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VOLATILITY ESTIMATORS FOR DISCRETELY SAMPLED
LEVY PROCESSES

BY YACINE AIT-SAHALIA! AND JEAN JACOD?

Princeton University and Université de Paris-6

This paper provides rate-efficient estimators of the volatility parameter
in the presence of Lévy jumps.

1. Introduction. In this paper, we continue the study started in [}], about
the estimation of parameters when one observes a Lévy process X at n regularly
spaced times A, 2A,,,...,nA,, with A,, going to 0 as n — oco. In our earlier paper,
we were concerned with the asymptotic behavior of the Fisher information, with
the objective of establishing a benchmark for what efficient estimators are able to
achieve in that context. Now, we wish to exhibit estimators which both achieve that

rate and can be explicitly computed.

We want to estimate a positive parameter o, which we call volatility, in the model

(1) Xt = UWt + }/t7

where W is a standard Wiener process or, more generally, a symmetric stable process
of index 3, and the process Y is another Lévy process without Wiener part and with
jumps “dominated” in a sense we make precise below by those of W. Allowing for

jumps is of great interest in mathematical finance, in the diverse contexts of option
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2 YACINE AIT-SAHALIA AND JEAN JACOD

pricing, testing for the presence of jumps in asset prices, interest rate modelling,
risk management, optimal portfolio choice, stochastic volatility modelling or for the

purpose of better describing asset returns data (see the references cited in [f]).

Our aim is to construct estimators for o which behave under the model ([l) “as

well as” under the model
(2) Xt == O'Wt,

asymptotically as A, — 0 and n — oo. This is in line with the results of [g],
in which we proved that property for the Fisher information. In other words, we
want to be able to estimate the volatility parameter o at the same rate when Y,
a jump perturbation of W, is present as when it is not. In some applications, Y
may represent frictions that are due to the mechanics of the trading process, or
in the case of compound Poisson jumps it may represent the infrequent arrival of
relevant information related to the asset. Given that both W and Y contribute to
the overall observed noise in X, it is not a priori obvious that it should be possible
to estimate o equally well (at least in the rate sense) with and without Y. Beyond
the robustness to misspecification risk that such a result affords, it also for instance
paves the way for risk management or option hedging that is able to target the “W

risk” (continuous when (3 = 2) separately from the “Y risk” (discontinuous).

We distinguish between a parametric case, where the law of Y is known, and a
semiparametric case, where it is not. We show that, in the parametric case, one can
find estimators which are asymptotically efficient in the Cramer—Rao sense, meaning
that the asymptotic estimation variance is equivalent as n — oo to the inverse of the
Fisher information for the model (f) without the perturbation Y. This is possible
when the law of Y is completely known. In the semiparametric case, where that
law is unknown, obtaining asymptotically efficient estimators requires A,, to go fast
enough to 0; but we can then exhibit estimators that are efficient uniformly when

the law of Y stays in a set sufficiently separated from the law of W. And in general
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we can exhibit a large class of estimators which are consistent and achieve a specified

rate (although not the efficient rate).

A distinctive feature of the present paper is that we construct estimators which are
as simple as possible to implement. For example, in the parametric situation where
the law of Y is known, one can in principle compute the MLE, which is of course
efficient. In practice, this is hardly feasible, as the likelihood function derived from
the convolution of the densities of W and Y will in most situations not be available
in closed form. So we provide a number of other — much simpler — estimators which
are not as good (in the sense of not reaching the Cramer-Rao lower bound in general)

but not too bad either (in the sense of achieving the efficient rate of convergence).

The paper is organized as follows. In Section I, we specify our estimating setting.
Section ] is devoted to estimating equations: the estimators we propose all fall in
that class and we state a general result which covers them all. Sections ] and [ are
devoted to the parametric and semiparametric cases respectively. Some examples
are developed in Section [, [], § and [, where we consider specific types of estimating
equations such as the empirical characteristic function , power variations and power

variations with truncation.

2. The setting. With Xy = 0, we observe n i.i.d. increments from the Lévy

process ([l]),

(3) Xi = Xin, — X—1)a,-

W is a symmetric stable process of index 5 € (0, 2], characterized by
(4) E(eith) _ eft|u\f3/2

so that, when 8 = 2, W is a standard Wiener process. The parameter to be estimated
is o, and we will single out two situations concerning the parameter space ©: either

© = (0,00), or O is a compact subset of (0, c0).
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The law of Y (as a process) is entirely specified by the law Ga of the variable
Ya for any given A > 0. We write G = G1, and we recall that the characteristic

function of G is given by the Lévy-Khintchine formula

, , cv? ; .
(5) E(eY2) = exp A <wb - + /F(dm) (e —1— wxl{xg})>

where (b, ¢, F') is the “characteristic triple” of G (or, of Y): b € R is the drift of Y,
and ¢ > 0 the local variance of the continuous part of Y, and F' is the Lévy jump
measure of Y, which satisfies [ (1 A x2) F(dx) < oo. We will denote by P, ¢ the law

of the process X.

We make Y “dominated” by W in the following sense: G belongs to the class Gg,
defined as follows. Let first ® be the class of all increasing and bounded functions

¢: (0,1] — Ry having lim, o ¢(z) = 0. Then we set

(6)

G(¢, ) = the set of all infinitely divisible distributions with ¢ = 0 and, for all z € (0, 1],

" 2 F([—x,x]¢) < ¢(x) if <2
en

PF(—a,a) < () and [y WPF(Y) < 6@) i a=2,
(7) G (p,a) = {G€G(p,a), G issymmetrical about 0},
(8) gOé = U(bGCI) g(¢7 Oé), g(ll - U¢)€<I> g/(¢7 CY),

and we have

9)
a€(0,2] = G, ={G is infinitely divisible, ¢ =0, lim,oz*F([—z,z]°) = 0}
a=2 = Gy = {G is infinitely divisible, ¢ =0} .
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Now we recall some results from [fJ]. The variable W; admits a C*° density hg,

which is differentiable in the state variable (the derivative is denoted by h'ﬁ) Then

we set
" o hwr o wiw '
() = by utlyw). ) = 320 Ttw) = 0 7(8) = [ tw)an

so in fact Z(f) is the Fisher information when we estimate o on the basis of the
single observation ¢W; and for the parameter value ¢ = 1. The functions iLﬁ and

?Lg and Eg are also C'°°, and satisfy for some constant cg:

(11)

B<2 = hy(w) +lhs(w)| + |hs(@)] < s, [hs(w)| < ¢,
6=2 = Bﬁ(w) =(1- w2)h5(w), Eﬁ(az) = (1 — w?)? hg(w), Eg(w) = —w?,

and of course hy(w) = e—w2/2/\/ 27, so in particular Z(3) = 2.

If we have a single observation XA there is a (finite) Fisher information for es-
timating o, which we denote by Ia(c,G). With n observed increments the corre-

sponding Fisher information becomes
(12) Ina,(0,G) =nlp,(0,G).

The main result of [P, as far as the parameter o is concerned, is summarized in the

following;:

Theorem 1. a) If G € Gg we have as A — 0:

(13) In(0,G) — %z(g).

b) For any ¢ € ® we have as A — 0:

(14) swp |1a(0.6) - 22
GeG(9,8) g

c¢) For each n let G™ be the standard symmetric stable law of index o, with

an 6 sequence strictly increasing to 3. Then for any sequence A, — 0 such that



6 YACINE AIT-SAHALIA AND JEAN JACOD

(8 — an)log A, — 0 (i.e. the rate at which A, — 0 is slow enough), the sequence of

numbers Ia, (o, G") converges to a limit which is strictly less than I(3)/o>.

Part (a) of the above theorem and ([[d) hint towards the existence of estimators
oy such that \/n (o, — o) converges to a centered Gaussian variable with variance
0?/Z(B) under P, ¢, when G € Gg is known: this is the parametric situation, and
we will propose such estimators in Section f| below. In the semiparametric situation
where G is unknown, (c) suggests that we cannot achieve the same rate, unless,
as given in (b), we know that G is in the class G(¢, «) for some o < 3 and some

function ¢ € ®.

As a matter of fact, we can do slightly better. If ¢(x) = ¢ > 0 for all x, we can
still define G(¢, ) by (), although ¢ no longer belongs to ®. We denote such a class
by G(¢, ), that is we introduce the notation (we do not need to distinguish o < 2
and a = 2 here):

(15)
G(¢,a) = the set of all infinitely divisible distributions with ¢ = 0 and, for all x € (0, 1],

then z®F([—z,z|) <,

—/

G(¢,a) = {GeG((a), G issymmetrical about 0},

(17) Ga=U00(Ca),  Go=Uc0 G (C0).
The connection with the previous classes is as follows:
(18) G(p,a) CG(d(1),a),  GaCGaCNuwsalGary  Go=0Gs.

For example, Gy is the class of all G’s for which Y is a pure drift (Y; = bt), whereas
Gy is the class of all G’s for which Y is a compound Poisson process plus a drift.

Also, any stable process Y with index o < 2 belongs to G, but not to G,.
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3. About estimating equations. The practical estimators we will propose for
o are all obtained by setting an estimating equation (also known as a generalized
moment condition) to zero. We prove here a general result about the asymptotic
properties of such estimators, which will be used several times below. Similar general
results for estimating equations are of course known (see various forms in [{], [i] and
[@), but we adapt them here to our setting with assumptions (by no means minimal)

that are sufficient in our context.

Recall that we want to estimate a parameter o > 0. At stage n we observe p,
i.i.d. random variables x' and introduce two auxiliary variables S,, > 0 and @, € R.
Under the associated probability measure P, , we suppose that the families (S,, Q)
and (x? : 1 <i < p,) are independent, and of course p, — oo. Let us introduce the

following conditions:
Assumption 1 (A1l). Ifo, — o >0 then S, — o in Py, , —probability.

Assumption 2 (A2). If o, — 0 > 0 then the sequence (Qy, | Py, is tight.

Next we consider two families (fy s4)s>0 and (Hy s)s>0,4er of functions on R
and (0, 00) respectively, to be specified later but with adequate integrability and
smoothness properties, and we associate the estimating function

1 &
(19) Unsa() = — Y (frsa(X') = Hps(w)) .

P i

In this exactly-identified context, we set

N the u > 0 with Uy, 5 4(u) = 0 which is closest to s if it exists
(20) Gn(s,q) =
1 otherwise

(if Up,s,4 = 0 has two closest solutions at equal distance of s, we select the smallest

one). We also set

(21) Fn,&q(U) = Ema(fn,&q(X?))a Fr(z?s),q(o-) = En,a(fn,s,q(in)Q)-
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Note in particular that we are not assuming that the estimating equation is correctly
centered: correct centering would requiring using F), ; , instead of H,, ;. H, s may
be equal to F), 4, but can also be just an approximation to it (in which case we
will talk about “approximate centering”) that may for instance be valid as n — oo.
Incorrect centering leads to estimators that are asymptotically biased, although that
effect can be mitigated as n — oo if H,, s approximates F;, s ; (see Assumption (B5)

below).

Let us now list a series of assumptions on the previous functions:

Assumption 3 (B1). We have sup,>1. 550, geR Il fnsall*/pn < 00, where || f|] is the

sup-norm.
Assumption 4 (B2). H, , is continuously differentiable.

Assumption 5 (B3). For all s > 0 there is a differentiable function Fs on (0,00),

such that whenever s, — s then H, . and H;“Sn converge locally uniformly to F
-/ .

and F', respectively.

Assumption 6 (B4). F;(s) # 0 for all s > 0.

)

Assumption 7 (B5). F,(fsmqn (un) converges to a limit F) (u) for any two sequences

Uy, and s, converging to the same limit u > 0 and any bounded sequence qy,.

Assumption 8 (B6). There is a sequence wy, — +00 such thatsup,, wy|Fy s, q. (Un)—
H, s, (up))| < oo for any two sequences uy, and s, converging to the same limit u > 0

and any bounded sequence gqy,.

Then we have the following:

Theorem 2. Assume (A1), (A2) and (B1)-(B6).

a) The sequence ((wn N\ /Pn)(Tn(Sn, @Qn) — 0n)) is tight under Py, o, uniformly in

n and in o in any compact subset of (0,00).
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b) If wy/\/Pn — 00, then the sequence (\/Pn (0n(Sn,Qn) — 05)) converges in law

under Py, o, uniformly in o in any compact subset of (0,00), towards the centered

normal distribution with variance Z2(0) == (F®(0) — F,(0)?) JF. (0)2.

We devote the remainder of this section to proving this theorem. First, we state
a lemma which gathers some classical limit theorems on i.i.d. triangular arrays. For
each n let ((J': 4 =1,...,q,) be real-valued and i.i.d. random variables, possibly

defined on different probability spaces (2, F, P, ) when n varies. Then:

Lemma 1. Assume that (I is square—integrable, and set v, = E,((") and T, =

En((Czn)Q) —~2. If pp — 00 and Ty, /p, — 0, we have
1 &n L2,
@) LSS, M0
Pn i=1
Furthermore if Iy, — T for some limit I' > 0 and if E(|CZ"|4)/pn — 0, we have

Pn
(23) VD (pi > - %) LB Ar(o,1).
moi=1

In the next three lemmas we suppose that o, — o > 0, and we write P, = P, 5, .
Lemma 2. Let s, — 0 and let q, be a bounded sequence.
a) The sequence ((wn A\ \/Pr) Un,sngn(0n) | Pr) is tight.

b) If wy/\/Pn — 00 then
P Unsran (@) "% N0, FO () — F o (a)?).

Proof. We have Uy, s, 4. (00) = an Pr ¢, where for each n the (['’s are i.i.d. with

mean and variance given by

Y = Fsnan (on) — Hy s, (on), Iy = F7(L,28)n,qn (on) — Fo s0n (Un)Qa
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and further || < o, for numbers «,, satisfying a2 /p, — 0 by (B1). Now (B6)
yields that v, — 0, hence (B3) yields F,, s, 4,(cn) — Fo(c). On the other hand,
(B5) implies F,(Li} (0n) — FO(0).

n,qn

Therefore it follows from (R3) that

L(Pn) —
(24) VPr (Uns,.g.(0n) = 7a) & N(07F(2) (0) = Fo(0)?),
and since sup,, wy|7,| < 0o by (B6), we readily get the two results. O

Lemma 3. a) The sequence ((wn A\ /Pn) Un.s,.0.(0n) | Pr) is tight.

b) If wn/\/Dn — 00, the sequence (\/Pn Un.s, Q,(0n) | Pn) converges in law

towards the centered normal distribution with variance F® () — Fy(0)?.

Proof. a) Let V(n,s,q) = (wn A\ \/Pn)Un, s,q(0n). The previous lemma implies that
as soon as the deterministic sequence s, converges to o, we have for all B > 0:
(25)

lim sup ua g(n,s,) =0, where uy g(n,s) = sup P,(|V(n,s,q)| > A).
A=o0 n>1 lal<B

If the sequence (V(n,S,,Q,) | Pn) is not tight, there exists an infinite sequence
ny such that Py, (|V(nk, Sn,, @n,)| > A) > 1/A for some A > 0 and, up to taking
a further subsequence still denoted by nj we can assume by (Al) that S, — o
pointwise. Since (S, @) is independent of the family (V' (n,s,q);s > 0,q € R), we
get

Pnk(‘V(nk, Shs an)’ > A) < Pnk(‘an‘ > B)+ Enk(uAB(nk‘? Snk)))
Then (PJ) and Lebesgue’s Theorem imply that

for all B > 0 and, in view of (A2), we deduce that limsup;, Py, (|V (nk, Sn,, Qn, )| >

A) = 0: this contradicts the definition of the sequence ng, and we have the result.
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b) Let us denote by V' a variable with law v = N(0, F®®)(¢) — Fy(0)). Let vy 4
be the law of V(n,s,q) := /Pn Unsq(0n). The claim amounts to proving that, for

all bounded continuous functions g, we have

(26) E, (9(V(n,Sn,@n))) — E(g(V)).
For this, it is enough to prove that from any subsequence one can extract a further

subsequence along which (Rf) holds. So, in view of (A1) and (A2) it is no restriction

to assume that in fact (S, @) converges in law to (o, Q) for some variable Q.

In fact, due to the independence of (S,,Q,) and (W'(n,s,q) : s > 0,q € R), we
can replace the pair (S, Q,,) in the left side of () by any other pair (S}, Q},) having
the same law than (S, @,) and still independent of (W'(n,s,q) : s > 0,q € R).
Therefore, using the Skorokhod representation theorem, we can indeed assume that

(Sn, Qn) converges pointwise to (o, Q). Then

B (o(V (1,500 Q) = B [ 15,0, (d0)g(0) )

Since S, — o and Q, — @, one deduces from Lemma P-(b) that the sequence
[ Vn,8,,,0.(dz)g(z) converges pointwise to [ v(dz)g(xz) = E(g(V)), and it is bounded
by ||g/|, so Lebesgue’s Theorem yields (RG). O

Lemma 4. The sequence o, converges in P, —probability to o.

Proof. Exactly as in the previous proof, without loss of generality we can assume that

the pair (Sp, @n) converges pointwise to (o, Q) with @ a suitable random variable.

Lemma Bl implies that Uy, s, 0, (0n) — 0 in probability (recall that both w, and
Pn g0 to infinity). Observe that

Unysann (u) - Unystn (Un) = Hn,Sn (Un) - Hn,Sn (u)7

which by (B3) converges (pointwise) locally uniformly in u towards H (u) := F, (o) —
Fy(u). Hence Uy, s, o, (u) also converges locally uniformly in u towards H (u), in P,,—

probability. But by (B4) the function H is null at o and is either strictly decreasing
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or strictly increasing in a neighborhood of o: then the definition (R0) of 7,,(S,, @)

immediately gives the result. O

Finally, we prove Theorem J:

Proof of Theorem B. As usual, to get the local uniformity in o for the tightness in
(a) or the convergence in (b), it is enough to obtain the tightness (resp. convergence)
under P, = P, ,, for any sequence o,, — ¢ > 0. Let us write for simplicity o, =

a\'TL(‘S‘TN QN) and Un = Un,Sn,Qn-

By (B2), U, is continuously differentiable. We deduce from Lemma [l the existence
of sets A,, with P, (A,,) — 1, such that on A,, we have U},(7;,) = 0, and thus Taylor’s
formula yields a random variable T}, taking its values between ¢, and &, and such

that

(27) Un(on) = —(0, — 00)U)(T) on the set A,.

Observe that Uy, (T,) = —H,, 5 (T»),. Since both S, and T;, converge in probability
to o, (B3) implies that U (T,,) — —F.(c) in probability. Since F, (o) # 0 by (B4),

all the results of our theorem are now easily deduced from (R7) and Lemma . O

With this general result in hand, we now turn to our specific situation: estimating
o in the presence of the Lévy process Y, first when the law of Y is known and second

when it is not.

4. Estimation of ¢ in the parametric case. In this section, we study the
estimation of o when the law of Y, i.e., the measure G € Gg, is known. We will

construct a class of estimating equations for o, with x? given by ([).
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4.1. Construction of the estimators. In the sequel the number g € (0, 2] is fixed
and does not usually appear explicitly in our notation. A constant which depends
only on 3 and on another parameter v is denoted by C,, and it may change from
line to line. If G € G, with a < 8, and with the associated process Y, we set
(28)

b— [pepy oF(dz) if a<1
V(G a) = tel=ty Za(a) = A"V8 (Vs — H(G, a)A)
b if a>1,

and we let Gy , denote the law of Z (). Then we define the “modified increments”

(recall (B)):

(29) XMG) = AV (= V(G B)A).

Next, for any a € (0,2] and any ¢ € ® we set for x € (0, 1):

$(z) if o<1

30)  dalz) =1 ¢(x) + 2D _ 14 (1 A efwogw) if a=1
log(1/x)

o(z) + L2 4 2L o5 it a>1.

This defines an increasing function ¢, : (0,1] — Ry having ¢ < ¢, and ¢4(x) — 0

as x — 0.

Next, if G € G, for some a < 3, and u > 0 and v > 0 and z € R and if k is a

bounded function, we set

B) Voaas(nws) = [hy@de [ Gy (de) Ko +ow o).

Finally, we introduce the “tail function”
o0
(32) 60 = POWl > 1) =2 [ hy(a)da
1/u
for u > 0 (this depends on (3): it is C'*°, strictly increasing from 0 to 1, with non-

vanishing first derivative. So its reciprocal function ¥~!, from (0,1) into (0, c0), is

also C'*° and strictly increasing.
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Recall that we work here under the assumption that G € G is known, and so in
particular we know b'(G, 3); we also have G € G(¢, 8) for some ¢ € ®. We need first
a preliminary estimator, which is constructed as follows. We choose an arbitrary

sequence m,, of integers satisfying

n

(33) m, 100, g
n

and, recalling (R9) and (BY), we set
(34)
P HVL(G)) i 0< Vo (G) <1

1 &
Va(G) = — > Loy Sal(G) =
noi=1 1 otherwise.

To form an estimating equation for the construction of the final estimator of o,

we choose a function k satisfying

(35) sup 1“_7_(72“7 < 00, I(k) := /Eﬁ(m)k(aﬁ)dm # 0,

where the number ~ satisfies

(36) 120, B<2 = y<d
Then we set
k() if £ is bounded

(37) kin(z) =
k() 1fjk(a) <vn} otherwise,

where v, be an increasing sequence of numbers satisfying

(38) vy — o0, V2 ga(AYP) — 0, oo,
n

4
n

and where ¢g is associated with ¢ (a function such that G € G(¢, 3)) by (B0). Then,
with the notation p, = n — m,, and since each k, is bounded, we can define the
following estimation functions (for u > 0):

1 n m(cy u 1
(39)  Unger(u) = o > kn (72@”(((1))) ~ VG A, Bkn <Sn(G)’ Sn(G)’()) '

i=mn+1
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Finally the estimators for o are:
(40)

the u >0 with Upg¢r(u) =0 which is closest to S,(G) if it exists
on(G, ¢, k) =

1 otherwise.

As the notation suggests, this estimator depend on G and on k in an obvious way,
and it depends on ¢ through the choice for k, made in (BY). It also depends on /3,

but we leave this dependency implicit to avoid cluttering the notation.

4.2. Asymptotic distribution in the parametric case. With the function k as in

(B3), the following defines two finite numbers:

(41) J(k) = E(k(W1)?) — (E(k(W1)))?,  ¥*(k) =

Theorem 3. Let ¢ € @, and let k be a function satisfying (B4) for some v having
(34). Suppose also that A, — 0.

a) The sequence v/n (G,(G, ¢, k) — o) converges in law to N(0,0°%?(k)), under
P, c, uniformly in G € G(¢, ) and in o € [e,1/e] for any e > 0.

b) We have $2(k) > 1/I(), and this inequality is an equality if we choose k = hg.

Now we give a number of comments and examples.

Remark 1. In light of (), it is of course possible / advisable to select the function k
to minimize $2(k). The choice k = hg is indeed possible: by (I1) the function k = hg
satisfies ([33) with v = 0 (resp. v = 2) if B < 2 (resp. 3 = 2). Such a choice gives
asymptotically efficient estimators, in the strong sense that they behave asymptotically

like the efficient estimators for the model Xy = oWy (with no perturbing term 'Y ).

Remark 2. To put these estimators in use we would need to numerically compute the
function Vg A g1(u,v,0), for a single value of v (either 1 or 1/S,(G)), and all values

of w (in principle). Except in special situations (see for instance Section[8), there is
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no closed form for this function, and we have to resort to numerical integration or
to Monte—Carlo techniques. For this it is of course helpful to have a closed form for
k (or rather for the truncated ky ). In general, this is not the case for the function

k = hg (the optimal choice), unless 3 = 2.

Remark 3. As an example of function k, we can take k(x) = |x|", for somer > 0
when B =2 and r € (0,3/2) otherwise (when 3 = 2 and r = 2 this is the optimal
choice since ha(z) = —2): the function Vg A, gk, is still not explicit, but it is easily
approzimated by Monte—Carlo techniques, at last when Yy can be simulated, or it may
be available in closed form for some common distributions of Y. We will do that in

some detail in Section [}. In any event, the limiting variance is easy to compute from
).

Remark 4. Another possibility is to use the empirical characteristic function of the
sampled increments, which leads to an closed form expression for Yg A, gk, This

will be done in Section [4.

4.3. Some preliminaries. Here we gather some results from , and also about
the functions of (B1)), which will be used to obtain the previous theorem and for
further results as well. First we recall Lemma 2 of [J]: for any ¢ € ®, and with the
notation (), we have for A <1 and o < § and K > 0 and some constant C = C,,
depending on « only,

(42)
2(B—a) 2+
GeG(6,0), lg@)| <KAAJe) — E(g(Za(a)l) < CKATETS g, (AT ).

In fact the proof of this result also works when ¢(x) = ( for all x (with ¢, substituted

with a constant), thus giving

(43) CeGCo). lg)l <KQA]) = B(g(Za(o)]) < CRCATES.

This is not enough for our purposes, at least in the semiparametric situation, and

we will need also the next lemma about symmetrical measures:
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Lemma 5. If A <1 and a < 3 and K > 0, we have for some constant C depending

on a only:

(1) GeF(Ca) lg@)| SKQAARR) = Blg(Zaa)) < CKCAT.

Proof. Tt is similar to the proof of Lemma 2 of [f]. Taking n > 0, we set Y}/ =
Y et AYslgjay sy and Y =Y — V" and if G € E/(C,a) then Y is symmetrical
and thus we have (47) of the afore-mentioned proof (with ¢, substituted with a

constant proportional to (), that is
E(|YA]?) < C¢cA™

for a constant C' depending on « only. We also have Za(a) = A=Y/BY,, hence
19(Zs(a))| < KA™2/8)YL|? on the set {Y/ = 0}, whose probability is smaller than
CC¢A/n®. Since |g| < K, we deduce

E(‘g(ZA(O‘))’) < CKC <An7°‘ + A1*2/ﬁ7727a) )

Then take n = AY# to obtain the result. O

Next, as soon as the function k satisfies the first half of (BH) with some v > 0
which has v < 8 whenever 8 < 2, we set for u > 0 and z € R:
(45)
1 T 1
Uy (u, 2) = /hg(x)k(ux—i-z) dz = a/hg (Z) k(z+z) de = E/hg(

r—z

> k(z) dx.
(so ¥g(u,2) = Vg A ak(u,0,2), which depends neither on G, nor on A, nor on «).

Lemma 6. a) Let k satisfy the first half of ([3]) with some v > 0 which has v < 3
whenever < 2. Then Uy is C*° on (0,00) x R. If further v > 0 and v € (0,00) and
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ky(x) = k(2)1{k(z)|<v}, then for all K > 0 there exists Mk y such that

(46)
|2| <K, v>Mgy ==
i+ oI+l Cjpx w1 i B<2
oud 07 Wi (u, 2) — oud 0z P, (v, 2)) < iy —1 1/ '
ul oz w oz Cip, i wd THI=L g/ i p=2

b) If k is bounded, then for allm € (0,1) we have
oI+l

— U

oud 9z Kl

(47) n<u<l/n = ' u,2)| < Crjm |k

Proof. (a) If | € N, the jth derivative of u (—1)lhg) (x/u)/ut! takes the form

hij(z/u)/u/HFL for a function hy ; satisfying

Cja/ (1 + || H1H0) if <2
(48) ()| < o
Cji(1+ |z|7+2) e==/ if g=2.
In particular the estimate for 3 < 2 above also holds for 8 = 2, and further A ; is

differentiable and, for all 3 € (0, 2],

Ci
/ Js
(49) [ ()] < 1+ |2|2H+8°

Therefore we easily deduce from ([5) that Wy is C*°, with (by differentiating [ times
the last term in ([5), then j times the analogue of the third term with h(ﬁl) instead
of hg):

(50)

Ak 1 1
5 54l Uy (u,z) = pEREST /hw(m/u) k(x + z) de = s /hlJ(.%') k(ux + z) dx.

In particular, for some ¢, > 0 depending on the function k, we have
5+l oIl
oul 0z Wilu,2) - oul 0z

< #/‘kz(x—l—z) - k,,(:c—{—zﬂhl,j(x/u) dx

Ck

/{1+|m+zv>uek}
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Then a simple computation, using (), gives us ([4).

(b) When k is bounded, (f§) and (50) immediately yield ([7). O

Finally we give estimates for the difference W A o1 and Wy,.

Lemma 7. If kis a bounded function, Yo A or(u,v, 2) is C* in (u,z), and for any
€ (0,1) we have

! Il

(51) n <u< 1/77 — 0w Oz a7 Al GA,a,k(uav,Z) < Cl,jm 14+ |Z|l+5'

Moreover, for all n € (0,1) we have the following, for all A < 1 and z € R and
u € [n,1/n] and v € (0,1/n]:

(i) If G € G(¢, ) (resp. G € G((,a)), then with ¢o, given by [38) (resp. ¢po = C):

(52)
I o7 2(8—a) 245
‘w Ve,aak(t,0,2) = 55 Ui(u,0)) < Cjy |IK] <|Z| + Apre ¢a(A5(2+°‘))> ;

(1) If G € E/(C,oz) then

& B-a
W sl ,2) — o (0| < R (1 €A,

Proof. Observe that Vg A x(u,v, 2) fG w) Vi(u,vw + z). Then by ([7),
Ve Aok is CFin (u,2), with

-+l -+l
19, 0

(54) 8 ] 8Zl GA,a,k(u7/U7z) :/G/A,a ) 8 ] 8 l k(u7vw+z)7

and for any n € (0,1) we have (f1]).
Next we prove (i). (9) yields

]
(55) yl <1 = J|hoj(x+y) —ho;()| < Cjm T[22 P

Recalling (p() and (p4), we have

o o

(56) 57 Vosaslusn,2) = g Uilu2) = [ Gl oldw) glw)
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where
&I &
g(w) = Wi i (u, vw + 2) — i i (u, 2)
1

hoj(x) (k(ux + vw + 2) — k(ux + 2)) dx

= —/ hOJ x — —) - ho,j(az)> k(ux + z) dzx |
for w,v, z,j fixed. Let n € (0,1), and suppose that n < v < 1/n and that v < 1/7.
If jw| < 1 (BF) obviously yields |g(w)| < Cj, ||k |w], whereas ([£7) yields |g(w)| <
Cjy ||k always: so we have |g(w)| < Cj, ||k|/(Jlw| A 1), and in view of (Bd) we readily

deduce from ({) if G € G(¢,a) and () if G € G(¢, @) (then ¢, = ¢), then

o o
B Ye,a,ak(u,v,2) — ul Wie(u, 2)

2(f—a) 248
(57) < Gy ||k|| AFCT) g (AFEED ),

Moreover ([[7]) yields

% Uy (u, z) — % \I’k(u,O)‘ < Cjq |Ik|| |2], so putting all
these together gives (F2).

Finally we prove (ii). The function hg; is C* and all its derivatives satisfy the
estimates ([§), and in particular H(z) = SUPye(z—1/n2,041/72) [P0 j ()] is integrable,
as well as hy ;. Now we have

vw ,
() <1 = oy (= 25) = hos(e) = (@) 52| < Cru?H ()
as soon as v < 1/n and n < u < 1/n. Therefore we can write g = g1 + g2, where

vw
1) = % Latcy [ B (o0k(us + )

vw vw
g2(w) = g(w)Lfjw|>13++1jw)<1} / <h0,j z — 7) — hoj(z) — ho (@) —

u

) k(uzx+z)dz.
On the one hand, if G € G (C,o) then G'\
[ a1(w o(dw) = 0 because gp is bounded and odd. On the other hand,

Ao s symmetrical about 0, hence

(FE)) plus the integrability of H and the fact that [g(w)| < Cju, k| yield
lg2(w)| < Cjullkll(w? A1). Hence, using Lemma [ we get instead of (57) that
o o

B—a
(59) ul ‘I’G7A,a7k(uav,z) T Uy (u,2)| < Cj,n |kl CATF,
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and we conclude (BJ) as previously. O

4.4. Proof of Theorem[3. We start by proving (b). With the notation H = hg/hg,

we observe that in addition to ([]), we have
I(k) = E(k(W)H(W1)), Z(8) = E(H(W1)?).

An integration by parts yields E(H(W7)) = 0, so J(k) = E(K'(W1)?) and I(k) =
E(K(W1)H(Why)) if k() = k(x) — E(k(W1)). The desired inequality, which is
I(k)? < J(k)I(B), follows from the Cauchy-Schwarz inequality. If k = hg we also

have kK = 1+ H, so this inequality is obviously an equality.

For (a), and since p,, ~ n, we apply Theorem f}-(b) with x?" given by (B) and thus
P, = P, . The first step consists in proving (A1) for S, = S,(G). This amounts

to the following lemma, where o, — ¢ >0 and P, = F,, &:

Lemma 8. The sequence S, converges to o in probability.

Proof. By (fJ) the variables Z} (f3) associated with the law G™ converge in law to 0
(because ¢g(x) — as x — 0). The variables x;", which equal o, W1 + Z} () in law,
converge in law to oWj. Hence 7, := P, (x| > 1) — ¢(0). If (" = Lipym|>1y (2)
applied with ¢, = m,, yields V,, plls ¥(a). Since ¢! is C* and strictly monotone,

the result readily follows. O

Next we set @, = 0, so (A2) is satisfied, and

—1/p b u
o)~ (m ( b(G,ﬁ)An))>’ Hyo(0) = Vg a, ok, <_,170>.

S S S

Upon comparing (Bd) and ({d) with (L9) and (Rd), we see that 7,(G,¢, k) =

0n(Sn, Qrn). Therefore it remains to prove (B1)-(B6) with a sequence w,, satisfy-

ing wy,/\/pPn — 00, and that

(60) =20) = o2 J (k) /I (k)%
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Observe that under P, g the variables x}' have the same law as cW; + Za,, (8).
Then (R1)) gives Fj, 5 4(0) = Hy 5(0). It follows that (B6) holds with w;, arbitrarily
large, while (B2) follows from (54).

If k£ is bounded, hence k,, = k, we have || f,, s|| < ||k|| and (B1) is obvious; further,
(F) with o = 3 and k" yields

j=0,1, r=1,2, n§u<l v < —
J

1
n
P
307 Ya,A, 6.k (U, 0,0) — au] Upr(u,0)

n,k¢ﬂ 1/6)

)| <

which gives (B3) with F,(u) = ¥y (u/s,0) and (B5) with F?)(u) = ¥;2(1,0). On
the other hand when k is unbounded we have || f, || < 1, and thus (B1) follows
from (BY); further, v, — oo and we can combine (53) with (f6) to get for all n large
enough:
i=0,1, r=12, ngug%, v < =

Cop (vhos(Ad™) + k=) if <2

o (V;L@(A}/?) +enwl/”) if g=2.
Then, in view of (B§) and 2y < 8 when < 2, we again deduce (B3) with Fy(u) =
(u/s,0) and (B5) with F®)(u) = ¥;2(1,0).

1
n

J

% \I]G,An,@kg (U,U,O) - % \I]kr(u’o)‘ <

Since ho; = —hg, we deduce that F (o) = W) (1,0)/0 = —I(k)/o (recall (B0)
and the second part of (BH)), hence (B4) holds. We also have F, (o) = Wi(1,0) =
E(k(W1)) and F®) (o) = E(k(W7)?), hence J(k) = F®) (0)—F,(c)? and (§0) follows.

5. Estimation of ¢ in the semiparametric case. Perhaps more realistic than
the situation of Theorem [ is the case where we want to estimate o, but the measure
G is unknown, although we know that it belongs to the class G. This is a semi-
parametric situation: parametric as far as cW; is concerned, but nonparametric as
far as Y; is concerned. Because G is unknown, the estimating equations in this case
must be based on the law of W alone. The challenge is then to achieve rate efficiency

despite the lack of information about G.
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5.1. Construction of the estimators. As said before, we cannot hope for estima-
tors o, that behave nicely for all G € G at once. Therefore we suppose that G is
unknown, but is known to belong to G(¢,a) for some o < 8 and some ¢ > 0: we
refer to this as Case 1. We also consider a more restrictive situation, called Case 2,

for which G is known to belong to the set EI(C , Q).

The construction looks pretty much like the previous one, except that besides
our preliminary estimator for ¢ we need to produce an estimator B,, for the drift
b'(G, @) in order to remove it. In Case 2, since we know that b'(G, ) = 0 we just
set
(61) B, = 0.

In Case 1 we set m,, = [dn] for some arbitrary ¢ € (0,1/2) ([x] denotes the integer
part of x), so that m,, ~ on. Then we pick a C*° and strictly increasing and odd

function 0, with bounded derivative and 6(0) = 0 and §(+o0) = +1 (for example

f(x) = 2 arctan(z) ), and set for u € R

(62) Rufu) = 3008, — ).
" i=1

Since u — Ry, (u) is continuous and decreases strictly from +1 to —1 as u goes from

—00 to 400, we can set

(63) B, =inf(u: R,(u) =0) (= the only root of R,,(.) =0 ).

Next we construct our preliminary estimator for o. In Case 1, and with m,, as
above, we set ¢, = m, and p, = n — 2m,. In Case 2, we choose a sequence m,,

satisfying (@) and then we set ¢,, = 0 and p,, = n —m,,. Then in both cases we set

1 gnt+mn
(64) Vo = - Z 1{|A;1/5(X?*Bn)|>l}
1=qn+1
and
v~ H(V,) if 0<V,<1
(65) Sp =

1 otherwise.
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To form estimating equations for o, we choose a function k satisfying (Bj) with
v = 0 (that is, k is bounded and I(k) # 0). With ¥}, given by () we define the
estimating functions (for u > 0)

n “1/B/ n _ u
06 Uw=o > k(A” N B“)—\Ifk(S—n,o),

ZZQn+mn+1

and the final estimators

the u with Uy, (u) = 0 which is closest to S, if it exists
(67)  on(k) =

1 otherwise.

Note that, unlike the centering Vg A, 8.k, (%, %,0) utilized in the para-

metric case (recall (BY)), the centering we now use, based on ¥, <Sln, O) in (p6)) does
not involve the measure GG. Indeed, these estimators depend explicitly on § and k,
but on nothing else, and in particular not on G. Observe that they are much easier
to compute than the estimator of the parametric case. This is particularly true when

k(x) = cos(wzx) for some w > 0, since then Wy (u,0) = e~wu’/2

is invertible in u,
and we will detail this example in the next section, but it is also true in general: first
because they depend only on the function Wy (u,.) which is much simpler than the
function Wi A g accruing in the estimation in the parametric case, second because

as a rule u — Wi (u,0) is at least “locally invertible” around u = 1.

The estimators (Bd) have formally the same expression in both Case 1 and Case
2, but the preliminary estimators B, and S,, disagree for the two cases and also
pn ~ (1 —20)n in Case 1 and p,, ~ n in Case 2, a difference which is important for
the asymptotic variance of the estimators. So we will write “the Case 1 version” or

“the Case 2 version” of the estimator.

5.2. Asymptotic distribution in the semiparametric case. Recall the notation I (k)

and J(k) and ¥2(k) of (BJ) and (1), and let us add some other:

2(8 — a) / _ﬂ_a
Batay COP=T5

(68) ple, B) =
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Observe that p(a, §) < p'(«, ) always.

Theorem 4. Let o € (0,3) and ¢ > 0, and k be a bounded function with I(k) # 0,

and € € (0,1). Take the Case 1 version of the estimators.
a) If
(69) sup nA2(@8) _, 0,
n

the sequence \/n (G (k) — o) converges in law to N(0,02%2(k)/(1—20)) under Py,

uniformly inn > 1 and in o € [g,1/¢] and in G € G((, ).

b) In general, the variables (/n )\ A;p(a’ﬁ))(/&n(k) — o) are tight under Py ¢, uni-

formly in o € [e,1/¢] and in G € G(¢,a) and n.

Theorem 5. Let o € (0,5) and ¢ > 0, and k be a bounded function with I(k) # 0,

and € € (0,1). Take the Case 2 version of the estimators.
a) If
(70) sup nAZ' (@8 _ ¢,
n

the sequence \/n (Gn(k)—0c) converges in law to N(0,0%%2(k)) under Py ¢, uniformly

inn>1andino €[e,1/e] and in G € G (¢, ).

b) In general, the variables (\/ﬁ/\A;pl(a’ﬁ))(&\n(lﬂ) — o) are tight under P, g,

uniformly in o € [£,1/] and in G € G (¢,a) and n.

The optimal choice of the function k has been discussed after Theorem fJ: when
8 < 2, we have asymptotic efficiency in the situation of the second theorem above,
provided we take k = Eﬁ, and despite the fact that we are in a semiparametric
setting. When 3 = 2 the choice k = hg, that is k(z) = —2?, is not permitted in the
above theorem, but with k(x) = —$21{|m|§A} one achieves an asymptotic variance

which approaches the optimal variance when A goes to infinity: see Section .
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Also, some other comments are in order here:

Remark 5. When «a increases, then p(a, 8) and p'(«a, 3) decrease, so ([69) and (78)
are more difficult to obtain and the “rate” in (b) of the two theorems above gets worse,

as it should be.

Remark 6. In connection with what precedes, one should mention that when (69)
fails the actual rate of convergence (that is, a sequence O, such that the law of
On((Gn(k) — o) converges to a non—degenerate limit, or at least admits among its
weak limiting measures a non—degenerate one) is not only unknown, but actually de-
pends on the true underlying (unknown) measure G and in particular on the minimal
index o such that G € Gy (we know that o/ < «a, but the inequality could be strict).

In other words, the rate could be for example \/n for a particular G, even without

c3).

Remark 7. However we will see in the examples below (see Section | in particular)
that (70) is necessary for having convergence to a centered distribution with rate \/n
and also that the rate in (b) of Theorem[] is sharp, if we want to have a result which
holds uniformly in G € G (C, ). We do not know whether (69) or the rate in (b) are
optimal for Theorem [}.

Remark 8. Of course it might exist other — thoroughly different — estimators behaving
better than the o, (k) ’s, and perhaps having a better rate than in (b) of these theorems

(the rate cannot be improved in (a), of course). We think this doubtful, however.

Remark 9. The most interesting situation is when we have asymptotic efficiency
(this happens when G is symmetrical), or at least “rate—efficiency” (that is of order
V). We have this under ([69) or ([7Q), which mean that A, goes to 0 fast enough.
Of course having A,, = o(1/n) is of no practical use. When A,, = 1/n, then rate—
efficiency is satisfied as soon as o < 2(3/(4+ [3) for the first theorem and o < [3/2 for
the second one. If Y is a compound Poisson process with drift, rate efficiency holds

as soon as nA2 is bounded, whatever 3 € (0,2] is (take o =0).
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Remark 10. When we do not know that G is symmetrical we cannot achieve asymp-
totic efficiency even under (69). However the asymptotic variances in the two theo-
rems above are the same, up to the factor 1 — 26: hence by choosing § small one can

approach asymptotic efficiency as much as one wants to.

5.3. Proof of Theorems [} and[J. As above, we refer to Theorem [] as to Case 1,

and to Theorem [J as to Case 2. The proof goes through several steps.

1) We fix @ € (0,3) and ¢ > 0. The sequence A, is fixed, and we set

p(a,B) in Case 1 1
(71) p= An = v\ ~7
p'(a,3) in Case 2, "

In order to get tightness or convergence, “uniform” in ¢ and in G is the relevant
class, it is of course enough to take a sequence o, — o > 0 and a sequence G"
in G(¢,a) (resp. E’(g,a)), and to prove the tightness or convergence in law of the
normalized estimation errors ¢, — oy, under the measures P, = P, g». Below we

fix the sequences o,, and G".

Finally, we denote by Z,, := Z}X | () the variable associated with the measure G™

by (BY), and we set b, = Arll_l/ﬁb'(G"7 «), which vanishes in Case 2.

2) Let Q, = \,B),, where B, = (A;l/ﬁBn —bl)). We want to prove that the
sequence @, satisfies (A2). This is obvious in Case 2 because @,, = 0. So we suppose
that we are in Case 1. Let us introduce some notation: with j = 1,2 and ¢’ being

the derivative of 8, we put
(72) (o) =E(@(cW1)’),  Ti(o) = E(0'(cW1))

(T} is of course the derivative of I'y).
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Observe that BJ, is the only root of R, (.) = 0, where
1 A
Ri(u) = Ra(A) P (u+0))) = — > (M(u), with ¢F'(u) = 0(A;7x) —u—1]).
" i=1

The (*(u)’s for ¢ > 1 are i.i.d. with the same law (under P,) than the variable

0(on, W1 + Z,, — u) (we have used here the scaling property of W).

The functions v, j(u) = E,((¢*(u)?), for j € N, are C* and bounded as well as
their derivatives, uniformly in » and n, and we can interchange derivation and expec-
tation. So we can apply ({g) to the functions g, j,(w) = [ hg(z)(8P67 JouP)(onx +
w —u) — (0P07 /OuP) (o, — u)) dx, to get for p,j € N:

(73)
oP orpI
s Yrj(w) = Tjplon, u)| < CpiCAL,  where T'; (v,u) = (=1)? W(vx—u)hﬁ(x)dm.

In particular I'j o(0,0) = T';j(o) for j = 1,2 and I'y 1 (0p, 0) = I} (o) with the notation

@).

Now, R, also is C*°, bounded as well as all its derivatives, uniformly in n, v and

w. So an application of Lemma [| and the continuity of the functions I';, readily

yield
op
(74) W) Rp(u) — TI'yp(o,u) locally uniformly in u, in P,-probability,
L(Py,
() mai= Vi (Ra(0) = 7300(0) 2 N(0.To(0) = Ti(0)?))

The properties of 6 imply that u +— I'1 o(o,.) decreases strictly and vanishes at 0;

since by construction R, (B),) = 0, we deduce from ([4) for p = 0 that B, L)

P

Another application of ([4) yields that R/, (B}) —% T(o) for any sequence B, of

random variable going to 0 in P,—probability. Since R,,(B},) = 0 we have

(76) Ro(B1) By, = ~Ra(0) = == = 10 (0)
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for some random variable B], satisfying | B| < |Bj,|. Moreover I' o(0) = 0, due to the
fact that 6 is odd, hence |y,,1(0)| < CCAY by (Fd). Since R, (B) ELN (o) #0,

we deduce that Q,, = A\, B!, satisfies (A2) from (7d) (recall m,, ~ dn here and ([1)).

3) Now we proceed to proving the consistency of the preliminary estimators .S,,.

In Case 2 the variables V}, and S,, are the variables V;,(G") and S,,(G") of (RY) and
(B4) (they do not depend on G™ in fact), so the result follows from Lemma [. In

Case 1, set
Valv) = — qnfn Liagve 60 (v) = Pu (10,7 (0 — )] > 1).
" mn A= {lAn 7 (x¢ —v)[>1} " T !
Then (P2) yields
(77) Vi(vn) — 6n(vn) —2 0.

However, A,;l/ﬁ(fzn — vy ) has the same distribution as o, W1 + Z,, + b, — A;l/ﬁvn,
which by () converges in law to oWj as soon as b], — Afll/ﬁvn — 0. Since B,, and
(Vi(v) : v € R) are independent and B], = A;l/ﬁBn—b'n Pn, 0 because Q,, = An Bl

satisfies (A2) and \,, — oo, we deduce from ([7) that V;, = V,,(B,,) LN (o). Then

the consistency is proved like in the end of Lemma J.

4) At this stage we will apply Theorem [, with the variables (S,,Q,) as above
and the i.i.d. variables (X} |, 111 <@ < p,). Observe that with the notation (0)
and (B7), we have 7,(k) = 7,(Sn,Qn). We have shown (A1) and (A2) in the two

previous steps. Set

S

f (x)—k:<A"1/6x_b;‘_Q/)‘”>
n,8,q - )

Then (1) gives for r = 1,2:

u 1 q u 1 q
Fn,sﬂ(u) = \I’G",Ama,k <g’ g’ _—> ) Fr(z?g,q(u) = \I]G",An,a,kQ (g, g’ _—> .
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Let us check (B1)—(B6). Since k is bounded, (B1) is obvious, whereas (B2) follows
from Lemma fj. Next, if we set Fg(u) = ¥y (u/s,0) and F*) (u) = ¥;2(1,0), Lemma
fi yields for j = 0,1 and n € (0,1) and s,u € [,1/5] and |q| < 1/n:

o7 o
‘wmw*wﬂw

< Ck,r]CAﬁa

1
‘Frg?s),q(u) - Fs(2) (U)‘ < Cky <§Aﬁ + )\_n> ,

1
u%w@»—Hm@NSCW7GAQ+X>.

These give (B3) and (B5), and also (B6) with w,, = A,. Finally (B4) holds because
Fl(s) = ¥1.(1,0)/s = —I(k)/s, and () holds here as well as in the previous section.

We can thus apply Theorem [: the sequence A\, (G, — 0,,) is tight under P, in all
cases, and this gives the two claims (b). Under (69) or (f0) we have \,/v/n — oo,
hence A,\/pn, — o0 as well, so \/p, (6, —0,) converges in law under P, to a centered

Gaussian variable with variance

which in view of F,,(0)? = J(k)/o? equals 02%2(k): since p,, ~ (1 —20)n in Case 1

and p, ~ n in Case 2, we obtain the two claims (a).

6. Example: The empirical characteristic function. We now turn to spe-
cific estimators. To each specification of an admissible function %k (in the sense of
satisfying the assumptions of the above results), corresponds an estimator for o. For
instance, one way of estimating a parameter for i.i.d. variables X is to use the em-
pirical characteristic function, that is > jed exp(iwX;) for some given w (or several
w’s at once) and where J is the index set. If the X;’s are symmetrical, one should
in fact look at the real part only, that is 3, ; cos(wX;). Other estimators based

on the empirical characteristic function in related contexts are given by e.g., [, B

[A], Chapter 4 in [1] and [L0].
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In the parametric situation, at stage n the variable X is X’;‘(G) and J = {m,, +
1,...,n}. Those variables are “almost” symmetrical (the leading term W coming in
them is symmetrical). So we consider for any given w > 0 the variable

RN wx'7(G)
(78) Vo(w) = — izgﬂ cos < 5.(C) > ,
where S,,(G) is the preliminary estimator. In other words, if we take k(z) = cos(wz)

(a bounded function, so k, = k in (B7)), the estimating function of (BY) is

(79) Un (1) = Vi(w) — U, 5. <% ﬁ o) |

Furthermore, this class of functions k is one for which the function Wg A g is
explicit, at least when the exponent in the Lévy—Khintchine formula for Y is explic-
itly known. More precisely, let us write p(u) for the exponent in (§), and recall that
E(expiuY;) = exp tp(u). Then obviously when g(z) = e'** we have

wluf
2

Ve A,8,9(u,v,0) = exp (— + Ap(wv ATV — il (G, a) All/a) _

Taking the real part, and using (R§) and the fact that G € Gp, we see that for

k(x) = cos(wz) we have

(80) Ve agk(u,v,0) = eA2WV) cos(Ba(u,v)),
where
wlul
(81) Aa(u,v) = — 5 + /F(dw) (cos(wvAl_l/ﬁx) - 1) ,
[ F(dz) sin(wvAl=Y8g), it <1

(82) Ba(u,v) =
[ F(dz) (sin(woAl=1Pz) — wvA1_1/5x1{|$|§1}) it g>1.

So we can inject these formulas directly into ([79).
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As for the asymptotic variance in Theorem [, it is even simpler. Indeed, we have

here
(83) U (u,0) = e /2,

Therefore I(k) = —W,(1,0) = 8 w® e=*"/2/2 > 0 and J(k) = 3(Vx(2,0) + 1) —
V(1,02 = 3 (1 + e_(2w)ﬁ/2> — e " and thus

1+ e—(w)?/2 _ 9w’
2 —
(84) Yk)=2 52 2B =P

When § < 2, it turns out that the minimal variance is achieved for some value
w = wg € (0,00), whereas ¥%(k) tends to oo when w goes either to 0 or to co. In
contrast, when 3 = 2 the variance ¥2(k) goes to 1/2 as w — 0: recall once more

that 1/2 is the efficient variance in that case.

For the semiparametric situation, things are even simpler. The estimating function

of (bf) becomes

u
(55) Unulu) = Vatw) = 0 (40}
n
provided in (f§) we sum over i € {g, +m, + 1,...,n}. Moreover u — W (u,0) is

invertible, so the estimator o, (k) takes the simple explicit form

/8

_ 21/ T wiA, P (x — By)
(86) Jn(k) = Sn T —IOg p_n A Z COS < Sn
1=qn+mn+1

if the argument of the logarithm is positive (otherwise, put for example 7, (k) = 1).

7. Example: Power and truncated power functions. Another natural
choice for the function k is a power function, that is k(z) = |z|", for some r > 0
when 3 =2 and r € (0, 3/2) otherwise (when (3 = 2 this is — in principle — optimal
for r = 2). In general, the function ¥ A, 5., is not explicit but can be numerically

approximated via Monte—Carlo procedures for example. We can also compute the
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limiting variance: with the notation m, = E(|W1]") we get I(k) = —rm, and
J(k) = ma, —m?2, hence
moy — mz

(87) Y2 (k) =

r2m2

When 3 = 2 we have a closed expression for m,. (see (Dg) below), and not surprisingly
¥2(k) achieves its minimum, equal to 1/2, at 7 = 2: recall that 1/2 is the “efficient”
variance in that case. When 3 < 2 we have no explicit expression for these moments.
However, ¥2(k) goes to oo when r increases to 3/2, and we conjecture that $2(k) is
monotone increasing in r (this property holds at least when 5 = 1); so one should

take r as small as possible, although r = 0 is of course excluded.

In the semiparametric setting, the previous choice is not admissible, since k has to
be bounded. So we must “truncate” the argument, by using the following function

k=k,y:
(88) k() = |2|" Lfjz1<yy

for some constant 7. The function Wy (u,0) = u"E(|W1]"1{jw,|</u}) is invertible
from a neighborhood I of u = 1 onto some interval I, and we write \I/;H1 (v) for the
inverse function at v € I’. Then if B,, and S,, are the preliminary estimators, and if

1

(89) Va(V) = —=75 > - B 1 n<yar/sy

pnAn i=mpn+1
the estimator 7, (k) is defined by

~ _ Vn('VSn)
) o) = .5 (252
if the argument of \Ifl;l above is in I', and ¢, (ky) = 1 (for example) otherwise. This

(]

is almost as explicit as (8§) is. Since k., is even we again have J(k,) = 0, whereas

Myar = M, here M, , = E(Wi['1
(g — 2y here M = B Loy
,Y7T‘

We can then try to minimize this variance, by appropriately choosing the two con-

(0) 22k, =

stants v > 0 and r > 0.



34 YACINE AIT-SAHALIA AND JEAN JACOD

One could also use k., the rth power truncated at some level v, > 0 depending
on n: our general results do not apply, but similar results, with possibly other rates,
should obviously apply. In fact, in the next section we work out completely this
kind of truncated power functions in a particular case, to check that it is best (for
the rate of convergence at least) to take a constant level v, = ~, as it is implicitly

proposed in the method previously developed.

8. Example: Brownian motion plus Gaussian compound Poisson pro-
cess. In this section, we present a fully worked out example, where W is Brownian
motion and Y is a compound Poisson process with Gaussian jumps, say N(0,7),
and intensity of jumps given by some A > 0. [[l] and [§ studied the estimation of

the parameters of this model, using a variety of methods.

As usual, we are interested in estimating the parameter o given the increments

X% of Xy = oW, +Y; (see (f)). We consider a number of estimating equations for

this model, based on the power or truncated power variations

1 n|r
(92) Vn(c,n):ﬁ Y M Lgwri<r@anys

for r € (0,2]. Here 7(A) is the truncation rate, taken to be of the form 7(A) =

n

cAY/?t% with ¢ a constant and k € (—1/2, c0).

Note that V,, above is exactly V,(y) of (BY) with v = A;1/2T(An) (here Y is
symmetrical, so B, = 0). The associated estimator is then given by

Vo (cSn, k) >

~ H-1
(93) on = Sp An< S

where H ' is the local inverse around 1 of the function Ha (u) = E(juWa "L fuwal<r(A)})-

When ¢ = oo we get the (non truncated) rth power variation. If ¢ < co and K = 0
this corresponds to taking k = k., as given by (BY): we essentially eliminate from
the sum above the increments in which Y jumps. When x > 0 we eliminate more

increments, and fewer when x < 0.
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The expected values of the powers without truncation are given by

0 B(Xal) Z () s ey @as ™,
r 27’/2 L+ rAT/2
(95) E(joWal") = NG F< 5 >0 A

With truncation at rate 7(A), we get
(96)

E (IXal"Lxalsran)
2r/2 147 1+r 7(A)? ,
ZAA 2 . \T/2
= E r -r AA)Y (o°A
= L (P(5) (e )) 0 s v
where I'(a, -) denotes the incomplete Gamma function of order a, and

, or/2 1+7r 1+7r 7(A)? -
o o) 5 () (52 )

When r = 2, we have I' (3/2) = y/7/2 and T (2,2) = e"*/z + /7 ®(v/2z) where ®

denotes the cdf of the N(0,1) law. Similarly simpler expressions are also obtained

in the case where r =1, since I' (1) =1 and I' (1,2) = e *.

As described above, in the semiparametric case where the distribution of Y is
not known to the statistician, we propose to use an approximate centering based on
computing these expectations assuming that X = oW only (i.e., as if there were
no jumps) and we will study the behavior of this estimator when Y is in fact a
compound Poisson process. The effect of the misspecification error is to bias the
resulting estimator of o. But, at the leading order in A, the expected values of the
moments functions computed without jumps coincide with those computed under

the correct specification. Indeed, for X from (fll), we have
E (IXal") = E (loWal") +o(A™/?)

E (| Xallxal<ra)) = B (I0Wallgowa <rayp) +o(A72),
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with the second result following from

I'(a) + z¢ (—é + 1+ O(xQ)) near 0
(98) Ia,xz) =
ez~ (14 21 + O(272)) near + oo.

As a result, the bias of the estimator of o based on approximate centering will

vanish asymptotically in A and we will have a result of the form
VnAR (6, —a,) — N (0,v9)

where

G =0+ bo AL + o(AD)

with b3 > 0. (If by = 0 for some choice of (7, k, ¢) then the parameter ¢ is not identi-
fied by an estimating function based on that combination.) Also, v; = 0 corresponds
to a rate of convergence of the estimator of n'/2, and any value v; > 0 corresponds

to a slower than n'/2 rate of convergence.

We also note that when b; > 0 the rate of convergence and asymptotic variance
of the semiparametric estimator of o are identical at the leading order in A,, to the
expressions one would obtain in the fully parametric, correctly specified, case where
centering of the estimating equation is done with either (94) or (Pd) as appropri-
ate, instead of the approximate centering using (0§) or (P7). Centering using the
latter is of course the only feasible estimator in the semiparametric case where the

distribution of Y is unknown.

In what follows, we use the explicitness of this model to fully characterize the
asymptotic distribution of the semiparametric estimator of o, i.e., (bg, b1, vg,v1) as

functions of (7, k, ¢) and the parameters of the model (o, A\, 7).

8.1. Power wvariations without truncation. In that situation, we have for the

asymptotic variance:
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1
e When 0 < r < 1, we have vy :Oandvozri2 <\/7_rll:((f::r))2 —1>.
=

e When r = 1, we have v1 = 0 and vg :% ((7?—2)02—{—7?)\77).

oty T3t

72 F(l;'r) :

o —"

e When 1 < r <2, we have vy =7 — 1 and vy =

As for the bias, when 0 < r < 2 we have by =1 —1/2 and by = —M? .

Remark 11. The estimator based on power variations converges (not taking the bias
into consideration) at rate n'/2 only when r < 1. When r > 1 the mizture of jumps
and volatility slows down the rate of convergence (v > 0). Whenr = 2, the parameter
o is simply not identified, as is obvious from the fact that E(X3) = (0% + An)A. This
is also apparent here from the fact that by | 0 as r T 2, so the bias no longer vanishes

asymptotically. And the bias even worsens the rate, of course.

Remark 12. When r < 1, the asymptotic variance vy is identical to the expression
obtained without jumps, as was the case when the log-likelihood score was used as an
estimating equation. When r = 1, the rate of convergence remains n'/?, but vy is

larger in the presence of jumps.

8.2. Power variations with AY? truncation. If we truncate the increments ac-
cording to 7(A) = cAY2, then v; = 0 for all values of 7 € (0,2] and
2
2ot (VR (DG4 -1 (b)) - (005 -1 (4 52)) )

Vo = 2

<\/§cl+r exp <—%) — o/ 2pgltr (F (%) -T <1%’ %)))

As for the bias, we have b; = 1 and
oA (T (4) -1 (142, 52) )
(i) -r (5 5m)) 2 (r ) T (. 57))

Remark 13. Truncating at rate AY? restores the convergence rate n'/? for all

by =

values of r, (again, regardless of the bias) and permits identification when r = 2.
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When 0 < r < 1 (where the rate n*/? was already achieved without truncation), not
truncating can lead to either a smaller or larger value of vy than truncating at rate

nl/2, depending upon the values of (62, ¢).

Remark 14. The asymptotic variance vq is identical to its expression when no jumps
are present, as it should be in view of our general results (as said before, this type
of truncation leads to the estimators studied in our general results). In all cases, the

bias is smaller than when no truncation is applied.

8.3. Power variations with slower than A2 truncation. If we now keep too many
increments by truncating according to 7(A) = cAY/2t% with —1/2 < k < 0, then

we have for r € (0,2] :

e When —3/(2 +4r) < k < 0, we have v; = 0 and

vo:f(ﬁw_1>

2\ )

e When k = —3/(2 4 4r), we have v; = 0 and

1/2—r 142r 2—-2r 2 r(i
2 Ao +U—<\/7_r (i;rg_1>
(5%

o= 1/27 (14r)2 2

e When —1/2 < k < —3/(2+ 4r), we have v = —k — 2rk — 3/2 > 0 and

21/27rcl+27’ ﬁ)\0,272r
Vo = .
r2 (14 2r) V2T (447

As for the bias, we have:

e When —1/(2 +2r) < k < 0, we have by = 1 and by = —22

T

o1/2—7/2 147
e TE)

1=

S|

e When x = —1/(2+2r), we have by = 1 and by = (1)::7") (

)

e When —1/2 < k < —1/(2 + 2r), we have by = 3/2+ k +rrx > 0 and by =
21/2—r/2,147 \gl—T

r(1+r)ym0 (7))
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Remark 15. When 0 < r < 1, we are automatically in the situation where k >
—3/(2+4r), and hence keeping more than O(A}L/Q) increments results in the conver-
gence rate n'/? and the same asymptotic variance vo as when keeping all increments
(i.e., not truncating at all). When 1 < r < 2, however, it is possible to restore the
)

12 (compared to not truncating) by keeping more than O(A

convergence rate n
increments, but still “not too many” of them (—3/(2+4r) < k < 0) beyond that; but
even keeping a larger fraction of the increments (—1/2 < k < —3/(2 + 4r)) results

in an improvement over keeping all increments since 3/2 — k — 2rk < r — 1 so that

the rate of convergence of Gy, although slower than n'/2, is nonetheless faster than
nl/zAg*l)/?

Remark 16. The expressions for k < 0 do not converge to those with O(A,ll/z)
truncation as k T 0 because of the essential singularity of the incomplete I' function
near infinity, given in (9§): when T(A) = cAY*E then T'((1 + 7)/2,-) is evalu-
ated at T(A)?/(202A) = 2A%%/(20?) and for fized k < 0, terms proportional to
exp(—c?A?%/(20?)) are negligible in the Taylor series in A of vo and by. This is not

the case when k = 0 howewver.

Remark 17. As for the bias, keeping “too many” but not all increments (—1/2 < k <
—1/(2+2r)) leads to a smaller bias than keeping all increments, since 3/2+ Kk +rk >

1—7/2, but to a larger bias than keeping just the right amount since 3/2+ rk+rk < 1.

8.4. Power variations with faster than AY? truncation. Finally, if we keep too
few increments by truncating according to cAY2t% with x > 0, then v; = & for all

values of € (0,2] and
V2r(1+ r)?od
 2c(1+27)

As for the bias, we have by = 1 and by = o \.

Remark 18. Truncating at a rate faster than A2 deteriorates the convergence rate

of the estimator from n*/? to nl/QAf/Q: while we successfully eliminate the impact of
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jumps on the estimator, we are at the same time reducing the effective sample size

utilized to compute the estimator, which increases its asymptotic variance.

Remark 19. The expressions for vg and by for k > 0 also do not converge to those
with O(A}@/Q) truncation as k | 0 because once again we cannot interchange the order

of the limits A, — 0 and k — 0.

8.5. Comparison with the general case. Let us compare, in the semiparametric
case, the specific results just obtained with the general results obtained in Theorems
f and f. In the present situation we have G € ?{) So these general results assert

that if
(99) nA% — 0,

then the estimators &, converge at a rate /n, and the limit of the normalized

error is Gaussian without bias; when (Pg) fails but A,, — 0 yet, then the sequence

(VR AALY (@, — o) is tight.

The estimators (P3) converge at rate y/n when v; = 0 and nA2" is bounded
(then there is a bias) or nAZt — 0 (there is no bias). Otherwise, the sequence

(VnAE \ A9 (G, — o) is tight. Then:

e Power variation without truncation: we have a rate \/n only when r € (0, 1]
and nA27" is bounded. Otherwise the rate is always worse than in our general

results: this was expected, of course.

e Power variation with A'/? truncation: If nA2 — 0 we have rate \/n with
asymptotically unbiased error. If nA2 — a € (0,00) we have rate \/n with
asymptotically biased error. If nA2 — oo, then A,(5, — o) converges in
probability to the constant by: this is a bit better than what we get by applying

the general results recalled above. This holds irrespectively of r € (0,2] (and
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also for r > 2 here, as a matter of fact), but of course the asymptotic variance

depends on r, and also on c.

e Power variation with slower than A'/? truncation: The rate is /n if —1/(2 +
2r) < k < 0 and nA?2 is bounded, or if —3(2 4+ 4r) < kK < —1/(2 + 2r) and

nA3T25T25 i hounded. This is worse than the previous case.

e Power variation with faster than A2 truncation: The rate is at most /nA¥,

and always worst than in the AY/2 truncation case.

9. Example: Sum of two stable processes. In this last section we consider
the case where Y is also a symmetric stable process, with index o € (0, /). Then

Geg,.

9.1. The empirical characteristic function. First, we can consider estimators
based on the empirical characteristic function, that is we consider k(z) = cos(wz)
for some w > 0. We have the parametric estimate 7, = 7,,(G, ¢, k) of Theorem [J
(here k is bounded, so ¢ is indeed irrelevant). The sequence y/n (G, — o) converges
in law to N(0,02%2(k)), where ¥2(k) is given by (B4). On the other hand we have

the semiparametric estimators 7, (k), which by Theorem [| behaves as such: under
2(8—a)
(100) nA, ©  —0,

V1 (,(k) — o) converges in law to N(0,02%2(k)). And in general the sequence
B—a
7

(Vn \An

)(0,, — o) is tight.

In fact, since we are in Case 2 the preliminary estimator S, = S,(G) is the
same in both cases, and ,, and 7, (k) are the solution of U, (u) = 0 and U,,(u) = 0
respectively, which are closest to .S, and the difference between these two estimating
functions is

~ u 1 U
Up(u) — U (u) = Up(u) == Ve A8k <S—, S—,O) — U, (S—,O>

n n
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(recall (f9) and (BH)). If we use the explicit forms (B0) and (BJ), we get

B-a
ﬁn(u) _ efwﬁuﬁ/QSg <6wO¢An5 /28 _ 1) ,

which is equivalent to 2%’7—(2 A:%a e"B/2 as n — oo and u — o (recall that S, —
o in probability). Since ¥} (1,0) = —Be="/2 £ 0, we deduce that the difference
on(k)—0y, is equivalent (in probability) to —(w®/ 2600‘)A:%a . Therefore, in addition
to the fact that \/n (G,(k) — o) converges in law to N(0,02%2(k)) under ([L04), we
get

B-a
o If nA,” — a®> € (0,00), then /n (G,(k) — o) converges in law to

N(—aw®/2p0%, 02%2(k)),
B-a _B-a
o If nA,” — oo, then A, ° (G,(k) — o) converges in probability to the con-

stant —w®/2[0?.

We conclude that the results of Theorem [ are sharp, for the particular estimation

functions k(x) = cos(wx) at least.

9.2. Truncated power functions. We can do a similar analysis for the estimators
(pd), based on the truncated power variation V,(v) of (Bd) with B, = 0 (because

Y is symmetrical here). That is, we consider the truncated power variations at the
28-a
level A,ll/ A, Namely when nA,, ©° — oo, one can show that, at least when ~ is small
_f=a
enough (but it is probably true for all v > 0), then the sequence A, * (G, — o)

is tight and its limiting distributions include some Dirac masses at non vanishing
constants. So here again the results of Theorem [] are sharp. But of course, as already
said before, this does not completely rule out the existence of estimators constructed

in a different way and behaving better.
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10. Conclusions. We exhibited a class of estimators for the volatility param-
eter o in a model where the driving process W; is perturbed by another process Y;.
These estimators can be designed in such a way that they are immune to the pres-
ence of the perturbation Y; : they are asymptotically efficient, in the strong sense
that they behave asymptotically like the efficient estimators for the model X; = oW,

with no perturbing term Y;.
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