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A NEW PROOF OF JAMES’ SUP THEOREM

MARIANNE MORILLON

ABSTRACT. We provide a new proof of James’ sup theorem for (non
necessarily separable) Banach spaces. One of the ingredients is the fol-
lowing generalization of a theorem of Hagler and Johnson ([E]) s “If
a normed space E does not contain any asymptotically isometric copy
of £1(N), then every bounded sequence of E' has a normalized block se-
quence pointwise converging to 0.
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1. PRELIMINARIES

1.1. Introduction. Given a normed space E, we denote by I'g its closed
unit ball, by E’ the continuous dual of ' (endowed with its dual norm), and
by E” the second continuous dual of E. Say that the normed space E is
onto-reflexive if the canonical mapping jg : F — E” is onto. Say that
is J-reflexive (James-reflexive) if I'g does not contain any sequence (a,)nen
satisfying
iIelfN distance(span{a; : i <n},conv{a; :i>n}) >0
n

Say that E is sup-reflexive if every f € E’ attains its upper bound on
I'g. It is known that, with the Axiom of Choice, for a given Banach space
the following notions are equivalent : onto-reflexivity, weak compactness
of the closed unit ball, J-reflexivity, sup-reflexivity, Eberlein-Smulyan prop-
erty (“Every bounded sequence has a weakly convergent subsequence”) ...
Both implications “J-reflexivity = onto-reflexivity” and “sup-reflexivity =
J-reflexivity” are due to James ; the first implication has a recent short
proof (see [[4]), but classical proofs of the “reflexivity” of sup-reflexive Ba-
nach spaces (James’ sup theorem) are rather intricate (see [{], [Id], [[Ld]).
There exist simpler proofs of this theorem under some restrictions : for ex-
ample, there is a short proof, relying on Simons’ inequality, that separable
sup-reflexive Banach spaces are onto-reflexive (see [[l]). In this paper, we
provide a new proof of James’ sup theorem.

1.2. Presentation of the results. We work in Zermelo-Fraenkel set-theory
without choice ZF, and expressly mention the two (weak) forms of the Ax-
iom of Choice (AC) that are used in our proofs, namely : the axiom of
Hahn-Banach (HB) and the axiom of Dependent Choices (DC) (see Sec-
tion ff).

Given a real vector space E and a sequence (z,)neny of E, a sequence
(bn)nen of E is a block sequence of (xy,), if there exists a sequence (Fj,)pen
of pairwise disjoint finite subsets of N and a sequence (\;);en of real numbers
such that for every n € N, by, = > ;cp Ny jif foreach n € N, Y7, p | Ai] =
1, the block sequence (b,)nen is said to be normalized ; if, in addition, for
every ¢ € UpenFn, A; > 0, say that the block sequence is convex : thus,
every infinite subsequence is a convex block sequence. The sequence (F},),
is called a sequence of supports of the block sequence (b,),. Say that a
topological space is sequentially compact if every sequence of this space has
an infinite subsequence which converges. Say that a subset C' of a topological
vector space F is block compact if every sequence of C has a normalized block
sequence (by, )neny which converges in E' (hence the normalized block sequence
(%)%N converges to 0). Say that C' is convex block compact if every
sequence of C has a convex block sequence which converges in F.

Using Simons’ inequality, we begin by proving in ZF+HB that every
sup-reflexive normed space with a *weak convex block compact dual ball is
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J-reflezive (Corollary Bl of Section R.1) ; in particular, this yields a new
proof (indeed in ZF) of the J-reflexivity of sup-reflexive separable normed
spaces (Corollary BHJ). Then, in Section R.9, using Simons’ inequality and
Rosenthal’s £!-theorem, we prove the following “generalization” :

Theorem 1 (HB). Given a sup-reflexive normed space E, if T'gs is *weak
block compact, then E is J-reflexive.

We then prove (Section B :

Theorem 2 (DC). If a normed space E does not contain any asymptotically
isometric copy of £*(N), then, T'g: is *weak block compact.

Here, say that E contains an asymptotically isometric copy of £*(N) if there
exists a sequence (ay)nen of I'p and some sequence (0, )nen of |0, 1] converg-
ing to 1 satisfying the following inequality for every finite sequence (\;)o<i<n
of R :

DTN <] D0 Na
0<i<n 0<i<n

Theorem P generalizes a result due to Hagler and Johnson ([H], 1977), where
the normed space contains no isomorphic copy of £(N).
We finally prove (Section ) :

Theorem 3 (HB). A sup-reflexive normed space does not contain any
asymptotically isometric copy of £*(N).

This result is a straightforward generalization of a short theorem due to
James (see [§, Theorem 2 p. 209]).
Thus we get the following new proof of James’ sup theorem :

Corollary 1 (HB+DC). Every sup-reflexive normed space is J-reflezive.

Proof. Let E be a sup-reflexive normed space. According to Theorem [J, the
space £ does not contain any asymptotically isometric copy of £*(N) ; so,
with Theorem [, 'z is *weak block compact ; whence, by Theorem [l, E is
J-reflexive. O

1.3. Questions. Given a normed space E, obviously,

I'p *weak sequentially compact =

I'p *weak convex block compact = I'gr *weak block compact

The first implication is not reversible in ZFC since there exists a Banach
space F such that I'pr endowed with the *weak topology is convex block
compact and not sequentially compact (see [[]]) : notice that the construction
of the space built there depends on a well-order on R.

Question 1. Does there exist in ZF a Banach space E such that I'g is
*weak convex block compact and not *weak sequentially compact ?
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Question 2. Does there exist (in ZF or ZFC) a Banach space E such that
I'gr is *weak block compact and not *weak convex block compact ?

Question 3. According to a theorem of Valdivia (see [I§]) for locally con-
vex spaces, who refers to Bourgain and Diestel (see [B]) for Banach spaces,
themselves referring to Bourgain-Fremlin-Talagrand (see [f{]), DC implies
that “the dual ball of a normed space not containing any isomorphic copy
of £*(N) is *weak convexr block compact”. Does this result persist (in ZF
or ZFC) for normed spaces which do not contain asymptotically isometric
copies of ¢1(N) ?

2. SPACES WITH A *WEAK BLOCK COMPACT DUAL BALL
2.1. Spaces with a *weak convex block compact dual ball.

Theorem (Simons’ inequality [[7]). Let S be a set and (z,)nen be a
bounded sequence of £>°(S). Denote by A the set of sequences (Ap)nen €
[0, 1N satisfying Y, cyAn = 1. Assume that for every (An)nen € A, the
infinite convex combination ), - Ay attains its upper bound on S. Then,

inf{sup Z Ay o (Ap)nen € A} < suplimsupz,
S neN S neN

Notice that the proof given in [[I7] (see also [LJ]) is choiceless : use convex
combinations with finite supports and rational coefficients.

Given a normed space E, and some real number ¢ > 0, say that a sequence
(an)nen of E is a ¥-sequence if inf,end(span{a; : i < n},conv{a; : i >
n}) > 9. Given a ¥-sequence (a,)nen of I'g, and denoting by V' the vector
space span({a, : n € N}), there is a sequence (f,)nen of T'ys satisfying
fnla;)) =0if i < nand f,(a;) > ¥ if n <i: in this case, say that (a,, fn)neN
is a ¥-triangular sequence of E. Using HB (or rather its “multiple form”, see
Section [), there exists a sequence ( fn)neN of ' such that each fn extends
fn ¢ in this case, say that (an, fn)nen is an extended triangular sequence of
E. Thus, a normed space F is J-reflexive if and only if it has no J-triangular
sequence for any 9 > 0.

Lemma 1. Given a sup-reflexive space E, some 9 > 0, and some extended
I-triangular sequence (ay, fn)nen of E, no convex block sequence of (fn)nen
pointwise converges.

Proof. Seeking a contradiction, assume that some convex block sequence
(bn)nen pointwise converges to some f. Without loss of generality, we may
assume that the sequence of supports (F),)n,en satisfies Fy < F} < -+ <
F, < .... Observe that for every n € N, f(a,) = 0. Then denoting

by h, the mapping b”; ! , and by d, the last element of F},, the sequence

(ad, , P )nen is g—triangular. Using Simons’ inequality and the assumption
of sup-reflexivity of F, there exists some finite convex combination g :=
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> ner Anhn of (hp)nen such that supp_ g < g ; but for any integer N >
max F, glan) = Y icp Aihilan) > g : contradiction ! O

Corollary 2. Let E be a sup-reflexive normed space.
(1) If T is *weak convex block compact, then E has no extended trian-

gular sequence, in which case, with HB, E is J-reflexive.
(2) If E is separable, then E is J-reflexive.

Proof. Point . reformulates Lemma f. For Point || : if E is separable,
its dual ball, which is homeomorphic with a closed subset of [—1,1], is
*weak sequentially compact ; so with Point [, F has no extended triangular
sequence. Besides the “multiple” version of HB is provable in ZF for sepa-
rable normed spaces, hence E has no triangular sequences either, whence it
is J-reflexive. O

Remark 1. Using Valdivia’s theorem (see Question fJ), it follows from DC
that Sup-reflexive spaces not containing isomorphic copies of £*(N) do not
have extended triangular sequences.

2.2. Spaces with *weak block compact dual ball. Say that a bounded
sequence (f)nen of a normed space E is equivalent to the canonical basis
of £*(N) if there exists some real number M > 0 satisfying M Y, .y |An| <
> nen Anfal| for every (An)n € 4(N) : if in addition, Vn € N || f,|| < 1, say
that (fn)nen is M-equivalent to the canonical basis of /1(N).

Theorem (Rosenthal’s ¢!-theorem). Given a set X and a bounded se-
quence (fn)nen of £°(X), there exists a subsequence of ( fn)nen which point-
wise converges, or there exists a subsequence which is equivalent to the
canonical basis of £*(N).

Rosenthal’s Theorem is a choiceless consequence (see Kechris, [[L1], p.135-
136]) of the following choiceless result (see for example Avigad, []], 1996) :

Theorem (Cohen, Ehrenfeucht, Galvin (1967)). Every open subset of
IN]N (the set of infinite subsets of N endowed with the product topology) is
Ramsey.

Proof of Theorem [ Seeking a contradiction, assume that some sup-reflexive
normed space F is not J-reflexive, though I' g is *weak block compact. Non
J-reflexivity of F yields some 9J-triangular sequence (ay, fy)nen with ¢ > 0.
Using HB, extend each f,, to some fn € I'g/. Then, with Lemma [l no
infinite subsequence of ( fn)neN pointwise converges, so, using Rosenthal’s
¢*-theorem, there exists some infinite subsequence ( fn)ne 4 and some M > 0
such that the bounded sequence ( fn)ne A is M-equivalent to the canonical
basis of ¢*(N). Now, by *weak block compactness of T'g/, (fn)nea has a
normalized block sequence (b,,)nen *weakly converging to 0. Using Simons’
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inequality, there exists some finite convex combination g := >, p Aib; of
(bn)nen such that ||g|| = supp, g < % ; but, since the block sequence (by,)nen
is normalized, it is also M-equivalent to the canonical basis of /!(N), hence
lgll > M > ;cp|Xi| = M : the contradiction ! O

3. EXTENSION OF A THEOREM BY HAGLER AND JOHNSON

Notation 1 ([H]). If (b,)nen is a normalized block sequence of a sequence
(zn)nen of a real vector space, we write (by)n < (T )n-

Given a set X, for every bounded sequence (fy)nen of £°(X), and every
subset K of X, let

Ok (fru)n = Sl}l{p lim sup f,,
ex (fr)n == f{0x (hn)n o (hp)n < (f)n}

Remark 2. If for every n € N, f,[K] = fp[—K], then 0k (fn)n = 0 if and
only if (fy, ), pointwise converges to 0 on K. Observe that if for some ng € N,
(hn)n>ne 1s a normalized block sequence of (fy)n, then dx (hy) < 0x(f,) and
EK(fn)n < 5K(hn)-

Given a metric space (X, d), for every x € X and every real number r > 0
we denote by B(z,r) the open ball {y € X : d(z,y) <r}.

Lemma 2 (quantifier permuting). Let (K,d) be a precompact metric
space, X € R% , and (f,)nen be a sequence of A-Lipschitz real mappings on
K. If Sk (fu)n < 1 then, for every e € RY, there exists N € N satisfying
Vn > N supi fn < 1+¢.

Proof. Let n €]0,e[. Given some x € K, there exists some finite subset
F, of N satisfying Vn € N\F, f,(x) < 1+ n ; thus, denoting by p the
positive number =71, for every n € N\F,, for every y € B(z,p), fu(y) <
1+ e. Now the precompact set K is contained in a finite union of the
form | J; ;< n B(zk, p). Let F be the finite set J; <<, F,- Then, for every
y € K, given k € {1..n} such that d(zy,y) < p, for every i € N\F, f;(y) <
filepg) +Ap<1+n+(e—n)=1+e¢. O

Lemma 3 ([f, proof of Theorem 1]). Given a set X and a bounded sequence
(frn)nen of £2°(X), there exists a normalized block sequence (by)nen of (fn)n
such that ex (byn)n = Ox (bn)n-

Proof. Diagonalization. Choose some normalized block sequence (h2),en
of (fa)n such that 6x(hS), < ex(fu)n + 55, and then, for every i € N,
inductively choose some normalized block sequence (hit!),cy of (h%), such
that dx (h&™), < ex(hi)n + 537. For every n € N, let b, := h : then
(bn)n < (fn)n ; moreover, given a normalized block sequence (ky)nen of
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(bn)n, for every i € N, 6x (bn)n < 6x (B )n < ex (hi)n + 57 < 0x (kn)n +
# whence dx (bp)n < ex(bn)n- O

Lemma [ is valid in ZF : no choice is needed here since block can be built
with rational coefficients.

Notation 2. For every integer n € N, we denote by S,, the set {0,1}"
of finite sequences of {0,1} with length n ; let S be the set of all finite
sequences of {0,1}. Given an infinite subset A of N, we denote by i + iz
the increasing mapping from N onto A.

Say that a family (As)ses of infinite subsets of N is a tree (of subsets of
N) if for every 0 € S, A, —~o and A, 1 are disjoint subsets of A,.

Proof of Theorem [J. We essentially follow the proof of Hagler and Johnson,
extending it with the help of Lemma . Assuming that E is a normed
space, and that (g,)nen is a bounded sequence of E’ without any nor-
malized block sequence pointwise converging to 0, we are to show that
E contains an asymptotically isometric copy of £}(N). Using Lemma [,
the sequence (gn)nen has a normalized block sequence (f,)nen satisfying
ery (fn)n = O0ry(fn)n > 0. Dividing each f, by ery(fn)n, we may assume
that er, (fn)n = ory(fn)n = 1. Let (un)nen be a sequence of 0,1/3[ de-
creasing to 0 ; for every n € N, let ¢, := g% and let §,, := 1 — &, ; thus
(en)nen also decreases to 0. Using DC, we will build a tree (Ay)scs rooted
at Az = N, and a sequence (wy)p>1 of I'p satisfying for every n > 1,
o= (a1,...,a,) €S,, and i € A,

[ span{wi, ..., w <1l+e¢, and
|| fil span{w; | n {fi(wn)§_1+3un if g, =0

Then, with
P,:={feFE: f(wy)>1—-3u, and ||f] span{wy,...,ws}l] <1+¢e,}
Qn:=1{f € E: f(wn) < —1+3u, and ||f] span{wy,...,ws}l| <1+¢e,}
it will follow that (P, Qn)n>1 is independent (for every disjoint finite subsets
F,G of N\{0}, N,crPrn N Npeq @n is non-empty), whence the sequence

(wn)n>1 of T'g is asymptotically isometric to the canonical basis of ¢(N) :
indeed, given real numbers A1,..., \,, letting f € ﬂ{mpo} P, ﬁﬂ{i:)\KO} Q;,

[fT spanfws, ... wa | Z Aiwi|| > f( Z Aiw; )

1<i<n 1<i<n

>3 N -3u)+ Y N(-143w) > ST (1 - Buy)

{i:Ai>0} {i:Ai<0} 1<i<n
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1 1—3u;
whence |y cic, At 2 1 Sicin NI = 30) = Ly, N5,
11;35“;)@'61\] of ]0, 1] converging to 1.

Building w41 and (Ag)oes, .. from (Ag)oes, and (wi)i<i<n. Given, for
every o € Sy, two infinite disjoint subsets L, and R, of A, consider the

with the sequence (

normalized block sequence (h!')jen with A == 52> s %. Since
drp(h')i > 1, there is some wy11 € 'y satisfying lim sup; h'(wn+1) > dnp1
and in particular, the set J := {i € N : h’(wp41) > dp41} is infinite. Since
the closed unit ball K of the finite dimensional space span{wi,...,wn41}
is compact and 0k (f;)i < or,(fi)i < 1, Lemma P implies the existence of
some Ny € N satisfying Vi > Ny || fi] span{wi,...,wny1}|| <1+ ept1. Let
J' :={ieJ: i> Ny}. Now, given any o € S,, for every i € J’, notice
that, below, ip_,ir. > ¢ > Np :

fin, (Wn+1) = fir, (Wnt1) fin, (Wnt1) = fip (Wnt1)

. = 2B (wng1) = Y 5
TESH, T#0

> 25,1 — (2" = 1)(1 +£011)
= 21— gpi1) — (2"~ D)(1+ £0p1)

=1— (2" —Depp1 >1-2"e 1 =1 —uppg

whence
(1 —upt1) + fiLg (Wn+1)
(I —tn41) = (1 + €nt1)

1
=1- un+1(2 + W) > 1-— 3un+1

likewise, fi; (wnt1) < =1+ 3upyq ; then, let Ay—o := {ig, 1 i € J'}, and
Agq = {in, 1ie J'}. O

4. NO ASYMPTOTICALLY ISOMETRIC COPY OF ¢}(N) IN SUP-REFLEXIVE
SPACES

Notice that any asymptotically isometric copy (an)nen of 1(N) in a
normed space E is linearly independent (indeed, it is a Schauder sequence
of E).

Proof of Theorem [J. Assume the existence of some sequence (ay,)nen of I'g,
asymptotically isometric with the canonical basis of ¢!(N), witnessed by a
sequence of coefficients (d;);en of ]0,1] converging to 1. Let V := span{ay, :
n € N}. For every n € N, consider the linear mapping g, : V" — R such
that gn(a;) = —6; if i < n and g,(a;) = 0; if n < i ; then, for every
(A)ien € R ()\; = 0 for all but finitely many i’s), 90 (32520 Ajag)| =

|5 e =005+ s Midi] < X520 16 < || 5520 Ay
tinuous and ||g,|| < 1 ; besides for every integer i > n, g, (a;) = 0;, whence

whence g, is con-
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lim; oo gn(a;)) = 15 so |lgn|l = 1. Using HB, for each n € N, extend
gn to some g, € Sg. Let W be the vector subspace of elements x € F
such that (gn(x))n ¢y converges. Then the linear mapping g := limy, g, is
continuous with norm < 1 on W ; extend it to some element g € I'pr.
Now consider some sequence (a;);en of |0,1[ such that » ,ya; = 1 and
let b := > cyargr — §. Clearly, [|h]| < 2. Besides, for every n € N,
h(an) =D k<p WOn = Y pop OkOn + 0 = 26, > o), g, thus limy, h(a,) = 2.
So ||| = 2. By sup-reflexivity of E, let u € T'g such that h(u) = 2. Ob-

serve that g(u) = —1, and for every k € N, gp(u) = 1 (notice that for
each k, ap # 0) ; now u € W and g(u) = limg gx(u) = 1, contradicting
g(u)=—-11 O

5. COMMENTS IN SET-THEORY WITHOUT CHOICE ZF
Recall the Axiom of Choice :

(AC). Given a family (A;)icr of non-empty sets, there exists a mapping
f I — UierA; satisfying f(i) € A; for every i € 1.

and the two following weak forms of the Axiom of Choice :

(DC). (Dependent Choices) Given a non-empty set E and a binary
relation R C E x E satisfying Vx € E Jy € E xRy, there exists a sequence
(Tn)nen of E satisfying Vn € Nap R, 1.

(HB). (Hahn-Banach) Given a real vector space E, a sublinear mapping

p: E — R, a vector subspace F' of E and a linear mapping f : F — R
satisfying f < p| F, there exists a linear mapping f : E — R extending f
and satisfying f < p.

It is known (see [[i]) that ZF+DC does not prove HB, that ZF+HB
does not prove DC, and that ZF+HB+DC does not prove AC. The
axiom HB is known to be equivalent to its multiple form (see [d]) : Given a
family (E;);cr of real vector spaces, a family (p;)icr of sublinear mappings
pi + By — R, a family (F;)ier of vector subspaces F; C E; and a family
(fi)ier of linear mappings f; : F; — R satisfying f; < p;| F; for every i € I,
there exists a family (fz‘)z’el of linear mappings f; : E; — R extending f; and
satisfying f; < p; for everyi e I.

Question 4. All notions of reflexivity we reviewed till now (J-reflexivity,
onto-reflexivity, convex-reflexivity, compact-reflexivity, Smulian-reflexivity,
sup-reflexivity, ...-see [[]-) are equivalent in ZF+DC+HB. Is there some
“classical” notion of reflexivity which is not equivalent to “sup-reflexivity”
in ZF+DC+HB ?

Question 5. In ZF (see Corollary P of Section P.1]), separable sup-reflexive
Banach spaces are J-reflexive. More generally, all notions of reflexivity for
separable Banach spaces we reviewed till now are equivalent in ZF either to
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onto-reflexivity or to J-reflexivity, the former being weaker than the latter,
and these two notions being not equivalent since there exists a model of
ZF+DC (see [[§]) where the continuous dual of /*°(N) is £}(N) : in such a
model, the (non J-reflexive, separable) Banach space ¢!(N) is onto-reflexive.
Is there some “classical” notion of reflexivity which, for separable Banach
spaces, is equivalent in ZF, neither to J-reflexivity nor to onto-reflexivity 7

(1]
2]
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