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Sinai’s condition for real valued Lévy processes

Victor RIVERO *

24th May 2005

Abstract

We prove that the upward ladder height subordinator H associated to a real valued
Lévy process £ has Laplace exponent ¢ that varies regularly at oo (resp. at 0) if and
only if the underlying Lévy process £ satisfies Sinai’s condition at 0 (resp. at oco). Sinai’s
condition for real valued Lévy processes is the continuous time analogue of Sinai’s condi-
tion for random walks. We provide several criteria in terms of the characteristics of £ to
determine whether or not it satisfies Sinai’s condition. Some of these criteria are deduced
from tail estimates of the Lévy measure of H, here obtained, and which are analogous to
the estimates of the tail distribution of the ladder height random variable of a random
walk which are due to Veraverbeke and Griibel.

Key words: Lévy processes, Fluctuation theory, Regular Variation, long tailed Lévy measures.
MSC: 60 G 30 (60 G 51).

1 Introduction and main result

Let & = {&,t > 0} be a real valued Lévy process, S = (S;,t > 0) its current supremum
and L = (Ly,t > 0) the local time at 0 of the strong Markov process ¢ reflected at its current
supremum, that is to say (S;—&;,t > 0). In this work we will obtain some asymptotic properties
of the ascending ladder height subordinator H associated to £ (that is, the current supremum
of ¢ evaluated at the inverse of the local time at 0, i.e. L7!, H = (SLt—l,t > 0)). According to
Fristedt [J] the ascending ladder process (L', H) is a bivariate subordinator, that is, a Lévy
process in R? with increasing paths (coordinatewise) whose bivariate Laplace exponent ,

e A S Be MR Ay >0,

e}

with the assumption e™*° = 0, is given by

K(A1, A2) = kexp {/ %/ (" —e MR PG € dx)} ) A1, A2 > 0,
0 [0,00[
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with k a constant that depends on the normalization of the local time. (See Doney [fi], for a
survey, and Bertoin [P VI, for a detailed exposition of the fluctuation theory of Lévy processes
and Vigon [RJ for a description of the Lévy measure of H.)

The fact that the ladder process (L™, H) is a bivariate subordinator is central in the fluctu-
ation theory of Lévy processes because it enables to obtain several properties of the underlying
Lévy process using results for subordinators, which are objects simpler to manipulate. Among
the various properties that can be obtained using this fact, there is a well known arc-sine law
in the time scale for Lévy processes, see Theorem VI1.3.14 in Bertoin’s book [ for a precise
statement. That result tell us that Spitzer’s condition is a condition about the underlying Lévy
process £ which ensures that the Laplace exponent k(- 0) of the ladder time subordinator !
is regularly varying and which in turn permits to obtain an arc-sine law in the time scale for
Lévy processes. Now, if we want to establish an analogous result in the space scale we have to
answer the question: What is the analogue of Spitzer’s condition for the upward ladder height
process H? or put another way: What do we need to assume about & to ensure that the Laplace
exponent

o) = n(03) =kexp{ [ /[ (e =) Pl € b azo

of H wvaries reqularly?

To motivate the answer that we will provide to these questions we will make a slight digression
to recall the analogue of this problem for random walks. Let X, Xs,... be a sequence of
independent and identically distributed random variables and Z its associated random walk
Zy =0, Z, = ,_, Xg,n > 0. The analogue of the upward ladder process for Z is given by
(N, Zy) where N is the first ladder epoch of the random walk Z, N = min{k : Z; > 0}, and
Zn, is the position of Z at the instant N. We denote by M,, = sup{Z;,0 < k < n},n > 0 the
current supremum of the random walk and by T'(x) the first instant at which the random walk
passes above the level z, T'(z) = inf{n > 0: Z,, > z}.

Greennwood, Omey and Teugels proved that the condition,

>

n=1

P(z < Z, < A\z) — [log()), VA > 1,

Z— 00

S|

for some [ € [0, 1], which they called Sinai’s condition making reference to a work of Sinai’s [[9],
plays the same role, in the obtaining of limit results for the ladder height, as does Spitzer’s
condition for the ladder time. More precisely, when the random walk does not drift to —oo, we
have the following equivalences.

Theorem 1 (Dynkin [B], Rogozin [[7], Greenwood et al. [I3]). Assume Y., + P(Z, >
0) = co. For 3 € [0,1], the following are equivalent

1
(i) lim g —P(z < Z, < \z2) = Blog()), VA > 1,
2Z—00 n

(it) [y P(Zy > u)du ~ 2 Pl(z) as & — oo, with | slowly varying;



(#ii) The random variables 7y, = TUEC) L converge in distribution as x — oo; the limit law is

the generalized arc-sine law of parameter (3, that is to say that it has a density

My*ﬁ(l —y) y €10, 1],

ay) = —

if B €]0,1[; and is degenerate with unit mass at 1 or 0, according as 3 =1 or 5 = 0.

The equivalence between (i) and (ii) is due to Greenwood et al. [[J (see also [H] Theorem
8.9.17), that between (ii) and (iii) is due to Dynkin [§] in the case § €]0, 1[ and to Rogozin [[7]
in the other cases.

Thus, the previous theorem tells us that Sinai’s condition enables to obtain a spatial arc-sine
law for random walks and, given that the fluctuation theory for Levy processes mirrors that
of random walks, it is natural to hope that the answer to the questions posed above is the
continuous time version of Sinai’s condition.

We will say that a Lévy process & satisfies Sinai’s condition at co (resp. at 0) if

(Sinai) There exists a 0 < § < 1 such that

o dt
/ 7P(z <& < Az) — [Blog(A) as z— 400 (resp. z — 0+), VA > 1.
0

The term ( will be called Sinai’s index of £. Observe that if Sinai’s condition hold we have that
o dt
/ - PA\z <& <z)— —flog(A) as z— 400 (resp. z — 0+), VA €]0,1].
0

Example 1. A Lévy process, &, which satisfies Sinai’s condition is the strictly stable process
with index 0 < a < 2. Indeed, for every z > 0 and A > 1 we have by the scaling property of &£
that

/%P(z<§t§)\z):/ %P(z<tl/°‘§1§)\z)
0 0

< dt
=E (1{sl>0} /0 71{<z/sl>a<ts<zx/sl>a})

=E (1{§1>0} log()\o‘)) =aP(& > 0)log(N).

Thus any stable process ¢ does satisfies Sinai’s condition at infinity and at 0 with index ap,
where p is the positivity parameter of £, p = P(&; > 0).

We recall that a measurable function f : [0, co[— [0, oo[ varies regularly at infinity (resp. at
0) with index o € R, f € RV (resp. € RV?), if for any A > 0,

f(Ax)
()

We have all the elements to state our main result, which provides an answer to the questions
above.

lim

=\ at oo (resp. at 0).



Theorem 2. For 3 € [0,1], the following are equivalent

(i) The Lévy process & satisfies Sinai’s condition at oo (resp. at 0) with index 3.

(ii) The Laplace exponent of the ladder height subordinator H varies reqularly at 0 (resp. at
o0 ) with index (3.

The proof of this result is an easy consequence of a fluctuation identity due to Bertoin and
Doney [B] and Theorem [ below.

Proof. By the fluctuation identity of Bertoin and Doney we have that for any z > 0, A > 1,

o dt > dt
/ 7P(z<£t§)\z):/ 7P(z<Ht§)\z).
0 0

As a consequence, Sinai’s condition is satisfied by the Lévy process £ if and only if it is satisfied
by the ascending ladder height subordinator H. The result then follows from Theorem fl, which
establishes that the Laplace exponent ¢ of any given subordinator, say o, varies regularly if
and only if o satisfies Sinai’s condition. O

Assuming that the Lévy process £ satisfies Sinai’s condition and applying known results for
subordinators, when its Laplace exponent is regularly varying, we can deduce the behavior at
0 or oo of ¢ from that of H. (See Bertoin [JJ] Ch. III for an account on the short and long time
behavior of subordinators.) The following spatial arc-sine law for Lévy processes is an example
of the results that can be obtained.

Corollary 1. Forr > 0, denote the first exit time of £ out of | — oo, r] by T, = inf{t > 0 :
& > r}, the undershot and overshot of the supremum of & by U(r) = r — Sr,— and O(r) =
St. —r =&, —r. For any § € [0, 1], the conditions (i) and (ii) in Theorem [ are equivalent to
the following conditions:

(iii) The random variables r=*(U(r), O(r)) converge in distribution as r — oo (respectively,
asr —0).

w) The random variables r=O(r) converge in distribution asr — oo (respectively, asr — 0).
9 Y
(v) The random variables r~* St converge in distribution asr — oo (respectively, asr — 0).

(vi) imr~'E(St,_) =B € [0,1] as r — oo (respectively, asr — 0).

In this case, the limit distribution in (iii) is determined as follows: if 3 =0 (resp. f=1), it
is the Dirac mass at (1,00) (resp. at (0,0)). For 3 €)0,1], it is the distribution with density

[ sin B

™

pp(u,w) = (1 —u)(u+w) 77, 0<u<lw>D0.

In particular, the limit law in (v) is the generalized arc-sine law of parameter (3.



Proof. We recall that for every r > 0, the random variables (U(r), O(r)) are almost surely equal
to the undershot and overshoot, (Ug(r), Og(r)), of the ladder height subordinator H. Thus the
result is a straightforward consequence of the Dynkin-Lamperti arc-sine law for subordinators,
Theorem I11.3.6 in [f], using the elementary relations: for every r > 0

P(Uu(r) >y) =POulr—y) >y), r>y>0,
POy(r) >z, Uy(r) >y) =POy(r —y) >z +vy), r>y>0, x>0.

O

We would like to remark that in the case where Sinai’s condition hold for ¢ with index
B =1 at oo (resp. at 0) we have that r~'&7, converges in law to 1 as r — oo (resp. to 0).
The almost sure convergence of this random variable was studied by Doney and Maller [[q.
Precisely, Theorem 8 of Doney and Maller [ provide necessary and sufficient conditions, on
the characteristics of ¢, according to which &7, converges a.s. to 1 as r — oo. Moreover,
Theorem 4 in [[f] establish that the latter r.v. converge a.s. to 1 as r — 0 if and only if £ creeps
upward.

To summarize, in Theorem [} we provided a necessary and sufficient condition in terms of the
marginal laws of £ which completely answers the questions posed at the beginning of this work.
However, the possible drawback of this result is that in most of the cases we only know the
characteristics of the Lévy process &, that is, its linear and Gaussian terms and Lévy measure,
and so it would be suitable to have a condition in terms of the characteristics of the process.
That is the purpose of the second part of this work.

One case at which Sinai’s condition can be verified using the characteristics of the process is
the case at which the underlying Lévy process belongs to the domain of attraction at infinity
(respectively, at 0) of a strictly stable law of index 0 < a < 2, and which does not require
a centering function. That is, whenever there exists a deterministic function b :]0, co[—]0, 00|
such that

% 2, X(1), ast— oo (respectively, ast — 0), (1)
with X (1) a strictly stable random variable of parameter 0 < a < 2. It is well known that if such
a function b exists, it is regularly varying at infinity (respectively, at 0) with index § = 1/a.
Plainly, the convergence in ([l) can be determined in terms of the characteristic exponent ¥ of
¢, ie. E(e?t) = exp{t¥(N\)}, A € R, since the latter convergence in distribution is equivalent
to the validity of the limit

A
lim ¢ W (%) =U,(A\), ast— oo, (respectively, ast— 0) for A € R, (2)
where W, is the characteristic exponent of a strictly stable law and is given by

—c|A|* (1 — idsgn(A) tan(ma/2)) O<a<lorl<a<?

Uo(A) = —¢|A|* (1 —idsgn(A) tan(me/2) In(|A])), a=1,;

_q2)‘2/27 a=2;
for A € R, where ¢ > 0 and the term 6 € [—1,1] is the so called skewness parameter. We have
the following theorem whose proof will be given in Section j.
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Theorem 3. Let 0 < o < 2 and § € [—1,1]. Assume that there exits a function b :]0, co[—]0, 00|
such that the limit in equation (3) holds as t goes to infinity (resp. ast — 0). Then the Lévy
process £ satisfies Sinai’s condition at oo (respectively, at 0) with index ap, where p is given by
p=1/2+ (ra) tarctan(d tan (am/2)).

With the aim of providing some other criteria in terms of the characteristics of the underlying
Lévy process £ to determine whether or not it satisfies Sinai’s condition, in Section f] we will
provide, under some assumptions, some estimates of the Lévy measure of H. Those estimates are
more general than needed and are the Lévy processes version of the results of Veraverbeke [R(]
and Griibel [14] for random walks. Furthermore, they are in the same vein as those results
obtained recently by Kliippelberg, Kyprianou and Maller [[[q], Propositions 5.3 and 5.4.

Using those estimates we will provide some criteria to determine whether or not the Lévy
measure of H is regularly varying. For our ends this will be sufficient because by an Abelian-
Tauberian theorem we know that this determines the regular variation of the Laplace exponent

of H.

The rest of this note is organized as follows. In Section 2, we state and prove an equivalent
form of the Dynkin & Lamperti’s theorem for subordinators (see e.g. [Bf] Theorem III.6) which
is interesting in itself. In Section [, we prove Theorem f. Finally, in Section f] we provide some
estimates of the Lévy measure of H and we use those estimates to provide some criterions in
terms of the characteristics of the underlying Lévy process £ to determine whether or not it
satisfies Sinai’s condition. Section [ is self contained and can be read separately from the rest
of the paper.

2 A result for subordinators

Let 0 = (oy,t > 0) be a subordinator, possibly killed, with life time ¢, and denote by ¢ its
Laplace exponent,

p(N\) = —logE(e™* 1<), A>0.

It is well known that the Laplace exponent ¢ can be represented as

d(N) = Kk + >\d+/ (1 — e M)u(dy), A>0,

]0,00]

where x,d > 0 are the killing rate and drift coefficient of o, respectively, and v is the Lévy
measure of o, that is, a measure on |0, co[ such that JiO C>o[min{l, y}v(dy) < oo.

The aim of this section is prove the following equivalent form of the Dynkin & Lamperti’s
theorem for subordinators, see e.g. [B] Theorem IIL.6.

Theorem 4. For (3 € [0,1], the following are equivalent:

(i) The subordinator o satisfies Sinai’s condition at 0+ (resp. at +00) with indez [3.

(ii) The Laplace exponent ¢ is reqularly varying at +oo (resp. at 0+ ) with index 3.



An account on necessary and sufficient conditions according to which a subordinator has a
Laplace exponent such that ¢ € RV3® or ¢ € RV; can be found in [ page 82.

The proof of this result relies on the following elementary remark.

Remark 1. Write 5(6)
0) =01+ 0¢0)——=, 6> 0.
o) = L+ S 0
The first (resp. second) factor in the right hand term of the previous equality can be used to
determine the behavior at infinity (resp. at 0) of ¢. More precisely, ¢ € RV$°, (resp. € RV;)

if and only

1+ ¢(-) € RV5®, (resp. % € RVY).

The proof of Theorem ] will be given using the previous remark and via three lemmas whose
proof will be given at the end of this section. The first of them will enable us to relate the
factors of the latter remark with a transformation of the type Mellin’s convolution.

Lemma 1. We have that

(i) 1+ ¢(0) = exp{G1(0)}, for 8 > 0: where the function Gy is the Mellin convolution of the
non-decreasing function

oo dt
Gitw) = [ G/ >0

and the kernel k(z) = xe™*, x > 0; that is,
> dx

G1(0) = KM « G1(0) ;:/ —k(0/2)Gi(2),  0>0.

o(0)
1+ ¢(0)

(i)

= exp {—@2(9)}, for 6 > 0; where Gy is the Laplace transform of the measure

* qt
Gg(dx):/ Lo Poiedn), >0
0

which is in fact the harmonic renewal measure associated to the law F(dz) = P(og € dx)
with © an independent random variable with exponential law of parameter 1.

A consequence of Lemma [[] is that 1 + ¢ € RVg© if and only if

lim Gi(\0) — G1(0) = Blog A, VA > 0. (3)

f— o0

Moreover, ¢(-)/(1 + ¢(-)) € RV} if and only if

lim Go(M) — Go(60) = —Blog A, VA > 0. (4)

6—0

The second of these Lemmas enable us to relate Sinai’s condition with the behavior at infinity
of the differences of the function Gy, and those of the function Gy(z) = G2[0, z], > 0.

7



Lemma 2. Let 3 € [0, 1].

(i) Sinai’s condition holds at 0 with index B if and only if

lim Gy (Az) — G1(z) = Blog(A), VA > 1.

(i1) Let Go(z) := G320, 2],z > 0. Sinai’s condition holds at infinity with index (3 if and only if

lim Ga(Az) — Ga(z) = Blog(N), VA > 1.

Z— 00

The last ingredient to achieve the proof of Theorem { is an Abelian-Tauberian’s type result
relying the behavior of the differences of G (resp. Gs) with those of the functions G; (resp.
Gs).

Lemma 3. (i) The following are equivalent

lim G1(Ay) — Gi(y) = Blog(A),  ¥A>0. (5)
lim G1(\) — G1(0) = Blog(N), VA > 0. (6)

Both imply that R
G1(0) — G1(0) —— pB.

f—o00
(i) The following are equivalent
lim Ga(Ay) — Ga(y) = Blog(A),  ¥A>0. (7)
lim Ga(M0) — Go(0) = —Blog(\), VA > 0. (8)

Both imply that R
G2(0) — Go(1/6) ——— B

Where ~v is Euler’s constant v = fooo e " log(v)dv.

Tacking for granted Lemmas [ & B the proof of Theorem [ is straightforward.

A consequence of Lemma [] is that quantities related to Sinai’s condition can be used to
determine whether or not ¢ has a finite expectation or a strictly positive drift. That is the
content of the following corollary.

Corollary 2. (i) Assume that Sinai’s condition holds at infinity with index 8 = 1 and that
the lifetime of o is infinite. Then o has a finite mean if and only if

R= elim log(#) — G2(0) < oc.

In this case E(oy) = e7TE.



(ii) Assume that Sinai’s condition holds at 0 with index 3 = 1. Then o has a strictly positive
drift d if and only if

R = lim G1(0) —log(#) < oo.

60— o0
In this case d = e’ TR,

Remark 2. For 3 €]0,1], it is well known that ¢ € RVs® if and only if the sequence of
subordinators o* defined by (07 = z0y/4(z),t > 0) converge as z — oo in the sense of finite
dimensional distributions and in Skorohod’s topology to a stable subordinator ¢ of parameter
(. This is equivalent to say that for any ¢ > 0

P(l < 204/¢(2) < )\) — P(l <o < )\), A>1, (9)
and
P\ < z0y4) <1) — P(A <0, < 1), 0<A<l (10)

On the other hand, Theorem [ ensures that the latter condition on ¢ holds if and only if Sinai’s
condition holds at 0, which can be written as follows: for any A > 1

/ QP(I < 2_10'8/(?(271) <\ = / @P(z <0y < Az)
0 S 0 t
— (A (11)
o.0] d _
:/ CP1<F, <N,
0o S

where the first equality is justified by a change of variables s = t¢(z~!) and the last one follows
from the scaling property of the stable subordinator ¢; and for any 0 < A < 1

o] d > d ~
/ ?S P()\ < Z_lo-s/¢(z*1) S 1) : ?S P()\ < Os S 1)7 (12>
0 0

Putting the pieces together we get that the result in Theorem ] can be viewed as an equiv-
alence between the convergence of the uni-dimensional laws of ¢* in (§) & (I0) and the con-
vergence of the integrated ones in (1) & ([J). An analogous fact can be deduced for the
convergence of 0% as z goes to 0 whenever Sinai’s condition holds at infinity.

We pass now to the proof of Lemmas [ & Bl

2.1 Proof of Lemmas [1,2 & B

Proof of (i) in Lemma []. We have by Frullani’s formula that for every 6 > 0

14+ ¢(8) = exp {/000 %et(l — etd’(e))}

= exp {9/ dye‘ey/ —e "P(oy > y)}
0 o 1

= exp{@l(ﬁ)}.



Proof of (ii) in Lemma []. The equation relating ¢ and the measure G5 can be obtained using
Frullani’s formula but to prove moreover that this measure is in fact is an harmonic renewal
measure we proceed as follows. Let (ex, k& > 1) be a sequence of independent identically dis-
tributed random variables with exponential law of parameter 1 and independents of o. Put
01 ="' _ e, 1 > 1. It was proved by Bertoin and Doney [B] that (e, > 1) forms a renewal
process. The harmonic renewal measure associated to (0g,,! > 1) is Ga(dx). Indeed,

71

c>o1 _t
Zchr@lde Z / dtl—l) P(o; € do)

=1

= /0 %e‘t(et —1)P(0; € dz) = G(dx).
Moreover, since the I-convolution of F'(dz) = P(oe, € dz) is such that
F*(dz) = P(0e, € dr)
we have that the Laplace transform F (0) of F is related to that of G5 by the formula
1— F(0) = exp{—G2(0)}  6>0.
Which finish the proof since F(#) = (1 + ¢(6))~?, for 6 > 0. O

Proof of (i) in Lemma [3. We can suppose without loss of generality that A > 1. Given that

/%P(z<at§)\z):/ %e_tP(z<at§)\z)+/ %(l—e_t)P(z<at§)\z),
0 0 0

for every z > 0, and

oo dt 1 1
Gl()\Z) — Gl(Z) = /; 76725]_)(; S o < ;), z > O,
in order to prove (i) in Lemma [ we only need to check that
, < dt .
hIT(l) 7(1—6 JP(z <o < )Az) =0, VA > 1.
zZ— 0

Indeed, given that for any 0 < z < oo

/Odt(l—e >P<at§Az>S/olg<1—€t><oo’

t t

we have by the monotone convergence theorem that
Lt Lt
/ ?(1 —eHP(z<o < \2) < / 7(1 —e HP(oy < \z) — 0, as z — 0, VA>1
0 0
Furthermore, Theorem IV.7 in [[J] enable us to ensure that for any 0 < z < oo, and 1 < A,

oo dt
/ ? P(O't < )\Z) Q.
1

10



Thus, proceeding as in the case fol we obtain that for any A > 1,

> dt
lim 7(1 —eNP(z<0, < A2) =0.
zZ— 1

Proof of (i) in Lemma [J. As in the proof of (i) it is enough to prove that

[e.9]

lim %e‘tP(z <o < Az) =0, VA > 1.

Z—00 0

Indeed, it is straightforward that

[e.e]

dt
lim 7e’tP(z <o < Az) =0, VA > 1.

zZ—00 1

To prove that
1

dt
lim 7e’tP(z <o < Az) =0, VA > 1.

zZ— 00 0
we will use the inequality (6) in Lemma 1 of [L0] which enable us to ensure that for any u > 0
and z > 0

P(z <o <o0) < t;b(_ui)ee;’j’ with ¢(u) = du —|—/ (1 —e “")(dx).

10,00[
Applying this inequality we get that, for any u,z > 0, and A > 1,
1 Y 1
dt
—e '"P(z <0y < A\2) < M/ ER L U
0 t ]_ - eiuz 0
Making, first z — oo and then u — 0 in the previous inequality, we obtain the estimate
1

dt !
lim 7e’mP(z <o <Az) < ¢(O)/ e~ Rt
0

zZ—00 0

valid for any A > 1. Which in fact ends the proof since ¢(0) = ¢(0) — x = 0. O

Proof of Lemma [§. The equivalence in (ii) of Lemma B follows from Theorem 3.9.1 in [H]. The
equivalence in (i) of Lemma [J is obtained by applying Abelian-Tauberian theorems relying the
behavior of the differences of a non-decreasing function and those of their Mellin transform.
Indeed, to prove that ([J) implies () we apply an Abelian theorem that appears in [ Section
4.11.1. To that end we just need to verify that the Mellin transform & of the kernel k is finite
inaset A={r € C:a <R(x) <b} with a <0 < b. This is indeed the case since the Mellin

transform of &,
k(x) := / t—%(t)@ = / t~"e'dt, 2z €C,
0 t 0

is finite in the strip %(z) < 1. That (f) implies (f) is a direct consequence of a Tauberian
theorem for differences established in [T Theorem 2.35. O

11



Proof of Corollary [J. We will only prove the assertion in (i) of Corollary . It is well known
that any subordinator has finite mean if and only if its Laplace exponent is derivable at 0.
Since o is assumed to have infinite lifetime and the following relations, which are a consequence

of the Lemmas [P & [,

¢(0)
©) exp {—@2(6’) - log(ﬁ)} ~exp{y— Ga2(1/0) +1og(1/0)}, asd — 0,

6
we have that ¢ is derivable at 0 if and only if the limit in Corollary J (i) holds.

The proof of the assertion in Corollary [ (ii) uses the fact that o has a strictly positive drift
if and only if limg_,o ¢(#)/0 > 0 and an argument similar to that above. O

3 Proof of Theorem

Proof of Theorem [J. This proof is a reworking of its analogous for random walks, which was
established by Rogozin [[7 Theorem 9. We will prove that under the assumptions of Theorem [,
for ¢ — oo in equation (), the assertion in Corollary l] (iv) holds. (The proof of the case t — 0
in equation (B) follows in a similar way and so we omit the proof.) To that end, let (£7),-¢
be the family of Lévy processes defined by, (£7(t) = &,./b(r),t > 0) for r > 0. The hypothesis
of Theorem [] is equivalent to the convergence, in the sense of finite dimensional distributions,
of the sequence of Lévy processes £ to a stable Lévy process X with characteristic exponent
given by the formula (B). By Corollary 3.6 in Jacod-Shiryaev we have that this convergence
holds also in the Skorohod topology and Theorem IV.2.3 in Gihman & Skorohod [[J] enable
us to ensure that there is also convergence of the first passage time above the level  and the
overshoot at first passage time above the level x by £" to the corresponding objects for X. That
is, for any = > 0
Tr =1inf{t > 0:&"(t) > z}, v =E&"(1,) — x,

T, = inf{t > 0: X(t) > x}, Vo =X (1) — @,
we have that

‘s T D

In particular, for # = 1, we have that 77 = r~'T},) and 7] = (fTbm - b(r)) /b(r), in the
notation of Corollary [l], and thus that

(+ T, (81— 0)) /o) 2 ()

We will next prove that

(&r, = 1) Jr ==,

which implies that the assertion (iv) in Corollary [] holds. To that end, we introduce the
generalized inverse of b, b (t) = inf{r > 0 : b(r) > t} for t > 0. Given that b is regularly
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varying at infinity it is known that b(b=(¢)) ~ ¢ as t — oo, see e.g. [} Theorem 1.5.12. Owing
the following relations valid for any ¢ > 0 fixed and small enough,

b(b™(r) —e) <r < b(b™(r), >0,

we have that for any = > 0
&y DO (1)) &,
P ) <z+l1) <P <z+1
(g™ s o) <P (Fson)

fTb(b‘*(r)fe) b(bH(T) - 6) b(bH (T))
P (b(b*(r) —9 W)

IN

§x+1>.

Making r tend to infinity and using that b(b~ (r) —€)/b(b" (1)) — 1 as r — o0, we get that the
left and right hand sides of the previous inequality tend to P(7; +1 < x + 1) and so that for
any x > 0

P (M < :L’) — P(y < x).
T r—00
Furthermore, it is well known that in the case ap €]0, 1] the law of ~; is the generalized
arc-sine law with parameter a P(X; > 0) = ap, that is

sin(apm)

P(y, € dz) = (1 +2)* *dx, x> 0.

T

In the case ap = 0 the random variable ~; is degenerate at infinity and in the case ap =1 it is
degenerate at 0. Thus, in any case the Sinai index of £ is ap. U

For shake of completeness in the following Lemma we provide necessary and sufficient condi-
tions on the tail behavior of the Lévy measure of £ in order that the hypotheses of Theorem J
be satisfied. This result concerns only the case ¢ — oo in (i) of Theorem f and « €]0,1[. The
triple (a, ¢?, 1) denotes the characteristics of the Lévy process £, that is, its linear and Gaussian
term, a,q and Lévy measure II and are such that

)\2 2 )
T(\) = iak — L+ / (e — 1 —idalyyery)I(dz), A €R.
R\{0}

By T and T we denote the right and left hand tails of the Lévy measure II respectively, i.e.
ﬁJr(x) = Ila,00[ and I (x) = II] — oo, —z], for z > 0.

Lemma 4. Let o €]0,1] and 6 € [—1,1]. The following are equivalent

DA There ezits a function b :]0, 00[—]0, co| which is regularly varying at infinity with index
B =1/a and such that the limit in equation (B) holds as t — oo.

TB The function ﬁ+(-) +1II (+) is regularly varying at infinity with index —a and
o () o (z)
T (2) + 1T (2)

—q, as v—00; ptg=1lp—g=0.

13



Remark 3. The same result holds true for o €]0,2[ if the Lévy process is assumed to be
symmetric (the proof of Lemma f| can be easily extended to this case). Furthermore, there
is also an analogue of this result when ¢ — 0 in (i) of Theorem B in the cases 1 < o < 2 or
0 < a < 2 and £ is assumed to be symmetric. Its proof is quite similar to that of Lemma [, see
e.g. the recent work of De Weert [[].

A
Proof of Lemma[]. Tt is plain, that for any ¢t > 0 the function WM (\) = ¢t¥ (@) is the
characteristic exponent of the infinitely divisible random variable X® := ¢, /b(t), which by the
hypothesis DA(«) converges to a stable law X (1) whose characteristic exponent is given by

equation (B). The characteristic exponent W® can be written as

TON) =ida® — N2 (D)2 /2 + / (e —1— ih(2)) Y (dz),
R\{0}

where h(z) = z1{.j<1y + 2 1qz=13 and (a¥, ¢, TI?) are given by

ta t
() — % —+ @ /x1{1<x§b(t)}1—‘[(dx) + tb(t) /x—ll{x>b(t)}ﬂ(dl‘),

1/2
q<t>:q(b(;2) L IO(dz) = HTI(b(t)dz),

According to a well known result on the convergence of infinite divisible laws, see e.g.
Sato [[§, the convergence in law of X® to X as t — oo, is equivalent to the convergence
of the triplet (a®,¢® TI®) to (1,0,Ig) as t — oo, with

Hs(dl‘) = (C+1‘_1_a1{$>0} + C_|l‘|_1_a1{$<0}) dx, Cy,C_ € R+,

and

l:

and they are such that for every A € R

—c|A]* (1 —idsgn(N) tan(ra/2)) = /R\{O}(ei’\x — DIg(dx)

=l +/ (e™ — 1 —ih(z)) Hg(dz),
R\{0}

with ¢ > 0 convenably chosen. The term § in the previous equation is determined by 6 =
Cy — C_
cy e

That the hypotheses on the tail behavior of IT are equivalent to the convergence of IT* to IIg
is a quite standard fact in the theory of domains of attraction and so we refer to [[] section
8.3.2, for a proof. This implies in particular that for any = > 0,

p—qg=

I (b(t)z) — cpx®, and I (b(t)z) — c_a™®, ast— oo.

14



The only technical detail that requires a proof is that a® — [ as t — oco. Indeed, under the
conditions (ii) of Theorem fJ and 0 < p < 1 the functions ﬁ+(-) and IT (-) are regularly varying
at infinity with index 0 < a < 1, this implies that at/b(t) — 0 as t — oo. Moreover, it is
justified by making an integration by parts that

=+ =+ o) =+
/1‘1{1<x§b(t)}n(dl‘) ~ 11 (1) — b(t)H (b(t)) +[ 1I (z)dz

as t — oo. Multiplying by t/b(t) we get that

%/ 1{1<m§b(t)}H<dx) ~ _tﬁJr(b(t)) +

as t — oo. Similarly, it is proved that

{1 (b(t)) s

11—«

t

% /x1{1<_x§b(t)}n<dx) o Cc_ — 1—a

Concerning the term [ z7'1{,=p3II(dz), an integration by parts and Karamata’s theorem
yield

/ v gsay T(da) ~ (b(6) 7T (b(8) + / : 2P (2)d2

=+
i I (b(t))
~ (b)) T (b(2)) + —
(00T 00) + 37
as t — oo and therefore
=+
_ —4 tIT (b(t C
00) [ iy () ~ o o) + T ey
Analogously, we prove
_ c_
tb(t) /SL’ 11{m<,b(t)}H<dSL’) m —Cc_ — o

Finally, adding up these four terms it follows that

Cy — C_ Cy — C_ I

lim a® =
t—o0 1— (6% 1 +

The proof that a® — [ in the case p = 1, respectively p = 0, is quite similar but uses that
I =o(I"), respectively I = o(II ). O
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4 Some criteria based on the characteristics of ¢

The result obtained in Theorem P gives a complete solution to the question posed at the
introduction of this note. Nevertheless, this answer is not completely satisfactory since the
criterion provided by this theorem is not given in terms of the characteristics of £&. However,
to get a result based on the characteristics of £ one should be able to control the behavior
of the dual ladder height subordinator H, that is, the ladder height subordinator of the dual
Lévy process £ = —¢. This is due to the fact, showed by Vigon [RZ], that the Lévy measure of
the ladder height subordinator H is determined by the Lévy measure of { and the potential
measure of H. (See the Lemma [ below for a precise statement.) With this in mind we will
make some assumptions on the dual ladder height process, that can be verified directly from
the characteristics of £, and provide some nasc for the regular variation, at infinity or 0, of the
Laplace exponent of the ladder height subordinator H. To that end we will start by obtaining
some tail estimates of the right tail of the Lévy measure of H which will provide us the necessary
tools to determine whether or not the underlying Lévy process £ satisfies Sinai’s condition. To
tackle this task we will first introduce some notation and recall some known facts.

We will denote by (ko,d, po) (resp. (76\076/[,77,6)) the characteristics of the subordinator H
(resp. H) that is, its killing term, drift and Lévy measure, respectively. Let V' be the potential
measure of H that is V dz) fo (Ae dm} ). Furthermore, throughout this section we will

denote by (a, ¢, II) the characteristics of the Levy process . Finally, by the symbols po, ne, o ,
we denote the right tail of the Lévy measures of H, H and & respectively, that is

po(x) = polz, 0], ne(x) = nelx, oo, ﬁ+(x) = Iz, oo, x>0,
and by II" the restriction of II to ]0, 0o, IT* = II|jg |-

We recall that the Laplace exponent, ¢, of H varies regularly at 0 with index a €]0,1]
if and only if the function po is regularly varying at infinity with index —«. Analogously, ¢
varies regularly at infinity with index « €]0, 1] if and only if the drift coefficient d is zero and
the function po is regularly varying at 0 with index —«a. Owing this relations we will restrict
ourselves to study the behavior of the function po.

As we mentioned before, Vigon [29] established some identities “equations amicales” relying
the Lévy measures po, ne and II; these are quoted below for ease of reference.

Lemma 5 (Vigon [R2], Equations amicales). We have the following relations
(EAI) po(x) = / V(dy)(z + ), x> 0.
0

(EA) ﬁ+(a:) = / po(dy)ne(y — x) +dp(x) + kopo(z), for any x > 0; where p(x) is the density

Ja,00]

of the measure po, which exists if d > 0.

We will assume throughout that the underlying Lévy process is not spectrally negative, that
is I1]0, oo[> 0, since in that case the ladder height process H is simply a drift, H; = dt,t > 0.
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We will say that a measure M on [O,io[ belongs to the class £° of long tailed measures if its
tail M(x) = M]x, 0o[, is such that 0 < M(z) < oo for each x > 0 and

M
lim M:I, for eacht € R.

It is well known that this family includes the subexponential measures and the cases at which
M is regularly varying.

In the first results of this section we relate the behavior of I with that of po at infinity.
These results are close in spirit to those obtained by Kliippelberg, Kyprianou and Maller [[[{q].
In that work the authors assume that the Lévy process & drifts to —oo, i.e. lim; o & = —o0,
P-a.s. and obtain several asymptotic estimates of the function po in terms of the Lévy measure
I1. In our setting we permit any behavior of £ at the price of making some assumptions on the
dual ladder height subordinator. The following results are the continuous time analogue of the
result of Veraverbeke [RQ] and Griibel [[4] for random walks.

Theorem 5. (a) Assume that the dual ladder height subordinator has a finite mean u =
E(H;) < co. The following are equivalent

(a-1) The measure IIF on [0, oo with tail I, (x) = [ " (2)dz, x> 0, belongs to LO.
(a-2) po € L°.

1_—
(a-3) Po(x) ~ ~TI; (x), as x — oo
o

(b) Assume that the dual ladder height subordinator H has killing term /k\:o > 0. The following
are equivalent

(b-]) It = Hh@oo[ e LY.

(b-2) po € L°,
jﬁ(l’) an ' p_O(.T})—]%CU‘i‘y) ne — as xr — o0
o 0wl [ (PR e —o -

1_
(b-3) po(x) ~ ,]{\;—HJr(SL’), as x — oo.
0

As a corollary of the previous Theorem we have the following criterions to determine whether
or not the tail of the Lévy measure of H is regularly varying.

Corollary 3. (a) Under the assumptions of (a) in Theorem [ and for any « €]0,1] we have
that T € RV _ if and only if po € RV . Both imply that

po(x) ~ a—ﬂxﬁJr(x), r — 00.
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(b) Under the assumptions of (b) in Theorem [] and for any o €]0, 1] we have that I e RV®
if and only if po € RV, and

/1 (zo—o(a:) — po(z + y)) ) 0w

po(x)

Proof. The proof of (a) in Corollary [] follows from the fact that under these hypotheses

xﬁ+(:p)
—_—— . as r — oo,
[T (2)dz
which is a consequence of Theorem 1.5.11 in [|]. The proof of (b) is straightforward. U

The behavior at 0 of po was studied by Vigon in [21] Theorems 6.3.1 and 6.3.2. He obtained
several estimations that we will use here to provide an analogue of Theorem [ for the behavior
at 0 of po. (Those estimates are more general than needed, see the proof of Proposition [I.)

Proposition 1. (a) Assume that H has a drift d > 0. For any o €]0,1] we have that po €
RV, if and only I € RV®, .

(b) Assume that H has a drift d = 0 and that the total mass of the measure ne is finite,
equivalently, lim, .o, me(x) < oo. Then for any o €]0,1] we have that po € RV®, if

and only if I e RV, . Moreover, the same assertion holds if furthermore o = 0 and
lim, 4 po(z) = oc.

Before passing to the proof of Theorem [j and Proposition [] we will make some remarks.

Remark 4. The assumptions in Theorem [ can be verified using only the characteristics of
the underlying Lévy process £. According to Doney and Maller [[]], necessary and sufficient
conditions on ¢ to be such that E(H;) < oo, are either 0 < E(—¢;) < E|¢&] < 0o or 0 =
E(-&) < E|&| < oo and

/ ( - xﬁl(oler ) dr < oo with IT (z) =TI} — oo, —z[, z > 0.
ool \ 1+ [, dyfy I (2)dz

Observe that under such assumptions the Lévy process £ does not drift to oo, i.e. liminf, . & =
—00, P—a.s. The case where the Lévy process § drift to oo, lim;_. § = oo, P-a.s. or equiva-
lently ko > 0 is considered in (b). It was proved by Doney and Maller that £ drift to oo if and
only if

|y

/}_oo,_u (ﬁ*(n + [P (2)d

) [I(dy) < oo = /Ooﬁ+(:v)dx or 0<E(&) <E|4] <.
z 1

The assumptions in Proposition [| can be verified using the recent results of Vigon and
[BT] Chapter 10.
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Remark 5. The results in Theorem [ concern only the case at which the underlying Lévy
process does not has exponential moments and so it extends to Lévy processes the Theorem 1-
(B,C) of Veraverbeke [RQ]. The case at which the Lévy process has exponential moments
has been considered by Kliippelberg et al. [I§] Proposition 5.3 under the assumption that the
underlying Lévy process has positive jumps and drifts to —oo, but actually the latter hypothesis
is not used in their proof, and so their result is still true in this more general setting, which
extends Theorem 1-A in [2(].

Remark 6. The estimate of po obtained in Theorem f-a holds whenever the function ﬁ;r
belongs to the class £°, but it is known that this can occurs even if ITT ¢ L) see e.g. Kliippel-
berg [[[J. A question arises: Is it possible to sharpen the estimate of po provided in Theorem B
(a) when moreover I+ € £°? The following result answers this question in affirmatively.

Proposition 2. Assume that u = E(ﬁl) < 0o. The following are equivalent
(i) II" € L°.

(ii) For any g : R — R directly Riemman integrable,

lim _+1 : /ij(dy)g(y —z) = %/Ooog(z)dz-

To our knowledge the discrete time analogue of this result, that we state below, is unknown,
although it can be easily deduced from the arguments in Asmussen et al. [[[] Lemma 3. We use
the notation in the introduction of this work.

Proposition 3. Assume that m = E(Z5) < oo, where N =inf{n > 0: Z, < 0} and that the
law of X1 is non-lattice. The following are equivalent

(i) The law of X1 belongs to the class L°.
(ii) For any g : R™ — R directly Riemman integrable,

1

Jim | atu=oP@sean =~ [ g

where F(z) = P(X; > x), x> 0.

The proof of this result is quite similar to that of Proposition J] and so we will omit it.

4.1 Proofs of Theorem J and Propositions [I] and 2

Proof of (a) in Theorem [J. To prove that (a-1) is equivalent to (a-2) we will prove that either
of this conditions implies that

=

+(z)dz, as x — 00, (14)

pote) = [ TP~ [
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with p = E(ﬁ 1), from where the result follows. (Observe that the assumption that H has a
finite mean implies that [*TI" (z)dz < cc.)
Assume that (a-1) holds. Indeed, by the renewal theorem for subordinators we have that for

any h > 0,
~ h
lim V]t,t 4+ h] = —.
t—o0 M

Thus, for any h > 0 given and any € > 0 there exists a tg(h, €) > 0 such that

h = h
(1—6);<V]t,t+h]<(1+€);, Vit > to,

and as a consequence, if N is an integer such that Noh > ty, we have the following inequalities

/ h Oz +y)V(dy) < T (2)V][0, Noh] + i ' (kh + 2)V]kh, kh + h)

k=Np

<

(@)

IA
=

[0, Noh] + (1 +¢) i o (kh + x)%

k=Ny

IA

_ . 1 o
T ()70, Noh] + 119 / T (o + 2)de
K (No—1)h

=t 5 (1+e) [F=+
< T (@) V10, Noh] + 4 / T (2)d.

It follows from the previous inequalities and the fact that

ﬁJr(:E)// ﬁJr(z)dz — 0, as r — 00,

since ﬁ;r € L£0and T s decreasing, that

~

oo =+
I V(d
limsup Jo I (z+y)V(dy)

oo =+ S 1
T—00 ifl’ 11 (Z)dZ

Analogously, we prove that

| Ty = 10

- /OO ﬁ+(z)dz G €)ﬁ+(:c)(N0 + 1)h, x> 0.

1

Therefore,

~

0o 7+
II V(d
lim inf fo O(f_ty) (dy)
T00 % [ (2)dz
Which ends the proof of the claim ([4).

We assume now that (a-2) holds and we will prove that the estimate in ([4) holds. On the
one hand, we know that for every z > 0

> 1

M (2) = / " poldy)ely — 2) + dp(2),
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since 7{:\0 = 0, because under our assumptions the Lévy process does not drift to co. Integrating
this relation between x and oo and using Fubini’s theorem we obtain that for any x > 0

[T e = [ potdn) [ dsmete) + dte)

< po(z) (/OOO dzme(z) + E)

= po(z)p < .

Thus,
L Q.0 (2
lim sup M <1.
T—00 po(r)
On the other hand, to prove that
L Q00 (2
X )

)

we will use an argument based on some facts of renewal theory. To that end we recall that
it was proved by Bertoin and Doney [B] that the potential measure of a subordinator H is
the delayed renewal measure associated to the law F(x) = P(]/'\Lg < x) with ¥ an exponential
random variable independent of H , that is

o0

V(dy) =Y F™(dy).

n=1

We have by hypothesis that [°(1 — F(xz))dz = E(H,) = i < oo and thus the measure G p(dy)
on |0, 0o[, with density Gp(z) := (1 — F(2))/u, z > 0 is a probability measure. By standard
facts of renewal theory we know that the following equality between measures holds

du  ~ L
Iy = Gr(dy) + Gr x V(dy), y >0,

where * denotes the standard convolution between measures. Using this identity and the
equation (EAI) we have that for any x > 0,

i/ooodyﬁ+(:c+y) :/OoodyGF(y)ﬁ+(x+y)+/Ooodng<z) /OOO V()T (2 4+ 2 + 1)

~ [ aGrT @)+ [ dsGrlamla + o)
0 0
and by Fatou’s lemma we get that

00 =+
lim inf % fo Wil (= +y)

— > / dZGF<Z) liminfw = 1.
00 po(z) 0

e po(a)
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So we have proved that (a-1) and (a-2) are equivalent and imply (a-3). To finish the proof,
we will prove that (a-3) implies (a-2). To that end it suffices with proving that
o P2L2) =9 )
T )

=0, for any y > 0.

Indeed, using the equation (EA) we have that for any y > 0,

I AT (2 + ) _ Jo* dzme(z)po(x) + dpo(z) — [ po(dy) [)" dzne(z) — dpo(x)
po(x) po(x)
_ / " deme() o) POz £ 2)

> / dz%(z)po(m) —_po T+Y) > 0.
y

/’L_

and the assertion follows making x — oo in the latter equation since by assumption its left
hand term tends to 0 as x — oo. 0

Proof of (b) in Theorem [J. The assumption that 750 > 0, implies that the renewal measure
V(dy) is a finite measure and V[0, co[= 1/ko. Thus if ﬁJr(x) € L% we have by the equation
(EA) and the dominated convergence theorem that

_ . —+

po(x) 5ol (@ +y)

lim — = lim V(dy)—
=0T (z) === Jo () T (2)

-
o T 1

:/ V(dy) lim M -
0 s T (2) ko

Now, that ([[J) holds is a straightforward consequence of the following identity, for any x > 0

T (@) = [ neldy) (po(a) e +3) + Foota) + )

_ po(x) / ne(dy) (W@ ggwy /100ne(dy) (po(z) —po +y)) (D)

+ kopo(x) + dp(x),

which is obtained using the equation (EAI) and Fubini’s theorem. We have so proved that
(b-1) implies (b-2) and (b-3). Next, to prove that (b-2) implies (b-1) and (b-3) we assume that
po € L0 and ([[3) holds. Under this assumptions we claim that

ﬁ+(x) ~ /k\:op_o(x) + c/l\]_)(:p) as r — 00.

Indeed, this can be deduced from equation ([[7), using that ffoo ne(dy) min{|y|, 1} < oo, that
lim, ., po(z + y)/po(z) = 1 for any y > 0, and the dominated convergence theorem. Further-
more, we have by hypothesis that dp(z)/po(z) — 0 as x — oo, which implies that

ﬁ+(:c) ~ Eg@(l’) as r — 0.

22



To finish we next prove that (b-3) implies (b-2). Indeed, using the equation (EAI) and the
hypothesis (b-3) we get that

~

o [ po(dz)me(z — x) + dp(z)

po(w) po(x) ~
Y (po(x) —polz +2)) | dp(z) as T — o0
- |, neaa PR S — 0 |

We deduce therefrom that ([J) holds and that po € LY since for any y > 0,

/°° ne(d2) (m(w) —po(z + z)) > 72(y) (z%(x) —po(z + y)) >0.

po(x) po(x)

O

Proof of (a) in Proposition [1. According to Theorem 6.3.2 in [R1] under these assumptions the
measure po has infinite total mass if and only if lim, o+ fxl ﬁ+(z)dz = oo and in this case

1 (=
]%(:U)Né\/ H+(z)dz, asx — 0+.

Thus the assertion in (a) Proposition [[] is a consequence of this fact and the monotone density
theorem for regularly varying functions. O

Proof of (b) in Proposition [. According to Theorem 6.3.1 in [RI] under these assumptions, if
we suppose lim,_ o4 po(z) = oo, then

po(z) ~ ———T1 (=), asx — 0+.

The result follows. O

4.2 Proof of Proposition

Sketch of proof of Proposition [§. The proof of the assertion (i) implies (ii) is a reworking of
the proof of Lemma 3 in Asmussen et al. [l], this can be done in our setting since the only
hypothesis needed in that proof is that the dual ladder height has a finite mean.

To show that (i) implies (ii) in Proposition P we first prove that under the assumption
E(H,) = p < oo, the condition me L% implies that for any z > 0,

(BRT)

polx, x + z[~ EﬁJr(:L’), xr — 00.
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The latter estimate and the fact that ITt € £° implies that for any a > 0,

polx + a,x + a + z[~ EﬁJr(ac), T — 00. (16)
i

To prove that (BRT) holds, we may simply repeat the argument in the proof of Lemma 3 in
Asmussen et al. [[[] using instead of the equation (12) therein, the equation

poloa 2= [Ty Ply -y sl 2>

which is an elementary consequence of equation (EAI) and Fubini’s theorem.

The result in (ii) in Proposition P follows from (BRT) in the same way that the Key renewal
theorem is obtained from Blackwell’s renewal theorem using the estimate in ([[f) and the bounds

polx, x + 2|

— S‘A/Z, x>0,2>0,
T (2)

x)

which are a simple consequence of the former equation and the fact that V is a renewal measure
and so that for any 0 < z <y, V(y) — V(y — 2) < V(z).

To show that (ii) implies (i) we have to verify that for any a > 0

=+

IT
fim STy
This is indeed true since using (ii) in Proposition B it is straightforward that for any z > 0
the assertion in (BRT) holds and a further application of (ii) in Proposition J to the function

9a(*) = 1gaatr1p (), @ > 0, gives that for any a > 0,

. polz+a,z+a+1] 1
lim — = —

)

=200 I1(x) z
and therefore, for any a > 0,
_ ﬁ+(:c+a) _ ﬁ+(:c+a) polr + a,x +a+1]
lim ————= = lim — -1
z—oo ] (:L’) xﬂoopo]x+a,x+a+1[ 11 (:L’)
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