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On inverse scattering in electromagnetic field in
classical relativistic mechanics at high energies

Alexandre Jollivet

Abstract. We consider the multidimensional Newton-Einstein equation in static
electromagnetic field

p=F(x,z), F(z,2) = -VV(x)+ %B(x)i,

T . dp . dx (*)

T=—, € Cl(R,Rd),

P= 1 e DT A dt
J1-BE

where V € C?(R%,R), B(z) is the d x d real antisymmetric matrix with elements
Biy(x) = 5o Ar(r) — g2 Ai(x), and [0JA;(2)] + |04V (2)] < By (1 + [a]) (> F1D

oy,

for z € RY, |7] < 2,47 =1..d and some o > 1. We give estimates and asymptotics for
scattering solutions and scattering data for the equation (x) for the case of small
angle scattering. We show that at high energies the velocity valued component of
the scattering operator uniquely determines the X-ray transforms PVV and PB; j,
for i,k = 1..d, i # k. Applying results on inversion of the X-ray transform P we
obtain that for d > 2 the velocity valued component of the scattering operator
at high energies uniquely determines (V, B). In addition we show that our high
energy asymptotics found for the configuration valued component of the scattering
operator doesn’t determine uniquely V when d > 2 and B when d = 2 but that it
uniquely determines B when d > 3.

1 Introduction

1.1 The Newton-FEinstein equation.
Consider the multidimensional Newton-Einstein equation in static electromagnetic

field ]
p=Ple,d), F(z,#) = -VV(2) + - B(x)3,

x . dp dx (1.1)

= ) = 7 .:_7 GCI R7Rd7
P P e
62

where V € C?(R% R), B(z) is the d x d real antisymmetric matrix with elements
B, k(z) = %Ak(x) — %Ai(x), A=(A,...,Ay) € C*(R*"R?) and

[03A:(2)| + 02V ()] < By (1 + |z])~ (@D (1.2)
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for z € R% |j| < 2, i = 1..d and some a > 1 (here j is the multiindex j €
(N U {o}))4,|i] = ZZ:1 Jn and f); are positive real constants and B(z)i =

(sz=1 By ()&, .. ., sz=1 Bd’l(x)a'vl>). The equation (1.1) is an equation for

x = x(t) and is the equation of motion in R? of a relativistic particle of mass
m = 1 and charge e = 1 in an external electromagnetic field described by V' and
A (see [E] and, for example, Section 17 of [LL2]). In this equation z is the position
of the particle, p is its impulse, F' is the force acting on the particle, t is the time
and c is the speed of light.

For the equation (1.1) the energy

p()[?
E =1+ T2 + V(x(t))
is an integral of motion. Note that the energy E does not depend on A because
the magnetic force (1/¢)B(x)# is orthogonal to the velocity @ of the particle.

1.2 Yajima’s results.
Yajima [Y] studied in dimension 3 (without loss of generality for the case of di-
mension d > 2) the direct scattering of relativistic particle in an external electro-
magnetic field described by four vector (V(z), A(z)) where the scalar potential V'
and the vector potential A are both rapidly decreasing. We recall results of Yajima
[Y] in our case. We denote by B. the euclidean open ball whose radius is ¢ and
whose centre is 0.

Under the conditions (1.2), the following is valid (see [Y]): for any (v_,z_) €
B, x R% wv_ # 0, the equation (1.1) has a unique solution z € C?(R,R%) such
that

z(t) =v_t+a_ +y_(1), (1.3)

where y_(t) — 0, y_(t) — 0, as t — —oo; in addition for almost any (v_,z_) €
B. xR, v_ £0,
a(t) = vyt + x4 + y4 (1), (1.4)

where U+ 7& 0, |U+| <6 vp = CL("U_,.’B_), Ty = b(v_,x_), y-l-(t) — 0, y-l—(t) -
0, as t — 4o0.
The map S : B. x RY — B, x R? given by the formulas

vy =alv_,z_), vy =blv_,x_) (1.5)

is called the scattering map for the equation (1.1). The functions a(v_,z_),
b(v_,x_) are called the scattering data for the equation (1.1).
By D(S) we denote the domain of definition of S; by R(S) we denote the
range of S (by definition, if (v_,z_) € D(5), then v_ # 0 and a(v_,x_) # 0).
Under the conditions (1.2), the map S has the following simple properties
(see [Y]): D(S) is an open subset of B, x R? and Mes((B, x R*)\D(S)) = 0 for
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the Lebesgue measure on B, X R? induced by the Lebesgue measure on R? x R%;
the map S : D(S) — R(S) is continuous and preserves the element of volume,

a(v_,x_)* =v2.

1.3 A representation of the scattering data.

If V(z) = 0 and B(z) = 0, then a(v_,z_) = v_, blv_,z_) = z_, (v_,z_) €
B, x RY, v_ # 0. Therefore for a(v_,z_), b(v_,z_) we will use the following
representation

a(V—,T_) =V_ + Qgc(V—,T_

( ) ( ) (v_,x_) € D(S). (1.6)

bv_,x_) =v_ + bs.(v_,x_)

We will use the fact that, under the conditions (1.2), the map S is uniquely
determined by its restriction to M(S) = D(S) N M, where

M={(v_,z_) € Be x RYv_ #0,v_z_ =0}.

This observation is completely similar to the related observation of [Nol], [Jo] and
is based on the fact that if z(¢) satisfies (1.1), then z(t + () also satisfies (1.1) for
any to € R.

1.4 X-ray transform.
Consider
TS ={(0,2)0 € ST ',z € R, fz = 0},

where S is the unit sphere in R%.
Consider the X-ray transform P which maps each function f with the proper-
ties
f e C®RY,R™), |f(z)| = O(z|?), as |z| — oo, for some 8 > 1

into a function Pf € C’(TSd_l,Rm), where Pf is defined by

+oo
Pf(@,x):/ f(t6+ z)dt, (0,x) e TS,

— 0

Concerning the theory of the X-ray transform, the reader is referred to [GGG],
[Na], [Nol].

1.5 Main results of the work.

The main results of the present work consist in the small angle scattering estimates
for the scattering data as. and by (and scattering solutions) for the equation (1.1)
and in application of these asymptotics and estimates to inverse scattering for the
equation (1.1) at high energies. Our main results include, in particular, Theorem
1.1, Propositions 1.1, 1.2, formulated below in this subsection and Theorems 3.1,
3.2 given in Section 3.



Theorem 1.1. Let the conditions (1.2) be valid and (0,x) € TS *. Let r be a
positive constant such that 0 <r <1, r < c/\/§ Then

+oo
lim Lasc(sﬁ, x) = / F(10 4z, c0)dr, (1.7a)
s<c 1 — ‘z—z — 00
and, in addition,
o0 C
/ F(10 + z,s0)dr — #asc(se x)| < ! (1.7b)

oo 1-% VAR

fOT’ 51 < s <g where Cl = Cl(C, d?ﬁO?ﬁl?ﬁ%a? |.’13‘,7“) and s1 = 51(c7 d7 ﬁl?ﬁ%a
|z|,r) are defined in Section 4 (in subsection 4.3);

lim F(o0 + x,cl)dodr (1.8a)

82 0 T
im ———=b,.(s0, ) :/ /
Z<§ A1 = i_i —00 J —00

+oo +o0
- / / F(o00 + x,ch)dodr + PV (6, x)0,
0 T

and, in addition,

+o0 ptoo
M—%PV@xQ%——/ / F(o0 + x,s0)dodr
1-5 ¢
1 0 T 52
- /_J_oo F(00 +a,s0)dodr| < Co\[1— %5 (18b)

for s < s < ¢, and where Cy = Cy(c, d, Bo, B1, B2, a, |z|,7) and sa = sa(c,d, b1, Ba,
a, |x|,r) are defined in Section 4 (in subsection 4.3).

Theorem 1.1 follows from Theorem 3.1 and Theorem 3.2 given in Section 3.
Consider the vector-functions wy (V, A, 0, z) and wy(V, A, 0,z), (0,x) €
TS*™!, arising in the right-hand sides of (1.7a) and (1.8a):

+oo
w1 (V, A, 0, x) —/ F(10 4 z,c0)dr (1.9a)
2(V, A0, x) / / F(o0 + x,ch)dodr (1.9b)
=+ 400
- / / F(o0 + x,cl)dodr + PV (6, 2)0.
0
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Remark 1.1. Using, in particular, that B is antisymmetric one can see that the
vectors wy(V, A, 0, x), wa(V, A, 6, z) are orthogonal to 0 for any (0,z) € TS**
and any potential (V, A) satisfying (1.2).

Let (V, A) satisfy the conditions (1.2). Define i, (V, A) : R®\{0} x R — R?

by
+o0 too
GV, A) o) =yl [ VV(sy+a)ds+ / B(sy + )yds
- - oo (1.10)
:yw V7A7_7x_—y7
yler (V. A, 75 = 1Y)

for y € RA\{0}, € R% Under the conditions (1.2), w1 (V,A) = (u(V, A)y, ..,
'Ujl(V7A>d> cCt (Rd\{o} X Rdde>'
Consider the d-dimensional smooth manifolds

Vi ={(0,2) € TS 10, =0,j=1...d,j #14,j # k}, (1.11)

for i,k =1..d, i # k.

Proposition 1.1. Let (V, A) € C2(R%, R) x C?(R?,R?) satisfy (1.2). Then
w1 (V, A, 0,z) given for all (0,z) € TS™ ' uniquely determines (V,B) and the
following formulas are valid:

—~

P(VV)(0,z) =— % w1 (V,A,0,2)+wi (V, A, —0,2)), (1.12a)

) )
g VAV 2) — RV A
for (0,2) e TS*™, i,k =1.d, i # k;
PB’L'J@(07 .I) :gk%(wl(‘/? A? 07 m)z - 'lUl(V, A, —0, .I)'L) (112(})

1
— Qii(wl(v, A0, x)—w (V,A,—0,2)k)

for (6,x) € Vig, i,k =1.d, i #k.

Remark 1.2. Using the formulas (1.12a), (1.12¢) and methods of reconstruction
of f from Pf (see [GGG], [Na], [Nol]|), B;; and V can be reconstructed from
w1 (V, A, 0,x) given for all (6,x) € Vi, for i,k =1..d, i # k.

Proposition 1.2. Let (V, A) € C2(R%, R) x C?(R?,R?) satisfy (1.2). Then
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wa(V, A, 0,z) given for all (0,x) € TS does not determine uniquely V. For
d=2, wy(V,A,0,x) given for all (0,x) € TS* ! does not determine uniquely B.
For d >3, wy(V, A, 0,2) given for all (0,x) € TS*™! uniquely determines B.

In Section 5 (see Proposition 5.3) we give formulas ((5.17a) and (5.17b))
which show that for d = 3, the Fourier transform of the first derivatives of B can
be reconstructed from ws(V, A, 6, x) given for all (0,z) € TS and we give a
formula ((5.17c)) which shows that for d > 4 the X-ray transform of B can be
reconstructed from wy(V, A, 6, z) given for all (9, z) € TS* .

Proposition 1.1 and Proposition 1.2 are proved in Section 5.

From (1.7a) and (1.12) and inversion formulas for the X-ray transform P for
d > 2 (see [R], [GGG], [Na], [Nol]) it follows that as. determines uniquely VV and
B at high energies. Moreover for d > 2 methods of reconstruction of f from Pf
(see [R], [GGG], [Na], [Nol]) permit to reconstruct VV and B from the velocity
valued component a of the scattering map at high energies. The formula (1.8a)
and Proposition 1.2 show that the first term of the asymptotics of bs. doesn’t
determine uniquely the potential V' when d > 2 and B when d = 2 but that it
uniquely determines B when d > 3. Note that F. Nicoleau paid our attention to the
fact that, in addition of Proposition 1.2, the vector function wsy(V, 0, x), (0, x) €
TS, uniquely determines V' modulo spherical symmetric potentials when d >
2, and that wo(V,0,x),(0,z) € TS? ! uniquely determines B modulo spherical
symmetric magnetic fields when d = 2.

Remark 1.3. The condition (1.2) in all results and estimates which appear in
Introduction and in Sections 2, 3, 4 can be weakened to condition (4.11) given at
the end of Section 4.

1.6 Historical remarks.

Note that inverse scattering for the classical multidimensional Newton equation
was first studied by Novikov [Nol] without magnetic field (the existence and
uniqueness of the scattering states, asymptotic completness and scattering map
for the classical Newton equation were studied by Simon [S]). Novikov proved two
formulas which link scattering data at high energies to the X-ray transform of
—VV and V. Following Novikov’s framework [Nol], the author generalized these
two formulas to the relativistic case without magnetic field in [Jo]. We shall fol-
low the same way to obtain Theorem 1.1 of the present work. Note also that for
the classical multidimensional Newton equation in a bounded open strictly convex
domain an inverse boundary value problem at high energies was first studied in
[GN].

To our knowledge the inverse scattering problem for a particle in electromag-
netic field in classical and classical relativistic mechanics was not considered in
the literature for the case of nonzero magnetic field B before the present article
(concerning results given in the literature on this problem for B = 0 see [Nol],
[Jo] and references therein). However, in quantim mechanics the inverse scatter-
ing problem for a particle in electromagnetic field with B # 0 was considered, in
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particular, in [HN], [ER1], [1], [Ju], [ER2], [Ni], [A], [Ha] (concerning results given
in the literature on this problem for B = 0 see, in addition, [F], [EW], [No2] and
references given in [No2]).

1.7 Structure of the paper.

Further, our paper is organized as follows. In Section 2 we transform the differential
equation (1.1) with initial conditions (1.3) into a system of integral equations which
takes the form (y_,y-) = A, » (y—,y—). Then we study A, , on a suitable
space and we give estimates and contraction estimates about 4, , (Lemmas 2.1,
2.2, 2.3). In Section 3 we give estimates and asymptotics for the deflection y_ (%)
from (1.3) and for scattering data as.(v_,x_), bsc(v_, z_) from (1.6) (Theorem 3.1
and Theorem 3.2). From these estimates and asymptotics the two formulas (1.7a)
and (1.8a) will follow when the parameters ¢, G,,, o, d, p_, x_ are fixed and |v_]|
increases (where (3|, a, d are constants from (1.2), 3,, = max(fo, 51, 52); p— =
v_/|v_]). In these cases sup |0(t)| decreases, where §(t) denotes the angle between
the vectors 4(t) = v— + y_(t) and v_, and we deal with small angle scattering.
Note that, under the conditions of Theorem 3.1, without additional assumptions,
there is the estimate sup [#(¢)| < ;7 and we deal with rather small angle scattering
(concerning the term “small angle scattering” see [Nol] and Section 20 of [LL1]).
Theorem 1.1 follows from Theorem 3.1 and Theorem 3.2. In Section 4 we sketch
the proof of Lemmas 2.1, 2.2, 2.3 and Theorem 3.2. Section 5 is devoted to Proofs
of Proposition 1.1 and Proposition 1.2.

Acknowledgement. This work was fulfilled in the framework of Ph. D. thesis
researchs under the direction of R.G. Novikov.

2 A contraction map

Let us transform the differential equation (1.1) in a system of integral equations.
Consider the function ¢ : R? — B, defined by

x
o) = ——2—
1+

where z € R%. One can see that g has, in particular, the following simple properties:
l9(2) = 9(y)| < Vd|z —y|, for z,y € RY, (2.1)

g is an infinitely smooth diffeomorphism between R? and B,, its inverse is given

by
~v(x) = L,x € B..
1 l=?
CZ



Now, if x satisfies the differential equation (1.1) and the initial conditions
(1.3), then x satisfies the system of integral equations

t

x(t) =v_t+x_ + /

g (fy(v) + /F(x(s),i(s)))ds) — v:I dr, (2.2a)

() =g(y(v-) + /_ F(x(s), &(s))ds), (2.2b)

where F(z,4) = —VV(z) + 1 B(z)#, v_ € B.\{0}.
For y_(t) of (1.3) this system takes the form

(y—(t),u—(t)) = Av_a_ (y—,u_)(t), (2.3)
where u_(t) = y_(t) and

Ao (F,0)(8) =(Ay_ o (f,R)(0), AT (f,h)(1))

Ai,x(f,m(t)/[g(v(vw /F(v_s-l-m_+f(s),v_—|—h(s))ds)—v_ dr,

— 00 — o0

t

A2, (fh)() =g(v(v-) + / Flo_s+a_ + f(s),v + h(s))ds) — v_,

for v_ € B:\{0}.
From (2.3), (1.2) , (2.1) (applied on “z”=~(v_)+ [T _F(v_s+z_+y_(s),v_
- (s))ds and “y"= y(v_)) and y_(t) € CLR,RY, |y_(8)] + [ ()] — 0, as
t — —o0, it follows, in particular, that
(y-(),9-(1)) EC(R,R?) x C(R,R)

2.4
and [§—(t)| = O(|t| =), [y~ ()| = O(t|**"), as t — —oo, 24

where v_ € B.\{0} and z_ are fixed.
Consider the complete metric space

Mz, ={(f,h) € C(] = 00, T],R) x C(] = 00, TL,RY)| ||(f, B)||7 < 7},

where ||(f,h)||T=maX< sup |h(t)], sup |f(t)—th(t)|>

te]—o0,T t€]—o00,T]
(2.5)
(where for T' = 400 we understand | — oo, T] as | — 0o, +00[). From (2.4) it follows
that, at fixed T < 400,

(y—(t),y—(t)) € Mr, for some r depending on y_(¢) and 7. (2.6)
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Let z1(c,d, B1,a,ry, 1) be defined as the root of the following equation

A 2°%561d(2 +1/c)
13 aln/V2=r)(r/V2+ 1)

C

=0, z €V2r, (], (2.7)

where 7, and r are some nonnegative numbers such that 0 <r <1, r < ¢/ V2.

Lemma 2.1. Under the conditions (1.2), the following is valid: if (f,h) € Mr,.,
0<r<l,r<c/VvV2 z_¢ R? v_ € B,, lv_| > z1(c,d, By, |z_|,7), v_x_ =0,
then

Ay (Rl <pr(e,d, B, a,|v_]|,|z_],T) (2.8a)
1
VT - P/A(E — o))
2°24\/dBy (2 + 7 /) (Jo_| V2 + 1 = 7)
(a—D)(jo—|/v2 = )21 + |z_|/V2 — (Jo_|/v2 = r)T)o~L

X

forT <0,

”Av,,:cf (fa h)”T S,O(C, d, 51, o, ‘U_‘, |;1;_‘, 7“) (28b)
1
VI - PA(E o))
L 2T VAB 2+ r/e)(o-|/vV2+1 1)
(a = D)(jv_|/vVZ = )21+ |z_|/v2)

for T < 4o0; if (fi,h1), (fa,he) € Mp,, 0 <7 <1, r < ¢/V2, v | < ¢,
v_x_ =0, |v_| > z1(e,d, B1, o, |x_]|,7), then

||Av_,x_ (f27h2> - Av_,x_ (fl;hl)HT (2.9&)
< Ar(e,d, B, o, |lz—|,)|[(fo = fi,he — b))l

1
VI P/~ o))
2a+4d25<1 + %)(|U7| +1— 7,)2

(o — (I 4 2] (] e

Ar(e,d, B, o], o], 7)

X

forT <0,

1Au_ 2 (f2rh2) = Au_a_ (1, h0)llr < M, d, B, o Jo—|, ||, 7)|(fa= f1, ha—ha) | 7,
(2.9b)



1
VIH oo/ —[o-2)
22093833 (1 + B) (1 + 1/¢)*(Jo_|/V2+ 1 —1)?
(0= D)(Jo_|/V2 = r)* (1 + |z_|/v2)o!

for T < 400, where 3 = max (01, (2).

)\(07 d7 B?aa ‘U—‘7 |.’13_|, )

Note that
d . . -
max (pT(C’ By ol o "r),AT<c,d,5,a,|v_|,\x_|,r))
T
<pr(e,d, B, v_|,z_|,7) (2.10a)

1
VI P/A(E o))
204231 4 1/¢)(Jo_|/V2 + 1 — 1)?
r(a—1)(jo—|/vV2 = r)P(L+ |z |/v2 = (Ju_| /2 — r)T)2~1

for T <0,

<P(Ca d?ﬂbaJ |U—|7 |$_|,’I")
max ,

r

e, d, 3, a, |v_], |x_|,r)>

<p(c,d, B, 0 Ju-],Jo—]|,7) (2.10b)
1
VI - P/(A(E — v )
L 2201+ B)(1L+ 1/} (o |/V2+ 1= 1)
r(a—1)(jo—|/vV2 = r)(1 + |z_|/v/2)e—1

for T < 400, where § = max(f,02), 0<r <1, r<c/V2, [v_| <e, [v_| > 2,
v_x_ =0.
From Lemma 2.1 and the estimates (2.10) we obtain the following result.

Corollary 2.1. Under the conditions (1.2), 0 < r < 1, r < ¢/V2, x_ € R,
v_ € Be, |v_| > z1(¢,d, By, |z—|, 1), v_x_ = 0, the following result is valid:

if pr(e,d, B, a, lv_|,|x_|,r) < 1, then A, is a contraction map in My,
for T < 0;

if u(e, d, B, a, lv_|,|z_|,r) <1, then A, . is a contraction map in My, for
T < +o0.

Taking into account (2.6) and using Lemma 2.1, Corollary 2.1 and the lemma
about the contraction maps we will study the solution (y_(t),u_(t)) of the equa-

tion (2.3) in My ,.
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We will use also the following results.

Lemma 2.2. Under the conditions (1.2), (f,h) € My, 0 <7 <1, 7 < ¢/V/2,
r_ eR% v_ € B,, lv_| > z1(c,d, By, |z_|,7), v_xz_ =0, the following is valid:

[AY_ o (£, D)) <C-(e,d, Br, e, |, [a—|, 7, 1)

= ! (2.11)
V1+ - [2/(4(c — [v-[?))
y dVdpi2°72(2 4+ 1/c)
a(fo_|/V2=r) (1 + [z |/V2 = (jv-|/V2 = r)t)>
1Ay o (LB)®)] <€ (e, d, Br, e, o], x|, 7, 1)
= ! (2.12)
V1+ - [2/(4(c — [v-[?))
y dVdB,2°T2(2 + 1 /c)
alo =I5 =201+ 25— (5 et
fort <T, T <0
Ay o (LR = koo (FR)E+ 1o o (fih) 4+ Ho_ o (f,h)(1), (2.13)
where
+00
ky o (f,h)=g(y(v_)+ / N Fluo_s+x_+ f(s),v—+ h(s))ds) —v_, (2.14a)

Lo o (F,1) :/_OOO {g(’y(v_)-l-/T F(v_s-l—x_+f(s),v_+h(s))ds)—v_} dr

— 00

+/O+OO {g(’y(v_)-i-/T Fv_s+x_+ f(s),v- + h(s)) ds)

— 00

+oo
—g(y(v_) + /_ Fluo_s+x_+ f(s),v_ + h(s)) ds)] dr, (2.14b)

\kv_ 2 (f,h)] <2¢_(c,d, b1, , |v_],|z—]|,7,0), (2.15a)

lo_ o (f,h)| <26_(c,d, b1, , |v_],|z—]|,7,0), (2.15Db)

|Hy o (f,R)@)] <Ciled, Broa, |o|, Jz—]|, 7, t) (2.16)
1

VI oo PAE — fo-P)a(lo-| V2 - 1)
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X dVdpi2°+2(2 4 1/c)
(14 |z—|/vV2+ (jv-| /V2 = r)t)>
[Ho_ oz (f; R)@)] <E4(c, d, Brs o, o, |z, 7, T) (2.17)
1
V1 -2/ = Jo-[H))ale = 1) (|jv-|/v2 = 7)?
dVdp,2°T2(2 4+ 1/c)
A+ e V2 + (o VE—r)peD’

X

forT =400, t > 0.

One can see that Lemma 2.2 gives, in particular, estimates and asymptotics
for

Av_w_(f,h)(t) = (Aqu_,x_ (f, h)(2), Ai_,m_ (f,h)(t)) ast — +oo.

Lemma 2.3. Let the conditions (1.2) be valid, (y_(t),u—_(t)) € Mr, be a solu-
tion of (2.3), T = 400, 0 < r <1, r < ¢/V/2, z_ € R v_ € B, lo_| >
z1(c,d, By, |z—|,r), v_x_ =0, then

|kv,,x, (y—,u—) - kv,,w, (070)| Sé‘il(c, d7 ﬁl?B?aa ‘U—‘7 |.’13_|,7’)
PR+ 1205 (o V21— 1)
allo-|/V2 = )21+ o] /V2)
« p(c,d,ﬁl,a,|v_|,\x_|,7‘)
VI+o- /(A ~ o %)

(2.18a)

— F(o_+v_s,v)ds| <za(c,d, B, B, o, Jz_|,r) (2.18b)
1-— P —

ko o (y—,u-) /+°°

_290ay/dB(1 + 1)(jo_|/V2+1 1)
allv-|/V2 =121+ |z-|/V2)°

X ,0<Ca d, 1, a, ‘U—‘7 |.CC_‘,7‘),

o o (y—,u_) —1ly_» (0,0)] <ep(c,d, b, B, a,|v_|,|z_]|,r) (2.18¢)
229331+ B)3(1+1/¢)3(jv_|/vV2 + 1 —1)?
(=) (jo-|/V2 = )1+ |z—|/V2)o?
« p(c, d7 517 «, |U—|7 ‘x—‘7r)
V14 -2/ = [v-[?)

where ky_ 5 andl, , are defined in (2.14) and p is defined in (2.8b).
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We sketch the proof of Lemmas 2.1, 2.2, 2.3 in Section 4.

3 Small angle scattering

Under the conditions (1.2), for any (v_,z_) € B, xR%, v_ # 0, the equation (1.1)
has a unique solution z € C?(R, R?) with the initial conditions (1.3). Consider the
function y_(¢) from (1.3). This function describes deflection from free motion.

Using Corollary 2.1 the lemma about contraction maps, and Lemmas 2.2 and
2.3 we obtain the following result.

Theorem 3.1. Let the conditions (1.2) be valid, p(c,d, B, a, o], |x—|,r) <1, B =
max(B1,32), 0 <r<1,r<c/V2,x_ ¢ R v_ € B, lv_| > z1(e,d, b1, o, |2 ]|, ),
v_x_ = 0, where p is defined by (2.10b) and z, is defined by (2.7). Then the
deflection y_(t) has the following properties:

(y—,9-) € Mr,, T = +o0; (3.1)
- ()] <¢- (e, d, B, , [v_], |z_]|, 7, 1),
ly_(t)| <&€_(e,d, B, e, o], |x_|,r t) for t<O0;
y—(t) =asc(v_,z_)t + bse(v_,x_) + h(v_,z_, 1),
where
y(v_) +f+OOF (v_s+x_,v_)ds
ase(V_,x_) — —v_
\/ [y (v )—|—f F(v_s4z_,v_)ds|?
1+ —=
S5;(C,d,51,B,OJ,‘"U_‘,|.’13_‘,7“), (35&)
CLSC(U_, +oo A
> Flo_s+z_,v_)ds| <eq(e,d, b1, B, a, |v_|,|z_|,7), (3.5D)
/ |U62| —00
bse(v_y ) —ly_ o (0,0)] < ep(e.d, Br, B, e, Jo_], [z_],7), (3.5¢)
lasc(v—,x_)| <2¢_(c,d, B1, a, lv_|, |z _]|,7,0), (3.6a)
bselv_, )| <2 (¢, d, By o Jo_|, 2|, 1, 0), (3.6b)
|h(U_,CL’_,t)| S —|—(C d?ﬁl? 7|U—|7 |$_|,’I",t>, (3 7)
|h(U_,CL’_,t)| S —|—(C d?ﬂbaa |U—|7 |$_|,’I",t>, (3 8)

fort > 0, where l, 5 (0,0) (resp. €l €a, €b, (=, C+, & and &) is defined in
(2.14b) (resp. (2.18a), (2.18b), (2.18¢), (2.11), (2.16), (2.12) and (2.17)).
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Let z = z(c, d, 8, a,ry,r) and zo = z3(c,d, B1, a, r,) be defined as the roots
of the following equations

(e, d, 3, a, 2, T, ) =1, 2 E]\/ér,c[, (3.9)
z9 . 32ﬁ1d
0 a0tV

C

=0, 2z €]0, [, (3.10)

where 1 is defined by (2.10b), 7, and r are some nonnegative numbers such that
0<r<1, r<c/v2 and where 3 = max(j3i, ().

We use the following observations.

(I) Let O<r§1,r<c/\/§, 0<o

S1 2053, d(2 +1/c) S9 2053, d(2 +1/c)

l—ﬁ_a(s1/\/§—r)(0/\/§+1)a> - a(s2/V2 —1)(o/V2 + 1)@

& &

for v2r < s9 < 51 < c.
(II) Let 0<r<1,r<c/V2 o€c]V2rc,

o B 20531 d(2 + 1 /c) - o B 2975 31d(2 41 /c)
2 alo VBN NI i w alo/VE-r) sV

N o

for 0 < 59 < s7. -
(III) Let 0 < 7 < 1, r < ¢/v/2, x some real nonnegative number, 3 =
max (31, 32) and v2r < s < ¢ then

ple,d, B, a, s, |z|,r) <1 s> z2(c,d, B, a,|z], 7).

Observations (I) and (II) imply that zi(c,d, 81, «, s2,7) > 21(c,d, By, , s1,7) for
V2r < sy < s1 < cwhen ¢, 31, a, d, r are fixed.

Theorem 3.1 gives, in particular, estimates for the scattering process and
asymptotics for the velocity valued component of the scattering map when ¢, 31,
B2, a, d, v_, x_ are fixed (where 0_ = v_/|v_|) and |v_| increases or, e.g., c,
B1, B2, o, d, v, & are fixed and |z_| increases. In these cases sup, [ [0(t)]
decreases, where 6(t) denotes the angle between the vectors @(t) = v_ + y_(t)
and v_, and we deal with small angle scattering. Note that already under the
conditions of Theorem 3.1, without additional assumptions, there is the estimate
sup, . [0(t)] < %ﬂ' and we deal with a rather small angle scattering. Theorem
3.1 with (3.5c) will give the asymptotics of the configuration valued component
b(v_,z_) of the scattering map if we can study the asymptotics of [, , (0,0).
This is the subject of Theorem 3.2.
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Theorem 3.2. Let ¢, d, [y, (1, «, |z| be fized. Then there exists a constant
Ccvdaﬁ(),ﬁl,a,‘x| such that

l’uw 1 +oo p+oo
1o2(0,0) —PV(d \U\Q / / F(ot + z,v)dodr

2 2
V1-LEoe
1 0 T
TP / / F(ot + z,v)dodr

for any v € B, |v| > z(c, d, B1, a,|z|), va = 0, and where v = v/|v|.

Gl

Scc7d7607ﬁ17057|m‘ 1 - 62

(3.11)

We sketch the proof of Theorem 3.2 in Section 4.

4 About the proof of Lemmas 2.1, 2.2, 2.3 and Theorems
3.2 and 1.1

The way we prove Lemmas 2.1, 2.2, 2.3 and Theorem 3.2 of the present work, is
actually exactly the same as the way we prove lemmas 2.1, 2.2, 2.3 and theorem
3.2 of [Jo].

4.1 Inequalities for F' and g.
Before sketching the proof of Lemmas 2.1, 2.2, 2.3 and Theorem 3.2, we shall give
some estimates about the growth of g defined by

g(z) = \/%

and we shall prove Lemma 4.1 given below.
We remind that g has the following simple properties (see [Jo)):

xERd,

1

Vi) <—p (4.1)
1+
1
l9(2) — g(y)| <Vd w Ny |z — g, (4.2)
eE 1_"_ ET g
3vd 1
Vgi(z) — Vg, < 7| T — Y, 4.3
Vgi(z) = Vaiy)l <= ST EEeEEY] |z =yl (4.3)
for z, y e R% i=1..d, and where g = (915 -5 9d)-
Lemma 4.1. Under the conditions (1.2), the following estimates are valid:
1
[Pz, )| <2dB1(1+ [2]) "V (1 + —Jy|) for 2,y € R, (4.4)
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|F(z,y) — F(2',y)] <= 2d51 s%p”( L+ |ex+ (1 —e)a’)) " D]y —y/| (4.5)
S

+2dVdf3, sup 1+ ey + 1 —=e)y|/c)(1 + |ex + (1 — 5);(;’|)_(a+2)
e€[0,1]

X|x — 2’|,

or x, vy, ¥, y € R%
Yy Yy

Let (f,h), (fi,h1), (f2,h2) € Mr,., v_ € B\{0}, v_z_ =0, [v_| > v/2r,
then

f(s)

(L + DI P, (4.6)
h(s) 4.7

f(s)] <
[h(s)] <II(f; W)l
for s < T

2(1+ |z +v_s+ f(s))) = (L+ o |/V2+ (Jo-|/V2 = 1)[s]), for s <T, (4.8)

’/_too Fo_s+z_ + f(s),v— + h(s))ds| < a(|v_\/ﬁ\1/%2ji((2|;(//\j)§ e (4.9)
(1 + ciz Y(v-) + e /_too F(v_s4z_ + fi(s),v_ + hi(s))ds
T2 /U Fo_s+z_+ fals), v— + ha(s))ds 2) h
<@+ 4((;11;”5_‘2))_&7 (4.10)

for T,t €] — 00, T), 0 € [-o0,7], 8 >0, -1 <& <1, =1 < ey <1, (f1,h1),
(f2,he) € My, and if |v_| > z1(c,d, B, o, |x_|,7), |[v_| < ¢, where v is defined by

v

Y(v) = W,

forv e B..

Proof of Lemma 4.1. The estimates (4.4) and (4.5) follows dlrectly from the formula
F(z,y)=-VV(zx)+ %B(x)y and B(x) = [i k(x) — aw Aj(x)]j k=1.q and the
conditions (1.2). The inequalities (4.6), (4.7 and (4.8) follow from the definition
of Mr,. Using (4.4), (4.8), we obtain (4.9) and using (4.9) and the definition of
z1(c,d, B, a, |z—|,r) we obtain (4.10). 0

4.2 Sketch of proofs of Lemmas 2.1, 2.2, 2.3 and Theorem 3.2.
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One can prove Lemmas 2.1, 2.2, 2.3 of the present work by repeating the proof
of lemmas 2.1, 2.2, 2.3 of [Jo] and by making the following replacements. First
the estimates given in lemmas 4.1, 4.3 of [Jo| are replaced by the estimates of
Lemma 4.1 of the present work. Then, to prove Lemmas 2.1, 2.2, 2.3, we replace
LAy w (f), Av_o_(f) and F(v_s + z_ + f(s)), for f € My, in the proof
of lemmas 2.1, 2.2, 2.3 of [Jo| by A2, (f,h), A}, (f,h) and F(v_s +z_ +
f(s),v— + h(s)) for (f,h) € Mr,. 0

One can prove Theorem 3.2 by repeating the proof of theorem 3.2 of [Jo] and
by making the following replacements. We replace the estimates given in lemmas
4.1, 4.3 of [Jo] by the estimates of Lemma 4.1 of our present work and we replace
F (10 + x) of the proof of theorem 3.2 of [Jo| by F(70 + x, s0). O

4.3 Constants C1, Ca, s1, so of Theorem 1.1.

As it was mentioned already in Introduction, Theorem 1.1 follows from Theo-
rem 3.1 and Theorem 3.2. In addition, constants C, Cs, s1, s2, which appear in
Theorem 1.1, are given explicitly by

721(67 d7 ﬁl7a7 |.’13‘,7“)),
so =max(z(c,d, B, a, |z|,), z1(c, d, B, o, |z],7), 22(c, d, Br, v, | 7)),
P el 41
ala — 1)(% —r)4(1+ %)mq
4dVAF (1 + F)2% (1 +1 /)4 (S +1 — 1)

(0 — 1)2(3% — 1)5(1 + L2

s1 =max(z(c,d, B, a, |z,

, 2

r)
r)

02 :Cc7d7607ﬁ1 7057|$‘ +

Y

where C. 4 3,,8,,a,]«| 18 the constant of Theorem 3.2 and z, 21, 22 are defined by
(3.9), (2.7), (3.10) and where 3 = max (81, ().

4.4 Weakened assumptions.
Let My(R) denote the space of d x d matrix with real elements. Let V € C?(R? R)
so that:

02V ()] < B (1 + |y~ (D, (4.11a)

for |j| < 2 and some o > 1 (here j is the multiindex j € (NU{0})?, |j] = 22:1 Jn

and (| are positive real constants). Let B € C* (R% My(R)) so that:

B(x) is a d x d antisymmetric matrix with real elements By, ,(z), (4.11b)

0 0 0
81;1' Bk’l(x) + 8—3'/’lBl’k<x) + 6—%Bl’l($) = O, (411C)

for z € RY, for i, k,l = 1..d;
\G%sz(x)\ < B4 (1 4+ |x\)_(o‘+|j|+1), (4.11d)
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for i,k = 1..d and for |j| < 1.
Let A be the transversal gauge of B, i.e.

A(x) = _/0 sB(sx).xzds. (4.12)

Under the conditions (4.11b), (4.11c) and (4.11d), A satisfies

|A(z)] <B(1+ |2))7, (4.13a)
B k() :aaxiAk(x) — aixkAZ(x) (4.13b)

for x € Rd, i,k = 1..d and some positive real constant (3.

If we replace assumptions (1.2) by assumptions (4.11) given above, then the
estimates (4.4) and (4.5) still hold. As a consequence, using also Remark 5.2,
we obtain that assumptions (1.2) in all results and estimates which appear in
Introduction and in Sections 2, 3 can be weakened to assumptions (4.11).

5 Proofs of Proposition 1.1 and Proposition 1.2
Let A € C?(R% R?) and
03 A (2)] < By (1 + |z~ (@D (5.1)

for z € R |j| < 2, i = 1..d and some o > 1 (here j is the multiindex j €
(NU {0hH)4, |j] = 2221 Jn and fj; are positive real constants). We define the
magnetic field B € C*(R%, M4(R)) by: B(z) is the d x d real antisymmetric matrix
with elements P 9

B; = A — —A; 5.2
#) = 5 Anla) = 5 A0 (5.2
for z € R? (where My(R) denotes the space of d x d real matrix). For A €
C?(R%, RY) satisfying (5.1) and (6, z) € TS* ! we define the vectors ws(A, 6, x)
and w4 (A, 0, x):

+oo
ws(A, 0, x) :/ B(x + 06)0do, (5.3a)

0 T +oo pt+o0o
wa(A,0,7) = / / B(z + 00)0dodr — / / B(z + 00)0dodr, (5.3b)
—ooJ —oo 0 T
where B is defined by (5.2).

We also define a function ws(A) : RN\ {0} x R — R by

Ws(A)(y, ) = |ylws(A, %x - %w, (5.4)
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for z € R%, y € R1\{0}. From (5.1), (5.4) and (5.3a) it follows that

+oo
w3 (A)(y,x) = / B(z + oy)ydo, (5.5)

— 00

for (x,y) € R* x RA\{0}. From (5.1), it follows that ws(A) = ((ws(A))1,..,
(w3(A))g) € CHRN{0} x R, RY).

To prove Proposition 1.1 we first prove the following result.
Proposition 5.1. Let A € C?(R% R?) satisfy (5.1) . Then ws(A,0,z) given for

all (0,x) € TS*™ ' determines uniquely the magnetic field B defined by (5.2) and
the following formulas are valid:

PB0.2) = (G (A2 ~ g BAN)) L G
for (0,2) e TS*™, i,k =1.d, i # k;
PBi’k(Q, LE‘) :0kw3(A, 9, x)l - ing(A, 9, x)k (56b)

for (8,z) € Vi, i,k =1..d, i # k whereV; i, is the d-dimensional smooth manifold
given by (1.11).

Note that under different conditions on vector potentials A, the question of
the determination of B from ws was studied in [Ni], [Ju], [I]. However, to our
knowledge the formulas (5.6) were not given in the literature.

Proof of Proposition 5.1. Under the conditions (5.1) and from (5.2) and (5.5) it
follows that

+0o0
5o (As( ) = [T Aty o) = 5 Aty + o)l 61)

d +oo 82 82
+Z/oo e, A W+ @) = G g, Aty + @)yt

for any (y,z) € R\{0} x R? and i,k = 1..d. Let i,k = 1..d. From (5.7) it follows
that

0 , _ o,
(B A0 02) — g asanwn)
oo _d o
:QPBZ’]C(Q,LE')-F/ tz %Bi’k(tﬁ—i-x)@jdt, (58)
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for all (A, z) € TS*™!, 0 = (A1,...,04) and where P denotes the X-ray transform.
Integrating by parts the integral of the right-hand side of (5.8), we obtain the
formula (5.6a).

We recall that ws(A,0,z); = Z;'Z:1 fj;f B, j(t0+x)0;dt, for (0,x) € TS™ 1,
k = 1.d, i # k. Hence 0,PB,; 1(0,z) = ws(A,0,z); for (0,z) € Vi, i,k =
..d, i # k. This last formula implies (5.6b) (07 + 67 = 1 for (6,z) € V; s, 0 =
O1,...,04)).

Then using results on inversion of the X-ray transform and using (5.6a) or
(5.6b) and using (5.4) we obtain that ws(A,6,z) given for all (0,z) € TS
uniquely determines the magnetic field B.

Proposition 5.1 is proved. O

Y

)
(

Now we are ready to prove Proposition 1.1.
Let (6, z) € TS*'. We note that

+o00 too
/ B(r(=8) + 2)(—0)dr = — / B(r0 + x)0dr (5.92)

— o0 — o0

and we remind that

P(VV)(=0,z) = P(VV)(0,x). (5.9Db)

Using (1.9a), (5.3a) and (5.9) we obtain the formula (1.12a) and the following
formula

1
w3 (A, 0,z) = i(wl(V, A0, x)—w (V,A,—0,1)), (5.10)

for (0,z) € TS**. From (1.12a) and results on inversion of the X-ray transform,
we obtain that wi(V, A, 6,z) given for all (6,z) € TS* ' uniquely determines
VV and thus it uniquely determines V ( (V, A) satisfies (1.2)). From (5.10) and
Proposition 5.1 it follows that wq(V, A, 0, x) given for all (0, x) € TS? ! uniquely
determines B. In addition from (5.10) it follows that

5(A)(5:2) = 5 (01 (V, A) (3 2) — 01V, A) (3,2)),

for y € R"\{0}, € R?. Using this last formula and (5.6a) of Proposition 5.1 we
obtain (1.12b). Using (5.10) and (5.6b), we obtain (1.12c).
Proposition 1.1 is proved. O

Let i,k = 1..d, i # k. To reconstruct B, from w;(V, A, 0, z) given for all
(0,z) € V; i, we give the following scheme which is based on the formula (1.12c)
(Vi,k is defined in (1.11)). The formula (1.12c) gives the value of all integrals of
B; i, over any straight line of any two-dimensional affine plane ¥ whose tangent
vector space is Y; = {(z],...,2}) € Rd|x"j =0,j # 1,7 # k}. Now, to reconstruct
B, at a point 2’ € R? we consider in R? a two-dimensional plane Y containing
x' and whose tangent vector space is Y; . We interpret TS? ! as the set of all
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rays in R? and we consider in TS the subset TS*(Y) which is the set of all
rays lying in Y. Then we restrict PB;, on TS'(Y") and reconstruct B; x(z') from
these data using methods of reconstruction of f from Pf for d = 2. (We can also
use the formula (1.12b) for reconstruction of B; j from wy(V, A, 0, x) given for all
(0,x) € TS™1)

To prove Proposition 1.2 we will first prove Proposition 5.2 and Proposition
5.3 given below.

Let A € C?(R% R?) satisfy (5.1). We define a function ws(A) : RN\{0} x
R% — R? by wy(A)(y, z) = |y|lws(A, o7 T — 1yizy) for x € R?, y € RN\ {0}. From
(5.1) and (5.3b), it follows that

wa(A)(y,z) = /_jlcg/jolj(x + oy)ydodr — /+OO/+O§($ + oy)ydodr, (5.11)

2y
-
lyl2

and wy(A) = (Wg(A)1, .., W4 (A)g) € CHRN{0} x RY, RY).

Proposition 5.2. Let A € C*(R%,RY) satisfy (5.1), then B defined by (5.2)
satisfies:

d
> 0;[0xPB; ;(0,x) — 0:PBy (0, )] — PB; (0, 2) = (5.12a)
j=1
o o
oz, Wy (A)g(0,x) — O—mw4<A)i<9’w)’

d
Zej [HkPBm,l(&, .’b) — QiPBk,j,l(G, .T)] — PBZ"]CJ(Q,LE) = U74(A)i’k7[(9,$), (512b)

j=1
for (0,x) € TSt i k1 =1..d, where P denotes the X-ray transform and where
(A t(6,2) = 72 (52 04(A)n = 2 0a(A)m ) (6,2), Bonna(x) =
%Bm n(z), for 0 € Stz eRY myn=1.4d.
x; )

Remark 5.1. Let d = 3, [ = 1..d. Formula (5.12b) gives in fact

0 % (_pBZ,B,l(97$)7 PBI,B,Z(97x)7 _pBl,Q,l(ewr)) =
O x (Wa(A)231(0,2), —wWa(A)1,3:(0,2),wWs(A)1,2:(0,2)), (5.13)

for any (6, ) € TS* where x denotes the usual scalar product on R?.

Proof of Proposition 5.2. Under the conditions (5.1), from (5.11) it follows that

0

d 400

- Yy

—6mkw4(A)i(y, z) =— —|y’|“2 >y / B j(oy + z)dodr (5.14)
j=1 77
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THY

+ iyj {/_;Oy
/*°° [, UW)dadT}

for any (y,z) € R\N\{0} x R? and i, k = 1..d. Let i, k,1 = 1..d be fixed. From (5.14)
it follows that

/ o2 B; j(oy + x)dodr

0 0
8—%w4(A)i(9,x) — 6xiw4(A)k(0’x)
d +o00 d +o0
S_— Z 0 / B; j(00 + z)dodr +0; » _0; / By (08 + x)dodr
+Z€ (060 +x) — 0 —— By, (00 + x)]dodr
ZJ 81’1 J
+o00 +oo o
/ / B, j(c0 + ) — . —Bjy, (00 + x)]dadT} (5.15)

for z € RY, 0 € S¥ 1, 0= (61,...,6,). From (5.1) and (5.2) it follows that

0 0 0 d
- B 9 Bin(x), z€RL, j=1.d. 1

~ - Bus(o) = 5 Bisle). 7 € B (5.16)

Let # € S be fixed. Using (5.15), (5.1) and (5.16) we obtain (5.12a). Under con-

ditions (5.1), the function h; ¢ which is defined by h; i ¢(z) = 82 1(A)i(0, )

—8%1_1174(A)k(9,x),x € R?, satisfies h; o € C*(R? R) and (5.12b) follows imme-
diatly from (5.12a).
Proposition 5.2 is proved. O

Proposition 5.3. Let A € C*(R% R?) satisfy (5.1).

i. if d = 2 then wy(A,0,z) given for all (0,x) € TS*' does not determine
uniquely the magnetic field B defined by (5.2),

ii. if d > 3 then wy(A, 0, ) given for all (0,z) € TS*™ uniquely determines
the magnetic field B defined by (5.2). In addition the following formulas are valid:
if d =3 then

<_fBQ’3’l(O), fBl’g’l(O), _fBl’Q’l<O)) = (517&)

(27r)—3/2§ [9]’ . ( /H

U74(A)2,3,z(9j,y)dy,—/ wa(A)1 3, (07, y)dy,
I

07 0J

J

22

0J

154(A)1,2,l(9j7 y)dy)] 07,



for any orthonormal basis (01, 02,60%) and where I1, is the vector plane {y € R?|yx
p' =0} forp' € R3\{0}, and F denotes the classical Fourier transform on L'(R?);

(=FB23,:(p), FB1,3,:(p), —FB1.2,(p)) = (5.17Db)

2
(27T>_3/QZ 92* / 6_iy*p154(A>2,3,l(9£7y)dya —/ e‘iy*pm(A)l,g,z(@{;,y>dy,
= o o

/ e_iy*pw4( )1’2’l(93 y)dy 9:{;,
I

J
p

for p € R®\{0} and any orthonormal family {011,, 9]%} of the plane 11,, (and where
i=v/—1);
if d > 4 then

PB;(0,x) = aimkwél(A)j(G,x) - %w4(A)k(0,x) (5.17c¢)

for (0,x) € V; i, where V; . is the (2d —4)-dimensional manifold {(0,z) € TS*'|0
= (01, ....04),0; = 6, = 0}

Proof of Proposition 5.3. We first prove the item (i). Let £ € C*(R™,R) be such
that

A(z) = (—a2€(J2]?), 21€(J2])), = € R?,
satisfies (5.1) and

B 0 e 2¢/ (|2 f2)
Bla) = (—2|a:|2§'<|x|2> 0 ) #0

(e.g. £(t) = (1+t)g,t€R+, o>1or&(t ) e”t, t € RT). We define ws(A, 0, x) =
f_ooo [T 2[00+ x[?¢ (|00 + x|?)dodT — 0 f7+002|09 +212¢'(|o0 + z|?)dodr, for
(0,x) € TS* . Let (6,z) € TS* ! be fixed. Using |06 + z|> = 02 + |z|® we
obtain ws (A, 0, x) = 0. From this equality and (5.3b) it follows that w4(A, 0, x) =
ws(A,0,x)(02,—01) =0 (0 = (01,02)). The item (i) is proved.

We prove the item (ii). We shall distinguish the case d = 3 from the case
d>4.

First let d > 4. Let j, k = 1..d be fixed, j # k. Formula (5.12a) implies (5.17c¢).
Let ' € R As d > 4, the dimension of the vector space H,j = {(z1,...,24)
€ R¥z; = xj, = 0} is greater than or equal to 2. Let {e1, ez} be an orthonormal
family of Hj . Let Y be the affine plane of R? which passes through z’ and
whose tangent vector space is the vector space spanned by {e1,e2}. From (5.17¢),
it follows that the integral of B;j over any straight line of Y is known from
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%UM(A)]'(Q,CIJ) - %UM(A);C(G,@ given for all (0, z) € V; . Thus using results
on inversion of the X-ray transform P (see [GGG], [Na] and [Nol]), we obtain
that Bjky can be reconstructed from %w4(A)j(9,x) — %u}z;(A)k(H,m) given
for all (f,z) € Vj (where B k|y denotes the restriction of Bjx to Y). Hence
B, 1(2') can be reconstructed from %U}ZL(A)]'(G,.T) - %UM(A);C(G,@ given for
all (9,.’1)) S f}j,k.

Then let d = 3 and let [ = 1..3 be fixed. Under conditions (5.1), B x; €
LY(R?), for j,k = 1..3. Let p € R® be fixed. From (5.12b) and (5.13) we obtain

0 x (=FB23,.(p), FB13.(p), —FB12.(p)) = (5.18)

(2m) /20 % </ e Py (A)2,3.1(0,y)dy, —/ e Py (A)1,34(0, y)dy,
II, Iy

/ e—iy*Pw4(A)1,2,z(0,y)dy)
Iy

for any 0 € S*, §xp = 0. The formula (5.18) implies (5.17a). To prove that (5.18)
also implies (5.17b), we shall use the following

Lemma 5.1. Under the conditions (5.1), (=F Ba,3.1(p), FB13.(p), —FBi1,2,:(p)) *
p=0, forp e R>.

Lemma 5.1 and (5.18) imply (5.17b).

Let m,n = 1,2,3 m # n. Using the injectivity of the Fourier transform and
(5.17a) and (5.17b), we obtain that B,, ,,; is uniquely determined by w4 (A, 6, )
given for all (0, x) € TS% 1. Since B, vanishes at infinity, we deduce that B,, ,,
is uniquely determined by w4(A, 0, x) given for all (#,z) € TS

Proposition 5.3 is proved. O

Proof of Lemma 5.1. We define X : R® — R by

Ap) = (=FBa.3.,(p), FB1.3.:(p), —FB1.2.(p)) xp, p = (p1,p2,p3) € R®. (5.19)

Now we shall use the tempered distributions and F shall denotes the Fourier
transform of tempered distributions. Under conditions (5.1), A; defines a tempered
distribution of &'(R?).

From (5.2) and (5.19) it follows that

< Ap), ¢ >= < pipip2F Az — pipipsF Az — papip1 FA3
+ popipsF A1 + pspip1 FA2 — papipe FAL, ¢ >
=0 (5.20)

for ¢ € S(R?’). Since Byy,n,1 € Ll(RB) , F By, n, is a continuous function on R3
for any m,n = 1,2,3. Thus \ is continuous on R®. From the continuity of A and
(5.20), it follows that A = 0.
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Lemma 5.1 is proved. O

Now we are ready to prove Proposition 1.2. We note that

1
wy(A,0,z) = Q(wg(V, A0,x)—wao(V,A,—0,x)), (5.21a)

+o00 p4o00 0 T
PV (0, ac)@-l—/ VV (s8 + x)dsdr — / / VV (s0 + x)dsdr (5.21b)
0 T —o0J —o0

1
= E(wg(V, A 0,x)+ wa(V, A, —0,x)),

for (,z) € TS*'. The formulas (5.21), Proposition 1.1 of [Jo] and Proposition
5.3 imply Proposition 1.2. O

Remark 5.2. If we replace the conditions (5.1) and the formula (5.2) by the
conditions (4.11b), (4.11c) and (4.11d), then Propositions 5.1, 5.2, 5.3 and Lemma
5.1 still hold. To prove Propositions 5.1, 5.2 and 5.3 under the conditions (4.11b),
(4.11c) and (4.11d), we use the transversal gauge (given by (4.12)) and we follow
Proof of Propositions 5.1, 5.2 and 5.3 under the conditions (5.1). To prove Lemma
5.1 under the conditions (4.11b), (4.11c) and (4.11d), we use the transversal gauge
A (given by (4.12)) and we note that (4.13a) implies that A; defines a tempered
distribution on S(R?) for ¢ = 1..d, and we follow Proof of Lemma 5.1 under the
conditions (5.1).
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