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INDEX THEORY AND
NON-COMMUTATIVE GEOMETRY
II. DIRAC OPERATORS AND INDEX BUNDLES
April 19, 2005

MOULAY-TAHAR BENAMEUR AND JAMES L. HEITSCH

ABSTRACT. When the index bundle of a longitudinal Dirac type operator is transversely smooth, we define
its Chern character in Haefliger cohomology and relate it to the Chern character of the K —theory index. This
result gives a concrete connection between the topology of the foliation and the longitudinal index formula.
Moreover, the usual spectral assumption on the Novikov-Shubin invariants of the operator is improved.
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INTRODUCTION

In this paper, we continue our systematic study of the index theorem in Haefliger cohomology of foliations.
In [BH-1], we defined a Chern character for leafwise elliptic pseudodifferential operators on foliations. By
using Connes’ extension in , we then translated the Connes-Skandalis K —theory index theorem
[ into Haefliger cohomology, thus proving scalar index theorems in the presence of holonomy invariant
currents.

In order to get more insight into topological invariants of foliations, we extend here the results of ]
and [HL9Y], which tie the indices of a leafwise operator on a foliation of a compact manifold to the so-called
index bundle of the operator. In particular, we show that for a generalized Dirac operator D along the leaves
of a foliation with Hausdorff graph, the Chern character of the analytic index of D coincides with the Chern
character of the index bundle of D. As in ﬂHeQEﬂ and [HL9Y|, we assume that the projection onto the kernel
of D is transversely smooth, and that the spectral projections of D? for the intervals (0, €) are transversely
smooth, for e sufficiently small. In those two papers, we assumed that the Novikov-Shubin invariants of D
were greater than three times the codimension of F. Here we use the K —theory index and we need only
assume that they are greater than half the codimension of F. More precisely, the pairings of these Chern
characters with a given Haefliger 2k—current agree whenever the Novikov-Shubin invariants of D are greater
than k. We conjecture that this theorem is still true provided only that the Novikov-Shubin invariants are
positive. Note that in the heat equation proof of the classical Atiyah-Singer families index theorem, ,
it is assumed that there is a uniform gap about zero in the spectrum of the operator, which implies the
conditions we assume on the spectral projections.

In , ], Connes extended the classical construction of Atiyah of the L? covering index
theorem to leafwise elliptic operators on compact foliated manifolds. To do so he replaced the lifting and
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deck transformations used by Atiyah by a lifting to the holonomy covers of the leaves invariant under the
natural action of the holonomy groupoid. Moreover, he defined an analytic index map from the K-theory of
the tangent bundle of the foliation to the K-theory of the C* algebra of the foliation, which plays the role of
the K-theory of the space of leaves. In [, Connes and Skandalis defined a push forward map in K-theory
for any K-oriented map from a manifold to the space of leaves of a foliation of a compact manifold. This
allowed them to define a topological index map from the K-theory of the tangent bundle of the foliation to
the K-theory of its C* algebra. Their main result is that the analytic and topological index maps are equal,
an extension of the classical Atiyah-Singer families index theorem. This theorem does not lead in general to
a relation between the index of the operator and its index bundle, by which we mean the (graded) projection
onto the kernel of the operator, even when this latter is transversely smooth so that its Chern character is
well defined. This index bundle, which lives in a von Neumann algebra of the foliation, carries important
information about the foliation, e.g. its Euler class, its higher signatures, etc.

In this paper, we extend the Chern character to the index bundle of D, provided the projection onto the
kernel of D is transversely smooth. Our main result is that, with the conditions given in the first paragraph,
the Chern character of D equals the Chern character of the index bundle of D. Since the Chern character of
the index bundle equals the superconnection index defined in [He94], we obtain as a corollary the coincidence
of the superconnection index with the Chern character of the analytic and topological indices. This Chern
character is readily computable and directly relates the index of D with the topology of the foliation.

We point out the papers , ] where Gorokhovsky and Lott prove, by a different method, an
index theorem for longitudinal Dirac operators.

Here is a brief outline of the paper. In Section 1., we fix notation and briefly review some necessary
material. In Section 2., we extend our Chern character to the K —theory of the space of super-exponentially
decaying operators on the leaves of a foliation, recall the construction of Dirac operators and the heat index
idempotent. In Section 3., we review the construction of the Chern character we use, and extend it to the
index bundle of a leafwise Dirac operator. In Section 4., we prove our main theorem, Theorem . In
Section 5., we show that the Chern character of the index bundle for D defined here is the same as that
defined in [ using Bismut superconnections.

Some of our results are valid for all foliations, not just those with Hausfdorff groupoid. We will alert the
reader when we need to assume that the graph G of F' is Hausdorff. It is also worth pointing out that our
results are valid if we replace the holonomy groupoid G by any smooth groupoid between the monodromy
and holonomy groupoids.

Achnowledgements. The authors would like to thank A. Carey, A. Connes, M. Hilsum, E. Leichtnam, J.
Lott, V. Nistor, and P. Piazza for many helpful discussions. We are especially indebted to G. Skandalis for
many suggestions and remarks.

1. NOTATION AND REVIEW

Throughout this paper M denotes a smooth compact Riemannian manifold of dimension n, and F' denotes
an oriented foliation of M of dimension p and codimension gq. So n = p 4+ ¢. The tangent bundle of F' will
be denoted TF. If E — N is a vector bundle over a manifold NV, we denote the space of smooth sections by
C>*(E) or by C*°(N; E) if we want to emphasize the base space of the bundle. The compactly supported
sections are denoted by C°(E) or C°(N; E). The space of differential k—forms on N is denoted A*(N),
and we set A(N) = @,>0A"(N). The space of compactly supported k—forms is denoted A¥(N), and
A(N) = @0 AL (N).

The holonomy groupoid G of F consists of equivalence classes of paths v : [0,1] — M such that the image
of 7y is contained in a leaf of F.. Two such paths v, and 7, are equivalent if v1(0) = v2(0), 71(1) = 72(1), and
the holonomy germ along them is the same. Two classes may be composed if the first ends where the second
begins, and the composition is just the juxtaposition of the two paths. This makes G a groupoid. The space
G of units of G consists of the equivalence classes of the constant paths, and we identify G(©) with M.

G is a (in general non-Hausdorff) dimension 2p 4+ ¢ manifold. The basic open sets defining its manifold
structure are given as follows. Let U be a finite good cover of M by foliation charts as defined in [HL9(.
Given U and V in this cover and a leafwise path ~ starting in U and ending in V', define (U,~,V) to be



INDEX THEORY AND NON-COMMUTATIVE GEOMETRY II April 19, 2005 3

the set of equivalence classes of leafwise paths starting in U and ending in V which are homotopic to y
through a homotopy of leafwise paths whose end points remain in U and V respectively. It is easy to see,
using the holonomy defined by ~ from a transversal in U to a transversal in V', that if U,V ~ RP x R4, then
(U,7,V) 2 RP x RP x RY. If G is non-Hausdorff, it is not true that compact sets are always closed, nor that
the closure of a compact set is compact. Because of this, we define the notion of having compact support as
follows. Given a bundle E over G and any set (U,v, V) as above, consider E | (U,~, V), the restriction of E
to (U,v,V). The space C°(E | (U,~,V)) has a natural inclusion into the space of sections of E over G by
extending any element of C°(E | (U,~,V)) to all of G by defining it to be zero outside (U,~, V). We define
the space C°(E) = C(G; E) of smooth sections of E over G with compact support to be all finite sums
>~ s; where each s; is the image of an element in some C°(E | (U,~,V)). The space of smooth functions
with compact support on G, namely C°(G;G x R), will be denoted C°(G). The metric on M induces a
canonical metric on G, denoted gg. See M| for the construction.

The source and range maps of the groupoid G are the two natural maps s, r : G — M given by s([’y]) =
7(0), 7([v]) = 7(1). G has two natural transverse foliations F, and F, whose leaves are respectively L, =
s Ha), L” = r~Y(z) for x € M. Note that r : L, — L is the holonomy covering of L.

The Haefliger cohomology of F', [], is given as follows. For each U; € U, let T; C U; be a transversal and
set T = |J T;. We may assume that the closures of the T; are disjoint. Let H be the holonomy pseudogroup
induced by F on T. Denote by A¥(M/F) the quotient of A¥(T) by the vector subspace generated by elements
of the form o — h*o where h € H and « € A¥(T) has support contained in the range of h. Give A*(M/F)
the quotient topology of the usual C* topology on A¥(T), so this is not a Hausdorff space in general. The
exterior derivative dr : A¥(T) — AFT1(T) induces a continuous differential dyy : A¥(M/F) — A**Y(M/F).
Note that A¥(M/F) and dy are independent of the choice of cover . The complex {A*(M/F),dy} and
its cohomology H(M/F) are, respectively, the Haefliger forms and Haefliger cohomology of F.

As the bundle T'F is oriented, there is a continuous open surjective linear map, called integration over
the leaves,

/ L APHR(M) — AR(M/F)
P
which commutes with the exterior derivatives dy; and dg. Given w € APTF(M), write w = > w; where
w; € APTR(U;). Integrate w; along the fibers of the submersion m; : U; — T} to obtain / w; € AIZ(TZ-).
U;
Define / w € A¥(M/F) to be the class of Z / w;. It is independent of the choice of the w; and of the
F i i

cover U. As /

commutes with dj; and dg, it induces the map / cHPYR(M;R) — HY(M/F).
F

F

2. THE K —THEORY INDEX

In this section, we recall the definition of the analytic index of a Dirac operator defined along the leaves
of a foliation. We begin with some general remarks about operators along the leaves of foliations.

Let E7 and E{ be two complex vector bundles over M with Hermitian metrics and connections, and set
E = r*F; and E' = r*E] with the pulled back metrics and connections. A pseudo-differential G-operator
with uniform support acting from E to E’ is a smooth family (P,)zen of G-invariant pseudo-differential
operators, where for each x, P, is an operator acting from F | L, to E' | L,. The G-invariance property
means that for any + € Eg = z$ N Ey, we have

(y-P)y=UyoPoU;' =P,

where U, denotes the operator on sections of any bundle induced by the isomorphism ~ : Zy — L, given by
composition with ~; for instance

U, : C2(Ly, E) — C(Ly, E).
The smoothness assumption is rigorously defined in [NWX94]. If we denote by K, the Schwartz kernel
of P, then the G-invariance assumption implies that the family (K;).en induces a distributional section
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K of Hom(E, E\’) over G which is smooth outside G© = M. Here £/ = s*E1, which is also the pullback
bundle of E’ under the diffeomorphism v — ~~!. Since M is compact, the uniform support condition
becomes the assumption that the support of K is compact in G. The space of uniformly supported pseudo-
differential G—operators from E to E’ is denoted ¥*°(G; F,E’), and the space of uniformly supported
regularizing G-operators is denoted by U~°°(G; E, E'). When E’ = E we simply denote the correspond-
ing spaces by ¥>°(G; E) and U~°(G; F). The Schwartz Kernel Theorem identifies ¥~°°(G; E, E') with
C*(G,Hom(FE, E’\’)), see [[Con7d, NWX9d].

An element of U>°(G; E, E’) is elliptic if it is elliptic when restricted to each leaf of F;. The parametrix
theorem can be extended to the foliated case and we have

Proposition 2.1. ] Let P be a uniformly supported elliptic pseudo-differential G—operator acting
from E to E'. Then there exists a uniformly supported pseudo-differential G—operator @) acting from E' to
E such that

I —QoP eV (G E) and [z — PoQ € V~(G; E').

Here Iy and Ig: denote the identity operators of E and E' respectively.

A classical K —theory construction assigns to any uniformly supported elliptic pseudo-differential G—operator
P from E to E’, a K—theory class

Ind,(P) € Ko(U~(G; E & E')) = Ko(C(G, Hom(E & E')))

called the analytic index of P , ] It will be useful to define this index class using functional
calculus in a wider space of smoothing operators, so we now relax the uniform support condition and extend
the above pseudodifferential calculus.

A super-exponentially decaying G—operator from E to E’ is a family P = (Py)zem of smoothing
G—operators so that its Schwartz kernel P, (y, z) is smooth in z, y, and z, and satisfies

2.2. Given non-negative integer multi indices o, 3, and vy, there are positive constants €,Cy, and Ca, such
that for all x € M, y,z € L,

plelFIBIHNIP, (y, 2) —da(y, 2)'*e
I 0z 0yPOzY Cy } '

Here 0/0x , 0/0y, and 9/0z come from coordinates obtained from a finite good cover U of M and d, ( )
is the distance on L,. The space of all such operators is denoted V(G E,E") or CZ(G;Hom(E, E")).
Again when E’ = E we denote the corresponding spaces by ¥ <> (G; E) and CZ(G; Hom(F)) for simplicity.
When E and E’ are trivial line bundles, we omit them and denote the corresponding spaces by ¥ <> (G) and
g (9)-

Lemma 2.3. When E' = E, the space ¥ 3> (G; E) is an algebra.

I <Cy exp[

Proof. Let P and Q € V(G; E), with constants €;,C,Cy and €3, D1, Dy respectively, for the estimate
given by Equation E We may replace €; and €3 by € = min(ej,e2). Set « = 1+ ¢, C = C1D; and
D = C5+ Ds. Then for y,z € L,,

|Pr o Qe(y, 2)| = |/ w)Q (w, z) dw| <[ Cre—dww)*/Capy o=d(w,2)?/ Dz gy, <
/ Ce— ) /D g=d(w,2)* /D g — g~ (d(y,2)" /2 D) / o~ (dy0) +d(w, ) ~(d(5:2)/2)°)/D gy <
i .
Ce = /7D) | / =) /D g / e~ IP gy <
SZ Sy

Ce—(d(w)‘*/fm[/ o—d(y.w)*/D dw+/ —dw,2)*/D dw},
i i

x x

where
S, ={we Ly |dw,z)>d(y,2)/2} and Sy ={w e L. | d(y,w) > d(y, 2)/2}.
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Lo Lo
z. This is a standard argument for foliations of compact manifolds. Since M is compact, the leaves z$ have
at most (uniformly bounded) exponential growth, and the integrands are super-exponentially decaying with
uniform super-exponential bounds. This gives us the estimate in @ for Po Q.

To get the estimate for the derivatives 91/ *181+1(Po @), (y, 2)/0x*0yP 027 we need only note that these

are finite sums of the form
[on [ +]8] [aa|+]v]
3 / (8 Pz(y,w))(a Qz(w,z>)dw,
i, Oz 9yf Ox2027

a]taz=a

Now each of the integrals / e~ W)/ quy and / e~ “w:2)"/D quy is bounded independently of z,y, and

We can then repeat the argument above, using the estimates for the individual integrands.

There is a continuous embedding of algebras
jo : C¥(G; Hom(E & E')) — CF (G: Hom(E & E')),

and we define the Schwartz analytic index Indf as the composition of the analytic index Ind, and the
induced morphism jg, : Ki(G; Hom(E® E’)) — Ko(CZ(G; Hom(E ® E”))). So if P is a uniformly supported
elliptic pseudo-differential G—operator,

md® (P) = je.(Ind,(P)) € Ko(CX(G;Hom(E @ E))).

By classical arguments, see for instance [MN9(], it is easy to check that U< >°(G; E, E') is a right module
over the algebra U >°(G). The extended pseudodifferential calculus is defined by:

U (G E,E") :=Vg>®(G; E,E') @y-(g) Y°(G; E, E').

It is generated by ¥*(G;E,E’) and V™ (G; E,E'). When E' = E, we obtain in this way an algebra
of pseudodifferential operators. The subspace W™ (G; E) is then an ideal in the algebra ¥ (G; E). This
is due to the estimate given in @ In particular, we may define Indf (P) directly using a parametrix
Q € UVZ(G; E', E) and the classical construction, and it is obvious that the two definitions agree.

The construction of the Chern character ch, : Ko(C2°(G; Hom(E @ E'))) — HX(M/F) in [BH-J], reviewed
in Section E below, also extends to this case thanks to Lemma 2.5, p. 443 of [] Note that this lemma
requires one of the elements to be uniformly exponentially decaying while the other must have uniformly
bounded coefficients. But if an operator is uniformly exponentially decaying it does have uniformly bounded
coefficients. Thus we have

ch® : Ko(CZL(G; Hom(E & E'))) — HX(M/F)

and
chf 0jex = chg .

Finally, the formula for ch, in Definition .4 below also holds for ch?.

Now assume that the dimension p of F' is even and denote by D a generalized Dirac operator for the
foliation F'. One of the most important examples of such an operator is given by the longitudinal Dirac
operator with coefficients in a vector bundle over M. It is defined as follows. As above, let E; be a complex
vector bundle over M with Hermitian metric and connection, and set E = r*(FE;) with the pulled back
metric and connection. Assume that the tangent bundle T'F of F' is spin with a fixed spin structure. Then
TF, is also spin, and we endow it with the pulled back spin structure from TF. Denote by S = ST & S~
the bundle of spinors along the leaves of Fy. Denote by V° the connection on TF; given by the orthogonal
projection of the Levi-Civita connection for gg on T'G. V° in then the Levi-Civita connection on each leaf
of F for the induced metric. For all z € M, V° induces a connection V" on S |Zz and we denote also by
V the tensor product connection on S ® E|L,. These data determine a smooth family D = {D,} of Dirac
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operators, where D, acts on sections of S ® E |ZI as follows. Let X1,..., X, be alocal oriented orthonormal
basis of T'L,, and set

p
D, = Z p(X;)V&,
i=1

where p(X;) is the Clifford action of X; on the bundle S ® E|zz Then D, does not depend on the
choice of the X;, and it is an odd operator for the Z, grading of S® F = (ST @ E) ® (S~ ® E). Set
Dt =D :C®ST®FE) - C*S ®@FE)and D- =D : C*(S™ ® F) » CX(ST ® E). For more on
generalized Dirac operators, see .

A super-exponentially decaying G—operator on S ® E is defined to be an operator of the form

Ann A
A= ,
( Az1 Az
where each A;; is a smoothing operator whose Schwartz kernel A;; ,(y,z) is smooth in z, y, and z, and
satisfies the estimate in E A11 maps sections of ST ® E to itself, Ajo maps sections of S~ ® E to sections
of ST ® E, etc. The set of all such operators is denoted ¥5*(G;S ® E) or C(G; Hom(S ® E)). If we
unitalize ¥ 3> (G; S ® E) by adding two copies of C corresponding to the projections 7+ : C°(S ® E) —

C(S8* ® E), then we get a unital algebra that we denote by \ng”(g;s ® E). Note that 7 = ( (I) 8 )

and 7_ = < 8 (I) ) Since the grading operator « for S = St & S~ satisfies « = 71 — 77—, « belongs to
US®(G; S @ E).
The odd operator D is elliptic, so its analytic index is defined using a parametrix @ for D which is also

odd, i.e.

Q=Q%:C®(ST®E) — C*(STRE).
Set

Sy =I-Q oDVand S_.=1—-D"oQ"
SO

5. :C®(S*QE) — CX(ST®E).
Using embeddings of our bundles in trivial bundles and computing the boundary map in K —theory, it
is easy to see that the analytic index of D is the K —theory class [CM91] in Ko(¥~°°(G;S ® E)) =
Ko(C*(G; Hom(S ® E)),
Ind,(D*) = [¢] - [r_]

where the idempotent e is given by

_ st —Q o (8- +52)
2.4- e<—S_OD+ I—SQ .

The class [¢] — [r_] lives in the Ky—group of the unital algebra ¥=°°(G;S ® E) but its image in the
Ky—group of C & C under the map induced by
. All + )‘IS+®E A12
pe (e )

is trivial. Since this epimorphism admits a splitting homomorphism, it is clear that the kernel of the
induced map p, is isomorphic to the Ky—group of the non-unital algebra ¥~°°(G; S ® E). Hence, the index
Ind, (D) = [e] — [r_] is well defined.

Proposition 2.5. Assume that G is Hausdorff. Set

- - —tD~ DT
e—tD Dt (767tD D*/Z)IfteD7D+ \/ng

P(tD) =
_e—tD+D*/2\/ED+ I — e—tD*D*
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Then, for all t > 0, P(tD) is an idempotent in \ng”(g;s ® E) and
[P(tD)] — [r_] = IndS (D) € Ko(CZ(G; Hom(S ® E))).

Proof. 1t is classical that all the operators in P(tD) (with the possible exception of the term 7_) are

smoothing when restricted to any Ez, so their Schwartz kernels are smooth when restricted to any L,.
Thus to check for smoothness, we need only check that they are smooth transversely, i.e. smooth in
the variable © € M. The coefficients of the D* are smooth, and Corollary 3.11 of [He95 (which re-
quires that G be Hausdorff), says that the e~*P DT are transversely smooth. We will show presently that
tp-pt/2d — e th D7 Vi Vi tp+p-2d — e tP' D"
e~ —————VtD” =+VtD"e” _
tD— D+ tDJ;D;
By [He9, the Schwartz kernels Ptyim (y,2) of the e P~ P7 satisfy the following estimate. Given a non-
negative integer i and non-negative integer multi indices «, 0, and «y, and a real number T" > 0, there is a

constant C' > 0 such that forallz € M, y,z € L,, and 0 <t < T,

3i+\a|+\ﬁ|+\v|pﬁfz(y7 2)
OtidxdyPOzY

is also transversely smooth.

2.6.

2
| < C~@/2itlal+181+ ) eXp[M]_
- At

It follows immediately that the e=*P*P¥ and the e~*P*DP¥/2 gatisfy the estimate in Equation R.d, and
so also e P D7/2\/tD+ = \/tD+e~tP D"/2 gince the derivatives of the coefficients of DT are uniformly
bounded on G.

_+D-D+ —+D+D-
cpprpl =P et el e
To handle e DT tD™ =+vtD e DI D- note that
_sDtD- P
i e — }16_5D+D7, SO 71_6 oo :l te_SD+D7ds.
ds D+D- tD+D- tJo
Thus
—tD*+ D~ _ _
\/gD_e_tD#»D*/QI — e tDT D _ \/ED /t e—(t/2+5)D+D7 ds — \/ED 3t/2 6_8D+D7 s
_ ] _ e—tDtD™
A simple calculation using Equation @ above then shows that for fixed ¢, VtD e P D7/ 2# is
transversely smooth and that it satisfies the estimate in Equation .
I — —tD~ D%V /2
It is easy to check that the operator Q(tD) = Q*(tD) where Q™ (tD) = L ViD™ and

. tD-D+
J — e tD D™ /2
QD) = —prp—
Equation P-4 is then P(tD), so the Schwartz analytic index of tD is just [P(tD)] — [r_]. Since the index
class only depends on the K —theory class of the principal symbol, it is clear that the K—theory class
[P(tD)] — [w_] is independent of ¢ > 0. O

tDT, is a parametrix for v/tD. The corresponding idempotent e given by

3. THE CHERN CHARACTER IN HAEFLIGER COHOMOLOGY

In this section we review the construction of the Chern-Connes character in Haefliger cohomology given in
[BH-1]. In view of our definition of the analytic index through the K —group of the unitalization ¥ 5> (G; S ®
E), the Chern character is easy to express in terms of heat kernels. We may regard the connection V
on § ® FE as an operator of degree one on C(S ® F ® AT*G) where on decomposable sections ¢ & w,
Vip @ w) = (Vo) Aw + ¢ ® dw. The foliation Fy has normal bundle v¥ ~ s*(T*M), and V defines a
quasi-connection V¥ acting on C*°(S§ ® E ® Av¥) by the composition

C¥(S®E®N) - C®(S®E®AT*G) ~ C®(S® E® AT*G) 25 C®(S ® E® AV,

where ¢ is the inclusion and p, is induced by the restriction p, : T*G — v}.
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C*®(S ® E ® Av¥) is an A(M)-module where for ¢ € C*(S ® E® Av¥), and w € A(M), we set

w-¢=py(s*(w))e,

where again the map p, : A(G) — C*°(Av}) is induced by the projection p, : T*G — v?.

Recall U=>°(G; S® E) ~ C°(G,Hom(S ® E)) the space of uniformly supported regularizing G-operators.
We may consider the algebra

U™2(G; S @ B)®c (ar) A(M)

as a subspace of the space of A(M)-equivariant endomorphisms of C*(S ® E ® Av¥) by using the A(M)
module structure of C*(S ® E ® AvY).

Denote by 0, : End(C*(S® E® Av¥)) — End(C® (S ® E® Av¥)) the linear operator given by the graded
commutator

0,(T) = [V",T].
The operator d, maps the space
A(G.S®E) :=U"°(G;S ® E)®co(an) A(M)

to itself, and (9,)? is given by the commutator with the curvature 6§ = (V*)? of V.
In the same way, we consider the algebra
As(G,. 8 ® E) 1= Ug™(G; S ® E)®ce(an) A(M)

where U *°(G; S® E) is the algebra of superexponentially decaying operators defined in the previous section.
Then 9, also acts on Ag(G,S ® E) with (9,)? given again by the commutator with the zero-th order
differential operator 6.
By the Schwartz kernel theorem, the algebra Ag(G,S ® E) is isomorphic to the algebra
C(G; Hom(S ® E))®ce (ar) A(M).
For any T € Ag(G,S ® E), define the trace of T to be the (compactly supported) Haefliger k-form Tr(T)
given by

Tr(T):/Ftr(K(f))dz:/Ftr(K(z,z))dz,

where K is the smooth Schwartz kernel of T', Z is the class of the constant path at z, tr(K(Z)) is the usual
trace of K(Z) € End((S ® E)z) ® ANT*M, and so belongs to AT*M,, and dz is the leafwise volume form
associated with the fixed orientation of the foliation F. The map

Tr: As(G,S® E) — A (M/F)

is then a graded trace which satisfies Tr 09, = dg o Tr, see [BH-I].
Since 9?2 is not necessarily zero, we used Connes’ X —trick to construct a new graded differential algebra

(As,8) out of the graded quasi-differential algebra (As(G,S ® E),d,), sce [Cond4], p. 229. First, note that

the curvature operator 6 is a multiplier of Ag(G,S ® E). As a vector space Ag = M2(4s(G,S ® E)). An

~ Ti1 Tie
element T =
e < Toy Too

> € .ZG is homogeneous of degree oT = k if
k=0T11 =0T1o+1=01T5 +1=0T5 + 2.
On homogeneous elements of .Z@, é is given by
= al,TH al,Tlg 0 —6 ~ T 0 1
oT = ( —0, Ty —0, T ) + < 10 >T+(1) {29 0 )

and is extended to non-homogenous elements by linearity. A straightforward computation gives % = 0. For

homogeneous T' € As(G,S ® E), the differential ¢ on < %; 8 > € Ag is given by

(3 9)-(7 )
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1 0
(o 4)
T+T =TT
This makes (Ag,0) a graded differential algebra. For simplicity, we shall remove the multiplication * from

Set

and define a new product on .Zg by

the notation and write TT" for T * T when no confusion will occur.
The graded algebra Ag(G,S ® E) embeds as a subalgebra of As by using the map

T 0
T — ( 0 0 ) .
We shall therefore also denote by T the image in Ag of any T € Ag(G,S ® E).
For homogeneous T € Ag define
&(T) = Te(Ty) — (—1)°T Tr(Tx00),

and extend to arbitrary elements by linearity. The map & : As — A*(M/F) is then a graded trace, and
again we have ® 0§ = dy o @, see [BH-I|.

The (algebraic) Chern-Connes character in the even case is the morphism
cha : Ko(CF(9,S ® E)) = Ko(Vg™(G; S @ E)) — H.(M/F)

defined as follows. Denote by @g’o (G;S ® E) the minimal unitalization of ¥<*(G;S ® E). This amounts
to adding a copy of the complex numbers C, so

Vs™(G;8 @ E) = Ug™(G;:S® E) & C.

Let MN( *(G;S ® E)) be the space of N x N matrices with coefficients in @g’O(g;S ® E). Denote by
tr: My (Vg °°(g S®E)) = ¥s*(G;S ® E) the usual trace.
Recall the following:

Theorem 3.1. Let B = [é1] — [é2] be an element of Ko(V™(G;S @ E)), where é; = (e1, A1) and
€2 = (e2, A2) are idempotents in MN((I\IéOO(g;S ® E)). Then the Haefliger forms

(@otr) (erexp (%)) and (@ o tr) (ez exp <(25+ﬂ2)2))

are closed and the Haefliger cohomology class of their difference depends only on B.

Definition 3.2. The algebraic Chern character ch,(B) of B is the Haefliger cohomology class

3.3. cha(B) = {(cb o tr) (61 exp (_(25;)2»} - [(q) o tr) (e2 exp (_(;?)2))] .

In order to effectively compute the Chern character of the index of a generalized Dirac operator for F', we
need some further results. The exact sequence of algebras

0= Ug®(GS®E) 5 Ug®(G:S® E) £ C2 =0

has a splitting homomorphism o : C?> — \ng”(g; S® FE) given by o(\, ) = Amq 4+ pm—. Therefore the kernel
of the induced map
Ko(Ue™(G;8 @ E)) — Ko(C?) ~7?
is isomorphic to the group KO( &7(G;S®E)). Denote by pg the obvious projection of \T/g”(g; S® E) onto
C. Then the inclusion map
B:U™(G:S®E) — Vg™ (G:S ® E),
given by 8(T,A\) =T + Ary + Ar_ induces the isomorphism

B : Ko(Ug™(G; S © E)) = Ker(py..) — Ker(p.) € Ko(¥5™(G: S @ E)).
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We shall use the universal graded algebra in the proof of Proposition @ below, so we recall its definition.
To any algebra C, there corresponds a (universal) differential graded algebra Q(C) = @,>0Q"(C) which is
defined by

Q°C):=C®C, and forn >1,Q0"(C) := (C®&C) ®C*".
The differential d : Q7(C) — Q"*1(C) is defined for a/ € C and ¢ € C by
dl(@®+c0)®d ® - ®ad")] =10d®cd - 2ad"

It is clear that by definition d? = 0. The space Q"(C) is endowed with a natural right C-module structure
(and hence right C @ C-module structure) defined by

(@ +eo)@ad @ ®@a™a" ™ = (-1)"Y (-1)(a’+e)® - @ddT @ - - ®a" T
=0
The algebra structure of (C) is defined by setting
(@ +eo)ad@---@a) P eb @ - 0b)=("+e)®d @ - @ad)W b @ @b
and
(@ +e0)®d @ - @a") @b @ b)) =@ +c)®d @ - Qa" @b @ @]
A straightforward verification shows that (©(C),d) is a differential graded algebra, see [Con85]. We point
out that by definition
(a”+c)da' - -da” = (a®° +c)®a' ® - ®a".
The following is known to experts. We give the proof for completeness, since it will be used in the sequel.

Proposition 3.4. Let € and €' be two idempotents in Mn(Vg™(G;S @ E)) such that [€] — [€'] belongs to
the kernel of p.. Then the Haefliger forms

—(5(e - (gop)(é))>2>) and

2m

@om)((@ - on@)ex

—(8(¢" — (e op)(é’)))2>)

2m

@om)((@ - (g0 @ ewn (
are closed and we have the following equality in Haefliger cohomology:

—(0(e - (QOP)(é)))Q))}

2m

(o087 )(E - ) = | (@ o) (e~ (2o @ exp

20m

) {(@ o) (¢~ (0on)#) exp (—(6(é' - (@op)(é’)))Q))}

Proof. We define for every k > 0 a multilinear functional ® on the unital algebra \Tlg’o (G;S ® E) by the
equality
ST, T*) := &(TT* - - - 6TF) + ®(5(A°TH)oT? - - - 6T"),
where T/ = T7 4 N € Ug™(G; S © E) with
. ~. ~. . ~. J . )
T =T —(pop)(T?) € V™(G;S® E) and ANV = pop(T7) = < )E) /?j > =Nrg +plm_.

Then & is a functional on the universal differential graded algebra associated with \ng”(g;s ® E), see

[Cong8F) and also the bivariant constructions in [[CQ97, Nis93). More precisely, we set:
O((T° + )dT™ - - - dT*) := ®(T°, .-, TF).
We then have by definition N
(Pod)=0
on the universal differential graded algebra associated with \ng”(g ;i S®E).
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For T9 = T7 + A € Ug™(G; S ® E), we have
(=1)*®([T0dT" - - - dT*, T*)) = (71)’“~(T0df1 o dTRTHY — (= D)FQ(THTO4T? - - - dT")
= O(T°T'dT?.--dT* ")+ Z )/ O(T0dT" - - - dTI d(TVTI1)dTI+2 - . T+

— (=D*®(TFTOdT! - .di)
= O(TT' + AT + TOAY)ST? .. 6TH1) + S(S(ACALT?)6T3 .. 5TF+)
+ zk: DIO(TOTY - - 6T 15(TITIHY 4 AITIHL 4 TINTH)STI+2 . gTHFY)
j=1
— BO(AYN(TIT? + A'T? + TTA?))oT3 - - 6T )
+ zk: DIB(S(ATY)ST? - - - sTI7§(TITIH 4 AITITY f TIATTY)STIF2 .. TR+

j=
o ( 1) ((Tk+1TO Tk+1AO Ak+1TO)5T1 . 5Tk)
(=D)F(S(AFTIATY)T? - .- 5T").

By using a connection which commutes with the grading we insure that 9¥(A) = 0 for any A € Cr; @Crr_.
Thus, using the definitions of the product and the differential §, we can easily deduce the following relations
for all A,T,A’, and T":

3.5. 0"(AT) = A(0"T), OY(TA)=(0"T)A, OAT =AOT, TAS(T')=T6(AT'), 6(TANT = (6T)(AT"),
S(TAN)O(T") =6(T)0(AT"), TAS(NT)=T6(ANT') and O6(TT')=06TT +TT'.

It is then a straightforward calculation that

O((TOT* + A°T! + TOAN)ST? .. 6T 1)+

k
S (=TT - ST S(TITIH 4 ATV 4 TINIT)STIH2 - 5T

collapses to
Q(AOTST? - - 6T ) 4 (=1)*R(TOST" - - 6T 1 (6T*TH! + 5(T*AF))),
and

B(S(ACAMT?)ST3 - - - ST — B(S(AY(TT? + A'T? + THA%))6T3 - - - ST 1)+

(=1)ID(S(A°TH)ST? - STI7 1 (TITIT  NITIHL 4 TINTFY)STIT2 ... gTh+D)

-

<
||
N

collapses to

B(A'TIOT? . 6THHY) + (=)D (S(AOTYH)OT? - - - 6T L (STHTH! 4 5(TFAFTLY)).
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Substituting and multiplying by (—1)*, we get
&)([Tvodjﬂvl ---dfk,fk-"_l]) _ (—1)k(I)(AOT1(ST2(STk+1)

+  ®(TT! .. sTHTRHY)

+ (TOST! .- STF15(THARTY))

- (-1 )k (AOT15T2---6Tk+1)

+ DO(ATHST? - sTrTRH)

+ BO(ATHST?- - STH15(THARTLY)

(0
(
(Tk+1T06T1 . 6Tk)
(Tk-‘rlAO(STl . (STk)
(
(

(.
o

—  HAFFITOSTL. . 5T
—  Q(S(AFTIACTYYOT? - 6T ).
The first and the fourth terms on the right cancel. Using E and the trace property of ® we have the
following equations:
0 = ®T%T" .- oTFTr) — o(THHT0T! - - 6T).
0 = OT%T"--- ST 15(TFAR)) — (AT TO05T! - .. 5T").
0 (S(A°TH)ST? - - oTRTRHY) — B(THHIAST! - .. 6T").
0 (S(A°TH)OT? - 6TF15(THARTYY) — &(S(AFTIACTY ST - 6TF).
Thus o o
o([T°dT" ---dT*, T* 1)) = 0.
Now a classical argument shows that ® is then a graded trace on the whole universal algebra associated
with ¥ (G; S ® E).
Given the above, we know that for any idempotent € in the matrix algebra My (¥ s> (G;S ® E)), the

expression (@ o tr) (é exp <M) )

2m

is a closed Haefliger form and that its cohomology class only depends on the K—theory class [€] of the
idempotent e, see for instance [BH-I|. But note that this Haefliger differential form coincides up to exact
Haefliger forms with the differential form

(®otr) ((é —(0op)(€))exp <(5(é

which is then also closed and represents the same Haefliger cohomology class. Thus we deduce that the
Haefliger class

(@0 (e~ (gop)(e) exp (LoD

m

— (o op)(é)))2>)

20m

m

(@) (¢~ (gop)e) exp (—ELZDEN) )],

is well defined and only depends on the K —theory class [¢] — [¢']. We denote it by ch, ([¢] — [¢']). So we have
the following morphism

ch, : Ko(Ug™(G; S @ E)) — HX(M/F).
The above construction applies also to the minimal unitalization \Tlgx’ (G; S®E) of the algebra ¥ > (G; S®E)

and yields a morphism
chy : Ko(Wg™(G; S @ E)) — Hi(M/F),
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whose restriction to Ko(¥ ™ (G; S ® E)) is by definition the Chern character ch,. Note that ch, is given by
the same formula (@), except that the K —theory element is no longer supposed to live in the kernel of

« Ko(Wg™(G; S ® B)) — Ko(¥g™(G;S @ E)).
Now the map 3 : @g’O(g; S®FE) — \Ifg”(g; S®FE) induces a well defined morphism of short exact sequences
' Do,

0 — Ko(¥s™(G;8 @ E)) Ko(We™(G;S ® E))

l id | l B l (6]

D

Ko(C)~Z — 0

0 — Ko(¥s™(G:S ® E)) Ko(Vg™(G; S @ E)) Ko(C?) =72 — 0.

Hence composing with c~ha gives the following diagram which is commutative by the very definition of the
maps:

®(G;S®F))

(M/F).

o
NS

/
0 — Ko(U3%(G; S 3,
\

s (G:S®E)

In particular, c~ha o[y = (;}\1@, SO
&1,1 0By 0ipy = &1,1 049« = chg .
But,
B 0ige : Ko(Wg™(G:S @ E)) — Kerp,.
is an isomorphism, so we may define the Chern character directly on the group Ko(¥ s> (G; S® E)) = Ker p,.
The proof is thus complete. O

Corollary 3.6. Let D be a generalized Dirac operator for the foliation F' acting on the sections of the
Zo—graded bundle S ® E. Let P(tD) be the associated idempotent in the algebra ¥ <™ (G;S ® E), as in
Proposition @ Set P, = P(tD) —n_. Then for allt > 0, the Haefliger form

((5Pt)2)])7

dot (P
(®otr) teXP[ Sin

is closed and as Haefliger classes, we have the equality

chy(Ind, (D)) = [(q) o tr) (Pt exp [M} )} .

2m

Proof. The analytic K —theory index of D in the K —theory group Ko(¥ 5™ (G; S®E)) of superexeponentially
decaying operators is given by

Inde (D) = [P(tD)] — [r_] € Ker (KO( *(G:S ® E)) — Z?).
Since the splitting map o : C? — \ng”(g; S®E) is o(\, p) = Ay + pm—, we have that
P(tD) — (¢op)(P(tD)) = P and m_ — (g o p)(m-) = 0.
Now apply Proposition @ O
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In [] we proved that the Chern character ch, composed with the topological and analytic index maps
of Connes-Skandalis ] yield the same map. As a particular case, for any generalized Dirac operator
D with coefficients in a Hermitian bundle E; over M, the Chern character of the topological index of D,
denoted ch, (Ind; (D)), coincides with the Chern character of the analytic index of D, i.e.

che(Ind¢(D1)) = chy(Ind, (D)),

and the common value of this Haefliger cohomology class is

cha(Indy (D)) = ch, (Ind, (D)) = / A(TF)ch(E).
F

Here E(TF ) is the usual A genus of the tangent bundle of F, and ch is the usual Chern character of Ej.

In order to define the Chern character of the index bundle of D, we need to assume that Fy, the projection
onto the kernel of D, is smooth. Classical results imply that Fy is smooth when restricted to any leaf L, so
what we are really assuming is that it is transversely smooth.

Recall that o = 71 — 7_ is the grading involution for S® F = (ST ® E) ® (S~ ® E). Then

P 0 PF 0
Py = 0 Py = 0
[T n ] e e[

is the super-projection onto the leafwise kernel of D, where Poi is projection onto the kernel of D*. Note
that 8,7+ = 0, provided we use a connection which preserves the splitting S = ST ® §~, which we assume
that we do, so 9, = 0, and af) = fa. Note also that aPy = Pya, so

(0, (aPy))? = a2 (0, Py)?* = (0, P)* and aPyfaPy = a® Py0Py = PyfPy, which implies (5(aPp))? = (6P)>.
—((6(aPp))?) *((5130)2)))

Proposition 3.7. The Haefliger form (® o tr) (aPO exp( 5; 5;
iT iT
is closed, and the Haefliger class it defines depends only on Py.

Proof. Set U = 2Py — 1 then

)) = (Potr) (aPO exp(

aU =Ua,U? =1,UPy = Py = PyU and U(6P) = %U(éU) = —%(5U)U = —(6R)U.
Thus, for any k& > 0,
(dir 0 @ o tr) (aPy(0P)*) ) = (@ o tr) (a(0P)* 1) = (@ 0 tr) (U2 () ).
But,
(@ 0 tr) (U2a(0P)?H1) = (-1 (@ 0 tr) (Ua(8R) 10 ) = ~(® o tr) (U2a(3R)? ),

” (dgr o ® o tr) (aP0(5P0)2k)) =0.

In order to show the independence of the choice of connection, we use the relevant parts of the proof of
Theorem 4.1 of [] Indeed, it is obvious that the Poincaré argument developed there still applies to the
regularizing operator Py even though it may be non-compactly supported. O

Definition 3.8. The analytic Chern character ch,(Py) of the index bundle of D is the class of the Haefliger
—((0(arr))? —((6Py)?
form ((I) o tr) (aPO eXp(M)) — ((I) ° tI‘) (CYPQ exp( (( : 0) )))

2T 2T
Finally, an easy induction argument using the fact that for any idempotent e, e(d,e)**~te = 0 for all

£ > 0, shows that ‘
ooy — (€ (@er ) 0
0 0/
Thus

0, Py)? + Py0Py) ))} _

2m

3.9. che(Py) =) [(Trotr) (aPO eXp(_((
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4. PROOF OF MAIN THEOREM

Denote by P. the spectral projection for D? for the interval (0,¢). Recall that the Novikov-Shubin
invariants of D are greater than k£ > 0 provided that there is § > k so that

(Trotr)(P.) = (®otr)(P.) is O(”) as € — 0.

When we say a Haefliger form ¥ depending on € is O(e”) as ¢ — 0 we mean that there is a constant C' > 0 so
that the function on T', ||¥||7 < Ce” as € — 0. Here || ||7 is the pointwise norm on forms on the transversal
T induced from the metric on M. To say that ||¥|7 < Ce”, means that given any representative ¢ € U,
there is a constant Cy, so that |||z < Cye®. For a given cover, two representatives differ by a finite number
of translations of local forms on transversals to other transversals so if this equation is satisfied for one
representative with respect to a given cover, it is satisfied for all representatives with respect to that cover.
The fact that for any two good covers of M by foliation charts there is a integer N so that any placque of
the first cover intersects at most N placques of the second cover implies easily that this condition does not
depend on the choice of good cover.

We now prove our main theorem.

Theorem 4.1. Assume that G is Hausdorff, and that the Novikov-Shubin invariants of D are greater than
q/2. Assume further that the spectral projections Py and P. are transversely smooth (for e sufficiently small),
and that 8, Py and 0, P. are bounded operators. Then the analytic Chern character of the K-theory index of
D equals the analytic Chern character of the index bundle of D, that is

chy (Indg (D)) = chy([Po]).

Theorem @ uses estimates on Novikov-Shubin invariants of D to deduce the equality of the whole Chern
character of the index bundle with that of the analytic index. We will actually prove the following stronger
theorem.

Theorem 4.2. Assume again that G is Hausdorff, that the spectral projections Py and P, are transversely
smooth (for e sufficiently small), and that 0, Py and 0, P, are bounded operators. For a fixed integer k with
0 < 2k < q, assume that the Novikov-Shubin invariants of D are greater than k. Then the k" component
of the Chern character of the K-theory index of D equals the k" component of the Chern character of the
index bundle of D, that is

chf(Ind, (D)) = chf([P))) € HH*WM/F).
The proof of this theorem is rather long and involves a number of complicated estimates. For easier

reading, we will split it into a series of propositions and lemmas. Note that Theorem implies Theorem

For the rest of this section, let k& be a fixed integer in the interval [0, ¢/2]. By Corollary @, we need only
show that,

lim (® o tr) (Pt(cSPt)%) — (®otr) (aP0(5(aP0))2k).

t—o0
If we ignore the minus signs in P;, we see that the diagonal terms give e~*P 2, and the off diagonal terms are
I — —tD?
given by (P;)21 = (e—tD2/2\/ED)21 and (P;)12 = (eftDZ/Qt;#\/ZD)lg. Thus
J — o—tD?
Pt = 7T+€_tD27T+ — 7T_e_tD27T_ — W_e_tDz/Q\/EDﬂ+ — 7T+e_tD2/2te,#\/¥D7T_-

As the connection V used in the definition of 9, preserves the splitting S® £ = (ST @ F) & (S~ ® E),

I—e
0,7+ = 0, and we may work with the operators e_tDz, e_tDz/Q\/ED, and e~tD? /22 "%

—tD?
D7 VD in what

follows instead of the (more notationally complicated) entries of P;.
We will assume that the reader is familiar with the Spectral Mapping Theorem, see for instance [,
and how to use it to compute bounds on norms, strong convergence, etc. This theorem gives that for £ > 0,
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_ et

1&D22
I — —tD
as t — oo. In addition, as t — oo, Dée_tDz/Q\/fD and Dee_tD2/2;#

I D?
the norms of the operators Dfe~tP”, Dle=tP*/2\/tD and DfetD?/2 VtD are uniformly bounded

VtD converge in norm to zero

for £ > 0, and for ¢ > 0, Dfe=tD” also converges in norm to zero.
Choose § so that

—k
1<o< 3 <0
and couple € to t by setting
e=1.
Because of the uniformly bounded geometry of the leaves of Fs, which follows from the fact that all the
structures we use on G are pulled back from the compact manifold M, the leafwise estimates we give below
are uniform over all leaves of Fs.

Denote by Q. the spectral projection for D? for the interval [e, c0). Since I = Py + P, + Q., the operator
0, Q. is bounded. Now consider

Py :POPtPO+P€PtP€+QEPtQE :aPO+P€PtPE+QEPtQE'
Proposition 4.3. Ast — oo,
(i) ||QPiQc|| is bounded by a multiple of e~ (/32
(i) |00 (QP:Q.)|| is bounded by a multiple of e= (€0 /32)
(i) || P PePe|| is bounded,
(iv) ||, (P.P,P.)|| is bounded by a multiple of tz+%) | for any a > 0.

Remark 4.4. The coefficient 55 in (i) and (ii) can be improved very easily but this does not allow us to
improve the assumption on the Novikov-Shubin invariants.

Proof. Note that the element
aV(QEPtQE) = au(Qe>Pth + QePtav(Qe) + Qeau(Pt>Qe
and [|0,(Q.)|| is bounded. We may write P, = e~tP°/4P, = P,e=tP"/4 where
_+D-D+
e—3tD~ DT /4 (_e—tD*D+/4)I_e wep

——F— VD~
P, = tD- D+

—e~tDTDT/4 1D+ _e—3tDTD™ /4
ﬁt has essentially the same properties as P, in particular its norm is bounded independently of ¢. Since
[P 1Qc| = [|Qee="P* /4| < e/t = e/, we have that ||P.Qc|| and [|QcP| (so also [|QePQc]l
[10,(Qc)P:Qc|| and ||Q.P:d,(Q.)||) are bounded by a multiple of e—t"/0  Thus we have (¢) of the
Proposition, and to establish (i7) we need only consider the term Q. 0, (P:)Q..
Lemma 4.5. [|Q.0,(e~tP*/%)Q.|| is bounded by a multiple of e=(t""*/8F)
Proof. Recall the foliation Duhamel formula of [He95] (which requires that G be Hausdorff) which states
that .
al,(eftDZ) = —/ eiSDZGV(DQ)e(Sft)DQdS.

0

Thus .
Qa7 )Q = [ QuemP o, (D7)el 0P Quis =
0

t t/2
— Qee_5D28,,(DQ)e(s_t)DzQeds — Qee_5D28,,(D2)e(5_t)D2Q€ds.
t/2 0
The norm of the first integral satisfies
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t
y Qe D%, (DY)l Q.ds|| < // 1Qee™*P", (D)D" Q. |ds
t/2

IN

t
/ 1Qee™ 27 || [le™ 22" 0,(D?)|| || 7" Q. ||ds.
t/2

Now |[e(==9DP*Q,|| < 1, and since 8, (D?) is a differential operator of order two with bounded coefficients,
e_%D281,(D2) is a smoothing operator so has bounded norm. Thus

_ 52 _s—1p2 _1p2 12
||€ 2P0, (D2)|| <le =P ||||6 22°0,(D?)]| < [lem27" 0, (D?)]]

for t > 2, as then |le= "= |Qee=3P7|| < e=59/2, so the last integral is

bounded by a multiple of
G —(te/4) _ o= (te/2)y = t*fF(e*(t”‘s/‘l) _ e*(t1+‘5/2)) <t 0=t/

This in turn is bounded by a multiple of e_(tl+6/8), for ¢ sufficiently large.
t/2
The change of variables s — t— s transforms the integral Qee_5D2 (?l,(DQ)e(s_t)D2 Qcds to the integral
0

t
€ ’ L e ’ eds, so this satisfies the same estimate. Replacin Vv then gives the
eGP g (D?e P Qud his satisfies th i Replacing D? by D?/k then gives th

t/2
estimate of the lemma. O

Lemma 4.6. Ast — 0o, ||Q.0,(et2°VED)Q.|| is bounded by a multiple of e=(t"""/32),

Proof. Observe that
Q0 (e P VID)Qe = Qc0, (7P VD P ?)Q. =
Qeav(eitDQ/Q)\/EDeitDz/QQe + QeeitDQ/Qau(\/zD>eitD2/2Qe + QeeitD2/2\/zDau(eitD2/2)Qe =
QO (P )QNID P 2Q + Qe P20, (VD) P 2Q, + Qe PVEDQ0, (=P )Q..
e operators De™ ’ , Oy(D)e™ ’/2 and e~ tP” are all smoothing operators with norms bounde
Th De=tP7/2 9, (D)e P /2 and e~*P7/2D 1l h h bounded

independently of ¢, for t large. The fact that [|Qce~tP°/2|| < e~t/2 = ¢=("""/2) and the estimate in
Lemma [ give that ||Q.8, (e~*P” VID)Q.|| is bounded by a multiple of Vi(e= /16 4 o=t /2)) which

is bounded by a multiple of e=*""*/32) for ¢ large. O
oI — e_tD2 146
Lemma 4.7. Ast — oo, ||Q.0, (e P D7 VID)Q.|| is bounded by a multiple of e~ /32).
Proof.
7tDZI —tD? et
lQc0y (e \/D)Q 1= 1@, (e P VIDE=E ). <
D2 e—tD? D2 e—tD?
||Qﬁal/( - \/_D> Qe||+||Q€ - \/_Da (7>Q6||
e—tD®
and ||T|| < 1, so by Lemma @ the first term immediately above satisfies the lemma. If G is
e—tD?
the Green’s operator for D, the second term may be written as Q.(G/v?)Qce~ P’ tD%, (T)Qe’
and ||Q€G/\/_|| < (te)~Y2 = t~(+9)/2 which is bounded for t large since 1 +§ > 0. The operator
I — —tD?
I — —tD? I — —tD? 5
tD%0, (— ) = ~0,(tD*) —- B, (7P,

tD?
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and
I — e—tD2

tD?

J— e—tD2

2 Qe — Qee™ "0, (e7P")Q..

Qe P*tD0,( )Qc = —Q.e7P° 9, (tD?)

Now

)

Qe 0,(tD%) = Qute™ P /261D /2, (D?),
and e—tD2/28V(D2) is a smoothing operator with norm bounded independently of ¢, for ¢ large. As
||Q€t€_tD2/2|| < te~te/2 = te_(tIH/Q) < e_(t1+5/4)

J— e—tD2

for ¢ large, the term Qee_tDzau(tD2)TQe has norm bounded by a multiple of e~*'""/4). By

Lemma [1.5, the term QeetP’ 51,(6_“32)@6 = Q.etD’ Qeau(e_tDQ)QE is bounded by a multiple of e—(t77/8)

(actually et if we use the estimate ||Q€e*tD2 [| <e te= e*tlﬁ)_ g

Thus we have the second inequality of Proposition @ The third estimate follows immediately from the
fact that both P; and P. are bounded.

Lemma 4.8. [|P.9,(e~*P*)P,|| is bounded by a multiple of t'+(/2).

Note that 1 + (6/2) > 1/2, but by choosing ¢ close to —1, we can make 1 + (6/2) as close to 1/2 as we
please.

Proof.
t t
P.o, (e PP, = — / Pe=P*9,(D?)e P Pds = — / P.e*P* P[0, (D)D + DA, (D)) P.e*~)P" P.ds.
0 0

As P, is a smoothing operator, so are P.0,(D) and 9,(D)P,, since 0, (D) is a differential operator of order
one with bounded coefficients. Since ¢ — 0 as t — oo, their norms are bounded independently of ¢ for ¢
large. Both ||[P.e=*P*|| and ||e(*=P” P|| are bounded by 1, and both ||P.D|| and ||DP.|| are bounded by

t
Ve. Thus || P, (e*P*)P.|| is bounded by a multiple of/ Veds = /et = t1+0/2), O
0

Lemma 4.9. ||P€8V(e—tD2 VtD)P.|| is bounded by a multiple of t(3/2)+9.
Again note that we can make 3/2 + § as close to 1/2 as we please.

Proof.

||P€5V(e_tD2\/£D)P€|| < ||Peau(€_tD2)P€\/EDP6|| + ||P€e_tD2P€81,(\/ED)P€||
2 2
< ([P0 (e ) Pl | VE|IDP]| + vVt || Pee™ P Pe|| |0, (D) |
S Cl(t1+(é/2))\/g+ 02t1/2 — Clt(3/2)+6 + 02t1/2 S Ct(3/2)+6.
O
oI — e—tD2
Lemma 4.10. ||P.9,(e”"" T VtD)P,|| is bounded by a multiple of t(3/2)+9,
2 [ — e—tD2 2 I - €_tD2
Proof. As P.0,(e=tP T VtD)P, = P.0, (e P \/EDT)PE, we have that
—tD? —tD? —tD?
—tD2I_e N _+D? I—e _+D? 1—6
Peal,(e T\/ED)Pe —Peal,(e \/ED)P€TP€+P€€ \/EDPeay(T)PG
I — e tD?
By the Lemma [£. and the fact that ||T|| < 1, we need only consider the term
I — e_tDZ I — e_tD2
||P€e—tD2\/£DPEaU(T)P€|| < ||€_tD2\/gDPE|| ||P68V(T)P€|| <
I — e tD? I — e tD?
te || P.0, (—————)P.|| = Ct1+9)/?||P.d,(————)P.||.
Vi |Pa L= E R = a0 o, L2y
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2
Thus we need only show that ||P€8,,(I;T_;D)P€|| is bounded by a multiple of t'+(%/2). Note that
_rD?
e
S0 ]
o) - A%(IT» =0 = - [P
Thus )
ay(%):/t;‘i(a (I_g v / / —sD%9 (D?)es=" D% ds dr,
and i
—tD? —tD? t o
1ol = o Rl = 13 [ [ P e ds i <
%/Ot/OTHe5D2||||P€[8V(D)D+D8V( P [~ |lds dr <+ / / CVeds dr = O/,
(|
This finishes the proof of Proposition @ O

To finish the proof of Theorem [L.1}, first note that the estimates of Proposition @ remain true with 0,
replaced by . This follows from the fact that for T € As(G,S® E) C Ag, 0T involves only T" and o,T.
Similarly, 6 Py, 6(aFy), 6P, and 6Q. are bounded operators. Finally, for T1, T, € Ag, Ty « Ty = T10Ts. But
1
0
estimates of products below.

Since P, = aPy + P.P,P. + Q. P,Q.,

tr(P(6P;)%%) = tr(aPy (6(aPp)) ) +tr(aPy (6 P)** —aPy (6 (aPy)) ) +tr(P. P P.(6P,) %) +tr(Q. PrQc (6 P ) ?).

multiplication by © = g ) is a bounded operation, so we may ignore it with impunity in the norm

For any integer ¢ > 0,
ID*Q PiQc(5P)* || = ||D*Qce™"P /4 Q Pi(6P)* || < [|D*Qee™ P /AQ.| || Pi(5P1) |-
Now
§(Py) = 6(aPo) + (PP P.) + 6(QePQ.),
an At is bounded independently of ¢t. So ||P;(0FP; is bounded by a multiple o
d ||P;|| is bounded independently of t. So ||P;(6P,)%*|| is bounded b ltiple of
1(GP)*|| = [|5(Po) + S(PPP.) + 8(QcPiQ) | < C?Mzt)

where a > 0 is a number to be chosen later (as close to zero as we please). On the other hand, for ¢ sufficiently
large (so that t'T9 > 4¢), the maximum of zfe~**/% on the interval [¢, 00) occurs at €, so

D Qe P /4Q.|| < et/ = 9=/
SO
DX QePQc(0P) || < CH2ME+8e= (/1)

which goes to zero as t — oo. The proof of Theorem 2.3.13 of [HL9(] shows that this implies that
tr(Q.P;Q.(0P;)?) is pointwise bounded on M and converges pointwise to zero as t — oo. As ® is in-
tegration over a compact set, the bounded convergence theorem gives

4.11. tlim P o tr(Q.P,Q.(0P;)*) = 0.
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Now consider ® o tr(P.P,P.(6P;)*) = ® o tr(P.(0P;)?* P.P,P.). The proof of Proposition 12 of [}
shows that
||® o tr(P.(6P,)?* P.P,P.)||r < C||P.(6P,)**P.P,||||® o tr(P,)]|7.

Since ® o tr(P.) is O(¢?), this is bounded by a multiple of
2k(3+a) B _ 2k(3+a)408 _ y2k(3+a)+3B

Recall that —1 < § < —k/( and therefore we can choose a > 0 so small that

1
Then
4.12. Jlim ® o tr(P.PP(9,P,)*") = 0.

Finally, consider the individual terms of tr(aPy(6P;)?* — aPy(0Py)?*) = tr(Poa(dP;)?F — Pya(0Py)?F).
Suppose the term Py A contains a 6(Q.P:Qc). Then

|Po Al < || Poll || 116(Qec P.Qo)I*I|6(cPo)[|°|6 (P PP ||
where p1 + 3+~ = 2k and g > 0. Since ||a|| is bounded, Proposition [I.3, gives that as t — oo,
|PoA|| < Cem (/32 pr(5+a),
For every positive integer £, D?**Py = 0, so for every integer £ > 0, || D?**PyA|| — 0 as t — oco. Proceeding as
in the proof of Equation , we have
tlim Dotr(PyA) =0.

Now suppose that we have one of the remaining terms. It must contain a term of the form §(P. P, P.). As
P? = P. and § is a derivation, we may replace §( P. P,P.) by

§(P2P,P.) = §(P.)(P.P,P.) + P.6(P.P;P.) = 6(P.)(P.P,P.)P. + P.6(P.P;P.).
Using the trace property of ®otr, we get two terms of the form ®otr(AP.). As above, the proof of Proposition

12 of [HL9Y] shows that

1@ o tr(AP)|lr < C[|A][[|® o tr(Fe)l[z-
Now A is a product of terms of the form «, Py, §(aPy), Pe, §(P.), P.P;P., and §(P.P:P.). Each of these is
bounded in norm, except the last which has norm bounded by a multiple of t(z+a) As A can contain no
more that 2k terms of the form §(P.P;P.), and ® o tr(P.) is O(e”), we have that ||® o tr(AP,)||r is bounded
by a multiple of

(2k(5+a) B y2k(5+a) 88 _ p2k(3+a)+6p

By our choice of a, we have that the limit as ¢ — oo of these terms is zero, just as in the proof of Equation

e}
This completes the proof of Theorem @

5. BISMUT SUPERCONNECTIONS

As noted above, in [BH-1] we proved that the Chern character ch, composed with the topological and
analytic index maps of Connes-Skandalis [CS84] yield the same map. In particular, for any Dirac operator
D, the Chern character of the topological index of D, coincides with the Chern character of the analytic
index of D, i.e.

ch, (Indy(D")) = ch,(Ind, (D).

In [HL9Y], we proved that ch,(Ind,(D1)) is equal to the Chern character of the index bundle of D in
another sense. We defined a “connection” V on the index bundle [Py] of D, and defined the Chern character
of [Py] to be the Haefliger class of Tr(ae_(v2/ 2im)). We then used a Bismut superconnection for foliations,
95, to show that ch, (Ind, (D)) contains the Haefliger form Tr(ae™(V*/2iM) | provided that the assumptions
of Theorem @ are satisfied, but with the stronger assumption that the Novikov-Shubin invariants of D are
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greater than three times the codimension of F'. We will now show that whenever P, is smooth, ch,([Py])
contains the Haefliger form Tr(oae’(vz/ 2im)) so the two definitions of the Chern character of [Py] agree.

We first recall the construction of Bismut superconnections for D. See [, [BVS7], and also - Let
VB be a Bott connection on v}. If wy,...,w, is a local framing for v}, then VPw,; = Z? L wj ® 0 where 91

are local one forms on G and the 9;- satisty dw; = ij A 9; that is, the composition
i=1
* vE 00 [, % * N 00 [, % *
Vi) = C®WieT*G) = C®Wi NT*G)

S

C>(
is just w — dw. V¥ induces a connection on Av} also denoted V2 so that
C*(nv) U C® (A @ TG) 25 C®(Av AT*G)
is also just w — dw.

Set V=TF, @vs ®v; =TG ®v; over G, and define a symmetric bilinear form g on V as follows. T'Fj
and vs @ v} are orthogonal and g|T'F; is go|TFs. The form g|vs @ v} is given by the canonical duality, i.e.
vs and v} are totally isotropic and g(X,w) = w(X) for X € v, w € v¥. In [BV8T], p. 455. it is shown that
there is a unique connection V, the Bismut connection, on V so that V preserves v} and g, V|v} = V¥ and
for all X, Y € C*(TG), VxY — Vy X = [X,Y]. Note that in general V does not preserve TG but that for
X, Y € C®(TG), VxY — Vy X € C(TG).

Consider the vector space V = RP & R"™ & R"*. Define a bilinear form @ on V as g was on V, i.e. RP is
orthogonal to R™ @ R™ | Q|RP? is the usual inner product, and Q|R™ @ R™* is given by the canonical duality.
Let C(V,Q) be the associated Clifford algebra and set Sp = AR™ ® S where S is the spinor space for RP

with the usual inner product. Let p be the representation of the Clifford algebra of R? in S. Then Sj is the
spinor space for C(V, Q) with the Clifford multiplication being defined by

(X w®s) = (-1 p(X)s
poV)wes) = —2iY)w®s
po(P)w®s) = dAw®s

for X e RP, Y € R"”, ¢ € R™, w € AR™, s € S. See [BV87], p. 456 and for general facts about spinors and
Clifford algebras, [LM89].

The above fact allows Berline and Vergne to give a beautiful and concise definition of Bismut supercon-
nections for fiber bundles which was extended to foliations in ] Recall that S is the spinor bundle along
the leaves of F, and consider the vector bundle Sy = Avl ® S over G and the bundle of Clifford algebras
C(V) over G associated to V,g. Then Sy, the fiber over y € G of Sy, is a module for the algebra C'(V),
and we denote the module action also by pg. The connection V on V induces a connection V on Sy ([@ ,
p- 456; or more generally [], Ch. 4). Let E be a vector bundle with connection over G as in Section i
We shall also denote by V the tensor product connection on Sp ® F.

A Bismut superconnection B for Fs and E is the Dirac type operator on C°(Sy ® E) defined as follows.
Let X1,...,X, be a local oriented orthonormal basis of T'F;, and Xp41,..., Xptn a local basis of vg. Let
D, G be the dual basis in TFs; @ v}, ie. X =X,forl1 <i<p, X/ =w;,for p+1<i<p+n

p+n s
where w; € v} and w;(X;) = d;;. Set
pt+n P ptn
B=) (n(X))®1)Vx, =) p(Xi)Vx, + D wiVx,.
i=1 i=1 i=p+1

B does not depend on the choice of X1,..., Xpqn.

Since § = ST ® S~ is Zy graded and Av} is Z graded, So = AvF @ S has a total Zs grading and we write
So = S @S, . We then have an associated Zs grading Sy ® F = (S @ E) @ (S; ® E). It is immediate from
the fact that V preserves the grading that B is an odd operator, i.e. B maps C® (S ® F) to C*°(S, @ E)
and vice-versa.

Finally, we may use the Z grading on Av} to grade the operator B, ie. B = B+ BM 4+ ... where
Bl : C®(ANfuf @ S® E) — C®(A i @ S® E).
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It is straightforward to check that

Proposition 5.1. The term B is a quasi-connection V¥ for E @ AvFas defined in Section E’

Recall, [], that a connection on the index bundle of D is defined by

vV = p,BMP,.

For this to be well defined, we must require that Py is smooth.

Theorem 5.2. Suppose that Py is smooth. Then chy([Py]) contains the Haefliger form Tr(ae=(V'/2im)

Proof. First we calculate V2.

v = pBlpBUPR

PBY, RBMP + P(BM)2 R

= PRBMY, RBM, P+ R BMY, PPBMN + Py (BM)2 R,
= PBY RBM, P + Py (BIM)?R,.

The last equality is a consequence of the relation Py[B [l Py]Py = 0 which is true since P? = Py and since
B, ] is a derivation. This derivation is precisely 9, so (B[)? = @ as in Section f|. Thus

and

V? = Py(0,Py)* + Py0Py,

V2 = (Py(0,Po)? + Pyl Pp)".

Note that

SO

0y (Po) = 0,(PoPy) = 0,(Po) Py + Py0, (),

8, (Py) Py = 8, (Py) — Py, (Py).

Using this twice, one can easily show that

Py0,(Po)0y(Po) = Po0,(Po)0y (Fo) Fo.

Then a simple induction argument shows that

Thus,

(Py(0,Py)? + PyfPy)* = Py((0,Pp)? + PofPp)*

Tr(aV?*) = Tr(aPy((0,Py)? + PyfPy)k),

and comparing with Equation B.g, we see that ch,([Py]) contains the Haefliger form Tr(ae™(V7/2i7)), O

[AT75]
[BH-I|

[BH-III]
[BV87]
[B86]

[ConT9]
[Con81]

[Con85]
[Con86]

[Con94]

REFERENCES

M. F. Atiyah, Elliptic operators, discrete groups and von Neumann algebras, Asterisque 32/33 (1976) 43-72.

M-T. Benameur and J. Heitsch, Index theory and Non-Commutative Geometry I. Higher Families Index Theory, to
appear in K-Theory .

M-T. Benameur and J. Heitsch, Index theory and Non-Commutative Geometry III. The Haefliger Higher Signatures
for Foliations, in preparation.

N. Berline and M. Vergne, A proof of Bismut local index theorem for a family of Dirac operators. Topology 26 (1987),
435-463.

J.-M. Bismut, The Atiyah-Singer index theorem for families of Dirac operators: two heat equation proofs. Invent.
Math. 83 (1986), 91-151.

A. Connes, Sur la théorie de l'intégration non commutative. Lect. Notes in Math. 725, 1979.

A. Connes. A survey of foliations and operator algebras. Operator algebras and applications, Part I, Proc. Sympos.
Pure Math 38, Amer. Math. Soc., (1982) 521-628.

A. Connes. Noncommutative differential geometry. Inst. Hautes Etudes Sci. Publ. Math. No. 62 (1985), 257-360.

A. Connes. Cyclic cohomology and the transverse fundamental class of a foliation. Geometric methods in operator
algebras (Kyoto, 1983), 52-144, Pitman Res. Notes Math. Ser., 123, Longman Sci. Tech., Harlow, 1986.

A. Connes, Noncommutative Geometry, Academic Press, New York, 1994.



[CM91]

[CS84]
[CQ9T]
[GLO3]
[GLO5]
[H80]

[He95)

[HL9O]
[HLYY]
[HLO2]
[LM89]
[MN96]

[Nis93)]

INDEX THEORY AND NON-COMMUTATIVE GEOMETRY II April 19, 2005 23

A. Connes and H. Moscovici, Cyclic cohomology and the Novikov conjecture for hyperbolic groups, Topology 29 (1990)
345-388.

A. Connes, and G. Skandalis. The longitudinal index theorem for foliations, Publ. RIMS Kyoto 20 (1984) 1139-1183.
J. Cuntz and D. Quillen, Ezcision in bivariant periodic cyclic cohomology. Invent. Math. 127 (1997), no. 1.

A. Gorokhovsky, and J. Lott. Local index theory over étale groupoids, J. Reine Angew. Math. 560, p. 151-198, 2003.
A. Gorokhovsky, and J. Lott. Local index theory over étale groupoids II, preprint.

A. Haefliger. Some remarks on foliations with minimal leaves, J. Diff. Geo. 15 (1980) 269-284.

J. L. Heitsch. Bismut superconnections and the Chern character for Dirac operators on foliated manifolds, K-Theory
9 (1995) 507-528.

J. L. Heitsch and C. Lazarov. A Lefschetz theorem for foliated manifolds, Topology, 29 (1990) 127-162.

J. L. Heitsch and C. Lazarov. A general families index theorem, K-Theory, 18 (1999) 181-202.

J. L. Heitsch and C. Lazarov. Riemann-Roch-Grothendieck and torsion for foliations J. Geo. Anal. 12 (2002) 437-468.
H. B. Lawson and M.-L. Michelson, Spin geometry, Princeton Math. Series 38, Princeton, 1989.

R. Melrose and V. Nistor, Homology of pseudodifferential operators I (manifolds with boundary), to appear in Amer.
J. Math.

V. Nistor, A bivariant Chern-Connes character. Ann. of Math. (2) 138 (1993), no. 3, 555-590.

[NWX96] V. Nistor, A. Weinstein and P. Xu, Pseudodifferential operators on differential groupoids Pacific J. Math. 189 (1999),

[RS80]

no. 1, 117-152.
M. Reed, and B. Simon. Methods of Modern Mathematical Physics I: Functional Analysis, Academic Press, New
York, 1980.

UMR 7122 pu CNRS, UNIVERSITE DE METz, ILE DU SAULCY, METZ, FRANCE
E-mail address: benameur@math.univ-metz.fr

MATHEMATICS, STATISTICS, AND COMPUTER SCIENCE, UNIVERSITY OF ILLINOIS AT CHICAGO
E-mail address: heitsch@math.uic.edu



