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diffusions: the multidimensional case

Arnak Dalalyan! - Markus Reif3?
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Abstract. Asymptotic local equivalence in the sense of Le Cam is established for
inference on the drift in multidimensional ergodic diffusions and an accompany-
ing sequence of Gaussian shift experiments. The nonparametric local neighbour-
hoods can be attained for any dimension, provided the regularity of the drift is
sufficiently large. In addition, a heteroskedastic Gaussian regression experiment
is given, which is also locally asymptotically equivalent and which does not de-
pend on the centre of localisation. For one direction of the equivalence an explicit
Markov kernel is constructed.

1. Introduction

Asymptotic equivalence is a powerful concept for analysing statistical infer-
ence problems by a transfer to the analogous problem in a simpler statistical
experiment. A breakthrough were the results by Brown and Low [E] and
Nussbaum [@] who established asymptotic equivalence of the two classical
experiments, one-dimensional Gaussian regression and density estimation,
with an accompanying sequence of Gaussian shift experiments. In this pa-
per we consider the statistical inference for the drift in a multidimensional
diffusion experiment under stationarity assumptions and prove the asymp-
totic equivalence with corresponding multidimensional Gaussian shift and
regression experiments.

Asymptotic equivalence results for dependent data are not very numerous,
see Dalalyan and Reif3 [E] for an overview. Even for simple experiments, as
the classical ones described above, results for asymptotic equivalence in the
multidimensional case are very scarce. We only know of the recent work by
Carter [E] who proves asymptotic equivalence for two-dimensional Gaussian

Laboratoire de Probabilités, Université Paris VI, Place Jussieu, 75252 Paris Cedex
05, France, e-mail: dalalyan@ccr. jussieu.fr

Weierstraf Institute for Applied Analysis and Stochastics, Mohrenstrafie 39, 10117
Berlin, Germany, e-mail: mreiss@wias-berlin.de



2 Dalalyan and Reif§

regression, but argues that his method fails for higher dimensions. One of
the main reasons for the difficulties in transferring methods to higher dimen-
sions is that piecewise constant approximations of the unknown functional
parameter usually do not suffice anymore and higher order approximations
have to be used, which creates unexpected problems. Brown and Zhang [ﬂ]
remark that the two classical experiments and their accompanying Gaussian
shift experiments are not asymptotically equivalent in the case of nonpara-
metric classes of Holder regularity 8 < d/2, where d denotes the dimension.

The methodology we applied in [E] to establish asymptotic equivalence for
scalar diffusions relied heavily on the concept of local time. For multidi-
mensional diffusions local time does not exist. This might explain why the
statistical theory for scalar diffusions is very well developed (see Kutoyants
[14]), while inference problems for multidimensional diffusions are more in-
volved and much less studied. We refer to Bandi and Moloche [J] for the
analysis of kernel estimators for the drift vector and the diffusion matrix and
to Ait-Sahalia ] for a recent discussion of applications for multidimensional
diffusion processes in econometrics.

In Section 2 we review results for multidimensional diffusions and construct
estimators for the invariant density and the drift vector. Interestingly, the
estimator of the invariant density converges for d > 2 with a rate which
is slower than parametric, but faster than in classical d-dimensional den-
sity estimation problems. The local equivalence result of the multidimen-
sional diffusion experiment with an accompanying Gaussian shift experi-
ment is formulated and described in Section 3. The local neighbourhoods
can be attained for drift functions in a nonparametric class of regularity
B> (d—1++/2(d — 1)2 — 1)/2 for any dimension d > 2. In Section 4 the cor-
responding equivalence with a heteroskedastic regression experiment, which
does not depend on the centre of localisation, is treated. This can be used
to establish global equivalence with a single experiment, which even in the
one-dimensional case cannot be obtained for the Gaussian shift experiment
due to the absence of a variance stabilising transform, as was first noted by
Delattre and Hoffmann . The explicit construction of a Markov kernel
establishing the important part of the asymptotic equivalence is presented
in Section 5. The proof of the main local equivalence result is deferred to
Section 6.

2. Preliminaries
2.1. Diffusion processes

We assume that a continuous record X7 = {X;, 0 < t < T} of a d-
dimensional diffusion process X is observed up to time instant 7. This
diffusion process is supposed to be given as a solution of the stochastic
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differential equation
dX; = b(Xy) dt + dWy, Xo =¢, te0,T], (1)

where b : R — R4 W = (W;, t > 0) is a d-dimensional Brownian motion
and ¢ is a random vector independent of . We denote by b; : R — R,
i=1,...,d, the components of the vector valued function b. In what follows,
we assume that the drift is of the form b = —VV, where V € C?(RY) is
referred to as potential. This restriction permits to use strong analytical
results for the Markov semigroup of the diffusion on the L2-space generated
by the invariant measure.

For positive constants M; and My, we define X (M7, Ms) as the set of all
functions b = —VV : R? — R? satisfying for any =,y € R?

[b(2)] < Mi(1+ [z]), (2)
(b(z) = b(y))" (z —y) < —Mo|x —y/*, (3)
where | - | denotes the Euclidian norm in R?. Any such function b is locally

Lipschitz-continuous. Therefore equation (El) has a unique strong solution,
which is a homogeneous continuous Markov process, cf. Rogers and Williams
B3], Thm. 12.1. Set C) = [, e72V du and

wy(x) = C’b_l(f?‘/(z), r € R

Under condition () we have Cj < oo and the process X is ergodic
with unique invariant probability measure (Bhattacharya [, Thm. 3.5).
Moreover, the invariant probability measure of X is absolutely continu-
ous with respect to the Lebesgue measure and its density is up. From now
on, we assume that the initial value £ in (EI) follows the invariant law
such that the process X is strictly stationary. We denote by PbT the law
of this process induced on the canonical space (C([O, T]; R%), BC([OyT];Rd))
and by E; the expectation operator with respect to this law. We write
wo(f) == Eu[f(Xo)] = [ fip. Let Py, be the transition semigroup of this
process on L?(ju), that is

Py of (x) = By[f(X4)|Xo = ], [ € L*(mp) = {f RS R: /|f|2ub < oo}.

The transition density is denoted by py ¢ (z,v): Pot f(x) = [ f(y)po(z, y) dy.

2.2. Estimators of drift and invariant density

Some notation. We write A(p) < B(p) when A(p) is bounded by a
constant multiple of B(p) uniformly over the parameter values p, that is
A(p) = O(B(p)) using the Landau symbol. Similarly, A(p) ~ B(p) means
that A(p) < B(p) as well as B(p) < A(p).
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For any multi-index a € N? and = € R? we set |a] = a1 + ... + a4 and
x® =a{" -...- 25" Let us introduce the Hélder class

ID°f@) - D ()| < Lz - yww}

= 18] (Rd.
(s, L) {f € CTIRGR) for any « such that |a| = | 3]

where |G| is the largest integer strictly smaller than § and D®f :=
B‘Q‘f
61?1 ...6z3d ’

The construction. Let us assume that the potential V lies in H(5+1, L)
for some 3, L > 0, which implies b; € H(S3, L). Furthermore, if for some
constant C7 > 0 we have

max max |D%;(0)] < Cy )
i=1,....d a:|a|< | 8]

then the function u; is Holder continuous of order G+ 1 in any bounded set
A C R4, that is

| Dy (x) — Dy (y)| < Ly Jx — y|ﬁ_LBJ, Vo e N?: la] = |8]+1

for all z,y € A and for some constant L,,. We denote by ’}-Nt(ﬁ, L, C1) the set
of all functions b such that b; € H(8, L) and ({#) is fulfilled.

A natural kernel estimator for the invariant density based on the observation
X7 is given by

1 T
fin,T(z) = T/ Kn(z — Xy)dt, zeR. (5)
0

Here, Kp,(z) = h~?K(h~'x) and K : R? — R is a smooth kernel function of
compact support, satisfying [ K (z)dz =1 and [ K(z)z® dz = 0 whenever
1 < |a] < |B]41. The usual bias-variance decomposition and approximation
inequality yield (Efromovich [[[], § 8.9)

T
Ey[|fin,7(x) — pp(2)?] S R¥PD 4 772 Var [/ Kn(x — Xy)dt|. (6)
0

By analogy with the model of regression with random design, a reasonable
estimator of b is obtained by setting

bn,r(z) = foT Kn(z — Xy) dX;
h,TAE) = T max(fin,7(x), ps(2))’

z €R, (7)

where y, () > 0 is some a priori lower bound on (), see Remark f§ below.

A similar risk analysis gives for i = 1,...,d:
1 1 r

T+ 7 Var [ [ Ko - Xt)bi(Xt)dt}

+Ey [ jin, 1 (x) — ()] (8)

Ey [|binr(x) — bi(2)?] S h¥ +



Equivalence for multidimensional diffusions 5

Asymptotic results. In order to determine the asymptotic behaviour for
T — oo, we study the variance of general additive functionals of X in d
dimensions. To do so, we assume that the semigroup P, ; enjoys the following
properties.

Assumption 1 (spectral gap inequality) There exists a p > 0 such
that for any f € L?(up) and for any t > 0

1Poef = 1o(F) s < €211 F 1l -

Assumption 2 There is a Cy > 0 such that for any t > 0 and for any pair
of points x,y € RY, satisfying | — y|? < t, we have

pot(z,y) < Co(t~H? 4 134/2),

Remark 1. Due to Remark 4.14 in Chen and Wang [E] Assumption [l| is
fulfilled with p = Ma, whenever (f) holds.

Remark 2. If b fulfills (E), then Assumption E can be deduced from Qian
and Zheng [@], Thm. 3.2. Indeed, taking in that inequality ¢ = 1+ ¢ and
bounding the terms (, and p, respectively by Cq¢®/? and Cq, we get the
desired inequality. If moreover b is bounded, Assumption E is satisfied for
every (z,y) € R? and without the term ¢3%/2 at the right-hand side, cf. Qian

et al. [[9), inequality (5).
In what follows we denote by |A| the Lebesgue measure of the set A C R<.

Proposition 1. Let f : R — R be bounded, measurable and supported on
a compact hypercube I C R® with |I| < 1/2. Under Assumptionsﬂ and@
there exists a constant C depending only on d > 2 and on Cy and p from
Assumptions |l and E such that

T
Var, < / f(Xt)dt> < CT| I (D) T12(1),
where |[flloe = supyege |f(2)] and

bala) = {(loga/xm =2

gl/d=1/2, d>3
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Proof. Set f. = f — pp(f). Symmetry and stationarity yield

T T s
Vary (/0 f(Xt)dt) 2/0 /0 By [f.(X)) (X)) dt ds
T s
=2 Ey|fo(Xo)fe(Xs—t)|dtd
/O/O b[fe(Xo0) fe(Xo—t)]dt ds
T
:2/ (T — wWEy [ fo(Xo) fo(Xu)] du
0
T
<o [ i), du
Set D = (2p)~'log(1/|I]) and § = [I|+D/(d)yl/2(|]]). The integral over
[0,6] U [D,00) is bounded by (6 + p~'e ?P)||f||2, due to the estimate

| Poufelluy < € 7" fllu from Assumption [I. For moderate values of u we
use

(fer Powfe)py < Sy Pouf)p /If /pb,u(fv,y) If(y)ldy) () da.

Hence, if u > max, yesupp(f) |7 — y|? and Assumption E is fulfilled, we get

U Po i < Cu 2+ a2, (1f]) / @) dy. (9)

If |I| < 1/2, then § > |I|? and according to (f]) we have

D D
/5 (F. Pouf) o du < C|L |2 (D)) /5 (™ 1 P2 du,

Evaluating the integral and substituting for D and ¢, we arrive at the as-
serted bound. O

Remark 3. In the case d = 1 the bound holds with ¥ (x) = 1, cf. Proposition
5.1 in Dalalyan and ReiB [L(].

Remark 4. The dimensional effect is due to the singular behaviour of
po.i(z,y) for t — 0. However, if the term ¢3%/2 is absent in Assumption
B, then in the definition of 4 the term (log(1/|I]))? can be replaced by
(log(1/|I]))*/2. This is the case when the drift is bounded.

Corollary 1. If b € H(B,L,Cy) N (M, M), the estimators given in (f])
and (ﬁ) satisfy for h sufficiently small the following risk estimates:

Ep [(fin7(2) — po(@))?] < R2EFD 4 7712 (n),
Ey [|bn,7(2) — b(2)[?] S A%+ T A4 + 200 4 713 (pd).
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The rate-optimal choice h = h(T) ~ TV @B+d) yields the rates

X 911/2 T-12(ogT)?, d=2,
E, [(Mh(T),T(x) - ,ub(x)) ] S {T(B+1)/(2B+d), 4> 3,

Eb“l;h(T),T(SC) - b(x)|2]1/2 < TB/(@B+d)

Proof. The risk bound for fij, 7 follows from |supp(Kp)| ~ b, [|up]le S 1
and an application of Proposition ] to the bias-variance decomposition ([
for any h sufficiently small. In the same way, we obtain the estimate for
each Einyh and the rates follow by simple substitution. O

Remark 5. The convergence rates for the risk of i are to be compared with
the one-dimensional case, where the parametric rate 7~'/2 is obtained, and
with standard multivariate density estimation, where the corresponding rate
is n=P/(20+d) for n observations, which is considerably larger. In contrast,
the rate for b corresponds exactly to the classical rate n=%/(20+4) in regres-
sion or density estimation.

Remark 6. Using conditions (f), (f) and the equality V(z) = V(0) —
fol b(tx)Tx dt, we find

1 1
—M|z| + §M2|ac|2 <V(z)-V(0) < §M1|90|2 + My|z|.

2 2
Therefore, we can take i, () = e~ Milzl"=2Mlzl / [ 2Mily|=M2lyl" gy a5 an a

priori lower bound for py(z). Moreover, due to assumption (ff) the function
wp is Holder continuous in As = {z € R? : infyc |z — y| < &} for any § > 0
and for any bounded set A C R?. Therefore we do not need to modify the
kernel estimators at the boundaries of A and the inequalities of Corollary ﬂ
hold uniformly in b and in z € A.

Remark 7. Corollary describes the rates of convergence of estimators for
the local risk, that is for a pointwise loss function. To attain the local neigh-
bourhood defined in the next section, the risk given by the sup-norm loss
must be studied. In the classical problems of nonparametric estimation, the
rates of convergence for the sup-norm loss coincide up to a logarithmic factor
with the local rates of convergence (Nussbaum and Korostelev [14], Giné,
Koltchinskii and Zinn [[L3]). The proof of such a result is fairly standard,
but more involved and lies out of the scope of this paper.
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3. Equivalence with the Gaussian shift model
3.1. Statement of the result

Let X3(L, M1, Ms) be the set of functions b € X(M;, M3) such that all d
components b; of b are in H(G, L). We fix a function b° € Xg(L, My, M>).
Our main result establishes a local asymptotic equivalence between diffusion
and Gaussian shift models in the local setting, that is when the parameter
set is a shrinking neighbourhood of b°. B always denotes the Borel o-
algebra of a topological space F.

Definition 1 (diffusion experiment). Suppose X C X' (M1, M) for some
My, My > 0. For any T > 0 let E(X,T) be the statistical experiment of
observing the diffusion defined by (ﬂ) with b € X, that is

E(2,T) = (C([0, T};RY), Beo,7):ra): (P] Jbex)-

For any function b € L?(ppe;RY) = {f : R — R? ¢ [|f[Pue < oo} we
denote by Qp r the Gaussian measure on (C(R%;R9), Be (ra;ray) induced by
the process Z satisfying

dZ(z) = b(x)\/ e () dx + T7Y?dB(z),  Zy=0, xeR? (10)

where B(z) = (Bi(x),...,Ba4(z)) and Bi(z),...,Bq4(z) are independent
d-variate Brownian sheets, that is zero mean Gaussian processes with
Cov(B;(z), Bi(y)) = |Ry N Ry| where R, = {u € R% : u; € [0,2;]}.

Definition 2 (Gaussian shift experiment). For ¥ C L?(uyo;R?) and
T >0 let F(X,T) be the Gaussian shift experiment ([[() with b € X, that is

F(Za T) = (C(Rd, Rd)v BC(]R'i;]Rd)v (Qb,T)bEE) .

For any positive numbers ¢, n and for any hypercube A C R?, we define the
local neighbourhood of b°
b(z) — b°(x)| < ela(z), v € R? }
Y%, e,m,A) =<be X3(L, My, M. :| ' e
GhE6m 4 { o M MR) @) — e ()] < e (@), € A

where 14 is the indicator function of the set A. We state the main local
equivalence result, which will be proved in Section E The main ideas of
the proof are explained in the next subsection. For the exact definition of
statistical equivalence and the Le Cam distance A we refer to Le Cam and

Yang [[ig.
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Theorem 1. If e and nr satisfy the conditions

lim T~Pe2 % = lim T+ ep(log(Tez!))M4=2) = lim Tnre =0,
T—oo T—o00o T—o00

then the diffusion model (ﬂ) is asymptotically equivalent to the Gaussian
shift model (@) over the parameter set Yo p = X (b°, ep,nr, A), that is

lim sup A(E(EO,TvT)vF(EO,TaT)) =0.
T—00 po e X5 (L, My, Ms)

Let us see for which Hélder regularity 8 on the drift an estimator can attain
the local neighbourhood, that is |l;h(T)7T(x) —b(z)| < er and fipry r(z) —
w(x)] < nr hold with a probability tending to one (cf. Nussbaum [[L] for this
concept). By the rates obtained in Corollary El, with a glance at Remark
and the condition in Theorem ﬂ this is the case if

—8—=(2-d)p/(28+4d) <0,
1/4+(d—2)/(80) = B/(26 + d) <0,
1—-(B+1)/(28+d)—28/(28+d) <0.

It turns out that the second condition is most binding and all three condi-
tions are satisfied if 8 > (d — 1+ /2(d — 1)2 — 1)/2. The critical regularity
thus grows like (1/241/v/2)d for d — oo. In dimension 2 we obtain the con-
dition 3 > 1 as in the result by Carter [§] for Gaussian regression. Whether
for Holder classes of smaller regularity asymptotic equivalence fails, remains
a challenging open problem.

3.2. Method of proof

The general idea of the proof of Theorem EI consists in discretising (in space)
the diffusion process such that the design regularisation technique we in-
troduced in [E] is applicable in spirit, even though the local time does not
exist.

Space discretisation. For any multi-index oo € N? set a! = aq! - ... - aql.
Let us denote by {v;}i=1,... k the elements of the set {v € R[z] : v(z) =
2 with |a| < | 3]} somehow enumerated: v;(z) = 25" . . .~x3d(z) = 220,

We assume that A = [—a,a[? is a hypercube and for some h > 0 with

a/h € N we denote by {am}m=1...a the elements of the grid (hZ?) N A.
We introduce the subcubes C,, = H;l:l[amj, amj +h[CA m=1,...,M,
where a,,; is the jth coordinate of a,,. Let us define

vi(z)/a(1)!
v(z) = : ; (11)
v (z)/a(K)!
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which gives rise to the definition b of the Taylor approximation for b

K
b(z) = ZDa(i)b(am)vi(ac —ay) forz € Cy,

i=1

and b(z) = b°(x) for z € R4\ A (D is applied coordinate-wise). Using
this notation, the Taylor formula can be written as

vi(x — am,)

a(@)! 7’

ba) =bx)+ > (D*Db(C) — D*Db(a)) € Cp,

i:la(i)|=15]

(12)

where ¢ € R? satisfies |[( — am| < |2 — an|. This implies that for V €
H(B+ 1, L), the estimate |b(z) — b(z)| < h® holds. We write

D*Mi;(x)
I(z) = b(x) —b°(x), J(x)=>b(x)—b°(z) and 0;(z) =
D)9 ()
for j = 1,...,d and we shall use equivalently 6 and b for referring to the

parameter in the local neighbourhood. The log-likelihood of the experiment
defined via Pg is given by (Liptser and Shiryaev [[L7], p. 271, (7.62))

dPT M .
tog b (XT) = 3 5™ [0, (an) s () — 5 85(am) " T (1) 85a)|
be m=1 j=1
(13)
where

T
fim (T') = / lc,, (X)v(Xy — am)dW,;  €RF,
0

T
I (T) = /0 le, (X)v(X: — am)v(X; —ap)t dt e REXE - (14)

and W ; denotes the jth component of W; € R%.

Design modification. Due to the ergodicity of X the law of the log-
likelihood (E) will for large T' be well approximated by

M d

S (VIO @) s — 5 05(an) Tubslan))  (15)

m=1 j=1

where 17,5 ~ N(0, Jy,) ii.d. and

Tm = /Cm V(@ = am) V(2 — am)" e () da. (16)
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Since
0, ()7 T8 (am) = /C (b5 () — bo s (@) 2o () de, (1)

the process ([[) (indexed by ) has exactly the same law as the log-
likelihood of the Gaussian shift

dZ(z) = b(x)\/ e (x) dz + T~Y2dB(z),  Z(0)=0, xzeR<

Under suitable assumptions on the smoothness of b, this last experiment is
asymptotically equivalent to ([L]).

It remains to construct the random variables (7,,;) on some enlargement of
the probability space (C([0,T]; R?), Bo(jo, 1)z, PE ) such that T=/24,,;(T)
and 7,,; are close as random variables. We define the stopping time

T = inf {t € 0,7 : | T 2T ()T 2| > T} AT, (18)

where the norm of a matrix A is given by || A|| = sup, (|Az|/|z|).

Let € = (gmj)m,; be a family of independent standard normal random
vectors in R¥, defined on the enlarged probability space such that € and X
are independent. We set

1 o
Nmj = \/—T Hmg(Tm) + (Im — T 1~7m(7m))1/25mJ

By definition of 7,,, the matrix 7, — Tfljm(Tm) is nonnegative definite and
its square root is well defined.

Proposition 2. Under the probability measure Pﬁ the random wvectors
(Nmj)m,j C RE are independent and each n,; is centred Gaussian with
covariance matrix Jo, .

Proof. It suffices to show that for any sequence (Ayj)m,; C RE we have

1
E [exp { Z )\f@jnij = exp {5 Z )\gjjm)‘mj}a
m,j

m,j

where the expectation is taken with respect to X following the law PZ; and
€m;j being i.i.d. standard normal in R¥ independent of X.

The verification of this equality is very similar to the proof of Proposition
2.13 in Dalalyan and ReiB [L(] and is omitted. O
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4. Equivalence with heteroskedastic Gaussian regression

The Gaussian experiment in Theorem El depends on the centre b° of the
neighbourhood via ppe. This fact makes the passage from the local equiv-
alence to a global equivalence difficult, especially, because even in the one-
dimensional case there is no known variance stabilising transform for ([Ld),
cf. Dalalyan and Reif8 [L]).

We propose here a method of deriving an asymptotically equivalent exper-
iment independent of b° without using the variance stabilising transform.
The idea is to discretise the Gaussian shift experiment with a “step of dis-
cretisation” larger than 1/7. This method has already been used in Brown
and Zhao [ﬂ] for proving the asymptotic equivalence between regression
models with random and deterministic designs.

We adopt the notation from Section @ In addition, we introduce the K x
K-matrix V = f[o n v(z)v(x)T dz, where v(z) is defined by ([L]). Since V

is strictly positive and symmetric, the matrix V—/2 is well defined.

Definition 3 (heteroskedastic Gaussian regression). Let X be a subset
of CPI(R%:RY). For any T,h > 0 we define G(X,h,T) as the experiment
of observing

ple) pai)yp,
Y = (am)+vfl/2
plalE)] oK)y,

gim

Thépu(am)’ ()

4

where i = 1,...,d, m = 1,.... M, (&m)im s a family of independent
standard Gaussian random vectors in RX and b e X.

Note that the observations in this experiment are chosen from R¥M9 accord-

ing to a Gaussian measure. Both the mean and the variance of this measure
depend on the parameter b such that the experiment is heteroskedastic.

Theorem 2. If the assumptions of Theorem E are fulfilled and h = hp
satisfies

lim Th?® = lim ThZeZ = lim n2h:% =0
Toee” T T gl P TET T LU i ’

then the diffusion experiments and the heteroskedastic Gaussian regression
experiments are asymptotically equivalent, that is

lim sup A(E(E()’T, T), G(ZQT, hT, T)) =0.
T—00 poe x5 (L, My, M)
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Proof. Theorem m yields the asymptotic equivalence of the experiment E
with the (translated) Gaussian shift experiment

dZ(z) = (b—b°)(x)\/ e () dz + T~/2dB(z), xR

Let us introduce a new Gaussian shift:

M
dZ(z) = Z ((l_) —b°)(x)/ o (am)) e, (z)dz 4+ T7Y2dB(x), = eR%

m=1

Since |V (2)| is uniformly bounded, the difference between the drifts of Z
and Z can be bounded as follows:

(b= 0°) (@) e () = (b= 0°) (@) V/ we (am) |
< [ (b = B) (@) v/ v (am) | + | (b= 6%) (@) (V 1ve () = /e (am)) |

<hP4+eh  VreC,

Therefore, the Hellinger distance between the measures induced by 7 and
Z tends to zero as T — oo (Strasser [2d, Rem. 69.8.(2)]), provided that

T=2h? — 0 and Th?® — 0. The log-likelihood of the experiment given by Z
has exactly the same law as the log-likelihood of the Gaussian regression

pla(D paiy,

_ gzm
Yim = : am) + VY2 __Sm 20
. ( ) Thdub" (am) ( )
ple(E)| pa(K)y,
wherei=1,...,d; m=1,..., M, (§&m)im is a family of independent stan-

dard Gaussian random vectors in R¥ and b € ¥. By Lemma 3 from Brown
et al. [H] the square of the Hellinger distance between the measures induced
by the observations (@) and (@), respectively, is up to a constant bounded
by M (vam) — pve (am))?/ v (am)? < Mns. Because of Mh? = |A]
we infer M ~ h~9. Therefore the condition h=9n2 — 0 as T — oo implies
that the Hellinger distance tends to zero uniformly in b € Yy . Finally,
the desired result follows by bounding the Le Cam distance between experi-
ments by the supremum of the Hellinger distance between the corresponding
measures, see Nussbaum [[§, Eq. (12)]. O

Remark 8. The experiment given by ) is more informative than the
experiment generated by the observations (elYj,,)in, where e =
(1,0,...,0)T € RE. If we enumerate {a(i)}i so that a(l) = (0,...,0)
then Y,, := eIYi,...,elYy,)T satisfies Yy, = b(am) + €m//Thoup(am)
with €,,/v/ (V1)1 ~ N(O,Id) i.i.d. Therefore the diffusion experiment
E(Xo,r,T) is asymptotically more informative than the regression experi-
ment:

€m
Yo, =blam) + —m——, m=1,..., M.
() Thepy(am)
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If we choose hy = T~%, e = T—8/28+d) and np = T~ B+D/28+d) (in view
of Corollary ), the condition of Theoremﬂ takes the form

1 d 4(B+1)
max (B’ m) <2a<m

Such a value « exists if and only if

d? d—2+4+/(d—2)? +4d?
6>max<zl, 1 >

For d = 2 this inequality reduces to 8 > 1. For d > 4 it is equivalent to
B3 > (d/2)? — 1. Note also that the logarithmic factors in ez and n7 do not
affect this bound on the minimal regularity.

As we have mentioned in the Introduction, the result of Theroem E is new
in the one-dimensional case as well. When d = 1, using a V/T-consistent
estimator of p, (Kutoyants [@], § 4.2), the local neighbourhood can be
attained as soon as § > 1/2. Taking K = 1 and using the globalisation
method developed in [E] we obtain the asymptotic global equivalence of
the diffusion experiment and the regression

Yin = blam) + ——2 e m=1,..., M,

VThi(am)’

provided that h = hr = T~% with (28)~! < a < 1 and the assumptions of
], Thm. 3.5 are fulfilled.

5. Equivalence mapping

The result of Theorem m implies in particular that there exists a Markov ker-
nel K from (C([0,T7; Rd), BC([OﬁT];]Rd)) to (C(Rd; Rd), BC(Rd;Rd)) such that

lim sup |P{K — Qurlrv =0,
T—o0 beXo, T

where PT K (A) = fC([O,T];]Rd) K (z, A)P] (dx) for A € Bora,pay and || - |7y
denotes the total variation norm. The aim of this section is to construct
this Markov kernel explicitly. The construction is divided into two steps.
First, we give the Markov kernel from the diffusion experiment to a suitable
multivariate Gaussian regression. Then we give the Markov kernel from the
Gaussian regression to the Gaussian shift experiment. The Markov kernel
for the other direction seems at the same time less useful and more difficult
to construct.

Assume that we have a path X7 of the diffusion process @) at our disposal.
In what follows we use the notation introduced in Section @ with h veri-
fying (@) For any ¢ =1,...,d we denote by X ; the ith coordinate of X
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and define the randomisation

1 [m™ -
BRXT,e) = 1 [ o, (XOV(X; — ) (@Xes - B (X))
0

1 N
+—=(TIm = T T () %€ty m=1,..., M,

VT

where 7, (t), Jm and 7,,, are defined by ([[4), (i) and ([§) and € = (€im )i.m
is a family of independent (and independent of X7T) standard Gaussian

vectors in R As is easily checked, the random vector jnf@z(-;z (XT &) with
Eim = (T T — Tm (Tm))/20;(am) + €im has the same law as the Gaussian
regression

Yim = 0i(am) + (TTm) " 2eim. (21)
We prove in Section [ that the total variation between the laws of & and
€ tends to zero as T' — oo. Consequently, if we denote by K(l)(x, -) the
law of {‘7,;14552(:0,5); i=1,...,d; m=1,..., M}, we obtain a Markov
kernel realising the asymptotic equivalence between the diffusion (El) and
the Gaussian regression (P1)).

For any x € C,,, and for any i € {1,...,d}, we define the randomisation

o) (VB = [ (570 + V() Vi) Vo ) du
R

)

(am,)
7 o Ve B
_%(/R(a Z)(U)T'Ubo (u) du)jﬂ:l(/cv(u)\/ubo (u) dBi(u)), (22)

where R(ap,,z) = H?Zl[ami,xi[, B = (Bl, .. .,Bd) and By, ..., By are in-
dependent d-variate Brownian sheets independent of (Y, )i m. Let us show
that &) (y, B) = (455232 (y,B);ie{l,...,d},z € A) is an equivalence map-
ping from the Gaussian regression model (1) to the Gaussian white noise

model ([L(]).

For any x € C,,, and for any ¢ = 1,...,d define the multivariate analogue
of a Brownian bridge

Vi(z) :/R(a ’I)v(u)\/%o—@)déi(u)
a (/R(a 2) v(w)v(u)" e (u) dU)ng(/C v(u)\/ubo—(u)déi(u))

and set

Vi(z) = (/mam,x) V() V() e () dut) Y + T~ /2Vi(2).
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The process V; takes values in RX and can be rewritten in the form f/z(x) =
Frta 2y ¥() (B () = B2 ()15 (w) du + T=Y/2TF, () where

Witx) = ( /R o Vv w) du) T 2ein + Vi(a).

By construction, the process /V[Z is centred Gaussian and its covariance ma-
trix is E[Wz(x)Wl(j>T] = fR(am,m)ﬂR(am,i)V(U)V(U)T'u'bo (u) du. Assuming
that UL, VK are enumerated in such a way that v1(u) = 1, one checks
that B;( = Ran ) Moo (W)™ Y2qW; 1 (u) is a d-variate Brownian sheet,

where WZJ is the ﬁrst coordmate of WZ Therefore, the randomisation

o)(Y,B) = / b2 (u) /e () du + / Jive () V24V 1 (u) (23)
R(am,z)

R(am,x)

satisfies
> = by(x) /e (z) dz + T~V2dBy(z), @€ Cpp, i=1,...d. (24)

The total variation between the measures induced by (4) and ([l0) is up to
a constant bounded by v/Th?, which tends to zero because of our choice of h
and the assumptions of Theorem . Moreover, the d-variate Brownian sheets
Bl, .. Bd are independent. Slmple algebra shows that the two definitions
23) and () coincide. Hence the law K®@)(y,-) of #®(y, B) provides a
Markov kernel from the Gaussian regression (E) to the Gaussian shift ([L0)
realising the asymptotic equivalence.

6. Proof of Theorem
6.1. Main part

As we have seen in Section 8.3, the construction of the Gaussian experiment
makes use of an i.i.d. family € = (€, )m=1,....M, j=1,....q Of standard Gaussian
vectors with values in R¥. The canonical version of e is defined on the
measurable space (RK Md BRKZ\/Id) We prove the asymptotic equivalence
by a suitable coupling, which consists in constructing probability measures
Pg and Qb on the product space

(&,Bs) := (C([0,T],RY) x R*M? B0 7y pety @ Brcara)

such that

a) E(Xo,r,T) is equivalent to I~E(207T, T)= (z? Be, ( )bezo T)

b) E(Zor,T) and F(Xor,T) = (&, Bs, (Qb Jbexor) are asymptotically
equivalent, ~

c) F(Xo,r,T) is asymptotically equivalent to F(Xo 1, T).
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a) Define f’T to be the measure induced by the pair (X7, ¢), where X7T
is given by (ﬂ) and € is a standard Gaussian vector independent of X7,
that is P} = P} @ Mg with Ay, denoting the standard normal law on
R*. Then the equivalence E ~ E follows from the equality in law of the
respective likelihood processes, cf. Strasser [@, Cor. 25.9].

b) The measure Q] is defined via
QfAxB) = [ BT PL@XT) N aralde)
AXB

for A € BC([O,T],Rd) and B € Brxma with

ZZ[ ) i (X7 €) — g 0;i(am)" Tm 0;(anm)

m=1 j=1

and

1 Tm
T]mj(XT7€) :ﬁ / ]lcm (Xt)V(Xt — am) (dth - b;(Xt) dt)
0
+ (T = T T (1)) 2 ms-

Because of fyo(X7T,e) = 0 these definitions yield Qﬁ = 155, and therefore

log (jg; (XT,€)) = fo(XT,€). Proposition f| combined with the classical

formula of the characteristic function of a Gaussian vector implies that QbT
is a probability measure.

To prove the asymptotic equivalence of E and F, it suffices to show that
the Kullback-Leibler divergence between the measures PbT and QbT tends to
zero uniformly in b € Xo 7 (see the proof of Thm. 2.16 in [[(]). The Fubini
theorem yields

o dPT

BT | s (S5 0T Wit
b

dPT

dPT,

Eb[log( —/fb(XT,e)NKMd(ds)}.

The multidimensional Girsanov formula, see e.g. Liptser and Shiryaev [E],
and the fact that the expectation of the stochastic integral is zero give

m [tos (5 <XT>)} =i (2] 4 g [ wxoral
:Eb[log(::i XO / |0() (m)‘Q,ub(ac)dm

—/Iﬂ )2 d$+T/19 —9(2)) () da.
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Similarly, we find

M d T
/fb (X7, ) Nicarade)] = D237 (= 5 05(am)" Ton 05 (am)

m=1 j=1

+E, [ej(am)T /OTm L, (X)V(Xi — am) 0;(X2) dtD

[ e o al
0

|

|

|

—

=3
5
&
Y
8
+
5

+ B[ e, (00T00)T (00X - 9(x0) de]

M T
v [ @i = ] [ e, 00 5050 ]

1
T.(0) = Eb 1ogub(Xo) 10gubo(Xo)]

ZEb[/ I(Xy)|*1c, (Xt)dt},

/ [9(2) — 3(2) [ o) .

Z Eb[/ lc,, (X¢) 9(Xe) T (9(Xe) — 9(Xe)) dt]

m

The Cauchy-Schwarz inequality implies that 75(¢) < 73(¢) + 74(¢). The
explicit form of the invariant density ju, implies that sup, 71(J) < €. The
Holder assumption implies that sup, [9(z) —9(z)| < h”® and we infer

sup () S T(h* +e%)n,  supTa(9) S Th*.
v v

In Section @ below we prove that
T(9) S (Tn+ da(h)VT) 9% (25)
holds if A = hp tends to zero for T'— oco. Hence, we obtain
KL(PL,QY) Se+Th* +T(e* + h*)n + a(h)VT (e + 1*P).
Consequently, the rate-optimal choice of h is

h = hT _ (54T71)1/(4ﬁ+d72), (26)
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provided that h?# = o(£?), such that
KLPT,QF) S e+ (2735 )19/ 45+4=2) (10g(Te~1))220=2) 4 2

provided that ENd_QTﬁ~—> 00. Under the assumptions of the theorem we thus
conclude that E and F are asymptotically equivalent.

c) It remains to verify that the statistical experiment F defined via Q is
asymptotically equivalent to the experiment F defined via Qg. We have
already seen that

T
log (;lgg;) - Z |:\/T0J (am)TT/mj - g 0j (am)ij Gj (am) )

m,j

Recall that according to Proposition E the random vectors (7m;)m,; are
independent Gaussian with covariance matrix 7,,,. Therefore, the law of

the log-likelihood process (deT /dQﬁ) be o coincides with the law of the
process (ng / dQ;)b €5’ This gives the equivalence of the experiments F

and @, where the latter experiment is defined by the observation

dZ(z) = b(x)\/ e (z) de + T~Y2dB(x),  Z(0)=0, xeRL (27)

To conclude, we remark that the Kullback-Leibler divergence between the
Gaussian experiments F and F is bounded by T' [ (b — b)?ppe < Th%ﬁ and
in view of (Rf) tends to zero for T — co. O

6.2. Evaluation of T3

We start by sketching how the estimate could be reduced to a purely ana-
lytical problem, using

T3(9) < ||b— bol|% Z (Eb [/T(ﬂcm(Xt) —Py(Ch)) dt}

m Tm

+ Eo[T — Tm]Pb(Cm))-

If f is a function in the domain of the generator L; of the semigroup (P ¢):>0
with Lyf = 1¢,, (Xt) — Pp(C,y), then Dynkin’s formula and the fact that
1c,, (Xt) — Py(C,y) is centred yield

T
B[ [ (o, (X0) ~ Pu(Cp) dt] = Bylf(X,,)] < sup f(a).

m

Unfortunately, we could not find a suitable supremum norm estimate for f
in the literature.
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We therefore proceed differently and make use of the mixing properties of
X. Fix some A = A(T') > 0. Since for 7,,, > T — A the integral over [, T
is smaller than the integral over [T'— A, T, we have

T T
Ey [/ Iix.cc,y dt} < Apy(Cr) + Ey {ﬂ{‘rmngA}/ Iix,ec,.} dt}-

m m

Lemma 1. Under the assumptions of Propositionﬂ we obtain

E, [1{rm§T7A} /

Tm

Tm+A
1,0,y ] S A (Cun) + B a(h) /T (Cra).

Proof. Because of [Ty, T + A] C [(i = 1)A, (i +1)A] for some 1 < i <T/A
we get

Tm+A (i+1)A
/ 1c,, (Xs)ds <  max / 1c,, (Xs) ds.
T i=1,..,[T/A] J(i—1)A

Set U; = f((;jll))AA 1c,, (Xs)ds —2Aup(C,y,). By separating the bias from the

stochastic term, we get

Tm+A
/ 1c,, (Xs)ds < 2Au(Cy) +  max R U],

m

and by the Cauchy-Schwarz inequality

T/ . ) :
E, [ max U] g( Z Eb(Uf))2 - LT/AJ1/2Var(/O A]lcm(Xs)ds)

We conclude by an application of Proposition EI a

Lemma 2. If Assumption E is satisfied, then

T T-—A
Eb[]l{‘rmST—A}/ R Iixec.y dt} < ub(Cm)/ Py (7o < t) dt
Tm+ 0

+ TeiAp :ub(cm)'

Proof. We have

T T
E, [ﬂ{‘rmngA} / Aﬂ{xtecm} dt} =E, [/A Iix,cc,.y Yr.<t—a} dt}
Tm~+

T
= ub(cm)/ Pl(r, <t—A)dt
A

+/ E;[(1c,, (Xi) = 16(Cm)) U, <t ay] dt.
A
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Using the Markov property of the process (X;) and the spectral gap in-
equality from Assumption EI, we infer that

Eb[(]lcm (Xt) - Mb(Cm)) ]I{TmSt—A}]
=E [Pb,A(ﬂCm - ,Ub(cm))(Xt—A) ﬂ{TmSt*A}}
< VB [(Pra(lc, — m(Cn))(Xi-2))’]
= |Po.alc,, — mo(Cm)llu, < €2V 1(Cin)-

This inequality completes the proof of the lemma. O

Lemma 3. We have uniformly overm=1,... M:
t2772 +t’l/)2(hd)
Pyt <t) < e AN

(Tm <) S T 12

Proof. Note that M; := nzlpﬁmj(t) € R¥ is a martingale with quadratic

variation matrix (M); = \7,;1/2\7,”(15)\77;1/2. We obtain that E,[(M);] =
tl with the unit K x K-matrix [ and
Py(r < 1) = Po([[{M)]| 2 T) = Py(| (M), — thc]| = T — 1
Ey[|[(M): — tIx|?]

=TT

Let J;, € REXK be the diagonal matrix with J,;; = hl*®l i =1,... K,
then
M)y = tTxc|| = (|72 (T (8) = tTm) T2
<N T 2T 1T (T () = £Tm) Ty -

Simple algebra shows that ||j,;1/2Jh||2 = (S, T D7, Ty = T
and

T Tt = B / (w)v(w) 1o (am + uh) du.
[0,1]¢

This matrix is strictly positive definite and ||h=%upo (am ) 2T}, ' Ty = V||
tends to zero as h — 0. This implies that ||h%upe (@) Jn Tt Jn— V71| tends
to zero as h — 0 and consequently, for h small enough,

I (@) InT il < 2V 1)
We conclude that ||/ Jul2 < e (Cin) 2. Set now Hy = J; (o (t) —
tTIm)J;, 1. One easily checks that

= [ e (e (e

[ ) e




22 Dalalyan and Reif§

Each entry H; ;j can be written as fot s)ds—t fc x) e () dx, where
f is a function bounded by 1 and supported by C,,, Thus the bias-variance
decomposition combined with Proposition yields

Euliz ) < ([ o) = e 0] de) -+ 0030 (C)

m

Since in view of Remark [§ 115(C,) and jupe (C,) are both of order ¢ and
all norms in RE*X are equivalent, we get the desired inequality. O

Using this lemma we obtain

4 . t*n? | yah?)t
/0 Pb(ngt)dtS/O min (1’(T—t)2 + (T—t)Q)dt

T e T g
< . /A . Yaln)v .
_/0 min (1, (T—t)Q)dt+/() min (1, (T—t)Q)dt
Setting e = T~ /?44(h?), we get
T
. wd< / 2
min min(1, 2 (1 —v)v~2) dv

§T/ 1dv+T/ v dv
0 cr

= 2Tcp = 2T 2 4(h%).

In the same way we get fOT min (1,2n%/(T — t)?) dt < 2T'n. Putting all
estimates together, we can bound 73 as follows:

T5(0) S [[b =02 (A + T+ da(WOVT + Th 26 20).
Thus choosing A(T) = ¢q(h?)VT we get
T3(9) S b = b°|I2 (T + a(h)VT),

provided that h = h(T') tends to zero as T — oo.
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