) and dominated convergence, we get

lim [ w(da)(((ae)®, fu) — (@A, fu)) = /W(da)(«aks)@,f) —{aX,, ) (29)

n—~0o0

uniformly in s € [g, 0o[, and the right-hand side of (29) is a continuous function of s. Equation
(26) in the general case follows by passing to the limit n — oo in (27).

Then, to derive (26) from (23), we write

J, ) (@A) 1)~ (are. )

:/ﬂ(d@)((g%e_aw’n/ﬂxl—|—~-~+azk))\t(d:c1)...)\t(dxk)) —alA. 1))
~ [ n(da) :O e el [(flar ) = (F@) + o+ f@) Mdan) - A(da).

Notice that the term k£ = 1 in the last series vanishes. Moreover, bounding the other terms by
their absolute value gives a convergent series, whose sum is integrable with respect to m(da).
Hence we may interchange the sum and the integral with respect to m(da), and we get the
statement of the proposition from (26). O

Remark. To conclude this section, let us observe that Assumption (E) is closely related to the
property for a A-coalescent to come down from infinity (cf Pitman [16] and Schweinsberg [18]).
Let v denote a o-finite measure on 0, 1] such that fi, ;7°v(dr) < oo, and let A(dr) = 2*v(dx).
Let W be given by (1) with 7 = v (and § = 0). Then the A-coalescent comes down from infinity
if and only if the W-CSBP becomes extinct almost surely. To see this, recall from Schweinsberg
[18] that a necessary and sufficient condition for the A-coalescent to come down from infinity is

1

Using the binomial formula, we can rewrite this condition as

e 1

S ([or =140 -n")wn) " <o,

b=2
or equivalently, if we put ®(q) = [(¢r — 1+ (1 —r)9) v(dr) for every real ¢ > 1,

) D) < 00. (31)

(note that the function ® is nondecreasing on [1, 0o[). Simple estimates give the existence of a
constant ¢ €0, 1[ such that, for every ¢ > 2,

c¥(q) < @(q) < ¥(q).

It follows that (30) and (21) are equivalent. In the spirit of the present work, it would be
interesting to give a direct probabilistic proof of the equivalence between the property for a
A-coalescent to come down from infinity and Assumption (E) for the associated branching
process.

21



5 Small time behavior of lows and coalescents

In this section, we fix a measure v on ]0, 1] such that [r?v(dr) < oo and we consider the
associated generalized Fleming-Viot process (F,t > 0).

From now on until the end of the section, we make the following assumption on v.

Assumption (A). The function v([e, 1]) is reqularly varying with index —v as e — 0, for some
v €]1,2].
As a consequence, there exists a function L(e), € €]0, 1] that is slowly varying as ¢ — 0, such
that, for every e €]0, 1],
v([e, 1]) = e 7L(e).

Fix g9 > 0 such that v([gg, 1]) > 0. For € €]0, g¢] we have L(¢) > 0 and so we can set

1
Ff(l’) — g FL(e)—1€7—1t<€.§U>

for 0 <z <e!andt>0. We also let v, be the measure on [0,e7!] defined by
_ r
vt o) = L)< [ van) o(5).
A simple scaling transformation shows that for every (z1,...,z,) € D¥/¢, (Ff(21), ..., Ff(xp))
is a purely discontinuous martingale, with values in D;/ ¢, and the compensator of its jump

measure is

dt R.(Ff(x1), ..., Fi(xp);dzy, ... dzy)

where
/Ra(yla <o Yps le, ce ,de) (,0(21, RN Zp)
1/e
- /VE(dT) 0 du%p(rCl{USyl} - €y1)7 s 7T<1{u§yp} - Eyp))- (32)

Let 7, be the measure on |0, co[ such that 7, (Ja, 0o[) = a™7 for every a > 0, and let

I'(2-7) 4.

Wo(q) = [ m(dr) (7 =1+ qr) = o

We let (Z(t,z),t > 0,2 > 0) be the flow of continuous-state branching processes constructed
in Section 2, with ¥ = V.

Theorem 3 Under Assumption (A), for every (x1,...,x,) € D,,
((Fte('rl)7 Tt Ff(l’p)),t > 0) - ((Z(tv l’1>, SRR Z<t7 I‘p)),t > 0)

in the Skorokhod space D(R ., RP).
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Proof: This is a simple consequence of Theorem 1, or rather of its proof. Indeed, we immedi-
ately see that the kernel R.(y1, ..., yp;dz1, . . ., dz,) coincides with RV (yy, ...,y dzy, ..., dz,)
defined in (12), provided we take v(*/¢) = 1,. From the observation at the beginning of the
proof of Theorem 1, we see that Theorem 3 will follow if we can check that Assumption (H)
holds in the present setting, that is if

liil%('r’ AT v (dr) = (r A7) 7y (dr) (33)

in the sense of weak convergence in Mg.

In order to prove (33), first note that when & — 0+,

[ atutan) =2 [ yuly, dy — 2u(le, 1)) ~ 52— TL(e),

[0,€] 0 2—7

where the equivalence follows from Assumption (A) and a classical property of integrals of
regularly varying functions. We immediately deduce that

lim 7 v (dr) = r* 7 (dr) (34)

e—0

in the sense of vague convergence in the space of Radon measures on [0, co.

Next, note that

[vetdn) ¢ =rna)= [“drv(r o) = LE) ™ [Cdrure 1) 0 (35)
uniformly in € €]0,&q]. From (34) and (35) the family ((r A r?)v.(dr),0 < e < 1) is tight for
the weak topology in Mp. Together, with (34), this establishes the weak convergence (33). O

Remark. Suppose that (F;,¢ > 0) is the flow of bridges associated with the Kingman coales-
cent, corresponding to A = dy in our notation (cf Section 4 in [5]). If we fix (y1,...,%,) € D,
the process (Fy(y1), .., Fi(yp)) is a diffusion process in D} with generator

Agla) = 5 3 iy (1~ 1) 500
g\ = 2 ing v 8.73‘28.23'] o

ij=1

(see Theorem 3 in [5]). Putting Ff(x) = 1F.(ex), it is a simple matter to verify that our
Theorem 3 still holds in that setting, provided we let (Z(t,z),t > 0, > 0) be the flow
associated with the Feller diffusion (¥(q) = 2¢?). Indeed, if we specialize to the case p = 1
and if we let (By;,t > 0) be a standard linear Brownian motion, this is just saying that, for the

Fisher-Wright diffusion (X;(x),t > 0) solving

dXt = Xt(l - Xt) dBt y XO =T,
the rescaled processes X; := %th(sx) converge in distribution as ¢ — 0 towards the Feller
diffusion Y;(z) solving

Y, =\, dB, | Yo=ux.
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We will now use Theorem 3 to derive precise information on the sizes of blocks in a A-
coalescent (for A(dr) = r?v(dr)) in small time. As previously, we denote by A;(dr) the Lévy
measure of the subordinator (Z(1,x),x > 0). We have for every ¢ > 0

exp —x/(l —e M)A (dr) = E(exp —qZ(1,x)) = exp —zuy(q)

and the function u;(¢) can be calculated from equation (3), with ¥ = W.,. It follows that

[ = M) = (02— 7) +¢)Y0)
and in particular, the total mass of A\; is
(1(2 = ).

We will need the fact that \; has no atoms. An easy way to derive this property is to argue
by contradiction as follows. Suppose that a > 0 is an atom of A\;. From the Lévy-Khintchin
decomposition of Z(t, z) (see the discussion after (4)), it follows that a is also an atom of the
distribution of Z(1,x), for every x > 0. By a simple scaling argument, for every s > 0, the
image of \; (dr) under the mapping r — s/0~Yr is s/0=Y )\ (dr). Therefore, for every s €]0, 1],
s/0=1¢ is also an atom of \,, hence of the distribution of Z(s,z) for every x > 0. However,
applying the Markov property to the process (Z(t,1));>0 at time 1 — s, this would imply that
for every s €]0,1[, s/0~Yq is an atom of the distribution of Z(1, 1), which is absurd.

We set g(e) = L(e)~1e?! for every e €]0, o).

Theorem 4 Assume that (A) holds and let A(dr) = r?*v(dr). For every t > 0 and r € [0, 0],
denote by N(]0,7[) the number of blocks at time t with frequencies less than r in a A-coalescent
started from the partition of N in singletons. Then,

%O
e—0

sup |eNy(o) (10, ez]) = M (J0, )

z€]0,00]

in probability.

Again Theorem 4 is a generalization of classical results for the Kingman coalescent. In that
case, one has

%O
e—0

sup lsNg(]O,sx[) —2(1 — 2e72%)

z€]0,00]

almost surely (cf Section 4.2 of [1]). This is consistent with Theorem 4 since in the case

U(q) = 3¢°, (24) shows that

2(1 —2e2*) = /Ox 4e”*" dx = A ()0, z).

Proof: By the results of [4] recalled at the beginning of subsection 4.2, we know that, for each
t > 0 the collection (N¢(]0,r[), > 0) has the same distribution as

( Z lio<r(u)-Fu-)<r}, T = O),

O<u<1
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where (F;,t > 0) is the generalized Fleming-Viot process associated with v. It then follows
from our definitions that

(5 Nye)(]0, ze[), 2 > 0) 9 (5 > Lo<rr(w-Ffu-)<a} T > 0)-

O<u<l/e

By combining Theorem 3 and Lemma 2, we get that

e > Orw-rwo) M (36)

e—0
O<u<l/e

in probability in Mpg. This is indeed the same result as Theorem 2 in our present setting. The
preceding convergence is not quite sufficient to conclude: Recalling that A; has no atoms and
using Dini’s theorem, we see that the statement of the theorem will follow if we can prove that
the convergence (36) holds in the sense of weak convergence in the space Mg. To get this
strengthening of (36), it suffices to prove the convergence of the total masses. Therefore the
proof of Theorem 4 will be complete once we have established the following lemma.

Lemma 3 We have
lim & Ny () (]0, 00[) = A1(J0, 00f) = (I'(2 - YO,

wn probability.

Remark. The recent paper [2] gives closely related results that were obtained independently
of the present work.

Proof: Write N, = Ny(]0, 00]) to simplify notation. Then, for every ¢ > 0 and z €]0, 1], we
have
Elz"] = P[Fy(z) = 1]

(cf formula (8) in [5]). By exchangeability,
PIF(x) = 1] = PlFy(z) = Fi(1)] = PIF(1 - 2) = 0].

Hence, for x €]0, 1],
P[Fy(x) = 0] = E[(1 — 2)™],

and it follows that
P[F%(x) = 0] = B[(1 — )0,

From the convergence in distribution in Theorem 3, we have for every z > 0,

limsup P[F}(z) = 0] < P[Z(1,x) = 0] = exp —2A1(]0, 00]).

e—0

We have thus obtained that, for every x > 0,

limsup E[(1 — ex)™s©] < exp —2A1(]0, 00|).

e—0
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By standard arguments, this implies that for every n > 0,

lim P[e Ny () < A1 (]0, 00[) — 7] = 0. (37)

To complete the proof, we need to verify that we have also, for every n > 0,
lim Ple Ng(e) > A1 (]0, 00[) + 7] = 0. (38)

Fome now on, we fixe n > 0 and we prove (38). We will use a different method based on
the knowledge of the law of the process of the number of blocks in a A-coalescent. For every
integer n > 1, write N/ for the number of blocks at time ¢ in a A-coalescent started initially
with n blocks. Then according to Pitman [16] (Section 3.6), the process (N}, ¢ > 0) is a time-
homogeneous Markov chain with values in {1,2,...,n}, with only downward jumps, such that
for 2 < k < b < n, the rate of jumps from b to b — k + 1 is

Qpp = ( Z ) /]0’1] 28 (1 — )" Fu(da).

The total rate of jumps from b is thus
b
=3 ons = / (1— (1 — ) —b(1 — )" HYw(da).
= 10,1]

Lemma 4 Under Assumption (A), we have

lim (b"L(1/b)) " ap =T(2—7)

b—-+o0

and, for every integer k > 2,

. a0 k=)
bll)rlloo(b“’[/(l/b)) My = —— 77—
We leave the easy proof to the reader. Note that
> A0 (k—
ST ) (39)

1
P k!

This is easily proved by using the definition of the function I' and then an integration by parts.
Similarly, we have

2%@_1):%. (40)

Let us fix p €]0, 1/8] sufficiently small so that
(P2 =)YED )77 < (1= 6p)T(2 = 7).
Thanks to (39) and (40), we may choose an integer K > 2V g, sufficiently large so that
1 i (k=)
['2—-7) k!

k=2

>1-p
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and

K AT (k — 1
SEE=D gy L, (a1)
= K2 —7) v—1

Then, for every k € {2,3,..., K}, we may choose p, €]0,7T'(k — +)/k![ sufficiently small so

that
K

1
o 2 (k= 1)px <p. (42)
F(2 - 7) k=2
Now set Ik ) .
_(r\F =) -
Bok = ( o Pk)va(b)
for b > K and k € {2,3,..., K}. We also put
K
By = Bo-
k=2
Notice that «
I'k — 1 1
5,=3 (P ey = - 20re - s, (13)

k=2
By Lemma 4, we can choose an integer B > 2K sufficiently large so that, for every b > B — K,
Ved{bb+1,....b+ K} and k € {2,..., K}, one has

By ke < - (44)

Denote by (U}")i>o the continuous-time Markov chain with values in N, with initial value U}’ =
n, which is absorbed in the set {1,..., B — 1} and has jump rate 3, from b to b — k + 1 when
b>Band k € {2,3,...,K}. Fix n > B. Then thanks to inequality (44), we can couple the
Markov chains (U}*)i>o and (N}")i>o in such a way that

U > N , for every t <Tg :=inf{s: Ul < B}.

Now it is easy to describe the behavior of the Markov chain (U]'). Note that for k €
{2,..., K} and b > K the ratio /0, does not depend on b. Then denote by S; = &+ - +¢;
(1=0,1,2,...) a discrete random walk on the nonnegative integers started from the origin and
with jump distribution

I'(k—~)/k!) —
Bo X (WL =) /€Y) — pe)
From (41) and (42) we have
1
El&] > —— — 2p. 45
6> —5 -2 (15)
Let eg, eq, ... be a sequence of independent exponential variables with mean 1, which are also

independent of the random walk (.5;);>o. We can construct the Markov chain (U}*) by setting:

e

Ur=n if0§t<ﬁ—0
e € e
Ur=n-25 if 2 <t< 24—

ﬁn ﬁn ﬁn—Sl
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and more generally,

e

e
Ur=n—5, if =+ + - el cpe 20y +o
! P ﬁn ﬁn S1 ﬁn Sp—1 ﬁn ﬁn S1 ﬁn—Sp
provided p < p% :=inf{i : n — S; < B}.
Recall that our goal is to prove (38). To this end, note that for a > B,
€ (S31 €
PN >al <PU/, >a <Plgle) < 5+ +-- < 46
[N > al < PIUjie) > o] S Plg(e) < 3>+ 5= ﬂnSn] (46)

where p? :=inf{i:n —S; < a}.

Lemma 5 Fore >0 set a(e) = (A(]0,00[) +1n)/e. Then,

. €o €1 e a(g)
lim ( sup Plg(e) < — + +.-4+——)=0.
e—0 (nZ(z(e) { ( ) ﬁn ﬁn—Sl ﬁn Sy n( ) })

The desired bound (38) immediately follows from Lemma 5. Indeed standard properties of
A-coalescent give

PleNg(ey > Ai(]0, 00]) + 1] = }LITIO% T PleNgo) > Mi(]0,00[) + 7] = hm T P[Ny) > a(e)]

and by combining (46) and Lemma 5, we see that the latter quantity tends to 0 as ¢ — 0.
Proof of Lemma 5: By (43), we have for a > B,

n
Pa e;

eo 61 epn —1
+o =< ((1=-2p)'(2—7 : (47)
ﬁn ﬁn S1 ﬁnfSpg (( ) ( )) ; (77, - S@>7L<n,151)
Note that .
E[i o | 5,02 0] 5 !
irt Z = .
i=0 (n— Si)“/L(n%&) i=0 (n— Si)“/L(n%&)
Let m > 2 be an integer. For a > B and n > ma, a trivial bound shows that
1, Pma 1 1. & 1
a'Y’lL(—) < a'y’lL( )
P ey R Ve

and the right-hand side tends to 0 as m — oo, uniformly in @ > B. On the other hand, an easy
argument using the law of large numbers for the sequence (5;);>0 shows that, for each fixed
m > 2,

, RIS B 1 1 md
JLI&( sup EH“ L) 2 (n—S)Li ) E[fl]/l ED =0

n>ma LT
1=Pina

Now recall the bound (45) for E[&]. It follows from the preceding considerations that

n>a

, 1 1 1
(}Lrglo(supP[QV L(- >§(n—5i)%(nlsi) > 1_3/)}) =0. (48)
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Now we can also get an estimate for the conditional variance

Pa e Pa 1
var - Si,1>0) =
(; (n—S)"L(25) ‘ ) ; (n = S)PL(;=5 )
n 1
< S
S g IO
< carrl)
a

for some constant C' independent of a and n. From this estimate, (48) and an application of
the Bienaymé-Cebycev inequality, we get

JL%(SUPP[“V_lL(l)g (n—Si)e’:L( I~ 1_14,)}) =0. (49)

n>a a n—s,

Recalling (47), we arrive at

o . ale) 7L (L)

5T + ﬁ”*Spg(s) ~(1-2p)(1—4p)(2— V)D =L

lim( inf P[% +

=0 \ n>a(e)

However, from our choice of p, we have for ¢ sufficiently small

a(e) TL(z)

1—2p)(1 = 4p)'(2 —7)’

and this completes the proof. a

g(e) > (

Remark. It is rather unfortunate that the simple argument we used to derive (37) does not
apply to (38). On the other hand, it is interesting to observe that the techniques involved in
our proof of (38) would become more complicated if we were trying to use them to get (37).
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