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Topological expansion of the 2-matrix model correlation
functions: diagrammatic rules for a residue formula

B. Eynard®, N. Orantin?

Service de Physique Théorique de Saclay,
F-91191 Gif-sur-Yvette Cedex, France.

Abstract:

We rewrite the loop equations of the hermitian 2-matrix model, in a way which
allows to compute all the correlation functions, to all orders in the topological 1/N?
expansion, as residues on an algebraic curve. Those residues, can be represented dia-

grammatically as Feynman graphs of a cubic interaction field theory on the curve.

1 Introduction

The purpose of this article, is to generalize the method invented in [I2], for the 2-matrix
model. The method of [I2] is a diagrammatic technique for computing correlation

functions of the 1-matrix model in terms of residues on some algebraic curve.

Random matrix models play an important role in physics and mathematics [29],
and have a wealth of applications which are too long to list here. In this article, we
consider “formal” random matrix integrals, which are known to be generating functions
for counting some classes of discrete surfaces [9, BT}, 6, 20, 21]. The basic idea, is to
consider a matrix integral, as a deformation of a gaussian matrix integral, and make a
formal expansion of the non-gaussian part. Each term of that formal expansion is an
expectation value of a gaussian integral, and using Wick’s theorem, each term can be
represented by a Feynman graph. Because the integration variables are matrices, the

graphs are “fat graphs”, which have a 2-dimensional structure. The Hermitean matrix
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models enumerate oriented surfaces (whereas other matrix ensembles can enumerate
non-oriented surfaces). This Formal expansion equivalent to an enumerating function
of Feynman graphs is a standard tool in physics. Random matrices have thus played a
role in all theories where one need to sum over surfaces, i.e. string theory and quantum
gravity (which would better be called statistical physics on a random lattice).

The partition function, free energy and correlation functions are all generating
functions enumerating some kinds of graphs (respectively closed graphs, connected
closed graphs, open graphs). There exist several methods for computing the free energy
and correlation function, the one we consider here is the “loop equation” method,
which is nothing but Schwinger-Dyson, or Ward identities [0, B0]. They implement
the Virasoro (W) constraints on the partition function, i.e. the fact that the matrix
integral is left unchanged under a change of variable. The loop equations are valid in
the formal model, order by order in the expansion parameters.

In the formal model, the size N of matrices, is just a complex parameter, it needs
not be an integer, and all observables (free energy, correlation functions) always have
a 1/N expansion, because for each power of the expansion parameters, there is only a
finite number of graphs with a given power of N. The power of N in a graph is its Euler
characteristic, and thus the 1/N expansion is known as the “topological expansion”
[31]. In the formal model, N is thus an expansion parameter, and working order by
order in N enumerates only discrete surfaces of a given topology [6].

To large N limit, (i.e. planar topologies), the solution of loop equations is known
to be related to Toda hierarchy [8, B3, B82]. For this reason, the large N expansion
of matrix models, play an important role in integrable systems, and in many areas
of physics [27]. It was suggested by [I0] that the low energy effective of some string
theory models is also described by matrix models.

In the beginning, the formal matrix models were considered in their 1-cut phase,
because a potential which is a small deformation of a quadratic one, must have only one
well, i.e. the variable perturbatively explore only one well. However, a N x N matrix
has NN eigenvalues, and even though each of them can explore perturbatively only one
well, they do not need explore all the same well. That gives “multicut” solutions of
matrix models, where the number of eigenvalues near each extremum of the potential
is fixed (fixed filling fractions). Multicut solutions play an important role in string
theory, as they describe multi-particle states [I0), [[T]. Multicut solutions correspond
to enumerating surfaces with contact terms, which can be called “foam of surfaces” as
described in [Bl, 21].

The link between formal matrix models (which always have a 1/N expansion) and

convergent matrix integrals (which have a 1/N expansion only in the 1-cut case under



certain assumptions), has been better understood after the work of [5]. We emphasize
again, that the results developed in this article concern the formal matrix model with

fixed filling fractions, and should not be applied to convergent matrix model directly.

Recently, it has progressively become clear that large N expansion of random matrix
models has a strong link with algebraic geometry. The free energy and correlation
functions have been computed in terms of properties of an algebraic curve. The large
N limit of the 1-point correlation function (called the resolvent) is solution of an
algebraic equation, which thus defines an algebraic curve. There has been many works
which computed free energy and correlation functions in terms of that algebraic curve.
The leading order resolvent and free energy were computed in the 1-cut case (algebraic
curve of genus zero) in the pioneering work of [6], then some recursive method for
computing other correlation functions to leading order were invented by Akemann [I],
then some recursive method for computing correlation functions and free energy to all
orders in 1/N were invented by [3]. Those methods were first limited to 1-matrix case
and 1-cut.

Then, for 1-matrix, several works have dealt with multicut: Akeman found the first
subleading term for the multicut resolvent and the 2-cut free energy [}, 2], Chekhov
found the first subleading term for the multi-cut free energy [7]. Then a (non-recursive)
diagrammatic method was invented in [I2] to find all correlation functions to all orders,

in the multicut case.

The 1-matrix model, corresponds to hyperelliptical curves only. In order to have
more general algebraic curves, one needs at least a 2-matrix model. For the 2-matrix
models, the loop equations have been known since [30], and have been written in a
concise form in [I7, I8, [9]. They have been used to find the subleading term of the
free energy, first in the genus zero case in [I4], then in the genus 1 case in [I5], and with
arbitrary genus in [I6]. The purpose of this article is to generalize the diagrammatic

method of [T2] to the 2-matrix case.

Outline of the article:

e In sections 2,3 and 4, we introduce the notations and some basic tools of algebraic

geometry needed all along the article.

e In section 5, we consider the leading order of the correlation functions, corre-
sponding to the genus zero case. We introduce some Feynman rules giving rise

to graphs whose tree level describes the genus zero correlation functions.

e Section 6 is dedicated to the computation of the full %—expansion. We show that

the ﬁ term corresponds to the sum over all h-loop graphs described earlier.



e In section 7, we build an effective non cubic theory generating the same correlation

functions.
e In section 8, we study the gaussian case corresponding to the 1-matrix model

limit.

2 Definition of the model

In this article, we are interested in the study of the formal-two-matrix-model and
the computation of a whole family of some observables of this model. The partition

function Z is the formal matrix integral:
7 .= / dM,dM, e—NT?"(V1(M1)+V2(M2)—M1M2) (21)
HypxHp

where M; and M, are two N x N hermitian matrices, dM; and dM; the products of
Lebesgue measures of the real components of M; and M, respectively, and V; and V,

two polynomial potentials of degree d; + 1 and dy + 1 respectively :

di+1 g da+1 g
k k
N =Y b nm = by (22)
k=1 k=1

Formal integral means it is computed order by order in powers of the gi’s (see section
@ or [21]).

In [I2], one of the authors solved an analogous problem for the one matrix model,
(i.e. the model where V5 is quadratic). In the large N limit, he computed the full ﬁ

expansion of the formal expectation values related to the partition function 7 :

1 1 1
N2 (T T LT 2.3
< rlL'l—M r!L’Q—M r[L’k—M>c ( )

where ¢ denotes the connected part. This expansion was represented as Feynman

graphs of an effective cubic field theory.
The purpose of this article is to extend this description to the two matrix model.

Let us consider the expectation values :

wkl(meL = Nk+-2 <H tr —— M H tl" > (2.4)

1
i=1

where xx = (z1,...,2%) and y;, = (y1,...,y), and the formal average (.) is computed

with the measure in Eq. (2]). Those correlation functions can be expanded as formal

series in % in the large N limit:

Wri (XK YrL) ZN 2hw;(” (XKx;¥L) (2.5)



We compute here the full expansion terms w,(fg (xx) and w((fl) (y1) as residues on

an algebraic curve. Eventually, we represent them as Feynman graphs of a cubic field

theory on this curve.

The # expansion of such correlation functions is known to enumerate discrete
surfaces of a given topology, whose polygons carry a spin + or - (Ising model on a
random surface [25, 27]), see [21] for the multicut case i.e. foam of Ising surfaces.

The ngl) are generating functions enumerating genus h discrete surfaces with k

boundaries of spin + and [ boundaries of spin —.

(2.6)

Notice that the question of boundaries with non uniform spin, i.e. with changes of

boundary conditions has been solved to the leading order only in [I3].

3 Some algebraic geometry and notations

In this section, we first introduce some notations used all along this article. We then
recall the link existing between matrix models and algebraic geometry through the
master loop equation. We end this part by recalling some basics in algebraic geometry
necessary to lead our computations to their end.

3.1 Notation for sets of variables

We will consider functions of many variables xi, s, x3,..., or of a subset of those
variables. In that purpose we introduce the following notations:

Let K be a k—upple of integers:
K= (z.laz.Qa"'az.k) (37)

We denote k£ = | K| the length (or cardinal) of K. for any j < |K|, we denote K the
set of all j—upples (i.e. subsets of length j) contained in K:

Kj={JCK ,|J=j) (3.8)

5



We define the following k—upple of complex numbers:
X = (Tiy, Tigy o oo, T4y (3.9)

3.2 Correlation functions

For a given k, we define the correlation function:

k
We(T1, ..., TE) == NF—2 <H tr .
i=1

1
, 3.10
- M1> (3.10)
i.e., with the previous notations:

| K|
Wk |(xx) = NEI2 <H tr ——— > , (3.11)

And we consider its 1/N? expansion:

= 1

—(h)
g 7 Wy, (XK) (3.12)
— N2k

We also define the following auxiliary functions:

1 Vi(y) — VJ(My) 1
|K|—-1 2 2
Up(z,y; X)) := N <tr P YA | | tr . (3.13)

o) i NI 1<tr Vita) = /(M) Vi) = V500) T, ! >
y XK v — M,

r — M y — M it ir
(3.14)
K 1 |K| 1
K|-1 /
ap(z;xK) = N <tr — MIVQ(MQ) 1:[1 tr m> (3.15)

Notice that @y (z,y;Xk) is a polynomial in y of degree dy — 1, and py(z,y;xk) is a
polynomial in x of degree d; — 1 and in y of degree dy — 1.

It is convenient to renormalize those functions, and define:

up(,y; Xg) = k(2,3 Xk) — Oo(Va (y) — ) (3.16)

and

wk(xK) = wk(XK) + ( 5k’2 (317)

€Ty — 5172)2



Let us remark that all those functions have the same kind of topological expansion
as wi (X)) and one defines p,ih) (x,y;xx) and u,gh) (x,y;xK) as well like in Eq. B12).

For the sake of simplicity, we will often omit the exponent (h) for the leading term
h = 0.

We define the two functions:
Y(z) :=V](z) — wi(x) (3.18)

X(y) = Va(y) — Wou(y) (3.19)

which we see below, describe the algebraic curve.

3.3 The master loop equation

Loop equations (also called Schwinger-Dyson equations), proceed from the invariance
of the matrix integral Eq. (1) under changes of variables, they imply a set of rela-
tionships between correlation functions. For the 2-matrix model, loop equations have
been known since [30], and written in a more systematic way in [I7, I8, 19, 26]. It is
well known that in the large N limit, loop equations imply an algebraic equation for
the functions wy (resp. Wy 1), i.e. for the function Y'(z) (resp. X (y)), called the master

loop equation. Let us briefly recall how to derive it (see [19]):

e the change of variables My — Mj + ex_lMl implies:
0=ag(z) — 2w (z)+1 (3.20)
e the change of variables M; — M, + ex_lMl Vé(y;:ﬁz(Mz) implies:
N 1 _ _
W ()0 (x, y) + s (@, y; ) = Vi(@)to(w, y) =po(w, y) —yo(w, y) + Vo (y)wi(w) —ao(w)

(3.21)
i.e., putting everything together:
1
(y = Y(@)uo(z,y) + gz, y;2) = (Vo (y) = 2)(Vi(2) —y) = polwy) +1 (3.22)
We define:
E(z,y) = (Vi(y) —2)(V{(z) —y) — polz,y) +1 (3.23)
The master loop equation is thus:

1

To large N leading order, we have:
(y =Y (@))uo(z,y) = E(z,y) (3.25)

7



Since ug(z, y) is a polynomial in y, it has no singularity for y finite and the LHS vanishes
for y =Y (x), i.e.:
E(x,Y(z))=0 (3.26)

This defines an algebraic curve E(x,y) = 0.

Notice that to leading order we have:

_ E(=zy)
uo(x,y) = ) (3.27)
and
uo(z,Y (2)) = Ey(z, Y (2)) (3.28)

3.4 Introduction to some algebraic geometry

We use notations similar to [24] or [23].

Let us parameterize the curve E(z,y) = 0 with a running point p of a compact
Riemann surface £. It means that we define two analytical meromorphic functions z(p)
and y(p) on & such that:

E(z,y)=0&Fpef z=2z(p), y=yp) (3.29)

The functions = and y are not bijective. Indeed, since FE(z,y) has a degree ds + 1
in y, it has dy + 1 solutions, i.e. for a given x, there exist dy 4+ 1 points p on & such that
x(p) = x. Thus, the Riemann surface is made of dy 4+ 1 z-sheets, respectively d; + 1

y-sheets. Hence, from now on, we use these notations:

x(p) :x@p:p(j)(x) for 7=0,...,ds (3.30)

yp) =y & p=p"(z) for j=0,....d (3.31)

We will most often omit the exposant 0 corresponding to the physical sheet: p := p°.

For instance, one can write E(x,y) as:
di
E@x(p),y(@) = —gann x [[@=®) —2(d" )
i=0

da
= —Jip1 X H(y(q) —y(p9(x))) (3.32)

(h) (h)

Considering that the w, ’’s, u,’’s and p,ih)

’s are multivalued functions in their

arguments x, we now work with differentials monovalued on the Riemann surface.

8



Let us write the differentials :

k

Wit1(p, Pr) = w1 (2(p), x(px) )dz(p) H dz(p;) (3.33)

Uk(p, y; Px) = up(x(p), y; x(px ) ) dx(p) H dx(p;) (3.34)
k

Pu(,y;px) = pr(, v x(px)) | [ dz(p2) (3.35)

i=1
Note: In the following, the arguments of a function will be called z(p) or y(r) if the
function is defined on the basis, and p or r if the function is defined on the Riemann

surface - and so multivalued on the basis-.

Let us now review some basic objects we need before going any further.

Behaviours at co. We see from Eq. (BIF), that at large x, we have Y (z) ~
V{(z) — L 4+ 0O(1/2?) in the a-physical sheet. And we see from Eq. (81J), that at large
y, we have X (y) ~ Vi (y) — i + O(1/y?) in the y-physical sheet. This means that the
functions z(p) and y(p) have two poles, co; and oo_ on €. The function z(p) has a
simple pole at oo, and a pole of degree dy at oo_, while the function y(p) has a simple

pole at co_ and a pole of degree d; at co,. We have:

Yo), 2 V)t OU/z0f) . xlp) 2 Vi)~ O /u(p))
(3.36)

In particular:
Res ydx = Res zdy =1 (3.37)
004 00—

Genus and cycles. The curve £ is a compact Riemann-surface with a finite genus
g < dydy — 1. If g = 0, & is simply connected, and if g # 0, there exist 2¢ linearly
independent irreducible cycles on £, such that by removing those 2¢g cycles we get a
simply connected domain. It is possible to choose cannonicaly the 2g cycles as A;, B;,
1=1,...,¢, such that:

Branch points. The z-branch points a;, ¢ = 1,...,dy + 1 4+ 2g, are the zeroes of

the differential dx, respectively, the y-branch points b;, i = 1,...,d; + 1 + 2g, are the

zeroes of dy. We assume here, that all branch points are simple and distinct. Notice

9



also, that E,(x(p),y(p)) vanishes (simple zeroes) at the branchpoints (it vanishes in

other points too).

Bergmann kernel. On the Riemann surface &£, there exists a unique abelian

bilinear differential B(p, ¢), with one double pole at p = ¢, such that:

MJrﬁmte and Vi 7{ B(p,q) =0 (3.39)

pPEA;

B9 >, i) — 2(0)

It is symmetric:
B(p,q) = B(q,p) (3.40)

Its expression in terms of theta-functions can be found in [24, 23], it depends only on

the complex structure of £.

Abelian differential of third kind.
On the Riemann surface &, there exists a unique abelian differential of the third

kind dS,,(p), with two simple poles at p = ¢ and at p = r, such that:

Res dS,,(p) =1 = — Res dS,,(p) and Vi 7{ dS,-(p) =0 (3.41)
A;

p—q p—=r

We have: .
dSqr(p) = / B(p,q') (3.42)
q

'=p
where the integration path does not intersect any A; or B;.
dS,-(p) is a differential on £ in terms of p, but it is a multivalued function of ¢
(and of r). After crossing a cycle B;, it has no discontinuity, and after crossing a cycle

A;, it has a discontinuity:
disc (dSq,r(p)) = dSy, +(p) — dS,_.(p) = j{ B(p,q') (3.43)
q'€B;

Note that the discontinuity is independent of q.

Riemann bilinear identity. If w is a differential form on &, such that fq A, w(q) =

0, we have:

g

Z Res w(q)dS,.(p) = Z f{G B disc 4, ((2)d54.(p))
_ Z %63_ diSCBi (W(Q)dsq,r(p))
— Z 7{64. w(q) diSCAi(dSq,T’(p))

10



= ZdiSCAi (dS,.+(p)) 7{ w(q)

cA;
=0 (3.44)

where the LHS is the sum over all residues on a fundamental domain, the poles z; are
all the poles of w as well as the pole at ¢ = p. This identity is obtained by moving the
integration contours on the surface, and taking carefully into account discontinuities

along the non-trivial cycles (see [24, 23]).

4 Loop equations and fixed filling fractions
To large N leading order, the loop equation Eq. (B:28) is an algebraic equation:
E(z,Y(x)=0 (4.45)

The coefficients of E are fixed by assumptions on the problem we are considering.
Here, we consider the problem of a formal matrix model, i.e. which is computed as
the formal power series expansion of a matrix integral, where the non-quadratic terms
in the potentials V] and V5 are treated as perturbations near quadratic potentials. Such
a perturbative expansion can be performed only near local extrema of Vi (z)+V5(y)—zy,

i.e. near points such that:
Vic)=n ., Vim)=6& (4.46)

which has ddy solutions. Therefore, if M; and M, are diagonal matrices, whose
diagonal entries are some &;’s (vesp. 7;’s), (M1, M5) is a local extremum of tr(Vy(M;)+
Vo(Ms) — My Ms) around which we can perform the perturbative expansion.

The choice of such an extremum, around which the perturbative series is computed,
is equivalent to the choice of the number of eigenvalues near each pair (&;,n;), i =
1,...,dids, i.e. the data of didsy integers n; such that:

dida

» ni=N (4.47)

This means, that we can choose some contours C;, i = 1,. .., dyds, such that:

1 ; dz
[ I‘ g
2w Jo, v — M

—n; (4.48)

1.e.
1 n;
— do = —— = —¢ 4.49
2 Ciwl(x) TTTNT S (4.49)

11



If wy () = V{(x) =Y (x) is solution of an algebraic equation of genus g, it means that up

to a redefinition of contours, the filling fractions are the A-cycle integrals. We define:

1 1
L L wdy = 450
2im ), 0T T2m Y TS (4.50)

The €;’s are called filling fractions, and they are given parameters (moduli) of the
model. They don’t depend on the potential or on any other parameter.

In particular, since all correlation functions wy(z1,...,zx) are obtained by deriva-

tion of wy with respect to the potential Vi, we have:

1

% 9 wk(xl, ce ,LUk)de‘l =0 (451)

Eq. (ER0) together with the large z and y behaviours Eq. ([B3d), are sufficient
to determine completely all the coefficients of the polynomial E(z,y), and thus the

leading large N resolvents wi(x) and wWp.1(y).

In this perturbative model, the free energy as well as all correlation functions always

have a formal 1/N? expansion.

In what follows, we assume that the leading resolvent, i.e. the functions Y (x) and
X(y) are known, and we refer the reader to the existing literature on that topic, for
instance [ [19, 26, 2§

5 The leading term : genus zero case.

Before considering the full % expansion, let us focus on the structure of the leading
terms corresponding to genus zero surfaces. We establish a general loop-equation whose
solution gives a recursive definition of the wy’s and the u;’s that can be represented by
Feynman graphs.

In this section, we omit the subscript (0), i.e. w,go) (xx) — wr(xg), and we omit
the 1/N? terms in the loop equations.

We consider: K = (1,...,k).

5.1 The loop-equation

The wy’s are totally determined by only one generic loop equation considered to its
leading order. We build this equation in order to link wy and wy, .

e The change of variable M, = %Ml Hle tr %M implies (see [19]):

ap(r;Xg) = T Wiy (T, XK ) (5.52)

12



e The change of variable 0 M; = x_l Vo W)=V, () Hlf tr — L implies to leading

My y—M> i=1 i—M
order (see [19]):

T
L

wy () U (2, Y5 Xk ) + U (2, ;X ) Wi—jp1 (T, XK —1)
JEK;

.
Il
o
<.

+Z 0 Uk x y U XK — {J})_uk 1(xjvy7XK {J})
8517] T — T

= Vl( )uk,o(:)s,y,xK) _Pk,o(l",y;XK)
—yuy (2, y; XK) + Vo (Y)Wt (2, X)) — ag(2; XK )
(5.53)

ie. for k> 1:

(y =Y (x) u(z, yixx) = - z_: Z (@, y; Xg) We—jy1(2, X )

j 0 JEK;

_'_Z 0 Uk — 11'],'3/,)([{ {j})

. o, P Pr(, Y3 Xx)

(5.54)

Under this form, the loop equation is in terms of multivalued functions. It is more

appropriate to write it in terms of meromorphic differentials on the Riemann surface:

k— U;(p,y(r);pg) Wi_; JPK—
(y(r) = yDUn(p, y(r)ipre) = = 3050 Bgere, UL e
k Uk—1(pj,y(r)iPx—53) dz(p)
+2j:1 dpj( z(p)—x(p;) - d:(:(pj)>
— Py (x(p), y(r); Pr)dx(p)

(5.55)
In particular, if one chooses r = p, one gets (using Eq. (B27) and Eq. (B23)):
Ey(z(p),y(0))Wiri(p,px) = —Pi(z(p),y(p); px) dz(p)
k-1 Uj (p,y(p);pg) Wi—j+1(P,PK—J)
Z ZJEK dz(p)
Vi1 (p 9(P)iPrc 31) dz(p)
+Zg 1 PJ ( z(p)—z(p;) dw(pj))
(5.56)

Notice that these two equations Eq. (E253) and Eq. (E258) imply by recursion, that
Wy and Uy, are indeed meromorphic differentials on the curve, in all their variables.

We define:

U(p9), y(p); pi)
Ey(x(pW), y(p®))dx(pV))

13
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We have already obtained (see Eq. (821)) that:

i1
dz(p)

Ry(p?) = (5.58)

5.2 k=1

We begin by this special case because it represents some initial condition for the fol-
lowing. In fact, the two correlation functions Ws(p1, p2) and Ui (py, y; p2), are the basis
of the whole structure of the Wy’s. Moreover, it allows us to show through a simple
example the way we proceed further for the general case.

We first derive once again the well known result claiming that the two point function

is nothing else but the Bergmann Kernel (see [H] for instance).

Let 0 € € be an arbitrary point on the Riemann surface. Since the abelian differ-

ential of the 3rd kind defined in Eq. (B41) dS,.(p) behaves as x(ﬁ)x_(’; )(q) when ¢ — p,

one can write the Cauchy formula under the form:

Wao(p,p1) = = Res dSq,o(p)Wao(g; p1) (5.59)

One can see from Eq. (B50) with £ = 1, and from Eq. (2]]), that the integrand in
the RHS has poles only for ¢ — p and ¢ — p;, Since W5 has vanishing A-cycles due
to Eq. (ERTl), we can use the Riemann bilinear identity Eq. (B:44)), and get:

Wao(p,p1) = Res dSyo(p)Waolg;p1) (5.60)

q—Pp1

For k =1, Eq. (E50) reads:

Ey(z(p),y(p)) Walp,p1) = —Pl(x(zg(; é)(f)y; (z;)))dafc(lg)(p)
- i <x<p> ~a(p) dx(po)
and thus we have:
Walpipr) = Res dSy(p)Wala;p1)
- s Hg
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Since P;(z(q),y(q);p1) is a polynomial in z(q) and y(q), it has no pole at ¢ = p;. For
the second term we use Eq. (B21):

Wa(p;p1) = Res dSyo(p)Wal(g; p1)

q—p1

= dy, Res dSo(p) (x(q) — x(p1))(y(q)

= dpl dSm ,O(p)
= B(pi,p)

(5;3)

We thus recover the well known result: the two-points function is equal to the
Bergmann kernel on the Riemann surface corresponding to the algebraic equation
E(z,y) =0 (cf [4, 26, 19, 28]).

Wa(p;p1) = B(p,p1)

(5.64)
Let us now compute Uy (p,y; p1). For k =1, Eq. (ER0) reads:
(y(r) —y@)Uilg,y(r);p1) _ Walg;p)Uo(g, y(r)) . ).
e = dx([q])z( . Pi(z(q),y(r);p)
o\P1, Y{r
o (o 2o ) (>69)
take it for ¢ = r = p®:
(@). (@) (@) , ,
0 — PRI - R alp) ) )
UO(play(p(i)>>
A (eroermrm) (5:00)
using that x(p) = x(p™), we have:
(). (@) (@) ,
0 — _W2(p 7pga(i(;f)]92 7y(p )) o P1($(p),y(p(l));p1)
Uo(pr, y(p™))
A (eres =) 67
Now, write Eq. (B63) with ¢ = p and r = p:
@) —y@)Uip,y(@D);p)  — Walp;p)Us(p, y(0'”)) 0.
dz(p) - dI(]())Z ) — Py(z(p), y(0"); ;1)
Uo(p1, y(p"
A ereryrm) (>0%)
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and insert Eq. (B67), you get:

Wa(p®; p1)Us (09, y(p™))
dz(p)
Wa(p; p1)Us(p, y(p™))
dz(p)

™) —yeNUi(p,y(P)ip1) =

(5.69)

Using Eq. (B21), i.e. Uy(p,y) = %’&’By)d:p(p) this implies:

(@) —y@)Ui(p,y®D);p1) = Walp?;p) By (0™, y(p?))  (5.70)

Since Uy (p, y;p1) is a polynomial of degree ds — 1 in y, we can reconstruct it through

the interpolation formula:

. O BEM.y) =1 ) — y@) Uiy ()i p)
Dlpyin) = (v —y(p)) ; y —y(p®) Ey(z(p®), y(p®))
(5.71)
z & 2 (p?, py
Uilp,yip) = fy(_(z)(’p‘g; 2 Z/_(Z;(];é’))) (5.72)
and in particular, at y = y(p), we have:
0 CUilpy0)ip) s We(p®,p1)
Rt =5 o0 ~ 2 -ven 07
and for i # 0, we have:
i ~ Uilp,y(®@)ip)  Wa(®, py)
Blp )0 = (a) 50) ~ ) — v o

5.3 k>2.

In this section, one proceeds in a very similar fashion as in the previous one. Using the
same tricks, we are able to determine two relations defining recursively Wy1(p, px)-
Let us suppose that one knows Wj(p,) for j <k and R}(p,p,) for j <k — 1. The
first step consists in the determination of Wy, (p, px) as a function of the lower order
correlation functions. The second step leads us to the computation of R:(p, pr). Once
this is done, one knows the correlation functions one order upper: one can then know

them for any k, considering that one knows Ws(p, p1).
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5.3.1 Determination of Wy, .

In this section, we derive a recursive formula for Wy (p, px)-

The Cauchy formula gives:
Wit (p, Pr) = — 532 Wi (P, Pr)dSy o(p) (5.75)

The integrand has poles in p’ only at p and the branch points a,. Using again
Riemann bilinear identity Eq. (BZ4]), we can then move the integration contour and
get:

Wit1(p, Px) = ZpRjj Wir1(p', Pr)dSy 0(p) (5.76)

We now introduce the loop equation Eq. (E56]) inside this expression and remark

that only one term has poles when p’ — a,. Thus Wy1(p, px) can be written:

Wiealp.pi) = —szgiZ Z o) Dot Pet) g,y

= —Z Res Z Z RO (v, ps)Wi_ ]—I—l(p Px-7)dSy o(p)

p'—as

j=1JeK;
(5.77)

However, Uy(p,y; px) is a polynomial in y whose degree is equal to dy — 1. Consid-

ering its dy values for y = y(p¥) with i € [1, dy], the interpolation formula reads:

_ . da _ ()
vy W= y@)U(p,yipx) _ Z y(P); px)(y(p) ygz)? ) (5.78)
E(z(p),y) — —y(p' ))Ey(x(p),y(p )
for y = y(p), this gives:
2 (1 P) ZRk p.PK) (5.79)
So, in Eq. (B271), one obtains the recursive formula for Wy (pg):
dy k-1
W) =D > D> Res R} (p's ps)Wi—js1 (P Pr—1)dSy o(p)
i=1 j=1 JeK; s P as
(5.80)

The sum over j represents the summation over all partitions of K into two subsets
Jand K — J.
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5.3.2 Determination of Rj.

In this section, one proceeds recursively, in order to find a recursion formula for RY.
For this purpose, one needs to know an intermediate expression defining the different
U,’s as well as a relation linking the value of Z?;S U;(p®,y(0); pr)Wi_ i1 (09, pre_y)
for different ¢’s.
Let us rewrite here Eq. (E23):

k—1

(y(r) = y(@)Ui(q, y(r); Px) = Z dm y(r); ps) Wi—j+1(¢, Pr-1)

I Uk_l(pj,y(r);pK_{j}) dz(q)
+]j%< 2(q) — 2(py) w@n)
—Pi(2(q), y(r); Pr)dx(q) (5.81)

e We proceed here exactly as in the case k = 1. We use the properties of rational

functions defined on the basis and not the Riemann surface.

For r = ¢ = p, Eq. (&X1) reads:

0 = _Z 2 dz p(l 0,y p.0) Wiy 1 (07, Prc 1)

i J Us—1(pj, y(0D); Pr—(5y) da(p®)
Z ( z(p®) — x(p;) dz(p;) )

—Jljzi(lx(p(”),y( p); pr)dz(p?)

- _Z #@Uj(p(“,y(p(“);pﬂ Wi—j1 (0™, pr—s)

b Ug- l(pjv ( )7pK {J}) d:L’(p)

*;%( e 50

—Py(z(p), y(p'"); Pi)da(p) (5.82)

where we have used that z(p) = z(p®).
Now, write Eq. (E81) with r» = p® and ¢ = p:

(y(p(')) (p))Uk(zx (p(");px)

Z Z da: o) y(P): ps) Wi j1(p, Pr—J)
=0 JEK;
& Ur—1(p;, y(0): Pr—(5y) da(p)
i ;dpj ( x(p) — x(p;) dx(Pj))
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—Py(z(p), y(p'"); Pi)da(p) (5.83)

and inserting Eq. (B:82) we get:

(yggp ) — y(p)Us(p, y(0'"); Pc)

,_.

1 .
U0, y(0'™); ps) Wi—ji1(p, Pr—)
j=0 JeK; dl’(p
k—1
1 @) () 0
+ Ui, y(@"); Ps) Wi—jt1 (P, Pr—7) (5.84)

This formula, is in principle sufficient to compute the U,’s recursively, and then
one can compute the R:’s. However, what we need in order to get Feynman
rules, is a closed recursion relation for the R}’s themselves. In order to achieve

this aim, we show that:

Lemma: for any k > 1, one has:

d2

Ur(p,y;Pr) = i Z > >

r=1 KjU..UK, =K j1#£jo#...#jr=1
r

VV\KtH-l(p(jt)a pKt)
g (y —y(pY)) dz(p)

(5.85)

where the sum over K; U...U K, = K is a sum over all partitions of K into r

subsets.

Proof: 1t can be proven easily by recursive action of 9/0Vy, as in [3], however, in
order to have a self-contained method, we want to derive it here only from the

loop equations.

The proof works by recursion on k. It was proven in the previous section for
k = 1. Let us assume that, it holds for any [ < k — 1.

Notice, that since both sides of Eq. (E8H) are polynomials of y, from degree
ds —1, it is sufficient to prove that the equality holds for dy values of y, namely, it
is sufficient to prove it for y = y(p”), i = 1,...,ds. Therefore, one has to prove
that:

U, y@D)ipr)  Ey(z(pf
. Z 2 2

(z
y(p r=1 K1U..UK,=K j1#jo#..#jr—170,i

I/V|I<r-|+1(29(i),PKT) ﬁ VV\K|+1(P( 3t) PKt)
(p)

120 G soydy

19



where only the sums in which one of the j;’s is equal to ¢ contribute.

The recursion hypothesis for j <k — 1, and any J € K gives:

U, @ y(p™): py i i S
(p di((i))l’) = By, Y 2

r=1 J1U...UJr=J j1#j2F...#jr#£i

d W41, ps,)
11 (y(pD) — y(plr))) da(p)

(5.87)

In order to compute U;(p, y(p™¥); p,), one has to keep only terms in the sum such
that there exists a ¢t such that j; =i, i.e.

Uj(p, (i)§ J i : 3
(p Zizzp)) Pl _ B (), y(p)) > 2

r=1 J1U..UJr=J j1#j2#...#jr—17#0,i
W19, pJ,) ﬁ Wis 4109, ps,)
(y(p?) —y(p)) dz(p) -3 (y(p®) —y(pU")) dz(p)

(5.88)

Insert that into Eq. (B34):

(™) —y(p ))Uk(p, (p™); pK)

-1

SEECTERTL 90 5D VD SENND >

j=0 JeK; r= 1 J1U..UJr=J j1#je#...#jr—170,i
r—1

, WlJT\+1(p()aPJT-) Wisj4(p W, p.)
Wi—j1(p; Pk - J)( (p(l) y(p)) dz(p) H (y(p®) — y(pln))) dx(p)

EEONTYY Y Y

J=0 JeK; r=1 J1U...UJr=J j1#jaF#...#jr#i
. W/|Jt|+1( jt)v th)
1 (W) —y(pU))) da(p)

Wi i1 (0", pr_s)
(5.89)

The difference between these two summation, keeps only j; # 0,4, thus:
Ui(p, y(0"); Px)

k-1 do
= By X 3 > > )

j=0 JeK; r=1 J1U..UJr=J j1#ja#...#jr#i,0

Wi—jt( p( ,PK J ﬁ VV\J|+1 (pY), ps)
(y(p®) — ) 3 (D) — y(plv)) dz(p)

(5.90)
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i.e. we have proven the lemma for k, for y = y(p(i)), and since both sides are

polynomials in y of degree dy — 1, the equality holds for all y.

Remark that this lemma can easily be obtained by recursively applying the
0/0Vi(x) loop insertion operator. We did not use that method here, in order

to have a self consistent method based only on loop equations.

Theorem: For all k > 1, one has:

> Z ZJEKJ 309, y(0); P Wiy (09, P 1)
Z ZJGK (0 y(@); PAI)We—j1(ps Pr—1)

(5.91)

Proof of the theorem: Let us simply perform some basic rearrangements:

d2 k—

,_.

> Ui", y(p): pr)Wijrr (0¥, pr—s)

i=1 j=0 JEK;

do
= Z \KH—l 7pK1>U|L|+1( )y(p);pL)

do d2

= Bye@,ym)dep) Y D> > > 2

KiUL=K j1=1 r=1 KoU..UKr11=L ja#js#..#jr€[1,d2]—{j1}

Wik, 11+1(P, PK, 1) ﬁ Wik, +1(0Y), pr,)
(

(1)
Wisarsa W Pra) = ) =y o) s ((p) = y(pUe))dz(p)
da

= Ey(z(p),y(p))dz(p) i: > 2

r=1 KjU..UK, 1=K j1#je#...#jr=1

ﬁ Wik 4109, Pr )Wk, i1 141(D, Prosr)
gt (y(p) — y(pY=)))dz(p)

= > Wik 10 Pro ) Ui (0, 9(0), P)
K1 U J=K

(5.92)

This identity simplifies Eq. (B:84]) which becomes now:
() = y(p)) Ri(p, prc)d(p) =
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5 Gl

( ); pJ)Wk i+1(p

)7pK J)

{5.93)

Wk—i—l( 7PK +
j

1 JeK; 1£0i

E,(z(p), y(p¢

9))dx(p)

One can now write down the final recursion formula for Ri (p, px) in these terms:

Wi41(0™,pK)
(y(p)—y(p))dz(p)

+ Z ZJeK Zz;ﬁo i

R (0D p )Wy 11 (0D pr )

(") —y(p))dz(p)

5.4 Diagrammatic solution

(5.94)

This section is the principal part of the article. We define a correspondence between the

correlation functions and a system of Feynman-like graphs. To every k-point function,
we associate a graph with & external legs and Eq. (B80) and Eq. (B94) become two
relations describing these graphs as functions of graphs with 7 < k — 1 legs thank to

some rules we introduce in this part.
Let R: and W}, be represented by:

R
B1 A1
/pk-z /pk'z
Ry (p,p) == P and  Win(p,px) == P
P
\pl p2 : \pl p2 p3
(5.95)
Let us introduce also the following propagators and vertices:
non-arrowed propagator: | P ————— d := Ws(p,q)
arrowed propagator: | P —F— 0 = dS,.0(p)
Residue cubic-vertex: q =, Res,.a,
g™
: S ) i _ (=6,m)(1=6m,i)(1—0;,1)
colored cubic-vertices: | # W{ G209 E0)
o™
: . (I ‘ 0 — 1 —0;
simple vertex: | Phrve—p0 = (y(p(i))—y(p(l)))dx(p)(l i)

One can now simply interpret the recursion relations in terms of graphs:
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e Eq. (B80) can be represented as:

R
Pt

P
/ k-2 dy k-1

(5.96)

\

P P,

Py

e Eq. (B94) can be represented as:
R
%
k-2
p / _ k-1 dy p
= 2 ZJeKj 1=0

AN

p P

k-1 d
+Zj:1 ZJeKj =1 P

(5.97)

From these relations, it is easy to see that Wi, 1(p, px) is represented by all binary

trees with 1 root and k leaves following the rules:

The vertices have valence 1, 2 or 3;

the edges are arrowed or not; arrowed edges are oscillating or not;

the arrows form a binary skeleton-tree;

from each vertex comes one oscillating and one non-oscillating edge;

two linked indices are different;

the k leaves are non-arrowed propagators finishing at p;’s.

5.5 Examples.

Let us briefly review the diagrams induced for the first cases.

One has the following diagrammatic representations:

o k=2":
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Wap,g)= P — 4 (5.98)

and

Rip.pr) = prM oy, (599

These two diagrams represent the basis of the whole representation: they allow to

draw the & = 3 correlation functions:

o k=23:
Ws(p,p1,p2) = % %
B(p’( ) p1)B(p',p2) ’( ) ,p2) B(p' ,p1)
2 RSy, | Gt i T G ity | 45 .o(p)
(5.100)
and

Ry(p,pr,p2) = Y02, °

2 P
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o k=14:

Wi(p, p1,p2,p3) = Zfilifi

d d i
+ Zzil Zjil P (5.102)

d d
+ Zzil Zj;i:l p

pZ
+( permutations of {p1,p2, ps})

One has to consider all the permutations on the external legs. Thus, W, is the sum

over 18 different diagrams.
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6 (enus expansion

In this section, one determines all the terms of the genus (i.e. ﬁ) expansion of the

correlation functions.

6.1 Loop equations.

In section (B1I), one has kept only leading terms when performing the changes of

variable. Let us now write the W corrective term for the same changes of variable.

One obtains the loop equation :

(y(r) —y(®)Uk(p, y(r); Px)
= —DBu(z(p),y(r); pK)dff(p) >z

é 1()U (2, y(1); PIWi—jr1(p; Pr 1)

_ 1 Ui @a()ppr) (Uk (0 y(r)Pre—(5)) du(p) )
N2 dz(p) x(p —1‘(17; dz(p;)
(6.103)
For the following, one should remind the expression of the function Y (z(p)):
Y(2) = V(a) — &) (6.104)
. 1 dm .
Then, for h > 1:
(h)
YO (ap)) = LD (6.105)
dzx(p)

Consider now the ﬁ expansion of this equation order by order. The genus h term

(corresponding to the ﬁ term) gives:

(vlr) - y(P) UL (0, y(r); pr) — Sk YO (@ () U™ (0, y(r): Prc)
= —p" <<>y<>pK>dx<p>

U;Ehl (p y(r)ppk kil(pj,y(r’),pKf{J}) dx(p)
T T Za’ dy, ( e T R )

When y(r) = y(p):

et Y )V ™ (pry ()i Pr)
= B () y0)pr)dep) + X0 X550 wi Uy (0, y(0): PWE (9 Prc-)

U}i}i1 )(pv );P,Pk) kfl(p] y(P);PK— {]}) dz(p)
+ da(p Z d, z(p)—x(p;) dz(p;)

(6.107)
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6.2 Case h=1:genus 1.
Let us consider Eq. (EI01) for h =1 and k = 0:

Ur(p, y(p);p)
dz(p)

Using the Cauchy formula and considering the same arguments as in the preceding

PV (@(p).y(p))
OUO(p,y(p)) has no pole

YO (2(p))Us(p, y(p) = Py (x(p), y(p))dz(p) + (6.108)

parts for the integration along the cycles A and B and that

when p is equal to any branch point a;, one obtains:

YW (z(p))dz(p) = — Res dS,.(n)Y Y (2(q))dz(q)

q—p

— Z qI-ieasS dSe.o(p)Y D (x(q))dx(q)

= > Res R(4, 9)dS4.0(p)

da
= >y Res Ry (g, 9)dSy.0(p)
s i=1 s
(6.109)

That is to say:

W) =SS Res Ri(g0)dS,0(0) (6.110)

q—as
s =1 s

Considering the graphical interpretation introduced in the preceding section, this

equation can be interpreted diagrammatically as a one-loop corrective term:

WO @p)dalp) = p£

da
_ Z p i
=1
do :
B(g,q")
= Res dS, ,(p) —=—"—
;ZS:HLS B (p)y(q(’)) —y(q)
(6.111)

6.3 Any genus h

In this section, we proceed in two steps to compute the correlation function W,gh) for
any k and any h, and represent it as a Feynman graph with h loops. The first step
consists in the determination of a recursive relation for W,gh), whereas the second one

gives Rz(h) considered the lower order terms known.
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For the following, let h and k be two given positive integers. Let us consider Wj(m)
known for any j if m < h and any j < k if m = h. One also assume that R;-’(m) is known
for any i and any j if m < h and any j < k if m = h. Starting from these assumptions,

one computes Wéi)l and Rz(h), what will allow us to know any term recursively.

6.3.1 A recursive formula for Wk |

Let us remind Eq. (&I07) in a more suitable way to emphasize that it allows us to

compute W,gi)l (p, px) With our assumption:

W,§+)1(p,pK)Uo(p, (p))=
—Z W)U (0, y(p); Pr)
—PM (p, y(p); PK)dI( )?
=3 X o U 0 y(0)s p )W T (0, D)

h—1) UM (05 9(0)pr—15}) dw
_U15+1 (P, y(p); p: Pr) +Zj 22 ( - 1x(Jp)—:c(pS = d:c((ij)) dxl(p)

(6.112)

Remark that the RHS contains only known terms except Pk(h) (p,y(p); Pr). Fortu-
nately, it plays no role in Cauchy formula.

Indeed, we write the Cauchy formula, move the integration contour and vanish
integrals around the cycles thanks to the same arguments as in the preceding sections.

This gives:
Wi (p,pi) = — Res Wi (@, k) Sy olp)
= D Res WG, pr)dSyo(p) (6.113)

We now introduce Eq. (E112) inside this formula and keep only terms which have
poles at the branch points:

— Y 0 D Res P —as Wl( ™) (p')R,(fm) (s PK)dSy o(P)

m h—m (6114)
Zm 0 Z] =0,m—+5#£0 Zs Res ., R; )(p/; pJ)Wk(—j+1)(p/a Pr—7)dSy o(p)
h—1
- Zs Res pr—a, RI(C-‘,-I )(p/;p,, pk)dSp’,O(p>
For convenience, let us note:
W% =wMp) =0 (6.115)
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Then, the recursive definition of W,ETI (p, pr) reads:

(h)
Wk+1(Pa PK)

2 Zm OZ] Om—l—];ﬁOZ Resp—msR (m (p pJ)W j+1(p pK J)dSP 0( )

+ Zi:l Zs R’esp —as R;c—(:z 1) (p 7p 9 pK)dSp 70( )

6.3.2 A recursive formula for Ri’(h)

The second step consists in the derivation of an equivalent formula for R}

i,(h)

(6.116)

We

process in the same way as for the genus 0 case: we use the rational properties of some

of the correlation functions to write the recursive formula, with the aid of a relation

similar to Eq. (B01).

So let us recall to mind Eq. (E100), and present it in a slightly different way:

(y(r) = y(@) U (@, y(r); Pr)

o WUt T™ (qu(r)ipk) Y (qy(r)ia.mn)
_'_Zm—l — kdw(q)qy = + k+1 dz(q) :

= —Péh’<x<q> V()i pr)daa)
DS P Odm U™ (q,y(r); AW (4, prc)

,1(pj7y( )1pK*{]}) ( )
+ Zj dpj ( z(q)—z(pj) dz(p;)

This equation taken for » = ¢ = p can be written:

Zh W™ (U™ (b0 (0 );px) +U;i}ﬂl)(p(“,y(p(”);q,pk)

= -V (p(“) ulw (') px)dz(p") . |
Zm OZJ =0 dm(p() ( )(p(l)ay(p(l) )Wli j—yi-nl(p(l)apK—J)

R (s <>, ()
+Z dp] Uy (5 9(0")iPr—53) da(pt ))

z(p())—=z(py) dz(p;)
h .
= R ), v p@)dx( p) .
_Zm 023 Odscl(p m( (),y( ) )Wk g-Tl( )7pK J)

h)
o1 (0P ;1) d(p)
+Z dpJ ( z(p)—x(p;) dx(pj)

where we have emphasized the equality z(p®) = z(p).
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Let us now write for r = p® and ¢ = p:

(@) = y(E)U" (0, y(); Prc)

(m) (h—m) @), U( 1 o 7
+Z’Tln:1 W, (p)Uy dm(p()ny(p Jipr) | Uit (p.y(®);p,pk)
_p (h)

dz(p)
(z(p ),y( @); px)da(p)

P . (6.119)
Zm OZ] =0 dml(p i (p7y 7pJ Wk_j+1 (pv pK—J)
h) ()
(pjy(");p
"—Z dpj < = ;( )—:c(pJK @] )

That is to say, using EITS:

(D) = y()UL (0, y(pD); Pr)

S s Wi (@, p UL 0D y(pD)pr )
m=0 7=0

dz(p)
Ul (6 y(p®)p® pr)
" o (h—m) ;
_yh vk Wi e U™ 0y(eW)ipr—J)
(hml) ’ ]-:0 @ (e)
Upyr (0,y(09)ip,pr)

dzx

(6.120)
We now establish a relation similar to Eq. (&31]) in order to present our recursive

formula in such a way that it can be graphically interpreted

In order to achieve this aim, one has to determine an explicit intermediate formula
for Uéh) (p,y; pi). Let us assume that (for the proof, see appendix A):

(h) -
Uy (0, y(0"): px) =
Ey(z,y(p™)) x~min dz,k+h k+h 1
y(p}i“)—y(p) 2= ( ZKlL)J UKr= tha—o kaz\Ka|Zja{@;éjalﬁ,e[},dz]—{i} Q
_ - _ g
ngl‘li’)l(p(l)’pKl’p(]l 1)""’ & 1 -lKl )(Ha:2 W(a+) ( (]a’O)ypKa ’p(Ja,1)7 -P Jaka—|Kal ))

dx(p)r—h= 14 ka T, 5 y(p(®))—y(pUe8))

(6.121)
where 2 is some symmetry factor which does only depend on the k, — |K,|’s and
one has the following constraints:

o> (ha+ky)=h+k;
o 0 <|K,| <kq

One should note that the only external parameter entering these constraints is k+h

It is now possible to derive an equality equivalent to Eq. (E01)). One shows — in
appendix B — that:

h k
m h—m h—1
Z Z Wy+1)(pv pJ>UI£—j )(Pay(p)§ Pr—J) + U,ﬁH )(p,y(p);p, P)
m=0 j=0;mj#kh
do h k
- Z Z Z Wy+1( 7PJ)U ( @ y(p); Pr—r)
i=1 m=0 j=0;mj#kh
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Z UL 0, y(0); P, pr)
(6.122)

This equality allows us to write:

(W) =y U™ (0, y(p)); pic) =

h k Wi e p ) U™ 00y @)pr—)
Zmzo Zj:(();nv,)j;ékh Zz;ﬁo i dm(p) (6.123)
U 00y pr) R ;
+ Zl;&o,i = dz(p) =+ Wk(+)1 P, pr) By (2, y(p1))

That is to say:

i(h) B Wi p )Ry ™ (0Wipk )
Rk (p7 PK) = Zm OZ] Omﬁékth;ﬁoZ T E(p()) y(p))dx()
s Ry (000 py) I W@i)l(p(ilpx)
17050 (y(p®)—y(p))dz(p) (y(p)—y(p))dz(p)

(6.124)

6.3.3 Diagrammatic solution.

In this section, we express the functions W,gh) as diagrams, using the Feynman rules
defined for the genus 0 case. This way, we generalize the trees obtained in the preceding
case to any loop-order: we show that the ﬁ correction can be seen as a h-loop
diagrammatic correction.

Let us represent Rz(h), and W,gh) respectively, as white and black disks with h holes:

R
R

Wi (p. pr) = (6.125)

(6.126)

One now can use the preceding Feynman rules in order to represent diagrammati-

cally the two recursive equations.

31



e The recursive relation giving the Wéh)’s is diagrammatically written as follows:

(h i=1 m=0 j=0,m+;j#0 JEK;

(6.127)

e Given lower order R;’(m)’s and W'l(m)’s, one can obtain Rz(h) diagrammatically by

writing Eq. (E124):

h k d
= Zm:O 2j20,m+j7$0 ZJEKj lio P

(6.128)

This means that W,ﬁ’fl is obtained by the summation over all Feynman graphs with k
external legs and h loops and following the same prescriptions as the trees corresponding
to Wk, le.:

e The vertices have valence 1,2 or 3, there are 2h + k — 1 tri-valent vertices;
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The edges, are arrowed or not, the arrowed edges are colored or not;

The subgraph made of arrowed edges forms a skeleton tree;

from each tri-valent vertex comes one colored and one non-colored propagator;

two linked colors are different;
o the k leaves are non-arrowed propagators finishing at p;’s

A practical way to draw these graphs is to draw every skeleton tree of arrows, put
k non arrowed propagators as leaves and close it with h non arrowed propagators in

order to obtain A loops.

6.3.4 Examples.

Let us now carry out two simple examples of graphs obtained this way. We write Wz(l)

and Wl(z).
d
D21 2ljeltdal—{) wi - %

i Y, (6.129)
+ % + %WH
J

Analytically, this reads:

WQ(I)(p7p1) = ds ( )
ds 4
Dt Zje[l,dg}—{i} s .Resp s (y(p’(“)—y(p’))(y(;’(‘)) —y@'V))dz () _
[B(p/’pl)B(p/(z)’p/(j)) + B( l(z) )B(p',pl(])) + B( ]? ()))B(pl,p'(j))} (6 130)
&y nd dSp e .
T2 D a1 s ReSp —a, Resp”%t GO0 i >,d =)

(B0, p1) B, p"D)dSyr o (D) + B(p'D, p1) B(p”, p"9)d Sy o(p')
+B(p", p')B(p1, p"D)d Sy o(p ’(2)+B(p1, p")B(p,p"")dS ( "))
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W = S s

W@%

Z 1Dl da] {}Z +

+ “ i+ j
k

d d
+ 2;1 2]‘2:1 Zke[lvdﬂ_{j} * Wk

+ A—@? + <—§§j§
+Z§lil 2 jelt,da) (i} 2okelds)—(5) k "
| (6.131)

Note: In the 1-matrix limit, the only diagrams remaining are the five first ones,

i.e. the one where no colors are linked. Indeed, this limit is obtained diagrammatically
by taking the length of the oscillating propagator to zero. When two colors are linked,

this gives rise to a four legs vertex which can not exist.
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7 An effective non cubic theory

The Feynman graphs described up to now correspond to a cubic theory and then, have
the advantage to have only trivalent vertices. Nevertheless, some problems do not need
this property to be solved and one can build an effective theory with less propagators
but vertices with valence up to dy — 1. Roughly, it consists in resumming the linked

waved vertices into one multivalent vertex:

ededd - (7192)

Let us present this effective theory in this section.

7.1 Leading order: Genus 0

Actually, we have already written the equations necessary to define this effective theory.
Let us consider Eq. (BZ0) and Eq. (BXH):

Wit1(p, Px) Z Res Z Z dx’ E )( ;)) Wi—j1(p, Pr—1)dSy o(p)

— Qs
prmas ] JEK,

(7.133)

Uk(p,y;pK)IE(xp’y Z > Z H ‘KHI ’;;IE))

YP) 1T k0 Tmk drirttinmt 11
(7.134)

This second equation taken for y = y(p) reads:

( 7y( ) K \Kt|+1 )>pKt)
B, (p),y()dep DS 3 H y0) dep) 1)

p)Y r=1 K1U..UK,=K j1#ja#...#jr=1 t=1

Introduce it in Eq. (ZI33) and get a closed recursive formula for the W;’s:

Wk-l-l(pv pK) = - Zs Resp’—ms Z ZKOUKlu (U)KT—K Zﬁ;ﬁjz;ﬁ Fjr=1
W, (p'Gt .
VV\KoHl(p/apKo) Ht:l (y(p"})(ﬂZ(l ’(Jt)))pK dSp 0( )
(7.136)

Let us introduce the following Feynman rules:
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non-arrowed propagator: | P~ 4 = W;(p,q)
arrowed propagator: | P —» 4 :=dS,.(p)
q

r+2 - vertex ()
(1<r<dy) q @ - s Zjﬁé---;«fjr#o Res g,
with one marked Q) t=1 (y(q)—y(q@0)))dz(q)
edge: a
q(J',)

Remark that one leg of the multiple vertex is marked: on this leg, there is no

summation over the different sheets.

Using these rules, one can diagrammatically write the recursive relation as follows:

B

jr
/ 2 do
B>
e,

r=1 KUK 1U..UK,=K
P P

(7.137)
From this relation, one can see that W1 (p, px) is obtained as the summation over

all trees with k 4+ 1 external legs and following the rules:
e The vertices have valence v such as 1 <r < min(k+ 1,dy + 1);
o The edges are arrowed;
e One of the legs of each vertex is marked
o The subgraph made of arrowed edges forms a skeleton tree;
o The k leaves are non arrowed propagators ending at p;’s.

The drawbacks of this effective theory induced by the existence of multivalent ver-

tices is balanced by the simplicity of these vertices and the lack of different propagators.
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7.2 Any genus h

Let us now study the extension of this theory to any genus.

Once again, the fundamental equations have already been written. Let us recall to
mind the following equations Eq. (E116) and Eq. (GI21):

h
ng+)1(p7 pK) = (m)
h k U™ (0" y(®)ipg) 11 (h—m
- Zmzo Zj:O m—l—];éO Z Res p'—as J Ey(z(p), y(p/))J W]g(_j+1)(p/7 pK—J)dSp’,a(p> (7138)

U,EH @ w(®)r' PK)
J— ZS R,espl—n;‘5 Ey(m(p ) y(p dSp Oé( )

and, for ¢ # 0:

U (p,y(p?); pr) =

E. (x,y(p(i))) min dz,k—l—h k+h 1
y?p(l)) ( ) Z Z[{1U UKT K Zh(x—o ka:‘Ka| Z]‘a,ﬁ;ﬁja/’ﬁIE[l,dz]—{i} Q

W (0 pic, p(“ DU ‘Kl‘))(H s Wit (pUe0) pie, ,p(javl),m,p(j“”m"K“‘)))

da(p)r =k =1+ ko T, 5 y(p®)—y(pUep))

(7.139)
In order to introduce this second formula inside the first one, one has to use the
interpolation formula to consider the case where i =0 :

U™ py)ipL)
Ey(z(p)y(p))

min(dz,l+m) I+m
— 2 (2 DLy UeU L= Lzma—o D tam |La|zj17é---7’éjr€[l,d2]$ (7.140)

Wl(lml)(p(Jl 0) PL, p(J1 1) . (31 dy—|Lq ] )%, W((Zno‘)(p(ja)o),pLa,p(ja’l),...,p(JO"l&*‘La‘))

d:v(p)r’l’1+Z Lo (y(pU1,0)) —y (p)) Ha,ﬁ(y(p(jlv‘)))—y(p(javﬁ))

Recursively, it is easy to check that it can be written:

U™ wy)ipL)
Ey(z(p )y(p))dw( )

min(dz,l+m) m +m 1
Z ZLl ULr=L Zma_:() Zza:|La| Zjaﬁ;ﬁja/ﬁ,e[l,dz} o (7.141)
HT W(;nf)(pua O)7PLQ 7p(1a,1)"”7p(3a,la—\LQ\))
a=1 gg(p)la—iLal+1 Tl el (y(p) —y(pUap)))

where € is some other symmetry factor depending only on the same parameters as
Q.

One is now able to write an explicit recursion formula for the W,Eh)’s that can be

graphically represented the Feynman rules introduced in this section. The introduction

of Eq. ((CI4) in Eq. (CZI3Y) gives:
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W (p.px) = ; . -
+
— > Respa, 2000 EKOUKl U..UK,=K EhQ:O ka=|Kal Ejaﬁ;ﬁja/ﬂré[l,dg] %

dSy oW (v Pro) T WA, (¢ 900) picy /ot p o halial))

/ K = : o o J

phe [Kol+1 17 7 80/ L a1 gy (pryha—IKal+1 [T 52 el (y(pr) —y (pa8)y)
(=1 (1 ()

U "y(p')ip' P
=3, Res o, (p Sy o(p)

(7.142)
That is to say:

()

Y Y 3

r=1 h, KoUK 1U..UK,=K
(hy

(h)

Ky

+ZZ Z (M) (7.143)

r=1 hq KiU..UK,=
(h)

KI’

Remark that we have splitted the diagrams in the RHS in order to reproduce
the recursion relation. Nevertheless, the first term in the RHS is nothing else but a
particular case of the second term where the marked leg of the vertex is left alone inside
one of the W’s.

Hence, the h’th order expansion term of the correlation function W,fh) is obtained
as the summation over all Feynman diagrams with k external legs and h loops following

the same rules as exposed in the genus 0 case, i.e.:
e The vertices have valence v such as 1 <r <ds+1;

o The edges are arrowed or not;
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e One of the legs of each vertex is marked;
e The subgraph made of arrowed edges forms a skeleton tree;

o the k leaves are non arrowed propagators ending at p;’s.

7.3 Examples

Let us review some simple examples of this description.

P
1
Py
+
Ws(p, p1,p2) = P q\ P d
p2 p2

Analytically, this reads:

Ws(p, p1,p2) =

d 1 7 ds, ,0
Zii1 Zs Res q—as [B(q( )7p1>B(Q7p2) + B(q( )7p2)B(Q7pl)} (y(q(z‘))_qy((;;))dx(q)

wp) = p 4 q
_ - B(q,q")
N Z ; 25 Baop) (y(q®) — y(q))dz(q)
Wy (p, ;1
p

39

1
3 (pp1) =
R p p
_l_
pl pl

(7.144)

(7.145)

(7.146)



R
(7.147)

lp Py p R Py
+3 +

g T S
+ + U

8 The gaussian case: the 1-matrix model limit.

In this section, we are interested in the special case where dy = 1, i.e. one has a
gaussian potential in M,. This situation is very important because it links our results
to the 1-matrix model studied in [I2]. Indeed, when one of the potentials is gaussian —
V3 for example —, the integration over one of the variables — Mj in this case — is gaussian
and can be straightforwardly performed without giving any contribution to the formal
expansion. Then, the 2-matrix model with one gaussian potential is equivalent to the
1-matrix model with a potential V = V] — %. We check in this part that our results
coincide with the ones obtained directly from the 1-matrix model in [I2]. Actually, it
is a good way to better understand the structure obtained in this case.

Let us note:

Va(y) = %@f (8.148)

In this case, the Riemann surface is an hyperelliptic surface with only two x-sheets.
The equation x(p) = z has only two solutions. Let us call them p and p, i.e. p©® =p
and pY = p. They obey the following relations:

z(p) =x(@) and  y(p) = —y(P) (8.149)

The algebraic equation generating the Riemann surface reads:

E(z(p),y(r)) = —g2(y(r) —y(0))(w(r) —y(P)) = —g2(y(r)* — y(p)?) (8.150)

One can also remark that:

Ue(p,y; Pr) = 92Wit1(D, PK) (8.151)
That is to say:
Uk(p,y(p); Px) Wis1(p, Px)
RY(p,px) = = — 8.152
<P Pr) = T ) u0) 20) (8.152)
So that: Wi )
RY(, px) = Ri(p, p) = —- L PE) (8.153)

2y(p)
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Diagrammatic rules.
One can now study how the Feynman rules of the two theories introduced earlier behave
in this limit.

e The cubic field theory

Because V5 is gaussian, the Feynman rules become:

non-arrowed propagator: | P~ 4 = W;(p,q)
arrowed propagator: | P — ¥ 4 :=dS,,(p)

Residue cubic-vertex: q =, Resq.q,

simple vertex: | pAhve P = — Wldx(m

The last component of the Feynman diagrams, the colored cubic-vertex, implies
three different z-sheets. Because there exists only two such sheets in the gaussian

case, this vertex vanish:

o)

o) i =0 (8.154)

o)

Considered that the bivalent vertices and trivalent vertices only appear together,

one can merge them into one whose value is equal to — > Res ;_.q, m, and

one recovers [12]:

a q (8.155)

e The effective theory

The effect of the gaussian limit on the effective theory is to make it cubic. One

obtain the following rules:
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non-arrowed propagator: | P ————— d :=Ws(p,q)

arrowed propagator: | P — ¥ 4 :=dS,,(p)
q

y t q(Jl)
cubic vertex q U 1
(On]y for I':1>I q(J3) T ZS Res 9% 2y(q)dz(q)
q

q(j’)

Hence, the two theories turn into only one cubic theory in this limit which is the

one derived in [T2]. Indeed, the corresponding recursive relation appears to be:
h—1
ng+2 )(Q> q, pK)dSq,o(p)

— Res
> M0

zh: zk: Z R Wg(fl) (%ZJJ)WU_L;TB (qapK—J)dSq,og )
— es £R°156)
4—a 2y(q)

h
W (p,pk) =

m=0 j=0,j4+m#0

Remark:

Diagrammatically, this limit can be easily interpreted. Starting from the general
cubic theory, in order, to obtain the 1-matrix model graphs from the 2-matrix model
ones, one only has to take the length of the oscillating propagators to 0. In this case,
the graphs containing at least one colored vertex vanish.

Everything works as if the oscillating propagators of the 2-matrix model were unsta-
ble particles which decay into stable ones represented by non-oscillating propagators.
Then the 1-matrix limit is obtained by taking the life time of these particles to 0.

One shall also note that there is no symmetry factor in the 2-matrix model graphs of
the cubic theory whereas there are not well understood ones in the 1-matrix case. The
derivation of the 1-matrix model as a limit exhibits how these factors arise. They come
from the same contribution given by different diagrams in this limit. This observation

exhibits how the 2-matrix model seem more fundamental.
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9 Conclusion

In this article, we have generalized the diagrammatic technique of [I2] to compute all
non-mixed correlation functions of the 2-matrix model, to all orders in the topological
expansion.

The result can be represented diagrammatically, with some cubic Feynman rules,
which are just convenient notations for writing residues on an algebraic curve.

This shows that the method discovered in [I2] is very universal, i.e. it works for all
algebraic curves, not only hyperelliptical curves.

The future prospects of that work are to find the diagrammatic rules for computing
the free energy to all order in the topological expansion, and also all mixed correlation
functions (using the result of [I3]). Another possible extension is to work out the
multimatrix model, i.e. the chain of matrices as in [19], and in particular the limit of
matrix quantum mechanics. We believe that this technique could apply to many other
integrable models.

Another question, is to understand the limit of critical points, i.e. when some
branchpoints and double points start to coalesce. It seems that the diagrammatic
technique should just reduce to consider only residues at branchpoints which become
critical. One may expect to recover some relation with the Kontsevich integral, in

relationship with KP integrable hierarchies.
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Appendix.

Appendix A: Computation of Eq. (6.12T).

In this appendix one proves recursively Eq. (GI2]) for any k and h.
Let us suppose that this formula is know for any Ul(m) with m < h — 1 and for any
Ul(h) with { < k — 1. One writes it:

(m )

U™ (p, y(p); pr) =

Ey(ey @) gmin(dz,+h) I+m 1

Y= y(p) 2 ( Zmy U L= 2oma=0 2ala | Lal 2o ptdar el dal—{i}

Wl(ﬁlf(p(ﬁ’pl’l’p(]l D op I1,0y —|Lq | )(Hg: W(L:f)( (o 0),pLa,p(]a’l),...,p(JO"l&*‘LQ‘))>
do(p)—1-1+X La Ha,ﬁ y(p(i))_y(p(ja,ﬁ))

(9.157)

Let us introduce some shortened notations so that one can write this proof in a few
pages.

Considering the sum on the RHS of Eq. (@I21), one can see that there are two

different kinds of terms:

e If [y = |L,|, one can factorise the term VV‘L Hl(p(i), pr,)- Let us note the sum of
(m1)

these terms W(p(’),pL)W(pL pl) ) where we have noted W instead of W'|L 1 to

indicate that these are formal notations;

e the other terms correspond to the sum over all Il; # |L;|]. We note it

Using these notations, one can shortly write Eq. (@157):
U™ (p,y(0?)i o) = WD, p)W (pr, p0) + W, pr, p))W (pr, p?)  (9.158)
Thus the interpolation formula gives:

U™ 0y ) pe) = W pr,p9) + W (p, o)W (o, p?) + W (p, 1, 80)W (p,p?)
(9.159)
where the first term corresponds to the sum where all jg's are different from 7 and
0 and there is no W, whose argument is p or p®.
On the other hand, one knows the relation B.T20k

(h) N. _ w ™) (@ p UL ™ (0 y(p)iprc— 1)
Uk (p,y(")ipK) = Zm 02] o (y(p“k))] y(p))dx(p)

m) (h* ) i
J+1(P,pJ)U " (py(pD)ipr—a) 9.160
Z;ml 0 Xm0 (y%';“))J y(p))dz(p) (9-160)
_U( D (ay(D);p,pr)

) (0D, y(pD);pD) py,)
(y(p)—y(p))dz ( (pD)—y(p))dz
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Remark that the terms in the RHS of this equation correspond to the criterion
of the hypothesis and one can then express them has a product of W’s following the

notations introduced earlier. This reads:

U (p, y(09); prc) = |
W(p(”,.pK)W(pK p) + WP, pre)W (p, prc) W (pic, V) |
+W(p“ ,pK)W(p,pK,p(”)W(pK p) = W(p,p ) (p(l’,pK)W(pK,p(”)

(p pK) (D, pr, POYW (pic, D) + W (p, prc, pOYW (pic, p9)
W(p, p, p )W (pxc, p9) + W (p, prc )W (p® pK p(]))W(pK,p( )) (9.161)
W (p, p, pre, p ’)W(pK )+ W(p, pr, YW (D, prc, p YW (pic, p)
W (p ) )W (prc, D) = W (pD, pr )W (p, prc, POYW (pgc, p9)
W (p p“ P, pY ))W(px pY)) — W(p(') i, POYW (p, prc, P9OYW (pie, pW)
= W( p)W (pk, ) + W (pD, pre, pO YW (pic, p9)

So one has proven the formula for U, ,gh).
Because this formula is true for h=0, it is true for any k and h.
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9.1 Appendix B : Derivation of Eq. (6.122).

One wants to show that:

_ U(hfl) : .
Zm OZ] Om];ékh WJ(+1)(p>pJ)U(hj )(p’y(p) pK—J)‘I’ k+1 (Z?;(P)Ppk) _
h—m i
> Zm o)Zg oumi i Wil (0D, p ) UL (09D, y(p); pic—s) (9.162)
Dy )
oy U0

Let us compute the difference D between the two sides of the equation by the
introduction of Eq. (EIZI]) written with some few different notations which are defined
as follows:

e l=r+h—>_ h

o ug =30 (ke — |K|) -
One can then write:

h k m d
D= Zm =0 Z] =0; m];ﬁkh Wj(+1)(p>pJ)Ey(x> y(p)) Zzil m
k+h—j—m
Z Zo 1 Zho_() ko=0 T Z]g;ﬁ Fji€(l,d2]—{i} ZKl U.--UKr=K %

(hl) (0@ prc, pUr+1) (JT+“1))<HB 2W( ﬁ)( (jﬁ),pxﬁ,p(jr“ﬁ*ﬁl)7---,p(jr+"ﬁ))>
[T, — v ) —y(pU))

—Zd2 an 025 Omj;ékhM/j(—Tl)(p()ap )%

Z Zo 1Zho_0 zj_hoj mZme Aj1€[1,d2]—{i} ZKlu UKT—KQ

W<h1+>1(p’pK1 plre) | plrtu) )(H’,QW“L")( (yﬁ)7pKﬁ’p(Jr+Uﬁ 0 (Jr+uﬁ))>

. [T, = v(@)—y(pY))
1
_'_Ey( ( )) 212 1 y(p) y(p(l))

k+h 1
X Dt Dot om0 Dm0 Datetinelldal— (5} oK U U KoK
r ( j (.7‘ u ) (.7‘ u )
W( 1) (p(z)J)pK p(JT+1) . UT+U1))<H§ 5 ﬁ ( (]B),pKﬁ,pJ tug_1+1 7“.’p1 +ug ))

X

kﬁ+1
X (9.163)
[T, —s y(p®)—y(pU))
n Wi 0D prcy Um0, p Ot YW (p.p02) prcy prtea ) pUrtuz))

1 v —y(pU))

o kﬁH(p(jﬁ)’pKﬁ’p(jmﬁ,ﬁl),___’p(jwﬁ))]

e 7]0()2)

X Zr 1 Zo 1 Zho—o Z:_ho jor A€ da]—{i} ZKlU---UKr:Ké

r (h i (r ) Ur4ug)
[W( D (0D pprey pUr ), (JT+“1))<H[; 2 kﬁil( (Jﬁ)mxﬁ,p Irtug_a ) pUrhus ))
X

1 v —v(PU)
Wit (ppacy pVr 1) pUrH e Y W2) (p0) pla2) ey pUrtuatt) L pUrsua))
1
+ I, y(p“)) y(pU))
j (Jrtug_q1+1) (Jr+ug)
X Hﬁ =3 kﬁ—l—l(p(jﬁ)vpKﬁvp sl Y 4 e )

The difference between the two first terms leaves only the terms corresponding to
uy # 0 in the first one minus u; # 0 in the second one.
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The difference between two last terms will allow us to compensate the preceding
ones. Indeed, the terms with p(® and p together in the same correlation function
straightforwardly vanish and one gets the exact opposite to the two first terms remain-
ing.

Thus D=0 and the equality is proven.
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