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Abstract

A classical theorem of Stone and von Neumann says that the Schrédinger
representation is, up to unitary equivalences, the only irreducible represen-
tation of the Heisenberg group on the Hilbert space of square-integrable
functions on configuration space. Using the Wigner-Moyal transform we
construct an irreducible representation of the Heisenberg group on a cer-
tain Hilbert space of square-integrable functions defined on phase space.
This allows us to extend the usual Weyl calculus into a phase-space calculus
and leads us to a quantum mechanics in phase space, equivalent to standard
quantum mechanics. We also briefly discuss the extension of metaplectic op-
erators to phase space and the probabilistic interpretation of the solutions
of the phase space Schrédinger equation.
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I. Introduction and Motivations

One of the pillars of non-relativistic quantum mechanics is Schrodinger’s

equation
oY h?
T A
! ot 2m

where the right-hand side is obtained from the Hamiltonian function

V24 4+ V(7 ) (1)

H= ﬁﬁQ + V(7,1)

by replacing the momentum vector p by the operator —iAV > and letting
the position vector 7 stand as it is. But how did Schrédinger arrive at this
equation? He arrived at it using what the novelist Arthur Koestler called a
“sleepwalker” argument, elaborating on Hamilton’s optical-mechanical ana@
ogy, and taking several mathematically illegitimate steps (see Jammer
or Moore@ for a thorough discussion of Schrédinger’s argument). In fact
Schrodinger’s equation can be rigorously justified for quadratic or linear
potentials if one uses the theory of the metaplectic group (see our discus-
sion inH , Chapters 6 and 7), but it cannot be mathematically justified for
arbitrary Hamiltonian functions; it can only be made plausible by using for-
mal analogies: this is what is done in all texts on quantum mechanics, and
Dirac’s treatised p. 108-111) is of course not an exception. The gist of
Schrodinger’s argument, recast in modern terms, is the following: a “matter
wave” consists —as all waves do— of an amplitude and a phase. Consider now
a particle with initial position vector 7(0) = (z(0),y(0), 2(0)). That particle
moves under the influence of some potential and its position vector becomes
7(t) = (x(t),y(t),2(t)) at time ¢t. The change of phase of the matter wave
associated with the particle is then postulated to be the integral

A@z/ﬁ-dF—Hdt (2)
r
calculated along the arc of trajectory I' joining the initial point (x(0), y(0), z(0); 0)

to the final point (z(t),y(t),2(t),t) in space-time; p’ = (pz, py,p-) is the mo-
mentum vector and H = H (7, j, t) the Hamiltonian function. The choice (f})



for A is dictated by the fact that it represents the variation in action when
the particle moves from its initial position to its final position. Now, in most
cases of interest the initial and final position vectors uniquely determine the
initial and final momentum vectors if t is sufficiently small, so that A® can
be identified with Hamilton’s principal function W (7%, 7, t) (seelltl), and the
latter is a solution of Hamilton—Jacobi’s equation

%—‘f + H(F,V:W,t) = 0. (3)

Schrodinger knew that the properties of the “action form”
A=p-dr — Hdt (4)

led to this equation, and this was all he needed to describe the time-evolution
of the phase. We now make an essential remark: the property that A® can
be identified with Hamilton’s principal function is intimately related to the
fact that the action form A is a relative integral invariant. This means that
if 4 and «/ are two closed curves in the (7,p,t) space encircling the same
tube of Hamiltonian trajectories, then we have

%ﬁ-dF—Hdt:}{ p-dr— Hdt

Y v

(this is a consequence of Stoke’s theorem and generalizes to an arbitrary
number of dimensions; see for instancetll). We now make the following
crucial observation, upon which much of this paper relies: the action form
A is not the only relative integral invariant associated to the Hamiltonian
H. In fact, for any real scalar A the differential form

Ay = p-dr+ (A — 1)7F-dp — Hdt

f-fa
v 0l

and is hence also a relative integral invariant. This is immediately checked
by noting that since v is a closed curve we have

fodrerai= f a0
0l

o

also satisfies the equality

and hence

j{Aﬁ- di + (A — 1)F-dﬁ:j§m- A + (1 — NG - dif = fﬁ- dr.
vy vy v



A particularly neat choice is A = 1/2; it leads to the “symmetrized action”
1
A1/2:§(ﬁ-dF—F-dﬁ)—Hdt (5)

where the position and momentum variables now play identical roles, up to
the sign.

Let us investigate the quantum-mechanical consequences of this choice.
We consider the very simple situation where the Hamiltonian function is
linear in the position and momentum variables; more specifically we assume
that

Ho=p-79—po-T.
The solutions of the associated equations of motion
d d
—7r(t) =7y and —plt) = P
5t =170 5 P(t) = Po
are the functions

7(t) = 7(0) + 7ot and p(t) = p(0) + pot

hence the motion is just translation in phase space in the direction of the
vector (7p,Pp). An immediate calculation shows that the standard change
in phase (f), expressed in terms of the final position 7= 7(t), is

t2
A® = &(7it) = tpo - 7'~ 5 Fo - To; (6)

this function of course trivially satisfies the Hamilton—Jacobi equation for
Hy. Assuming that the initial wavefunction is 1y = 1o(7), a straightforward
calculation shows that the function

" (- L
(7, t) = exp [ﬁQ)(r;t)] o (7 — ) (7)
is a solution of the standard Schrodinger equation
O . L Lo
zha = (—ihi'o - Vi — po - 7)p = Ho(F, —ihV,.)1.

Suppose now that instead of using definition (f) for the change in phase we
use instead the modified action associated with A, /5. Then

ADy )y :/F%(ﬁ-dF—F-dﬁ)—Hdt; (8)
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integrating and replacing 7(0) with 77— 7t and p(0) with p — Pyt this leads
to the expression

S t. o
Dy o(7, pit) = 5(29'7“0—190'7:)

which, in addition to time, depends on both 7 and p; it is thus defined on
phase space, and not on configuration space as was the case for (). The
function @ /5 (7, p;t) does not verify the ordinary Hamilton—Jacobi equation
(B); it however verifies its symmetrized variant

ot
as is verified by a straightforward calculation. This property opens the gates
to quantum mechanics in phase space: assume again that we have an initial
wavefunction 1y = ¥ (7) and set

+ Ho (%F+ vﬁq)l/%%ﬁ_vf‘lﬁ/z) =0 9)

B(E7L) = oxp | 1212(750)| ol 17 (10)

Using (f]) one finds that

LO0U —~ S

zha = Hy (%’I“ +ihVp, %p — zhv,v) v, (11)
there is in fact no reason to assume that the initial wavefunction depends
only on 7} choosing Wy = Uy(7,p) the same argument shows that the
function

S { . o S
(7, p,t) = exp [ﬁ‘lh/z(r; t)] W (7 — tr, P — tpo) (12)

is a solution of ([L1]) with initial condition Wy. Observe that the operator

Hy in the “phase-space Schrédinger equation” ([[1]) is obtained from the
Hamiltonian function Hy using the phase space quantization rules

~ N o

1 : 1 :
915—>X:§38—i—2hapm , De — w—ipx—zha
~ 0 ~ 0

1 . 1 .
y—Y=szx+ih— , py — P, =35p, —th—
2 apy Y y = 2Py By
> , = 0
Z—>Z:%Z+1h6pz apz—’Pzszz_Zh&-

The operators X , ﬁm, etc. obey the usual canonical commutation relations:

~

X, By} =—in, [V,P)=—ih, [Z,B]=~ih



and this suggests that these quantization rules could be consistent with the
existence of an irreducible representation of the Heisenberg group in phase
space. This will be proven in Section [T, where we will explicitly construct
this representation.

The equation ([LT]) corresponds, as we have seen to the choice A = 1/2
for the integral invariant Ay; any other choice is per se equally good. For
instance A\ = 1 corresponds to the standard Schrédinger equation; if we took
A = 0 we would obtain the phase-space Schrodinger equation

L O¥ S .

zha = Hy(7+ ihVy, —ihV,)¥. (13)
considered by Torres-Vega and Frederick.@’@’@ More generally, to an arbi-
trary value of A corresponds the equation

ih%—\f = Hy(7"+ ihVy, —ihVy)¥

Phase-space Schrodinger equations are current objects of interest; they
are usually arrived at using arguments involving in some way or another
coherent-state representations (or variants thereof). We stress that these
equations actually are no more than a reflection of the integral invariance
property of a class of differential forms related to —but different from— the
action form of classical mechanics.

The aesthetic appeal of the Schrédinger equation in phase space in the
form ([LT) is indisputable, because it reinstates in quantum mechanics the
symmetry of classical mechanics in its Hamiltonian formulation

dr dp

pri VzH | i —V#H; (14)
in both ([l]) and ([[4) the variables 2 and p are placed, up to a change of sign,
on the same footing.

The aim of this paper is to rigorously motivate Schrodinger’s equation
in phase in an arbitrary number of degrees of freedom using the Stone—von
Neumann theorem on the irreducibility of the Schrédinger representation.
The passage from the standard quantum mechanics governed by the usual
Schrodinger’s equation is performed using a “wave-packet transform” defined
in terms of the Wigner(—Moyal) transform (we have therefore called it the
“Wigner wave-packet transform”). In this sense our approach is much more
general than other approaches found in the literature because it does not
depend on the choice of any ad hoc “coherent state representation”.

We have structured this paper as follows:



e In Section 2 we define and study a family of “wave-packet transforms”
parametrized by S(RY), the Schwartz space of rapidly decreasing func-
tions on configuration space. Each of these transforms maps isometri-
cally L2(RY) onto a closed subspace of LQ(RE%), the space of square
integrable functions on phase space. The main appeal of these trans-
forms, which are defined in terms of the Wigner—Moyal function is that
they will allow us to establish a one-to-one correspondence between the
solutions of the usual Schrodinger’s equation and the “admissible” so-
lutions of the phase-space Schrédinger equation, that is those functions
which are in the range of a Wigner wave-packet transform. We show
in particular that the only phase space Gaussians belonging to the
range of our wave-packet transforms are those which are the Wigner
transforms of pure (Gaussian) quantum states.

e In Section 3 we construct a representation of Heisenberg group on
L%Ri%) which is irreducible on the ranges of the wave-packet trans-
forms. This allows us to associate to each observable, viewed as a
pseudo-differential symbol, an operator acting on phase space func-
tions. These “phase-space Weyl operators” precisely correspond to
the quantization rules

0 P 0

X
2+ ih— L ih—.
Tty Py T g

e In Section 4 we show the symplectic covariance of the phase-space
Weyl calculus, this is archived by constructing a copy of the usual
metaplectic group Mp(N) whose elements act, not on L2(RY), but
on LZ(REJ{X). This is made possible by identifying the Weyl symbol
of the usual metaplectic operators, following previous work of ours
based on an idea of Mehlig and Wilkinson. Interestingly enough, in
this space representation of Mp(N) the Conley—Zehnder index, famil-
iar from Hamiltonian periodic orbit theory plays the role of “Maslov
index”.

e In Section 5 we show, using the previous constructions, that to each
solution W of the usual Schrodinger equation corresponds, via each
wave-packet transform, a function ¥ defined on phase space and sat-
isfying the phase-space Schrodinger equation written formally as

LoV x 0 p .0
ZFLE —H <§ +Zha—p,— —’Lh—> \I’



We show that, conversely, that two solutions of this equation lying in
the intersection of the ranges of two different wave-packet transforms
correspond to quantum states which are either orthogonal or identical.
We take the opportunity to give exact phase-space solutions for the
isotropic harmonic oscillators.

e In Section 6 we focus on the physical relevance of the solutions to
the phase-space Schrodinger equation. In particular, we show that
one cannot expect arbitrary functions in L? (Ri%) to correspond to a
bona fide quantum state, this fact is actually related to a symplectic
form of the uncertainty principle we have studied in previous work of
ours. We end this section by studying the probabilistic interpretation
of the quantum-mechanically admissible solutions of the phase-space
Schrodinger equation, it appears that we can choose the wave-packet
transform as an appropriate Gaussian then, in the limit A — 0, the
square of the modulus of the admissible solutions become joint proba-
bility densities. We finally discuss the case of mixed Gaussian states.

This paper is reasonably self-contained; we have given rather detailed
proofs since there are many technicalities which are not always immediately
obvious.

Notations

We will work with systems having N degrees of freedom; we denote
the position vector of such a system by = = (z1,...,xx) and its momentum
vector by p = (p1,...,pn). We will also use the collective notation z = (z, p)
for the generic phase space variable. Configuration space is denoted by R
and phase space by R2Y. The generalized gradients in 2 and p are written

o _(o 0 9 _(0 90
dr  \ox; " oxzn) Op \op1' U opn)’

For reasons of notational economy we will write Mu? instead of Mu-u when
M is a matrix and u a vector.

We denote by z A 2’ the symplectic product of z = (z,p), 2/ = (2/,p'):
z/\z/:p-x/—p/-x

where the dot - is the usual (Euclidean) scalar product. In matrix notation:

/I NT _ 0 I
2NZ =(Z) Jz J_[—I 0

8



where J is the standard symplectic matrix (0 and I are the N x N zero
and identity matrices). We denote by Sp(IN) the symplectic group of the
(z,p) phase space: it consists of all real 2N x 2N matrices S such that
Sz ANSZ =z A 25 equivalently

STJs =578T = J.

We denote by (-,-) the L?norm of functions on configuration RY and
by ((-,-)) that of functions on phase space R?". The corresponding norms
are denoted by || - || and ||| - [||-

S(R™) is the Schwartz space of rapidly decreasing functions on R™ and
we denote by F' the unitary Fourier transform defined on L?(RY) by

Fo) = (54) " [ e eu@de. (15)

II. The Wigner Wave-Packet Transform
Let ¢ be a rapidly decreasing function normalized to unity:
e SRY) | 9]y, = 1 (16)
We associate to ¢ the integral operator U, : L*(RY) — L?(R2Y) defined
by
_ 1 \N/2 Zpg —ipa / NN 1
Uph(2) = (m) e2n /e APz p(x — 2" )d x (17)

and call Uy the “Wigner wave-packet transform” associated with ¢. This
terminology is justified by the fact that the operator Uy is easily expressed
in terms of the Wigner—Moyal transformth

W B)wp) = ()" [Tl + hote - fay (1s)

of the pair (¢, ¢): performing the change of variables 2/ = 1(z + y) in the
right-hand side of ([[7) we get at once

N/2 .
Vst = (577) 2N [ B0 + ol - ey

that is, by definition of W (¢, ¢),
Ugi(z) = () W, 3)(32) (19)

9



A standard —but by no means mandatory— choice is to take for ¢ the real

Gaussian
1\ V4 -
on(z) = <%> exp (—ﬁ|x| > ; (20)

the corresponding operator Uy is then (up to an exponential factor) the
“coherent state representation” familiar to quantum physicists.

The interest of the Wigner wave-packet transform Uy comes from the fact
that it is an isometry of L?(R%) onto a closed subspace H, of L?(R2Y) and
that it takes the operators x and —ihd/dx into the operators z/2 4 ihd/dp
and p/2 — ihd/0x:

Theorem 1 The Wigner wave-packet transform Uy has the following prop-
erties:

(i) Uy is an isometry: the Parseval formula

(U, Ust')) = (1,0) (21)

holds for all 1, € S(RY). In particular UgUp =1 on LA(RY).

(i) The range Hy of Uy is closed in L2(R2N) (and is hence a Hilbert
space) and the operator Py = UgUy 1s the orthogonal projection in L*(R2Y)
onto Hg.

(iii) We have

(5+ihL) Ust = Usla) . (5 —ih) Ut = Ug(—iigew).  (22)
Proof. (i) Formula (R1)) is an immediate consequence of the property

(W (@,0), W', ) = (55)" (0, ¢)(6, ) (23)

of the Wigner—Moyal transform (see e.g. FollandH p. 56; beware of the fact
that Folland uses normalizations different from ours). In fact, taking ¢ = ¢’
we have

(st Us) = ()" [ W@ GW (D) ()Y

= (2rh)™ (W (4, 9). W (¢, 9)))
= (.0)(#.9)

which is formula (PT]) since ¢ is normalized. To prove (i) we note that
P(;‘ = P, and
P} =Uyg(UsUs)US = UjUy = Py

10



hence Py is indeed an orthogonal projection. Let us show that its range
is Hy; the closedness of Hy will follow since the range of a projection in
a Hilbert space always is closed. Since UjUy = I on L2(RY) we have
UjUyy = o for every ¢ in L?(RY) and hence the range of Uj is L2(RY).
It follows that the range of Uy is that of U¢U; = P, and we are done.
(i4i) The verification of the formulae (23) is purely computational, using
differentiations and partial integrations; it is therefore left to the reader. m

The intertwining formulae (2) show that the Wigner wave-packet trans-
form takes the usual quantization rules

0
rj —x , x— —ih—
ox

leading to the standard Schrodinger equation to the phase-space quantiza-
tion rules

. 1 L, 0
xr — §x+zha—p , T — ip—zh%;
observe that these rules are independent of the choice of ¢ and that these
rules are thus a common features of all the transforms Ug.

One should be aware of the fact that the Hilbert space Hy is smaller
than L2(R2Y). This is intuitively clear since functions in L?(R?") depend
on twice as many variables as those in L?(RY) of which H is an isometric
copy. Let us discuss this in some detail.

Theorem 2 (i) The range of the Wigner wave-packet transform Uy, asso-
ciated to the Gaussian (24) consists of the functions ¥ € L*(R?) for which
the conditions

0 .0 1, B '
(5 i) [ (Gp1=2) wo] =0 gor 1< o

hold.

(ii) For every ¢ the range of the Wigner wave-packet transform Uy is
isometric to Hy, .

Proof. (i) We have Uy, = efﬁp'xV% where the operator Vy, is defined by
N/2 i
Vable) = (20) " [ B ota - ayua)
It is shown in2d that the range of Vy, consists of all U € L?(R2Y) such that
0 d 1,
N S — v =0 for 1<j5<N.
(523 o) -0 25

11



That the range of Uy, is characterized by (B4) follows by an immediate
calculation that is left to the reader. (i7) If Uy, and Uy, are two Wigner
wave-packet transforms corresponding to the choices ¢1, ¢2 then Uy, U, :;1 is
an isometry of Hy, onto Hy,. ®

This leads us to address the following more precise question: given ¥ €
L2(R2N), can we find ¢ and ¢ in L?(RY) such that ¥ = Uyy? We are
going to see that the answer is no. Intuitively speaking the reason is the
following: if ¥ is too “concentrated” in phase space, it cannot correspond via
the inverse transform U¢_1 = U$ to a solution of the standard Schrodinger
equation, because the uncertainty principle would be violated. Let us make
this precise when the function ¥ is a Gaussian. We first make the following
obvious remark: in view of condition (4) every Gaussian

1
Up(z) = Nexp <ﬁ z|2> , AeC

is in the range of Uy,. It turns out that not only does this particular
Gaussian belong to the range of every Wigner wave-packet transform Uy,
but so does also the compose ¥y o S for every S € Sp(N):

Theorem 3 Let G be a real positive-definite 2N x 2N matriz: G = GT > 0.
Let Ug € L2(R2N) be the Gaussian:

Ua(z) = exp (—%G:ﬁ) . (25)

(i) There exist 1,¢ € S(RY) such that Ugth = V¢ if and only if G €
Sp(N), in which case we have

¢ =adn , »=a2?@n)"" g,

where ¢y is the Gaussian (24) and o an arbitrary complex constant with
modulus one.

(ii) Equivalently, |¥q|? must be the Wigner transform W+ of a Gaussian
state

1
W(z) = c(det X)V* (h)*N/* exp [—2—h(x + iY)xQ} (26)
with |c| =1, X and Y real and symmetric, and X > 0.

Proof. In view of the relation ([9) between Uy and the Wigner-Moyal
transform ([Lg) is equivalent to

W (1, 3)(z) = (%)N/Q exp <—%Gz2) .

12



In view of Williamson’s@ symplectic diagonalization theorem there exists
S € Sp(N) such that G = STDS where D is the diagonal matrix

A O .
D:[O A] , A =diag[A1, ..., AN]

the numbers +i)q,..., A, A; > 0, being the eigenvalues of JG™1; it follows

that
_ 9\ N/2 9
W (1, $)(S7'z) = <—> exp (——Dz2> .
7h h

In view of the metaplectic covariance property of the Wigner—Moyal trans-
form (see ({f7) in Section [V]) there exists a unitary operator S : S(RY) —
S(RY) such that

W (), $) (S 2) = W(Sy, S9)(2)

hence it is no restriction to assume S = I and
_ 2\ M2 2,
W = () ew(-302).

By definition ([§) of the Wigner-Moyal transform this is the same thing as
N/2 _ip. 2
(ﬁ) / /e Yz + Sy)p(x — %y)dNy =2V exp <_ED22>

that is, in view of the Fourier inversion formula,

2

N/2 —ipa — 2
vla + dn)oleo — ) =2 ()2 [ eirre ity
= (2)N2 e anat /e%p'ye‘%APQde.

Setting @ = 2A in the classical formula

(ﬁ)N/Q/e_%p'ye_%QPQde = (det Q)_l/Qe_%Q_ly2

giving the Fourier transform of a non-degenerate Gaussian we thus have

1 1
Y(r+ 1y)p(x — Sy) = 2N/2(det A) /2 exp [_ﬁ <Am2 + ZAyQH .
Setting u = = + %y and v =z — %y this is

B(09(0) = 292(det A) M2 exp |~ (A -+ A0 +0%) +2(A = A Duso)

13



which is only possible if there are no terms w - v, that is if (and only if)
A = A~L; since A is positive-definite this requires A = I and hence also
A = I. Tt follows that

B(uo(e) =27 exp | oo+ )]

so that

HO0) = 0)0() =2 exp (o)
It follows that both ¢ and ¢ are Gaussians of the type
Y(z) = (0) exp (—%ﬁ) . o(x) = $(0) exp <—%x2> :

since ¢ is normalized this requires that ¢ = a¢y with || = 1 and hence

6(0) = a (%)m-

Since we have ¥(0)¢(0) = 2V/2 we must have
$(0) = @22 (wh)/*

which concludes the proof of part (i) of the theorem. To prove (ii) recallld

~

that the Wigner transform of the Gaussian (@) is given by the formula

where
o X+YXly vyx!
S| XY Xt

It is immediate to verify that G € Sp(N) and that G is symmetric positive
definite. One proves— that, conversely, every such G can be put in the form
above, and which ends the proof of (ii) since the datum of W+t determines
1 up to a complex factor with modulus one. m

III. Phase-Space Weyl Calculus

Let Hy be the (2N +1)-dimensional Heisenberg group; it is (see e.g.E’@)
the set of all vectors

(Z,t) = (1’1, ~y NP1y -y DN t)

14



equipped with the multiplicative law
(2, )2, ) = (z+ 2, t+t + 32 A 2).

The Schrodinger representation of Hy is, by definition, the mapping fSch
which to every (zo, o) in Hy associates the unitary operator Tsq (20, to) on
L?(RY) defined by

' ( to+po-x — l100 o) | Y(z — o). (27)

Tsen (20, to)t(z) = exp " 5

A classical theorem due to Stone and von Neumann (see for instanceﬂ’@
for a proof) says that the Schrodinger representation is irreducible (that is,
no closed subspace of L2(RY) other than {0} and L?(RY) are invariant by
T\Sch), and that every irreducible unitary representation of Hy is unitarily
equivalent to Tgch: if T is another irreducible representation of Hy on some
Hilbert space H then there exists a unitary operator U from L?(RY) to H
which is bijective, and such that the following intertwining formula holds:

[U o Tsa(2,t) = [T o U(z,t) for all (z,t) in Hy.

Conversely, if U is a unitary operator for which this formula holds, then T
must be irreducible. We emphasize —heavily!- that in the statement above it
is nowhere assumed that  must be L?(RY); it can a priori be any Hilbert
space, and in particular it can (and will be!) any of the spaces Hy defined in
Theorem [Il. We will come back to this point in a while, but let us first recall
how one passes from the Heisenberg group to the Weyl pseudo-differential
calculus. In Weyl calculus one associates to a “symbol” A = A(z,p) an
operator A on S(RY) by the formula

~

@) = ()" [[ e aG @+ 0.0 s. (25
This formula makes perfectly sense if for instance A € S(R?Y), and one eas-
ily verifies that the “Weyl correspondence” A Y1 4 leads to the standard

quantization rules

~ 0
x Nevl X = , P HNoy] P = —zha— (29)
i

For more general symbols the double integral must be interpreted in some
particular way. For instance, if A belongs to the standard symbol class

15



;”5(R§N) with 0 < 6 < p < 1 that is, if for every compact K C RY and all
multi-indices o, 8 € NV there exists CK «,p such that

0507 Az, p)| < Creap(1 + [p)™ Pl

then (R§) should be viewed as an “oscillatory integral”, There are however
other possible ways to interpret this formula; we refer tothtd a discussions of
these. In particular it is shown inf that if A € L2(RY) then A is a Hilbert—
Schmidt operator, and that conversely every Hilbert—Schmidt operator is a
Weyl operator with symbol in L?(RL).

There is another very useful way of writing Weyl operators, and this will
lead us to Weyl calculus in phase space. Setting ¢y = 0 in formula (R7) one
obtains the so-called Heisenberg—Weyl operators Tsch(ZO):

1

Tsen(20)¥(x) = exp [%(Po T 5P o) | Y(T — w0). (30)

It is easy to show, using Fourier analysis, that we can write the operator
(RY) in the form

Ag() = (55)" / (o 4) (20) Tosen (20)00 ()2 20 (31)

provided that F,A, the “symplectic Fourier transform” of A, exists. The
latter is defined in analogy with the ordinary Fourier transform on R2Y by

FoA(z) = (Flh)N /e%ZAz/A(z/)dQNz'. (32)
The conditions of existence of F,A are actually the same as for the usual
Fourier transform on L?(R2Y) to which it reduces replacing z by —Jz. No-

tice that F, is an involution: F2 = I.

Remark 4 It is convenient to write formula ([51) more economically as

A= ()" [(Fo ) Ts(2)Y2 (3)

where the right-hand-side is interpreted as a “Bochner integral”, i.e. an
integral with value in o Banach space.

We now observe that when a Weyl operator is written in the form (BI))
or (B) it literally begs to be extended to phase space! In fact, we can make
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the Heisenberg-Weyl operators act on functions ¥ in L?(R?V) by replacing
definition (B{) by its obvious extension
i 1

Tsan(20)¥(2) = exp [ﬁ(po T SPo xo)} (2 —20)

and thereafter define the action of A on ¥ € S(R2V) by the formula
N A~
A0(2) = (1) / (Fp 4)(20) Tt (20) W (2) 2V 2.

This choice —which is perfectly honest— would lead, usirﬁ éhe method
we will explain in Section [V| to the Torres—Vega equationt&d which we
considered in 2

ov -~ 0 0

h— =H ih—, —ih— | ¥

1 B <x—|—z o’ 1 895)

already mentioned in the Introduction (equation ([[J)). Since we prefer a
more symmetric phase-space Schrodinger equation in which x and p are on

equal footing, we will replace fSCh(ZO) with the operator T\ph(zo) given by

~

Ton(20)¥(2) = exp <—;—hz A zo> U(z — 2p) (34)

(the subscript “ph” standing for phase space) and then define the phase-
space Weyl operator associated to A by the formula

Apn¥(z) = (ﬁ)N/(faA)(Zo)fph(zo)q’(z)dmzo- (35)

This operator A\ph acts continuously on S(R?Y) provided that A is a bona fide
symbol and can hence be extended to L2(R?") by continuity. In accordance
with the convention in Remark ] we will often write for short

N

I = ()" [(F AT (30

where the right-hand side is again viewed as a Bochner integral.

~

Observe that the operators Tjy, satisfy the same commutation relation
as the usual Weyl-Heisenberg operators:

N . i . .
Tph(zl)Tph(ZO) = exp <_ﬁ20 A 2’1> Tph(ZO)Tph(Zl) (37)
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and we have

N N i .
Tph(ZO)Tph(Zl) = exp (ﬁZO A 21> Tph(ZO + 2’1). (38)

These properties suggest that we define the phase-space representation
T,n of Hy in analogy with (R7) by setting for ¥ € L%(R2YV)

~

Tph(ZO,tQ)\I/(Z) = e%tofph(tZO)\I}(Z). (39)

Clearly fph(zo, t) is a unitary operator in L?(R2Y); moreover a straightfor-
ward calculation shows that

~ ~ ~

Ton (20, t0)Tpn (21, t1) = Tpn(20 + 21, to + t1 + 320 A 21) (40)

hence T\ph is indeed a representation of the Heisenberg group in L?(R2Y).
We claim that the following diagram is commutative for every Wigner wave-
packet transform Uly:

U,

L2®Y) T e
TSchl lTph
U
LARY) — L*RZY)

More precisely:

Theorem 5 Let Uy be an arbitrary Wigner wave-packet transform.
(i) We have R R
Tpn(20,t0)Up = UgTsch(20,t0) (41)

hence the representation T\ph is unitarily equivalent to the Schrédinger repre-
sentation and thus an irreducible representation of Hy on each of the Hilbert
spaces Hg.

(ii) The following intertwining formula holds for every operator Xph;
A\phUd) = U(b;{Sch; (42)
Proof. Proof of (i). It suffices to prove formula (f]) for ¢y = 0, that is

Ton(20)Us = UgTsen(20)- (43)
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Let us write the operator Uy in the form Uy = e%ﬁp'xW(b where the operator
Wy is thus defined by

N/2 R
Was(a) = ()" [ B o —apanae.
We have, by definition of T\ph(zo)

fph(ZQ)Udﬂ/J(Z) = exp |:—2—Zh(2’ N 2o + (p — po) . (1‘ - 1‘0):| W¢1/J(Z — Zo)

7
= exp [ﬁ(—Qp “To+po-To+p- x)] Wgib(z — 20)

and, by definition of Wy,
Wot(z — 20) = (g55) ™" /eﬁ(ppo)'xla(x — o —zo)p(a)dNa!

= (ﬁ)N/Q e%(p—po)'wo /e—%(p—po)'l‘”a(x _ x’l)¢(x,/)de,/

where we have set 2”7 = 2/ + zg. The overall exponential in T\ph(zo)U(bib(z)
is thus ]
u = exp [Q—Zh(—po “wo+p-x—2p-a’ +2p -2

Similarly,
~ N/2 i,
Up(Tsan(20)0)(2) = (55) "2 €777 x
/e%p'm”a(aﬂ — 2")en o =3Po20) (1 _ g )qN 5
yielding the overall exponential
Ug = €xp i 1p-x—p-az”+p-az”—lp-az =u
2 h\2 0 2 0 0 1

which proves ({). The irreducibility statement follows from Stone-von
Neumann’s theorem. Let us prove formula (f2). In view of formula (i) we
have

s = ()" [ (o A) ) Ton o) Vst () 2
— ()" [ Fe ) o)V Tsenca)0) ) 2
= ()" U ([ (Fa ) Beaoh) ()0 )

= Uy(Asen))(2)
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(the passage from the second equality to the third is legitimated by the fact
that Uy is both linear and continuous). m

IV. Metaplectic Covariance

Since Sp(N) is the symmetry group for the usual canonical commutation
relations

[X;, Py] = ihjx

for )/(\'j = xj, ﬁk = —ihd/dxy), the uniqueness of these relations implies that
for each S in Sp(IV) there must be some associated unitary operator linking
them to quantization. These operators are the metaplectic operators; let us
recall how they are defined (for details and proofs see for instancetHd).
Assume that S is a free symplectic matrix, that is S € Sp(N) and

A B .
S_[C D} with det B # 0.

To every such S one associates the operators igwm defined by the formula

o LW (z,x") N gN 1.
Swm(r) = <—2m'h> 7ﬁ oD /eh P(x)d™ 2’ (45)

here W is Hamilton’s characteristic function” familiar from mechanics (see
for instancelltl):

1 1
W(z,z') = 5DB—lac2 —B7lz-2 + 5B—lAgc’Q, (46)

and m is an integer (“Maslov index”) corresponding to a choice of arg det B.
The operators Sy, are a sort of generalized Fourier transform, and it is

not difficult to check that they are unitary. In addition the inverse of §W,m
is given by

gﬁ/?m = §W*,m* , Wz, 2")=-W(',2) , m*"=N-m
hence the §W,m generate a group: this group is the metaplectic group Mp(N)

(seell for a complete discussion of the properties of Mp(N) and of the asso-
ciated Maslov indices). If we choose for S the standard symplectic matrix

=)
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the quadratic form ([i]) reduces to W (xz,z') = —z - 2’; choosing arg det B =
arg det I = 0 the corresponding metaplectic operator is

fw<x>=< : )N/Q/ emi v y(a")dV o' =i N2 Fy(a)
2mwih

where F' thus is the usual unitary Fourier transform ([I5).
The Wigner—-Moyal transform enjoys the following metaplectic covari-
ance property: for every S € Mp(N) with projection S € Sp(N) we have

W (S, S¢) = W (1, ¢) 0 S~1. (47)

Since the Wigner wave-packet transform is defined in terms of W (v, ¢) by
formula ([9) it follows that

Us(80) = (50)" W (8¢, 6)(42)
= (=P W5y, 5(5719))(32)
— ()N W (0, 5718)(A57(2))

and hence

Up(St) = (Up h) 0 871, ¢5=5"14. (48)

1l we have shown (following an idea of Mehlig and Wilkinson@) that
the metaplectic group is generated by operators of the type

Si(x) = <L>N/2 —xﬁ T M T (z0)ip()d Nz (49)
orh [det(S = 1)) Sch (20 0

where det(S — I) # 0, Mg is the symplectic Cayley transform of S:
1
Mg =5 J(S+D)(S-1)"

and v(S) is the Conley—Zehnder index (modulo 4) of a path joining the
identity to I in Sp(N). For instance, if S = Sy, then

1 N/2 Z‘mfInerthz 9 ~
> ﬁMSZOTSCh(ZQ)Ib(x)dQNZO (50)

Sme( ) = <27‘rh |det(S —I)|

where Inert W,, the number of negative eigenvalues of the Hessian matrix
of W. Formulae (Bd) and (b() are thus the Weyl representations of the
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metaplectic operators S and §W,m)- They allow us to define phase-space
metaplectic operators Spy in the following way: if det(S — I) # 0 we set

1

Son(2) = e #/e%Mszgf n (20
P 2rh Vdet(S — 1) P

the operators §ph are in one-to-one correspondence with the metaplectic

)\If(z)dQNzo; (51)

operators S and thus generate a group which we denote by Mppyn(N) (the
“phase space metaplectic group”). In following lemma we give alternative
descriptions of the operators ([[9) in terms of the operators Ty,

Lemma 6 Let §ph € Mppr(N) have projection S € Mp(N) such that
det(S —1I) #0. We have

Spn = ()" ) \/[det(S — D) /e—ESZAprh((S - Na)dz  (52)

and

92)

~ N v A~ A~
o= (55)" 5/ det(S = 1) / Ton(S2)Tpn(—2)d* Nz, (53)
Proof. It is mutatis mutandis the proof of Lemma 1 inE): we have
LIS+nS-Nn"t=g+J08-1)"
hence, in view of the antisymmetry of J,
Msz-z=JS -1tz 2=(S-1)""

Performing the change of variables z — (S —1I)z we can rewrite the integral
in the right-hand side of (B() as

/ %(Mszz d2N /|det S — I / ANS—I)zr ((S I) )dZNZ
= /| det(S —1I)| /62SZAZTph((S —D)2)d*N 2

hence (59). Taking into account formula (B§) for the product of two meta-
plectic operators Tpn(20) and Tpn(z1) we get

f((S —1)z) = e%USZ/\szh(Sz)fph(—z)

and formula (5J) follows. m
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This result will allows us to show in a simple way that the well-known
“metaplectic covariance” relation

Ao Ssy = S 1 Ag, S (54)

valid for any Se Mp(N) with projection S € Sp(IV) extends to the phase-
space Weyl operators Aph provided one replaces Mp(N) with Mppp(N).

Theorem 7 Let S be a symplectic matrixz and §ph any of the two opera-
tors in Mppyn(N) associated with S. The following phase-space metaplectic
covariance formulae hold:

SorTon(20)8,0 = Ton(S2) . Ao Sy = 8 ApnSin. (55)

Proof. To prove the first formula (B3) it is sufficient to assume that det(S —
I) # 0 and that Sppis thus given by formula (Fl)): since such operators
generate Mppn(N). Let us thus prove that

Ton(S20)Spn = SpnTpn(20) if det(S — I) # 0. (56)

Using either formula (FJ) in Lemma [f above and setting

Cs = (&)™ ) /det(S — 1)

we have
Ton(Sz0)Spn = CS/T\ph(SZO)fph(Sz)T\ph(_Z)d2NZ
§phfph(zo) =Cg /fph(Sz)fph(—z)fph(zo)dQNz.
Setting
A(z) = /fph(Szo)fph(Sz)fph(—z)dQNz
Blao) = [ Ton(S2)Ton(~2) Ty (20) V2
we have, by repeated use of (Bg),
2 1T (820 + (S — 1)2)d?N 2

=
/ g

e P22 (20 + (S — 1)2)d?N 2
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where the phases ®; and ®5 are given by
Di(z,20) =20 Nz —S(z+20) N\ 2
Do(z,20) = =Sz ANz+ (S —1)z A 2.

Performing the change of variables 2’ = z + 2y in the integral defining A(2)
we get

A(Zo) _ /62%<D1(z’_zmzo)fph(20 +(S— I)Z’)dQNz/
and
®1(2 — 20,20) = 20 A (2 — 20) — S2' A (2 — 20)
=(S—DZNz—SZ N
= @2(2/,20)

hence (B§). The second formula (B5) easily follows from the first: noting
that the symplectic Fourier transform (B2) satisfies

we have
mph = (ﬁ)N/fUA(Sz)fph(z)dQNz
— ()" / FpA(2)Ton (S 2)d?N 2
— (L) / Fy A(2)85 Ty (2) Spnd?™ 2
which concludes the proof. m

Remark 8 Jt can be shown, adapting the proof of a classical result of Shalea
(see Wong,@ Chapter 30, for a proof) that the metaplectic covariance for-
mula

Ao Sy =S ' ApnSpn
actually characterizes the phase-space Weyl operators A\ph. That is, any op-

erator satisfying this relation for all operators Syp, € Mppn(N) is necessarily
of the type

A= ()" [F AT

24



For example, if H is the Hamiltonian function of the one-dimensional
harmonic oscillator put in normal form

H= g(p2 + 2?) (57)
we get
~ 12 hw
Hpyp = —vag—i7z/\vz+§\zl2 (58)

where V, is the gradient operator in (x,p).

V. Schrodinger Equation in Phase Space

The following consequence of theorem [] links standard “configuration
space” quantum mechanics to phase-space quantum mechanics via the Wigner
wave-packet transform and the extended Heisenberg group studied in the
previous sections. For clarity we denote by A\Sch the usual Weyl operator
associated by (BI) to an observable A.

Corollary 9 Let Uy, ¢ € S(Riv), be an arbitrary Wigner wave-packet trans-
form.

Theorem 10 (i) If ¥ = ¥(x,t) is a solution of the usual Schrédinger’s
equation

L0 =
%% = Fsow
then W = (Uptp)(2,t) is a solution of the phase-space Schréidinger equation
oL /JPN
’LFLE = ph\IJ. (59)

(ii) Assume that ¥ is a solution of this equation and that o = ¥(-,0)
belongs to the range Hy of Uy. Then V(-,t) € Hy for every t for which ¥
1s defined.

Proof. Since time-derivatives obviously commute with U, we have, using

()

OV ~ ~ ~
ih—y = Up(Hsen)) = Hon(Ust)) = Hypn¥
hence (7). Statement (ii) follows. m
The result above leads to the following interesting questions: since the

solutions of the phase-space Schrédinger equation (B9) exist independently
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of the choice of any isometry Uy, what is the difference in the physical
interpretations of the corresponding configuration-space wavefunctions ¢ =
U :;\If and ¢/ = U;,\If? The answer is that there is no difference at all provided
that ¢ and ¢ are not orthogonal:

Theorem 11 Let ¥ be a solution of the phase space Schrédinger equation
(59) with initial condition Vo and define functions 11 and 1o in L(RY) by

U = Uy, 1 = Up, 2.

We assume that o € Hy, NH g, ; hence ¥(-,t) € Hy,MHy, for allt (Theorem
B, (iii).

Corollary 12 (i) If ¢1 and ¢o are such that (¢1,¢2) # 0 then 1 = Ay
where X = (¢1, ¢2); the functions 11, 1y hence represent the same quantum
state;

(ii) If (¢1,¢02) = O then 1 and o are orthogonal quantum states:
(Y1,%2) = 0.

Proof. (Cf the beginning of the proof of Theorem [). In view of formula
(B3) we have

((U¢11/11,U¢21/12)) = (¢17¢2)(51,52)
that is
)7 = A(tb1,ab2) » A= (¢1,b2).

The theorem follows. m

The operators A\ph defined by (BY) enjoy the same property which makes
the main appeal of ordinary Weyl operators, namely that they are self-
adjoint if and only if their symbols is real.

Theorem 13 Let A\ph and A\Sch be the operators associated to a symbol A.
We assume that the symplectic Fourier transform F,A is defined.

(i) The operator Xph is self-adjoint in L2(R?N) if and only if A = A;

(ii) Every eigenvalue of A\Sch is also an eigenvalue of A\ph.

Proof. (i) By definition of A\ph and T\ph we have

Apn¥(z) = (ﬁ)N /]:JA(zo)eﬁZ/\ZO\I’(z — 20)d* g

= (Flh)N /fUA(z - z/)e%Z/\z/\I/(z')dQNz/
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hence the kernel of the operator A\ph is
/ 1 \N _Lznz /
K(z,7") = (557) €T F,A(z — ).

In view of the standard theory of integral operators Xph is self-adjoint if and
only if K(z,2/) = K(2/,z); in view of the antisymmetry of the symplectic
product we have

K(Z,z) = (Flh)N e%zAzlng(z’ —2)

hence our claim since by definition (B2) of the symplectic Fourier transform

F A(Z —2) = (ﬁ)N/e’é(zz/)/\z//—A(z”)dQNZH _ fJZ(z _ z/).
(i1) Assume that Asatd = M; choosing ¢ € S(RY) we have, using the
intertwining formula (),

Ug(Asent)) = Apn(Uptp) = AUt

hence A is an eigenvalue of A,,. =

Notice that there is no reason for an arbitrary eigenvalue of A\ph to be
an eigenvalue of A\Sch§ this is only the case if the corresponding eigenvector
belongs to the range of a Wigner wave-packet transform.

There is an interesting application of the theory of the metaplectic group
outlined in Section [[V] to Schrodinger’s equation in phase space. Assume
that H is a a quadratic Hamiltonian (for instance the harmonic oscillator
Hamiltonian); the flow determined by the associated Hamilton equations is
linear and consists of symplectic matrices S;. Letting time vary, thus obtain
a curve t — Sy in the symplectic group Sp(INV) passing through the identity
I at time ¢t = 0; following general principles to that curve we can associate (in
a unique way) a curve t — S, of metaplectic operators. Let now 1y = 1y(x)
be some square integrable function and set i (x,t) = §t¢0($)- Then ) is
just the solution of the standard Schrédinger’s equation

0 -

= Fy (= 0) = o (60)
associated to the quadratic Hamiltonian function H. (Equivalently, §t is
just the propagator for (6().) This observation allows us to solve explicitly

the phase-space Schréodinger equation for any such H. Here is how. Since
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the wave-packet transform U automatically takes the solution v of (B{) to
a solution of the phase-space Schrodinger equation

Lov
Zha = ph\:[/

we have

U(z,t) = (S)pn¥(2,0).
Assume now that the symplectic matrix S; is free and det(S;—1I) # 0. Then,

by (B1),

o377 Ms ()20 fph(ZO)\Il(z, 0)d2Nz0

\I,( t) < 1 >N/2 Z'm(t)fInerthz(t)
z,t) =
2mh /| det(Sy — I)]
(61)

where m(t), Wy, (t), and Mg(t) correspond to S;. If ¢ is such that S; is
not free, or det(S; — I) = 0, then it suffices to write the propagator S; as
the product of two operators (p(]); note however that such values of ¢ are
exceptional, and that the solution (E1)) can be extended by taking the limit
near such ¢ provided that takes some care in calculating the Maslov indices.
Let us illustrate this when H is the harmonic oscillator Hamiltonian
function (F7). The one-parameter group (S;) is in this case given by

g coswt sinwt
t7 l—sinwt  coswt

and the Hamilton principal function by

1

W ') =
(@, 2'5) 2sin wt

(2 + 2*) cos wt — 2zx’).

A straightforward calculation yields

sin wt "
“2coswtt2 0 1 {cot(4) 0
MS(t) — | —2coswt+2 o :| _ 1 |: 5 t :|
0 letol T2 0 cot()
and
det(Sy — I) =2(1 — coswt) = 4sjn2(%t);
moreover

Wi (t) = — tan(%).
Insertion in formula (1) yields the explicit solution

~

'I/(t) .

1 1 wt

U(z,t) = /exp [—(3:2 + p2) cot (=) | Tpn(20)¥ (2, 0)d> 2
2 |2rhsin(L)] 2 A
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with

0if 0<t<
= w
v(t) {—2 if —I<t<0.

V1. Probabilistic Interpretation of ¥

Let us shortly discuss the probabilistic interpretation of the solutions ¥
of the phase-space Schrédinger equation

Lov
Zha = ph\p;

we will in particular elucidate the role played by ¢.

Let v be in L?(RLY); if 1 is normalized: [|1]] = 1 then so is ¥ = Uy
in view of the Parseval formula (RI)): |||¥]|| = 1. It follows that |¥|? is
a probability density in phase space. It turns out that by an appropriate
choice of ¢ the marginal probabilities can be chosen arbitrarily close to |¢|?

and |F|?.

Theorem 14 Let ¢ € L*(RY) and set ¥ = Uyp.
(i) We have

[ 1w p)Pa = (1o « o)) (02
[ 10 p) P = (PO 1 FoP) ). (63

(i1) Let (A),, = (Asenyp,1p) be the mathematical expectation of the symbol
A in the normalized quantum state 1. We have

(A)y = (AT, V), ¥ =Ugp. (64)
Proof. We have, by definition of ¥,
1 N @ / "ny— —
V()= — e WP @ =G — 2o — 2" ()2 dN 2’ dN 2.
2mh
T
Since we have, by the Fourier inversion formula,

/eép'(x/x”)de = 2rh)No(a' — 2"
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it follows that
[rwepas= [[[ o - anjow - )Pt Pa¥ e
= [[ [ o - anaver) 166e - P10t P
= [ 16t - =) Plota)Pda

hence formula (69). To prove (63) we note that in view of the metaplectic
covariance formula ([§) for the wavepacket transform we have

Us,(J9) (2, p) = Ugto(—p, )
where J = i~V/2F is the modified Fourier transform. It follows that
Urpo(F)(z,p) = i~ Ugth(~p, @)
and hence changing (—p, z) into (z,p):
Upt(z,p) = i" Ups(FY) (p, ).

and hence, using (6J),

/"I’(ﬂcap)Pde:/\UFqs(Fl/J)(p, —z)|2dN x

- / Upo(F)(p,2)2dx
— (F[2 * |Pu2)(p)

which concludes the proof. To prove (f4) it suffices to note that in view of
the intertwining formula () and the fact that Uj = U¢>_1 we have

(Apn 0, ) = (A Uy, Ugh))
= (U3 Apn U, )
= (A\Schw7w)'

The result above shows that the marginal probabilities of |¥|? are just
the traditional position and momentum probability densities [1/|? and |F)|?
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“smoothed out” by convoluting them with |¢[? and |F¢|? respectively. As-
sume for instance that we choose for ¢ the Gaussian (R0):

N/4 1
o) = n(a) = ()" exp (- gplal?)
The Fourier transform of ¢ is identical to ¢
N/4 1
Fon) = ()™ exp (- 5108 = 6n00)

hence, setting Wy, = Uy, 9, and observing that |¢p|*> — & when A — 0:

[ 100G 9P = (P + 0nP) ) =2 o)
/ Wn(,p) P = (|FI2 + |én?) () =0 [ Fo(p) .

Thus, in the limit 2~ — 0 the square of the modulus of the phase-space
wavefunction becomes a true joint probability density for the probability
densities |¢|? and |F1|?.

VII. Discussion and Remarks

We have exposed some theoretical background justifying the phase-space
Schrodinger equation

ih%\I’(az,p, t)y=H (%x + iha%, %p — zh(%) U(z,p,t).
The aesthetic appeal of this equation is obvious —at least if one likes the
Hamiltonian formulation of mechanics. But is this equation useful? While
the notion of “usefulness” in Science more than often has a relative and
subjective character, one of the main practical appeal of the phase-space
Schrodinger equation is that it governs the quantum evolution of both pure
and mixed states, while the solutions of the usual Schrédinger equation are,
by definition, only pure states. Another of the advantages of the phase-space
approach is, as pointed out in,t2 the availability of factorization methods
for the Hamiltonian, for instance SUSY. From a practical point of view it
could be held against Schrédinger equations in 2/ N-dimensional phase space
that they are uninteresting because they involve solving a partial differential
equation in 2NV 41 variables instead of N +1 as for the ordinary Schrodinger
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equation. But this is perhaps a somewhat stingy reservation especially in
times where modern computing techniques allow an efficient processing of
large strings of independent variables.

We also note that there is_a simple relation between our phase-space
calculus and the Moyal productg of two observables. Recall that the twisted
convolution A %, B of two observables A and B is defined by

Axs B(z) = /e_#ZAZOA(zO)B(Z — 20)d*N 2

and that
Fo(A ks B) = (F5A) % B =A%, (FsB). (65)

By definition the Moyal product A\ B is (up to unessential scaling factors)
the symplectic Fourier transform of A x, B:

Ak\B = F, (A%, B). (66)
Now, by definition (B4) of 7, vh(20) definition (BY) of gph\ll can be written

Apn¥(2) = (525)" /(7:014)(20)62_%%20‘1’(2 — 20)d*" 2

that is, using successively the definition of x, and (fH)

~

Aph\I’ = (foA) *o U = A*M\I’ (67)

Thus, making the operator A\ph associated with A act on ¥ amounts to
taking the Moyal product of A with the function W. In terms of the he
Moyal product the phase space Schrédinger equation becomes

o

It would perhaps be interesting to investigate further this relationship, and
to study the theory of the Schrodinger equation in phﬁse space in the con-
text of the deformation quantization of Bayen et alH Another topic we
haven’t taken up in this paper because of lack of space is the Bohmian ap-
proach to quantum mechanics, where phase space techniques seem to play
an important but not yet fully appreciated role (see the preprint by Hileytd).

We would like to end this section —and paper!— by discussing a little bit
the possible physical interpretation of the phase space Schrodinger equation.
Recall that we showed in Theorem [] that a phase-space Gaussian

1
Ua(z) = exp (—ﬁGzQ) , G=GT">0
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is in the range of any of the Wigner wave-packet transforms Uy if and only
if G € Sp(N), and that in this case

Wi(z) = [Wa(z) = exp (__Gz2>

for some (pure) Gaussian state 1. Let us more generally consider Gaussians

mM@):@m<—%M¢ﬁ

where M is a positive-definite symmetric real matrix. One proves that Wy,
is the Wigner transform W(p) of a (usually mixed) quantum state if and
only if M~! +4.J is positive-definite and Hermitian:

(M=t i) =M~ 44iJ >0. (68)

The probabilistic meaning of this condition is the following: defining as usual
the covariance matrix of the state p by

5=y
2

condition (Bg) can be rewritten as
. h

which is equivalent to the uncertainty principle of quantum mechanics (see@’@
; we have also discussed this intd) . For instance, when N = 1 the matrix

Az? Az, p)

M=
A(z,p)  Ap?

satisfies (B9) if and only if
1
Az’ Ap? > th + Az, p)
which is the form of the Heisenberg inequality that should be used as soon as

correlations are present, and not the naive text-book inequality AzAp > %h!

It turns out that conditions (6§)-(p9) have a simple topological interpre-
tation: we have shown in previous work of oursE’EI that they are equivalent
to the third condition:
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Condition 15 The phase-space ball B(V/R) : |z| < I can be embedded into
the “Wigner ellipsoid” Wy : Mz> < h using symplectic transformations
(linear or not). Equivalently: the symplectic capacity (or “Gromov width”)
of Wiy is at least mh = %h, one half of the quantum of action: ¢(Wyy) > %h.

We have discussed in some detail in the aforementioned papers how this
result allows a “coarse graining” of phase space by symplectic quantum
cells, which we dubbed “quantum blobs”. It appears that it is precisely this
coarse-graining that prevents Gaussians ¥, with Wigner ellipsoids smaller
than a “quantum blob” to represent a quantum state. Is this to say that
if the Wigner ellipsoid of W,; has exactly symplectic capacity %h then Wy,
is a pure state? No, because such states are characterized by the fact that
the associated Wigner ellipsoid is exactly the image of the ball B (\/ﬁ) by a
symplectic transformation since they are described by the inequality Gz% =
(S2)? < hin view of Theorem B, and there are infinitely many ellipsoids with
symplectic capacity %h which are not the image of B (\/ﬁ) by a symplectic
transformation. However, we have proven intEd that if the ellipsoid W)y, :
M z? < h has symplectic capacity %h then one can associate to Wj; a unique
pure Gaussian state. The argument goes as follows: if ¢(Wys) = 1k then if
S and S’ in Sp(N) are such that

S(B(VR)) c Wy, S'(B(Vh)) C Wi

then there exists R € U(N) = Sp(N)NO(2N) such that S = RS’ (the proof
of this property is not entirely trivial) and hence ST.S = (S)T'S". It follows
that the ellipsoid Wg : G2? < h, G = ST'S, is uniquely determined by W,
and that the pure Gaussian state corresponding to

1
Ua(z) = exp (—ﬁG:ﬁ)

is canonically associated to the mixed state W, which does not in general
belong to the range of any Wigner wave-packet transform Ug. It would
be interesting to generalize this result to arbitrary functions ¥ € L?(R2Y)
by defining, in analogy with the Gaussian case, a “Wigner set” Wy associ-
ated with . One could then perhaps prove that ¥ represents an arbitrary
(mixed) quantum state provided that Wy has a symplectic capacity at least
%h. But enough is enough! We hope to come back to these possibilities in
the future.
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