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Generalized Integral Operators and Applications

S.Bernard * J.-F.Colombeau I A.Delcroix *

Abstract

We extend the theory of distributional kernel operators to a framework of generalized
functions, in which they are replaced by integral kernel operators. Moreover, in contrast to
the distributional case, we show that these generalized integral operators can be composed
unrestrictedly. This leads to the definition of the exponential, and more generally entire
functions, of a subclass of such operators.

Keywords: Integral operators, generalized functions, integral transforms, kernel.
AMS subject classification: 45P05, 47G10, 46F30, 46F05, 46F12.

1 Introduction

The theory of nonlinear generalized functions [B, f, i, B, B, [2, [[d], which appears as a natural
extension of the theory of distributions, seems to be a suitable framework to overcome the
limitations of the classical theory of unbounded operators.

Following a first approach done by D. Scarpalezos in [[[§], we introduce a natural concept of
generalized integral kernel operators in this setting. In addition, we show that these operators
are characterized by their kernel. Our approach has some relationship with the one of [id, [L1]]
but is less restrictive and uses other technics of proofs. Let us quote that classical operators
with smooth or distributional kernel are represented by generalized integral kernel operators
in the spaces of generalized functions, through the sheaf embeddings of C*° or D’ into G, the
sheaf of spaces of generalized functions. This shows that our theory is a natural extension of
the classical one.

Contrary to the classical case [[J], we show that such operators can be composed unre-
strictedly. This is done for generalized operators with kernel properly supported belonging
to the classical space of generalized functions G and for operators with kernel in a less usual
space Grz2, constructed from the algebra D2 = H*°. This allows to consider their iterate com-
position and the question of summation of series of such operators naturally arises. In view
of applications to theoretical physics, this question has been solved for the exponential, with
additional assumptions on the growth of the kernel with respect to the scaling parameter. Two
cases have been considered: The case of operators with compactly supported kernel for which
the results have been announced and partially proved in [f]; The case of operators with kernels
in the above mentioned space Gr2 for which we give an application to symmetrical operators.
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2 The mathematical framework

In order to render the paper almost self contained, we recall some elements of the theory of
generalized numbers and functions without any proofs. We refer the reader to [E, B, H, B, 8, L2,
[(4, (5, [[d] for more details (except for subsection P.4).

2.1 The sheaf of algebras of generalized functions

Let E be a sheaf of topological K-algebras on a topological space X (K =R or C). As in [[[4],
we assume that E satisfies the two following properties:

(i) For each open subset  of X, the algebra F(2) is endowed with a family of semi-norms
P(Q) = (pi)icr(n), which gives to E(€2) a structure of topological vector space and satisfies

Vi€ 1(Q), 3(j,k,C) € I(Q)* xRy /Vf,g€ EQ), pi(f9) < Cpi(Hipe(g); (1)
(ii) For two open subsets ©; and Q9 of X such that Q; C Qq, one has

VielI(n), 3j € () / Vu € E(Q2) , pi(u| o) <pju);

(i) Let F = (Qx)xea be any family of open subsets of X with Q = Uyca2). Then, for
each p; € P(2), i € I(Q), there exists a finite subfamily of F: Q1,Q,...,Qy;) and
corresponding semi-norms p; € P(€21), p2 € P(Q2),..., pss) € P(s(3)), such that, for any
u € E(Q),

pi(u) < max (pi(u|q,)).

T 1<i<s(i)
Set
7ﬂEjWQ%:“%keEﬂnm”/WeI&LHneN:1M%):O@w)%eao}
ﬂEJWQ%:“%%GEMD@”/WGIm%VneN:1M%):O@ﬂaM%»®.

As proved in [[[4], the functor H(E,P) : Q —H(E,P)(Q) is a sheaf of subalgebras of the sheaf
EQ©U the functor Z(E,P) : Q —I(E,P)(Q) is a sheaf of ideals of H(E,P) and the constant
factor sheaf H(K,| - |)/Z(K,|-|) is exactly the factor ring K = A/I 4, with

A={(r): e KO /I neN : |r]=0("") as e — 0}
Iy ={(r). e KO /¥VneN : |r.]=0(") as e — 0}.

The sheaf of factor algebras A(E,P) = H(E,P)/Z(E,P), is called a sheaf of nonlinear general-
ized functions.

Remark 1 If E is a sheaf of differential algebras then the same holds for A(E,P).
In the following paragraphs, we will use this definition in the following particular cases.

Example 2 We define C (resp. R) to be the factor ring A/Is of generalized complex (resp.
real) numbers.



Example 3 Take the sheaf E = C® on X = R (d € N), endowed with its usual topology.
This topology can be described, for Q an open subset of R?, by the family P(Q) = {rk1; K €
Q, 1 € N}, where the notation K € Q means that K is a compact subset included in Q and

olel

pri(f) = sup [9°f(x)], for all f e C®(Q) (with §* = s )-

zeK,|al<I

A(C*,P) (Q) is the algebra of simplified generalized functions, introduced by the second author

[V ERTETR

Notation 4 We set Ep(2) = H(C™,P)(R2), Z(2) = Z(C>®,P)(Q) and G(2) = A(C>®,P)(Q).
We shall also write Pk instead of Pk o for every compact subset K of €.

Since G is a sheaf, the support of a section u € G(2) is well defined. Let us recall that, for
Q' an open subset of Q and u € G(€2), the restriction of u to ' is the class in G(Q') of (ucjor )8
where (u.),. is any representative of u. We say that u is null on €’ if its restriction to €’ is null
in G(€'). The support of a generalized function u € G(Q) is the complement in 2 of the largest
open subset of 2 where w is null.

Notation 5 For Q an open subset of R, we will denote by Go(Q) the set of generalized func-
tions of G(Q2) with compact support.

Remark 6 Every f € Go () has a representative (f:). € En (2), such that each f. is sup-
ported in the same compact set. We say that such a representative has a global compact
support.

The two following examples will be used in section [f| for the definition of the exponen-
tial of some generalized integral operator. In them, we apply the Colombeau construction to
presheaves of algebras in example [ (resp. vector spaces in example f]). In these cases, prop-
erty (iil) may not be satisfied but the general construction is still valid, giving presheaves of
generalized algebras (resp. of vector spaces).

Example 7 For  an open subset of R%, we consider E(2) = H™(Q) with its usual topology,
defined by the family P(2) ={|| - |I.,; m > 0}, with

m

£l = I fllmiey = Y 10°Fllre), for all f € H™(Q).

|laj<m

Notation 8 We set £;2(Q) = H(H®P)(Q), T;2(Q) = Z(H®,P)P)Q) and G2(Q) =
A(H>®,P)(Q).

When E (£2) is only a topological vector space on K (that is ([]) is not necessarly satisfied),
G(Q) is defined analogously and is still a module on K.

Example 9 For Q an open subset of R, we consider E'()) = L(Q)NC>®(Q) (i = 1 and
i = 2) with the topology given by the norm || - [li = |Il| 1 (q) -

Notation 10 We set £,:(2) = H(L' N C>, £l ) (), Z2(2) = I(L'nC™, 1 fllLi)) and
G () = £ () /L:(Q).



2.2 Embeddings of spaces of distributions into spaces of generalized func-
tions

Let © be an open subset of R? (d € N). The embedding of C*(2) into G(R) is given by the
canonical map

o : C®Q)—G() f Clfe)e, with fo = f for all e € (0,1],

which is an injective homomorphism of algebras.

An embedding ig of D'(R2) into G(Q2) such that ig |ce(@)= o can be constructed by the
two following methods. For the first one [[2], one starts from a net (p.). defined by p. (-) =
e~ (-/¢), where p € S(R?) satisfies

[p(x)dz =1; ¥Yme NI\ {0} [z™p(z)dz = 0.
An embedding iy of £&'(R?) in G(R?) is defined by
i 1 E'(Q) = G(Q) T CI(T *pe)jo)e-

From this, for every open subset Q C R%, an open covering (€)), of Q with relatively compact
open subsets is considered, and D’(2)) is embedded into G(Q2,) with the help of cutoff functions
and ig. Using a partition of unity subordinate to (€2)), the embedding ig of D’'(2) into G(Q) is
constructed by gluing the bits obtained before together. Finally, it is shown that the embedding
ig does not depend on the choice of (2)) and other material of the construction, excepted the
net (pe)-. The second method [L] starts from the same (p.). which is slightly modified by ad
hoc cutoff functions. Consider x € D(R) even such that

0<x<1, x=1onB(0,1), x=0onR%\ B(0,2)

and set
vz eRY, Ve e (0,1], O(z) = pe(z) x(|Inelx).

One shows that
(fOc(z)dz—1)_ € Z(R); Vme N\ {0}, ([2™O.(z) dz)_e Z(R). (2)
Set I'. = {z € Q / d(z,R¥\ Q) > ¢, d(z,0) <1/e} and consider (y:): € D(RH O such that
Vee (0,1], 0<7.<1, 7.=1onTl..

Then the map
D'(Q) = G(Q) T+ ClrT*0O;).

=

is equal to ig []. (This last proof uses mainly (B); The additional cutoff (v.)., which is such
that 7.7 +— T in D'(2) as € — 0, is needed to obtain a well defined net (7.7 * ©;)..)

2.3 Integration of generalized functions

We shall use integration of generalized functions on compact sets or integration of generalized
functions having compact support.

Let K be a given compact subset of {2 and u an element of G(2). The integral of u on K,
denoted by fK u(x) dz, is the class, in C of the integral on K of any representative of u. (This
class does not depend on the choice of the representative of u.)

The integral of a generalized function having a compact support is an immediate extension
of the previous case. Indeed, if u € G(§2) has a compact support K, let K1 C Kz be two



compact subsets of €2 such that K is contained in the interior of Ki. Then, it can be shown
that
/ , u(r)dz =01in C.
K\K1
Therefore, le u(x)de = sz u(z) dz and this value is denoted by [, u(x)dz. (€ is omitted in
the sequel if no confusion may arise.)

We shall also consider integration on the space G;1(£2). The integral of u € G;1(€2), denoted
by [ou(z)dz, is the class, in C of the integral on 2 of any representative of u. (This class does
not depend on the choice of the representative of w.)

It follows immediately from the definitions that the integral of a generalized function on a
set of measure zero is equal to zero, the integral of a null generalized function is equal to zero
and that the classical formulas of integration by parts, change of variables, change in order of
integration (Fubini’s theorem), ... are valid for the integration of generalized functions.

2.4 Generalized parameter integrals

Let X (resp. Y) be an open subset of R™ (resp. R™). We denote by G,s(X x Y) the set of
generalized functions g of G(X X Y') properly supported in the following sense:

V O relatively compact open subset of X, 3Ks €Y / supp gN (01 XxY) C O1 x K3. (3)
Clearly, Gps(X x Y) is a subalgebra of G(X x Y).

Lemma 11 Let g be in G,s(X xY). For V relatively compact open subset of X, there exists
W relatively compact open subset of Y such that supp g0 (V xY) CV x W.

For all € € (0,1] and x € V, we set G.(x) = [;, ge(x,y) dy, where (gc)e is a representative of
g. The net (Ge)e belongs to Ep(V) and its class, denoted by G, is an element of G(V') which
does not depend on the choice of the representative of g and of W.

Proof. First, the existence of W is due to the hypothesis (). Then, for all € € (0,1], G.
is well defined and of class C* by the usual regularity theorems. (Note that G. is the integral
of a C*-function on a relatively compact open subset.)

We first show that (G¢): belongs to Ep(V). Let K be a compact subset of V' and a be in
N". For z € K1, one has

009G (z)| < '/ 9%ge(z,y) dy‘ <Vol(W) sup [0%(z,y)|
w zeK1,yeWw

< Vol(W)Ce™ 4, for e small enough,

for some C' > 0 and ¢ € N, where Vol(W) denotes the volume of W.

Let us verify that G does not depend on the choice of the representative of g and on the one
of W. According to M. Grosser et al. ([[2], theorem 1.2.3), it is enough to consider estimates
of order zero, what we will do in the following. Let (gl). and (g2)- be two representatives of g.
As previously, we can define (Gl). and (G?). in £3/(V). We have to show that (G — G?). is
in Z(V). Let Ky be a compact subset of V. For z € K7, one has

|GL(z) — GZ(x)| = '/ (92 — g2)(z,y)dy| < Vol(W) sup [(g2 — g2)(z,)|-
w zeK1,yeW

As (g2 — g?)- belongs to Z(X x Y), we get from the previous estimate that P, (Gg — Gg) =
O (e") ase — 0 for all n € N.



Consider W7 and Wj relatively compact open subsets of Y such that, supp gN(V xY) C
V x W; for i = 1,2 with, for example W; C Ws. For all € € (0,1], x € V and i = 1,2, we set
Gi(z) = fWi ge(w,y) dy where (g.). is a representative of g. Then (G!). and (G?). belong to
Enm(V). Let Ky be a compact subset of V. For z € K7, one has

< Vol(Wy \ Wy) sup |ge (z,y)]-
z€K1,yeWa\W1

et =| [, atere

As supp gN (V xY) C V x W, the restriction of g to V' x (W5 \ W7) is null. Therefore, the
previous estimate shows that Pg, (G —G2) = O (¢") as ¢ — 0 for all n € N.

Lemma 12 Let g be in G,s(X xY), (Vi)icr be a family of relatively compact open subsets of
X such that UierV; = X and define G; € G(V;) as in lemma [L1. Then, there exists G € G(X)
such that the restriction of G to V; is equal to Gy, for all i € I. Moreover, G only depends on
g, but not on (V;)icr.

Proof. For i # j such that V;NV; # @, we remark that V;UVj is a relatively compact open
subset of X. There exists W a relatively compact open subset of Y such that supp gN((V; U V;)x
Y) C (V;UV;) x W. According to lemma [LT], we can define ® = C1(®.),. € G(V; UVj), with

Ve e V;UuV;, <I>5(x):/ 9= (,y) dy.
w

Then, (‘1>€WZ. )8 (resp. <‘1)5\Vj > ) is a representative of G; (resp. G) since those representatives
1>

depend neither on the representative of g nor on the choice of appropriate W. Then Gi\vmvj =
Gjvinv; - Thus, (Gi);c; is a coherent family, which implies the existence of G since G(X) is a
sheaf. The proof of the independence of G with respect to (V;);cs follows the same lines.

Lemmas [ and [ give immediately the following:

Proposition 13 For g in Gps(X x Y), there exists G € G(X) such that, for all relatively
compact open subset O1 of X,

Glo, = CI ((w - /K g:(,9) dy) 0, )

where (ge) is a representative of g and Ky € Y is such that suppg N (01 X Y) C O1 x Ko.

Notation 14 By a slight abuse of notation, we shall set G = [y, g(-,y)dy or G (1) = [y 9(-1,y) dy.
We shall omit the set on which the integration is performed when no confusion may arise.

Example 15 Proposition [[3 can be used to define the Fourier’s transform of a compactly
supported generalized function. Indeed, if u is in Go(Y') then the generalized function {(x,y) —
e~ u(y)} is in Gps(X x Y), then a(x) = [ e u(y) dy is well defined.

3 Generalized integral operators

In this section, we introduce the notion of generalized integral operator and study their basic
properties. The reader can find another approach in [I(], [1]]. Let X (resp. Y) be an open
subset of R™ (resp. R™).



Definition 16 Let H be in Gps(X x Y). We call generalized integral operator the map

H: ¢(y) — g( )
f = [H(,y)f(y)dy,

with the meaning introduced in proposition [[J and notation [[]. We say that H is the kernel of
the generalized integral operator H.

This map is well defined due to proposition [ since the application H(-1,-2)f(-2) is clearly
is in Gps(X x Y).

Remark 17 IfH € G(X xY') has a compact support then H satisfies ®) and H is well defined.
Furthermore, the definition ofH does not need to refer to proposition |14 in this case. Indeed,
if H is in Go(X x Y) with suppH C K1 x Ky (Ki € X, Ky €Y ) and f in G(Y), we have

i =ci(om [ Hniw dy>€

K>

where (H.). (resp. (fe).) is any representative of H (resp. f). Furthermore, as supp H C
K1 x K, we have H(-1,2)f(-2)|x\k1)xy = 0, hence H(f)x\x, = 0 and supp H(f) C K;.
(The proof uses arguments similar to the one of lemma [11.) Finally, the image of H is included
in Go(X) and, more precisely, in {g € Go(X) / supp g C K1}.

Remark 18 If H is in G(X x Y) without any other hypothesis, we can define a map H :
Go(Y) — G(X) in the same way. Indeed, for all f in Go(Y) with supp f = Ko and for all
01 relatively compact open subset of X, supp H(1,-2)f(-2) N ( O1 xY) C O x Ko, that is
H(1,-2)f(-2) is in Gps(X X Y). In this case, the generalized integral operator can be defined
globally since f has a representative with global compact support.

This remark leads us to make the link between the classical theory of integral operators
acting on D(Y') and the generalized one. This is detailed in section [.

Remark 19 In all previous cases, H is a linear map of C-modules. This holds also for the
map ~ 1 Gps(X X Y) =L(G(Y),G(X)), which associates H to H. Moreover, H is continuous
for the sharp topologies [[[§]. Conversely, the third author showed in [i] that any continuous
linear map from Go(Y) to G(X), satisfying appropriate growth hypotheses with respect to the
reqularizing parameter €, can be written as a generalized integral operator, giving a Schwartz
kernel type theorem in the framework of integral generalized operators.

Example 20 The identity map of subspaces of compactly generalized functions with limited
growth [{] admits as kernel
¢ =Cl((z,y) — Oc(z —y)).,

where (0. ). is defined in paragraph [.3.

Theorem 21 (Characterization of generalized integral operators by their kernel) One has H=
0 if and only if H = 0.

A first proof, due to the second author, is based on embeddings of Sobolev’s spaces in spaces
of smooth functions. The proof given below is due to V. Valmorin (personal communication)
and uses the following:



Lemma 22 Let Q be an open subset of R and K be a compact of Q, of diameter D. If ®
belongs to Dk () then

8d
sup | P < Dd/ )] 2d>
sup) <y>r_( 2 dy

Proof. First, let us assume that H = 0in G(X xY) and fix f € G(Y'). For any O; relatively
compact open subset of X, there exists Ko € Y such that suppgN (O1 xY) C Op x Ky and

H (Do, =CU @ | Helaw:)J(v) dp)o, )

where (H.). (resp. (f:).) is any representative of H (resp. f). As H is null, the map
H.(-1,-2)f(-2) is null on O x Y. Thus f[(f)‘ol is null and, by sheaf properties, H (f) is
null.

Conversely, suppose that H = 0. In order to prove that H = 0 in G(X x Y), we shall
prove that Hp,xy = 0 in G(O1 x Y), for any O; relatively compact open subset of X and
conclude by using the sheaf properties of G(:). Let K; and Ky two compacts subsets of O;
and Y respectively. From ([J), we can find W a relatively compact open subset of Y such that
Ky ¢ W and supp HN (01 xY) C O; x W. Let (H.): be a representative of H and set
Ve x(y) = He(z,y)p(y), for all y € Y and = € Oy, where p is a C*°-function on Y such that
p=1on W and supp p C O2, with Oy a relatively compact open subset of Y. Thus, for all
in O1, ¢z € Dg,(Y). This implies

. o > \?
sup )] < (diam(O2" [ 17 ee P ay)
0, 9Y

y€02

Wheﬁe % is the derivative W and diam(-) denotes the diameter. As Ko C W C Oq,
we have

. o on 1/2
s pea()| < (diam(©2)" [ |5 atPan)
yeKo 09 Yy

Set

811
@) = [ 12 gty Vre o
0, 0Y

Since H. and p are C*°-functions, 1. is continuous on Kj. Therefore, ¥, has its maximum at
a point z(¢) € K;. Consequently,

sup |Ho(w,y)l = sup  lpea(y)] < y/diam(Oz)mpe (a(e).
zeK1,yeKo ze€K1,ye Ko

By choosing f. = (%;%,x(g)(-), one has (f:)c in Ep(Y), since z(e) € K7, so its class f is an
element of G(Y'), as well as (%;f. Since W C O3, one has
n an

(H(z=))e(z(e)) = [ Hela(e),y)

— f: d
o7 o, aynf (y)dy

an o
= e,x(e A 1o ntex(e d
/02@, ()(y)aynaynw, oY) dy

— (-1 /O 2 rﬁ—;%@@)r?dy = (1) (a(e)),



since (x,y) — ¢c.(y) is another representative of H on O; x Y. As a L belongs to G(Y),
we have fl(anf) = 0 in G(X), thus its representative is in Z(O;). Since (z(¢)). is bounded in
((e

Ky, (H (8—f)) (z(g)) is in T4 and the previous equality implies that (¢(z(g)))e € L4, that is

Ye(z(e)) = O(e™) as € — 0, with n € N. Furthermore

sup |H.(z,y)| <  sup  |H.(z,y)| < \/diam(ég)"we(x(g)),
(z,y)eK (z,y)eK1 x Ko

Hence sup(, y)ci [He(2,y)| = O(eP) as € — 0, for all p € N. Thus (He)e is in Z(Oy x Y'), which
ends the proof.

Corollary 23 The linear map~, defined in remark [19, is injective.

Remark 24 If H is in Gr2(X X Y), then H can be embedded in G(X x Y) using Sobolev’s
embeddings, but H may not be properly supported. Nevertheless, we can define a generalized
integral operator acting on Grz2 type spaces as follows:

H: Ga(Y) — Gra(X)
e Cl(ee [y He(a,y)fe(y)dy),,

independently of the representative (Hc)e (resp. (fe)e) of H (resp. f).

Indeed, set @ (x) = [, He(x,y)fe(y) dy for € in (0,1] and = € X. The function @, is well
defined, since (H, ) 6 E2(X xY) and (f:). € £,2(Y). Moreover, we have, for all z € X and
ein (0,1]

@0 < | | Holo) ) dy| < 12 1o

Thus @, is in L*(X), with || Dy < ||[Hc|l || fclly- As for all a € N*, 9°®,. exists and satisfies
|09®c ||y < [0S Hello || fello: (Pe), is in Ep2(X). A straightforward computation shows that
Cl(®.). does not depend on the representative of H and f. Thus, the operator H is well
defined.

4 Link with the classical theory and regularity properties

In this section, we compare our definition to the classical one, that is when H is a C*°-function
or a distribution. Let X (resp. Y) be an open subset of R™ (resp. R™).

Theorem 25 If h € C*°(X xY) then the diagram

gy boemx)
lis lo
o(h)

Ge(Y) = G(X)
15 commutative.

Proof. We have to prove that o o h = a/(z) oig. Let T be in £'(Y). Due to the local
structure of distributions, there exist 7 € N, a finite family (fa)o<|a|<r (@ € N") of continuous
on R™ having their support contained in the same arbitrary neighborhood of the support of 7',
such that T = Zog\ al<r 0%f,. By the linearity of the operators under consideration, we can
assume that 7" = 0%f, where f is a continuous function on R™ whose support is contained in



a neighborhood of the support of 7. In this proof and the one of the following theorem, the
exponents of the mollifiers are 1 for the space X, 2 for ¥ and none for X x Y. In this case, a
representative of o o h(7T') is defined, for all z € X, by

~

WT)(x) = (T, h(z,")) = (0 f, h(z,)) = (1)1 (f, 00h(x,)) = (—1)I / F)ogh(z,y) dy.

—

A representative of o(h) oig(T) is

/ W, y)(T = ©2)(y) dy = / Wz y)(f * 0°0?)(y) dy = / / B, y) F(NOPOR(y — \) dAdy.

As the functions f and d%©2 have compact supports, the two previous integrals are integrals
on compacts sets. Thus, we can apply Fubini’s theorem and obtain

[ [ e sooee2 - Nady = (-0 [ @iz « 62) ()70

As the function y — (9%h(x,-) * ©F) (y) is a representative of is(9Sh(x,-)) in G(Y') and since
Oy h(z,-) is a C*°-function and is |c~= o, one has

(05 h(x,-) * 0?2 - 9y h(z, ))6 eZ(Y).

—

Moreover, f is compactly supported so the difference of the representatives of o(h) oig(T") and
o o/ﬁ(T) is in Z(X). Thus o(h)oig(T) =00 E(T) in G(X), which implies the required result.

Definition 26 The kernel H € G(X xY) of a generalized integral operator is called regular
when H(Go(Y) C G®(X), where, for all Q open subset of R (d € N),

G™(Q) = £%(Q)/1(Q).
with
() = {(u). € () VK € @, 3n e N, LEN, piy(uc) = O(™), ase — 0}
The reader can find more details about this algebra in [[L7].
Proposition 27 If h is in C*°(X x Y), then o(h) is regular in the above sense.

Proof. Let f be in Go(Y). Then there exists Ko compact of Y and (f:). a representative
of f such that supp f. C K. Consequently, a representative of o(h)(f) is (¢¢)_ with

Ve 1w — h(x7y)f€(y) dy
Ko

and, for all K7 compact of X, o in N z in K,

o0 ( / h(x7y)fe(y)dy>‘§V0l(Kz) sup  10%h(a,y)| sup |o(y)] < Cla)e ™,
Ko ($7y)EK1><K2 yng

—_

as € tends to 0, where ¢ does not depend on . That shows that o(h)(f) is in G=°(X).
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Theorem 28 If h € D'(X xY) then the diagram
D(Y)
lo lis
Ge(Y) =" G(X)
15 commutative.

Proof. We have to prove that ig oh = ZS/(F) oo. Let f bein D(Y). A representative of
ig o h(f) is defined, for all z € X, by

(+2h(£) + ©1) (@) = (2R(F), {€ = O = )})

= (h(f),{€ =1L (©)OLz - &)}
= (h,{€ ~ 1L (E)OLz - O} ® f).

—

A representative of ig(h) o o(f) is, for all x € X,

/m ®2h,{(&n) — Oz — )O2(y — )} f(y) dy
= (3L @2, {(£,m) > O] m—l/wy 0 () dy})

= (h, {(&n) = 1 (©)OLx — O (n /@21/ n)f(y)dy})
= (h,{(&,m) — 72Oz — 5)73(77) (©2%f) (m)}),

—

since ©2 is even. Consequently, the difference of these representatives of i Soﬁ( f)and ig(h)oo(f)
is equal to
(h, (€ = 71290z (z = Y @ {f =12 (O2 % f)}).

As f—~2(©2%x f) is a representative of o(f) — is(f), which is equal to zero in G(Y') since
is |ce(yy= o, this representative is in Z(Y). Furthermore, (v!0L(z —-)). is in £x(X). Thus,
{128z — )} @ {f =72 (82% f)})- isin Z(X x Y). Let Ky be a compact of X, then
there are )y relatively compact open subset of X such that Ky C €y and €; > 0 such that, for
all z in K7, for all € < &1, v2©L(x —-) is in D(Q1). Furthermore, by setting supp f = Ko, there
are {25 relatively compact open subset of Y such that Ko C Q9 and g2 > 0 such that, for all
e <eg, f—72(O2% f) is in D(Qy). Consequently, {£ — 72 (§)OL(z— )} {f —12 (02 % f)} is
in D(Qy x Q2). By using the local structure of distributions, one can write h as a derivative of
a continuous function on R™ x R"™, whose support is contained in an arbitrary neighborhood
of €)1 x Q9 and one shows that

((h. {€ = 12Oz =y @ {f =22 (02 F)})),

is in Z(X), which implies the required result.
Proposition 29 If H is in G*°(X x Y) then H is reqular in the sense given by definition [24.

Proof. Let H be in G*(X x Y) and f be in Go(Y'). There exists Ky compact of Y and
(fe)e a representative of f such that supp fo C Ks. Let us denote by (H.). a representative of
H. A representative of H(f) is

(z,y) = [ He(z,y)f:(y)dy
K>

11



and, for all K7 compact of X, v in N z in Kj,

as;( Heu,y)fe(y)dy)‘ng(&) sup  |O%H.(,y)] sup |fo(y)] < Cla)e ™,
Ko (z,y)eK1x K2 yEK?

as ¢ tends to 0, where ¢ does not depend on a. That shows that H(f) is in G>(X).
This result has also been proved in [[L{].

5 Composition of generalized integral operators

5.1 Operators with kernel in G, (.)

Theorem 30 Let X, Y and = be three open subsets of R™, R™ and RP respectively and Hq €
Gps(X X E), Hy € Gps(E xY). The operators Hi : G(E) — G(X) and Hy : G(Y) — G(B)
can be composed. Moreover, f-\ll o ﬁQ 1s a generalized integral operator, whose kernel is L,
defined by L(-1,-2) = [z Hi(-1,§)H2(&, -2) A€ (with the meaning of notation [I]) and L belongs
to Gps(X X Y).

Proof. For all f in G(Y), Hs (f) is well defined in G(Z), then we can define Hy(Hs (f)) in
G(X) and H 10 ﬁQ is well defined. We have to show that L is well defined, properly supported
and that Hy o Hy = L. We set ®(-1,-2,-3) = Hi(-1,-3)Ha(3,-2) (-3 refers to the ¢ variable).
Choose O; (resp. O3) a relatively compact open subset of X (resp. Y).

Since Hy € Gps(X x Z), there exists a compact subset K3 C = such that

supp H1 N (01 x 2) C O1 X K3.

Therefore, supp ® N (01 x Oz x E) C 01 x Oz x K3 and @ is in Gps(X x Y x E). Proposition
implies the existence of L in G(X x Y'), denoted by [ Hiy(-1,&)Ha2(&,2)d€E.

With the same notations as above, since Hy € G,5(X X E), there exists for O3 = Iofg, a
compact subset Ko C Y such that

supp HyN (O3 xY) C O3 x Ko.

We have @0, x(y\ky)xz = 0 since Hyjo,x@=\k3) = 0 and Hy gy« (v\k,) = 0. Therefore, L is
null on O x (Y\K3), so supp LN (O x Y) is included in O; x K which shows that L is in
Gps(X xY).

Moreover, for any f € G(Y), we have (the compact sets on which the integration are
performed are indicated contrary to the notations above),

Lo, :/K L(1,) f () dy
-/ ( Hl(-l,E)H2(£,y)d£>f(y)dy
Ko K3
= / Hy(1,8)H2(&,y) f (y)dédy (by fubini’s theorem)
KoxKsg

= Hl('17§)<

K3

Hol,9)f () ds) dy = By(Bs ()0,

Ko

Using the sheaf structure of G(X), it follows that L (f) = (ﬁl o }AIQ) (f).

Remark 31 It is straightforward to verify that the composition of generalized integral operators
18 associative.
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Example 32 Take § € D'(R) the classical delta function and x an integrable function on R.
Set H=0,®1y and K = x®d,. Such H and K are distributions on R2. The kernel operators
associated with H and K are respectively

H : DR) —» DR and K : DR) — TD'(R)
fo= 6 [fydy foo= fO)x

By noticing that H : LY(R) — D'(R) and K : D(R) — LY(R), one can define H o K by the
following
HoK: DR) — D'(R)
foo= 0 f(0) [ x(§)dg,

which admits as kernel

20, [ x(©)de (4)

Conversely, K o H cannot be defined classically. We are going to define it in the context of
generalized functions. By using the notations of paragraph [2.3, one has

is(H) = Cl((z,y) = (0: © 1y) (2,9)),
and
ZS(K) =Cl ((xay) — ((X * 66) ® 66) (xvy))s7
50 15(/?) o 15/(?) = L is well defined from Go(R) to G(R), with

L—ci <<x,y> ~ [0 8 p@ 8@ 9 1,)(E0) dg)

=t (@)~ (v [(O07 ac)

£

that is L = [ig(6)%(€)d¢ -ig(x) ® 1, = [6%(£)dE - x ® 1, with a slight abuse of notation.
For the case offI o I?, one can easily verify that the image by ig of the classical distributional
kernel given by (|) is equal to the kernel obtained by theorem [3(.

~

Corollary 33 For H in G,s(X?) (X open subset of R?) and n > 2, H" = Ho---oH :

n times

G(X) — G(X) is a well defined generalized integral operator, whose kernel L, € Gps(X?) is
defined by

Ln(1,2) = /H('1,§1)H(§1,§2)---H(§n—17'2)d§1d§2---d§n—17
with the meaning of notation [1}.

Proof. We prove this proposition by induction. Theorem B( gives the result for n = 2, by
considering X = Z =Y and H; = H,. Suppose now that H" ! is well defined with its kernel
Ly _1 defined by

Lyp-1(1,2) = /Xn_2 H(-1,61)H (&1,&2) - H(Ep—2,-2) d§1da - - - dp2

in Gps(X?).
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We apply theorem with Hy = H and Hy = L,,_;. It follows that H'=H" 'oHis a
well defined operator which admits as kernel

L(-1,2) = /X </Xn—2 H(-1,&)H(&1,&) - H(En—2,&n—1) d&1dEo - "dfn—2> H(&n—1,-2) dén1

= 1 H(1,6)H (&1,&) - H(én-2,&n—1)H (§n—1,2) d&1d&s - - d&p—2dEn1,
Xn—
by applying Fubini’s theorem. This is possible since the integrals are always performed on
compact sets, using the local definition (proposition [[J). Thus L(-1,-2), which is properly
supported, is equal to L, (-1,-2) which satisfies the required properties.

For operators with compactly supported kernels, we can give a more precise result.

Proposition 34 With the notations of theorem [34, for Hy in Go(X XE) and Hy in Go(EXY),
Hy o Hy : G(Y) — Go(X) is a generalized integral operator whose kernel L is an element of
Go(X xY). Moreover, if Ky (resp. Ko ; K3) is a compact subset of X, (resp. Z ;Y ) such that
the support of Hy (resp. Ha) is contained in the interior of K1 x Ky (resp. Ko x K3) then L
can be defined globally by L(-1,-2) = sz Hy(-1,8)H2 (&, 2) dE and the support of L is contained
m Kl X Kg.

Proof. We only have to verify the assertions related to L. Denote by (H1,),_ (resp. (Ha.))e
a representative of Hy (resp. Hs) and set O = X \ K1, O3 =Y \ K3. The net

<(x7y) = H175(1’,§)H275(§7y) d§>
K c

is a representative of L, which justifies the global definition of L. For U € X and V' € Y such

that U x V' C X x Y\K; x K3, we have either U C O or V. C O3. We shall suppose, for

example, that U C O;. For (z,y) € U x V, we have

|Le(z,y)| = ' Hy (2,§)Hs(&,y) df' < Vol(K2)pux ks (Hi,e)PKoxv (Hae).

Ko

Therefore

puxv(Le) < Vol(K2)puxi,(Hie)Proxv (Hae). (5)
As (Hi0,xz)e is in (01 x E) and U N Ky C O1 x E, it follows that pyxk,(Hie) = O (™)
as € — 0, for all m € N. Since (Ha.)_ is in £y7 (E x Y'), relation (B) implies that pyxv(L:) =
O(e™) as e — 0, for all m € N. Finally, (L.). satisfies the null estimate of order 0 for all

compact subsets included in X x Y\K; x K3. Therefore, L xxy\k,xK; = 0 and the support
of L is contained in K7 x K3.

From corollary B3 and proposition B4, we immediately deduce the following:

Corollary 35 If H belongs to Go(X?2), with supp H C (K3)? (Ko € X), then the image of
H"™ is included in Go(X) and the support of L, is contained in (K2)%. Moreover, L, € Go(X?)
can be defined globally by

Ly(-1,2) = , H(1,6)H (&1,&) - H(ép—1,2) d&1d&s - - - dép—.
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5.2 Operators with kernel in G;2 (+)

Proposition 36 For Hy in Gr2(X x Z) and Hy in Gr2(E X Y), Hy o Hy : Gr2(Y) — Gr2(X)
is a generalized integral operator whose kernel is L € Gr2(X X Y') defined by

L—a <<x,y> ~ [ Ot e) dg) ,

£

where (Hy¢)e (resp. (Hae)e) is a representative of Hy (resp. Hz).

Proof. With the notations given in the proposition, set

Lelayy) = [ Hioe,Hao(6,) e, for all (o) in X x V.

izg= [ | ( [ oy d£)2 dardy

< [ [ 11t B Ha ) dady

< / | Hy o2, )3 da / | Hoe ()3 dy = [y cl2) o 2.

Then

Furthermore, for all a, 3 € N?\ {(0,0)} and (z,y) € X x Y, by derivation in the sense of
distributions, we have

. ) o plal+81 1,_
aéy“a)LE(x,y) = /_a:v Hl,e (37,5) agHQ,e (g,y) d£ (Wlth a:g:y’ﬁ)Ls = W .

Thus

2 2
|t L[] < g o |-

As (Hic)e € Er2(X x E) and (Ha)e € E2(E x Y), we get that (L.)e is in E2(X x V). We
set L = Cl(L:)e in Gr2(X x Y). Moreover, for any f € Gr2(X) and any of its representative
(fe)e € £12(9), a representative of <f[1 o ﬁg) (f) is given by the net (¥.)_ with

V. (z) = /_ Hy o(2,€) < /Y Ho o (€,1)1-(9) dy) de, for all 2 € X.

Then, for all z € X,
. () = / /Y Hyo(,€) oo (€, 9) f-(y) dydé = /Y Le(z,y)f- () dy.

by applying Fubini’s theorem. Thus, (¥.), is a representative of L(f) and Hy o Hy = L.

Corollary 37 For H in Gr2(X2) (X open subset of R?), for alln > 2, H" : Gr2(X) — Gr2(X)
is a generalized integral operator whose kernel is L, € Gr2(X?) defined by Ly, = Cl(Ly..)_, with

g’

Ln,€ : (,I, y) = o HE(CC, gl)He(é-la 52) e He(gnfla y) d£1d£2 e dgnfla

where (H.)c is a representative of H.

Proof. The proof of this result is an adaptation of the one of corollary B3 to the L?-case.
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6 Application: Exponential of generalized integral operators

In this section, we define the exponential of generalized integral operators in two particular
cases and study some of their properties. We first define some convenient spaces. Let us set,
for Q open subset of R? (d € N),

Hin(Q) = {(ue)g e () /YK €Q, VI €N, pryu) = O(|Ine|) as e — o}

and
Hio1(@) = {(ue). € H¥() O / ¥ >0, [juc = O(| Ine]) as e — 0}

Then H;, () (resp. Hrz2;, () is a linear subspace of Ex(Q) (resp. &r2(€2)), but is not a
subalgebra. Then we set

Gin(Q) = Hin()/Z(Q), Gowm(2) = Gin() NGe()  and G2y, () = Hp21, () /L2 ().

The space Gj,,(Q2) (resp. Gr21,(€2)) is a subvector space of G(2) (resp. Gr2(Q)).

6.1 Exponential of generalized integral operators whose kernel is in G, (X?)

Theorem-definition 38 Let H be in Gon(X?) (X an open subset of R?). For n > 1, denote
by L, the kernel of H" : G(X) — Gc(X) defined as in corollary (with Ly = H) and by
(Lne). a representative of Ly. For all e € (0,1], the series ), 4 % converges for the usual
topology of C*°(X?). Its sum, denoted by S, defines an element (S.). of Ex(X?). Furthermore,
S = Cl(S:). defines a compactly supported element of G(X?) only depending on H.

The well deﬁneg operator el = S+1d (where 1d is the operator identity) will be called the
exponential of H.

Proof. We divide it in three parts. The first part contains the estimates of -, % for a
particular representative of L,, constructed from a representative (H,).. The second part deals
with the independence of C1 (S, ), of the chosen representative of H. The third part shows that
S is compactly supported.

e Let H be in Goy,,(X?) and (H.), one of its representative. According to corollary B5, we
have H" = L,, : G(X) — Go(X) and L, € Go(X?) admits as representative (Ln,c), with

Lyc(1,-2) = /Kn_1 H.(-1,6)H(&1,62) - - He(§n—1,2) d&1d&a - - - d&p—1,

where K is a compact subset of X such that supp H C K2,
For all compact subset of X? of the form K x Ks, (o, ) € N x N? and (z,%) € K; x Ko,
one has

39(60;,6)L2,5(36,y)‘ = ‘/K 5$Ha($,§)35He(§,y) d§‘ < /KpleK,a|(He)PKxK2,|ﬁ(He)d§-

It follows that
pK1XK27|(a,ﬁ)|(L27E) < VOl(K)p%/2"(a7ﬁ)‘(HE)7

where V is a compact subset of X containing K,K; and K>. By induction, we show that, for
all n > 2,
PRy xKal(ad)] (L) < VLK) ™ Pl (o gy (He)-
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This last inequality implies that the series ) -, % converges for the usual topology of

C> (X?). Set, for € € (0, 1],

As L, is in Go(X?) and since the convergence is uniform on compact sets, S. belongs to
C>(X?) for all € € (0,1]. Furthermore, for all compact subset of X? of the form K; x Ky and
(a, ) € N% x N, one has

+o0
PRy x Ka,|(a,8)| (Se) < Z EPK1XK2,|(Q,B)|(L71,6)

n=1 "

400
. nlpn 1 Vol(K)Py2 (a5 (He)
S ngl EVOZ(K) p\/?,\(a,ﬁ)‘(He) < W(K)e V2, 1(a,0)] .

Since H is in Go,(X?), Pv2 |(a,8)(He) = O(|Inel) as e — 0, that is there exists k& € N such
that py2 (e, (H:) < kln(1/e), so

Pryx K| (0,8)] (Se) < Cree VoI,
where Cf is a constant depending only on K. Consequently, (S:). is in £3/(X?) and we denote
by S its class in G(X?).

e Let us show now that S does not depend on the choice of the representative of H. Let
(H}). and (H2). be two representatives of H in Goy,(X?). From (H})., we define (Lrll,e)f and
(51)e, and from (H2)., (L3 .)e and (S?).. Let K be a compact subset of X such that the
support of H is contained in the interior of K2. For all n > 2, K; x K compact subset of X2
and (z,y) € K; x Ky, one has

(L11175 - L%,e) (1’, y) = /](n—l Hel (1’, Sl)Hgl(é.la 52) o Hz—}(gn—la y) d§1d§2 o dgn—l

_/Kn1 H*(x,6))H(&1,&) - H2(&p1,y) dE1dEy - - - &y

Thus, L}w — L?w can be written as a sum of n integrals. The term under each integral sign

is itself formed by the product of n functions, one of them being equal to H! — H2 and the
(n — 1) others being equal to H! or H2. Consequently,

n—1
prcixics (Lye = Ly 2) < nVol(K)"'py (H! — HZ) (112?52(1?\/2 (Hé))> :

Since (H}). and (H2). are in Gy, (X?2), there exists k € N such that

7
m < .
max (py2(Hc)) < k|Ine|

As (H! — H2). is in Z(X?), for all m € N, there exists C' > 0 such that py» (H! — HZ) < Ce™
for £ small enough. Then

DKy x Ko (L}L,8 - Li,a) < Ce™nVol(K)" k" ! Ing["!, for ¢ small enough.

Thus

VOZ(K)nflkn71| 1n6|n71 < Cemefk:Vol(K)’

—+00
1
Pryxic; (S2 = 52) < Cemz (n—1)!
n=1 ’
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for € small enough. Therefore, px, x K, (551 — 552) =0 <€m/) as € — 0, for all m’ € N, that is

(S} — 52). belongs to Z(X?). Consequently, S does not depend on the choice of the represen-
tative of H in Gopn(X?).

e It remains to prove that S is in Go(X?), in order to define S. Set O = X2 \ K2. For all
n > 2, K1 x K9 compact subset of O, one has

Pryx s (Lne) < VOl(K)" 'pry i (He)phea® (He)pic iy (He ).

Therefore
+o0 1
PKix K2 (Sa) < DKy x K (He) + Z EVOZ(K)nilpKl XK(H&‘)p?(_QQ(Hé)pKXKQ (Ha)
n=2

We have either K1 N K = @ or Ko N K = @ since K1 X K9 C O. Suppose, for example, that
KiNK =@. Then K1 x K C O. As H is in Z(O) there exists, for all m € N, a constant C' > 0
such that

Pr xk, (He) < Ce™, pryxk(He) < Ce™.

As H is in H;, (X?), there exists & > 0 such that
Prxk,(He) < k|lne|l, pg2(H:) < k|lng|.

Thus

+oo
1
PKixKs (Se) S C&m + C&m Z mVOl(K)nilknill In E‘nil
n=2 :

< Ce™ 4+ Ceme\/ol(K)ane\ -0 <€m—k\/ol(K)) as e — 0,

which implies that (S¢)c is in Z(O). Consequently, S is null on O and has a compact support
included in K2.

6.2 Exponential of generalized integral operators whose kernel is in G;2;,(X?)

Theorem-definition 39 Let H be in G2 m(X?) (X open subset of R?). Denote by L, the
kernel of H" : G12(X) — Gr2(X) defined as in corollary |37 (with Ly = H) and by (Ly.). a
representative of L,,. For all € € (0,1], the series ), -, %, where (Lyc). € Hyzp(X?) is a
representative of L, converges in L*-norm. Its sum, denoted by S., defines an element (S:),
of Er2(X?).

By setting S = Cl(S;),
is the operator identity.

in Gr2(X?), we define the exponential offI as efl = S+ Id where Id

Proof. We divide it in two parts. The first part contains the estimates of ) -, % for a
particular representative of L,, constructed from a representative (H.). of H, and shows the
existence of (S;).. The second part deals with the independence of C1(S:), with respect to the
chosen representative of H.

e Let H be in Gy2,,(X?2). Applying corollary B, we have H" = L,: Gr2(X) — Gr2(X), for
all n > 2, with L,, € G;2(X?) defined by L,, = Cl(Ly, ) where, for all € € (0,1] and (z,y) € X2,

ng(x, y) = /Ha(x7 §1)Ho(§1,8&2) - He(&n—1,y) d&1d&a - - - A&y
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and (H.). denote a representative of H.
We are going to show by induction that ||Lnc|ly < [|He|[3, for all n greater than 2. First, for
all e € (0,1] and (z,y) € X2, one has

Lacloi = | [ Hee HA6 ) a€] < V) VLG

Thus || Lac||, < |H.||5 and the first step is done. Assume that, for all (z,y) € X2,
| Ln—1e(z,9)| < [ He(, o |52 1HeC9)ly and | Loorell, < 1Hell5 7

Then, for all (x,y) € X2,

[ Lne(2,y)| = '/Ln—l,a(%S)Ha(&y) d€| < N[Ln—ve(a; )l 1 H 9l -

2
ILn-1e(e, )5 _/HH M3 N3O 1 He (- 9)ll3 dy < [1He (2, )5 |1 HeN3"

we get || Ly-1,6(z, )|y < [He(@, )l [|Hell3 ™ and |Lne(2, )| < | He(a, o [ Hells ™ [|H:C ), -
Consequently,

|Lnell? < / / Ve, )2 1 H 2 | H )12 dady = |[Ho |3
that is
Voelly < | H 2 (6)

With a similar method, we can prove that, for all n > 2, (a,) € N? x N?\ {(0,0)} and
(z,y) € X2,

0 Lie(ar9)| < 108, )y N2 [0l )|

Ty
‘ (7)

From the inequalities (f) and (), we deduce that the series D>t :LL,E and >, -y 71,8 L, .
converge, in L?-norm. We set

)

and

5(0;,/3) L

T

< 102 Hl, | H 1372 |

+o0 I
Se(w.y) = Y —(a,y). for all (z,y) € X2,

n=1

and
DB (2, y) Z ﬁfz‘/ﬁ)Lng x,y), for all (a,p) € <Nd X Nd> \ {(0,0)}, (z,y) € X2

We turn to the study of these series. One has

+o0 1 +o0 1
I1Selly € 37 = elly < 37 = LIl < el
n=1 n=1

As H is in G2, (X?), He is in L?(X?) and S. also, for all € € (0,1]. Furthermore, ||H.|, =
O(|Inel) as € tends to 0, that is there exists k € N such that ||H.||, < kln|e|. It follows that

I1Sell, < 7"
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Furthermore, a straightforward exercise on distributions theory shows that, for all o, €
N\ {(0,0)} and ¢ € (0,1], 8%V S. = DX in D/(X2).

Consequently,
(aﬁ

na

= o], < 3 ks

1 _
<o r| + 5 — 10 He | Hell3~? |
n=2 "

2

< H@%B)Ha + (|02 HL|, HagHEH ol Helly

As H is in G2, (X?), there exists k € N such that || Hc ||, |0 Hc|,, ’ﬁ

are less than In ( ), for € small enough. Hence

2

()
Ty

|l =0 (67’?71) as e — 0.

Finally, (S.). is in £72(X?) and we can denote by S its class in Gr2(X?).

e We show now that S does not depend on the choice of the representative of H. Let (H}).
and (H2). be two representatives of H in Gj2;,(X?). As previously, from (H!)., we define
(L .)e and (S1)., and from (HZ)., we define (L2 ). and (S2).. For n greater than 2, we write
L1 -I2 & as in the proof of theorem-definition BY, as a sum of n integrals. After derivating

thls last expression, we obtain, for (a, ) € N¢ x N9,

:E'C:;,B) (L111,e - Li,e)

| < lloset = ), [, oy Hi v

+HaﬁﬂszHHQ—HEZHQHHQHQ ]

a2, |22 g - )

Since (H!). and (H2). are in G;2,,,(X?), there exists k € N such that for v = (0,0), v = (a, 0)

and 7 = (0, ),

H2 < klnle|, for € small enough and i =1, 2.

[aves
As (H}! — H?). is in Z;2(X?), for a given m € N, there exists C' > 0 such that, for v = (0,0),

7= (@,0) and v = (0, ),

Hag (H! - HEQ)H2 < Ce™, for e small enough.

,/3 (Ll —L2 )

‘ is less than
2

(k\lng\)" Lem  for e small enough. Thus

i -1

‘2 < Cn(k|Ine|)" 1™, for £ small enough.

Finally

59 (51 - 59

’ < Ce™ Z k:| Ine|)"!, for £ small enough

< Csmek“m', for € small enough.
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It follows that ‘

05" (51— 82)||, = O (em7) as e — 0 for all m € N and that (S! — 52).

is in Z;2(X?). Consequently, S does not depend on the choice of the representative of H in
gLQIn (X 2)'

Remark 40 The generalization of the results presented in subsections and [6-3 for the
exponential, to any entire function is straightforward by replacing the logarithm scale of growth
by an adapted scale.

6.3 Properties of the exponential of generalized integral operators

Proposition 41 Let X be an open subset of RY. For H in Gon(X?) or in Grz,,,(X?), we
have
ﬁoeﬁ:eﬁoﬁ; e o bH — elatt) , forall (a,b) e R?; — M = Hoelll

Moreover, if K is in Gon(X2) or in Grep,(X2) and if H and K commute, which amounts to
JH(1, K (& 2)dE = [K (1,6 H(E 2) dE, then e ol = /THK.

Proof. By applying the theorem concerning the characterization of generalized integral
operators by their kernel, we prove these properties by using the associated kernels. Denote by
Ker(+) the kernel of a generalized integral operator. From H in Gy (X?) or Gran(X?), we
define S and L, for n > 1, as in Theorem-definitions B§ or Bg. Note that, for all integers p, q
greater than 1, one has

[ B 9L 2 = Lyl

We are going to prove these properties for H in Gy, (X?) and the case where H is in G2, (X?)
is treated analogously. We also don’t go back to representatives: All the sums written below
are well defined and independent of representatives. Integrals are performed on a compact set
k such that the support of H is contained in the interior of 2

OOnehaSHoe HoS—i—Hand

+oo
Ker (HOS /H 15 57 d£ /H 1, 55 d£ Z n+1 15
Thus
=R " +00 I "
H _ n
Ker(Hoe >—Z:1 ] + H.
Knowing that [ H(1,€)Ln(£,2) d€ = Lui1(1,2) = [l Ln(1, ) H(E, -2) d€, one gets

Ker <H 6H> = Ker <e

)

(@]
=)
N—

which implies the result.

oOnehase S+Id forc=a, b, a+ b, with

+<>o o +00 o
Se('1, / H(1,6)  H(no1,2)déy - déuy =Y —Ln(1,2).

n=1
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We have eaﬁoebﬁ:$o§b+§a+§b+ld, and

P +oo a™ too pn
Ker(ao )0 = [ 320 )Zams, 2) e
n=1
+oon—1
k_n—kik
Y e = Y S ke L 1)
n=2k= 1 n= 2
Thus
. . +o0o n—1 +o0 "
Ker (S,08,+5,+5,) =Zn,zck a" kR L n+z .Ln+z L,
n=2
+oo n +oo 1
:Zntzck "L nzzn (a+b)" = Sats,
n= n=1
which implies the required property.
—+o0 -~ ~
e One has el = St + Id with S; Z%Ln, SO %etH = diS tSt. Now %St =
n=1
Z (tn " L,,. Furthermore Hoetl = 08, + H and

n=1

=> (1, 2)

Ker(HoSt> /H (1,€ Ji()tn Ln(,-2)d¢
+00 1

n=1
&t d
= Z an('h 9) = Est('lay) = L1(1,2)-
n=2 )
As Ly = H, one gets H o et dtSt tH.

e From T in Goyp,(X?), we define, for n > 1, St and L7, as in Theorem-definition
Take H and K which commute and k a compact set such that the supports of H and K are

contained in the interior of x2. On one hand, we have el o SH o SK + SH + SK + Id with
Ker (SHoSK> /Z —Lgn(1,€ Z LKng, )dé
+oon—1
o ZZ |k| /LH,k('lag)LK,n—k(g, ‘2) df
n=2k= 1
:anz /LHk (1,6) L n—k(§,2) dE.
n=2 k=1 K
Thus

Ker (§;{O§I\(+§]\J+§;(> :Z ZCR/LHIC 1,&) L k(& -2)dE.

n= 1



~ o~ — — +00
On the other hand, we have e"+X = Id+ Sy, ;¢ with Ker(Sg+x)(1,2) = > %LHJFK,,L(-l7 2)
n=1

and, for all n greater than 1,

Luykn(1,-2) = / (H+K)(1,6) - (H+ K) (€n-1,2)dE1 -+ d€n

Hnl

- ch / L (1, ) Licn-x(£, 2) dE.

This last equality follows from a straightforward induction, which uses mainly the fact that
H and K commute, which implies that Lp, and Lg 4, have the same property for all integers

p>1andg > 1. Thus Ker(S'/H+\I<)(-1, ) = Ker <§I\{ o 5‘;( + §1\{ + 5';(), which ends the proof.

6.4 Example: A unitary generalized integral operator

In this subsection, we apply the above results to the special case of operators with symmetrical
kernel, which are essential in view of forthcoming applications to theoretical physics. Fix X an
open subset of R,

Proposition-definition 42 The map (f,g) — [ f(z)g(z)dz from (Gre (X))2 to C defines a
generalized scalar product on Gr2(X), that is (-,-) is bzlmear, positive ((f, f) has a represen-
tative (¢c). with p- > 0 for all € € (0,1]) and non degenerate, id est: (f, f) =0 in C implies
that f =0 in Gr2(X).

Proof. The only non trivial assertion is the last one. Take f such that (f, f) = 0 in C and
denote by (f:)e one of its representatives. For all n € N, || fc|l2 = O(e"™) as € — 0, that is (f:)e
is in Z;2(X). Furthermore (f.): € Er2(X) so (f:): € Zp2(X) N Er2(X) = Z72(X) (this result is
proved in [§] by a method analogous to the one employed in the proof of theorem 1.2.3 in [[19]),
which means that f =0 in Gr2(X).

Definition 43 We say that a generalized function H of Gr2(X?) is symmetric if, for all
(x,y) € X?, H(z,y) = H(y, ) in C.

Remark 44 If H of G;2(X?) is symmetric, then H s symmetric for the generalized scalar
product introduced in proposition-definition [[3, that is (H (f),g) = (f,H (g9)) for all f, g €
ng (X2)

Definition 45 We say that a generalized operator A : D(A) C Gr2(X) — Gr2(X) is unitary
if, for all (f,g) € D(A)?, one has (A(f),A(g)) = (f,9).

Proposition 46 Let H be a symmetric generalized function in Gr2,,(X2). The generalized

integral operator e is unitary.

Proof. We don’t go back to representatives as in subsection [6.3. As eith o =it _ [ d, we
have just to prove that <eitH(f),g) = (f, e_itH(g)) in C, for all f,g € G;2(X). Let f and g be

in Gr2(X). By definition of the exponential, it suffices to show that <§Zt(f),g) = (f, §,it(g)>

23



‘We have

(§it(f)7g) = /X §zt(f)($)§(x) dz
B /X:il (?n /X Ln(z,y)f(y)dy g(z) dz

X (it)n .
:;fﬂ{ | [ s wte) dude.

As H is symmetrical, so is L,, for all n > 1 and, by applying Fubini’s theorem, one gets

(8u1).9) :izji(;} [ [ Tutrswygte) dody

- [ 1w ( /. i(?!nin(y,x)g(x)dm> dy
= (fa */Slit(g)) .
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