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Boolean universes above
Boolean models

Friedrich WEHRUNG
Université de Caen
Département de Mathématiques
14032 CAEN CEDEX

Abstract.

We establish several first- or second-order properties of models of first-order theories by considering their
elements as atoms of a new universe of set theory, and by extending naturally any structure of Boolean model
on the atoms to the whole universe. For example, complete f-rings are “boundedly algebraically compact” in
the language (+,—,-,A,V,<), and the positive cone of a complete £-group with infinity adjoined is algebraically
compact in the language (+,V,<). We also give an example with any first-order language. The proofs can be

translated into “naive set theory” in a uniform way.

60. Introduction.

This paper proposes to establish new properties of some known first-order structures,
as e.g. lattice-ordered groups but also structures without any ordering, via the study of
an associated Boolean model. T. Jech proposes such a method in his paper [13], where he
associates to every partially ordered set E a certain definition of forcing, depending only
on the ordering of E; this forcing yields naturally a Boolean-valued model, which roughly
speaking describes the “projections” of . When F is what he calls “Boolean-linear”, then
these “projections” are linearly ordered and the properties of E can be retrieved from the
properties of the Boolean model.

Here, we will also consider forcing over models of arbitrary first-order languages (in
particular not necessarily containing a binary relation symbol) and thus there will be
several definitions of forcing. This can be done for any language. A typical example of
this situation is shown in §3, where we start with a model K for an arbitrary first-order
language L which in addition carries a Hausdorff compact topological structure for which
the interpretations of the relations are closed and the interpretations of the functions are
continuous, and a complete Boolean algebra B. Then there is a canonical way to define
the space of K-valued B-measurable functions, which is to define it as the space C(S, K) of
all continuous functions from the Stone space S of B to K. We show in §3 that elements of
this space can be interpreted as the B-valued elements of the closure of K in the B-valued
universe (theorem 3.10), in a very tight way (lemma 3.9). This allows in some sense to
argue “componentwise” on elements of C(S, K) where it would not be possible to do so in
normal conditions; as an application, we show that C(S, K) is algebraically compact in a
strong sense (corollary 3.11). There are many first-order structures that are algebraically
compact but not topologically compact, for example Q/Z in the case of abelian groups [6],
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or the commutative monoid of all Lebesgue-measurable functions from the unit interval
to N = NU {00} modulo null sets (see example 3.1). In fact, algebraic compactness of a
structure seems to capture the algebraic information contained in its (virtual) topological
compactness.

In §4, we define a natural forcing over any commutative /-group, which in addition
preserves multiplication if it is equipped with a structure of fring. This forcing is not
limited to positive elements, and is not always equivalent to Jech’s forcing, although the
Boolean models involved also think they are linearly ordered; however, the results it yields,
here about convergence of polynomials in frings, are valid in the general case.

In 85, we study again algebraic compactness properties of some first-order structures,
this time ordered. One of the main results (theorem 5.5) shows that complete frings are
“boundedly algebraically compact” (in the language (+,—,-,A,V, <)), i.e. they are alge-
braically compact for those systems “with bounded solutions”. The corollary we obtain
(corollary 5.6) solves a problem in [15] about common extensions of charges with values in
ordered abelian groups. In an attempt to extend these results to the complete P.O.M.’s
introduced in [17], we prove that many complete P.O.M.’s are algebraically compact (the-
orem 5.9) — actually, one can prove that the P.O.M.’s of theorem 5.9 are exactly the
Boolean-linear complete P.O.M.’s (in general, completeness in [13] and in [17] are related,
but not equivalent). Conversely, for antisymmetric refinement P.O.M.’s [17], algebraic
compactness implies completeness (proposition 5.8).

The set-theoretical context we use here is slightly unorthodox but not really new (see
[1], [10, chapter 4]). Instead of embedding our Boolean models into the Scott-Solovay
universe VB, which is e.g. done in [13, chapter 9], where it is proved in ZFC that every
Boolean-linear space admits a unique completion up to isomorphism (it is really appearent
in the “existence” part), we consider the elements of the model that we intend to study
as atoms of a universe of set theory (this time ZF A), and we extend the Boolean model
structure of the set of atoms to the whole universe (§2), extending the classical construction
of VB, This is formalized in §1 and §2. While the understanding of §1 requires a rather
rudimentary knowledge of set theory, the prerequisites for §2 cover roughly speaking the
basic knowledge about forcing, the Scott-Solovay universe V2 and Boolean models, see
[11], [12]. In ZFC, the method without atoms gives about the same results and the
slight preliminary complications brought by the viewpoint of atoms may seem at the first
sight cumbersome. In fact, this viewpoint has indeed some technical advantages: many
isomorphisms in the case without atoms become identities in the case with atoms (in
particular in the case of products of models), making most notations much lighter; this is
because the choice of our new universe W with atoms is well-adapted to the model we
intend to study. Also, the method with atoms can be generalized to other set theories, and
even to “naive set theory”; this is done (informally) in the Afterword; the method without
atoms seems to fail to give such a generalization.

We shall use throughout this paper standard set-theoretical notation. For example,
w will denote the sup of finite ordinals and for every function f defined on a set X, f[X]
will denote the direct image of X under f, and for any set Y, f~1[Y] will denote the
inverse image of Y under f. For all sets X and Y, XY denotes the set of all maps from
X to Y. If ¢(n) is any formula (with parameters) the free variable of which has to be
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thought in some directed set D (given by the context), then (V*°n)p(n) is the statement
(3m € D)(Vn € D)(n > m = ¢(n)). If X and Y are any subsets of a partially ordered set,
X <Y is the statement (Vx € X)(Vy € Y)(z <y). If X = {a}, then we will write a <Y
instead of {a} <Y, etc.. If Z is a subset of some topological space X, we will denote by
Cl(Z) its closure in X.

§1. The universe V4.

We shall use throughout this paper the context of set theory with atoms — see e.g.
[10, chapter 4]. The language consists on =, € and two constant symbols 0 and A. For
convenience of the reader, we list here the axioms of ZF A:

0. Empty set. =3x(x € 0).

1. Atoms. (Vz)(z € A & (2 # 0 and —(3z)(z € 2)).

The elements of A will be called atoms; we will sometimes write set(z) instead of
x ¢ A, and of course () instead of 0.

2. Euxtensionality. (VsetX,Y)((Vz)(z € X ©2z€Y)=> X =Y).

3. Regularity. (Vset S # 0)(3x € S)(Vy € S)—(y € x).

4. Pairing. (Vz,y)(3z)(Vt)(t € 2 & (t =z or t = y)).

5. Union. (VX)(3set Y)(Vy)(y €Y & (3z € X)(y € 2)).

We abbreviate from now on (set(X) and set(Y) and (Vz€ X)(z€Y)) by X CY.
6. Power Set. (Vset X)(dset Y)(VZ)(Z €Y & Z C X).

7. Separation scheme. (Vset X)(3set Y)(Vz)(z € Y < (z € X and ¢(x))), where ¢
is any formula (with parameters).

8. Collection scheme. (Vset X)(3set Y)(Vz € X)((By)e(z,y) = By € Y)o(z,y)),
where ¢ is any formula (with parameters).

9. Aziom of infinity. (3set X)(0 € X and (Vz € X)(z U {z} € X)).

Let A be any set in a universe i of set theory (e.g. ZF, or ZF minus the axiom of
regularity, or ZF' A, etc.). We shall construct within 4l a canonical universe (V 4,€4) of
ZF A with set of atoms [isomorphic to] A. First, we define an increasing O N-sequence of
sets in Y as follows:

Vao=0;
(1.1) Vaerr = (Ax{0H)U(P(Vae) x {1}) (all £ in ON);
Var=Uecr Vag (all limit A in ON),

and then V4 = UgeON V 4,¢. Furthermore, € 4 is naturally defined on V 4 by
TELY S (Elgj)(y = (7,1) and = € gj).

We will of course identify in the notation V4 and (V 4, €4). Then, the proof of the
following proposition is an easy exercise:

1.1. Proposition. V4 is a model of ZF A, with 0 interpreted by 0= (0,1) and A
by A = (A x {0},1), so that the atoms of V 4 are the elements of the form (a,0), a € A.
Furthermore, if 31 satisfies the axiom of choice, then V 4 satisfies the axiom of choice. m®
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The fact that V 4 inherits the axiom of choice from Y also holds for the countable
axiom of choice, the Boolean prime ideal theorem, the Hahn-Banach extension theorem,
etc.. The proofs are easy exercises, some of them using the coming proposition 1.2.

The main feature of V 4 is that if A is equipped with some additional structure (group,
topological space, etc.), then V 4 captures all the “mathematical” information about this
structure (after identification of every a in A with (a,0)); in particular, A = B implies
V4 = Vp. For example, if R is any subset of A, then R is coded in V4 by R = (Rx {0}, 1),
etc.. More generally, if A carries a higher order structure (e.g. topological space), then A
carries in V4 an isomorphic (in a natural sense) structure. We can e.g. make this more
precise in the following way. If o is an ordinal and S is a set, define inductively P<(S)
by PY(S) =S, P*tL(S) = P(P*(S)) and P*(S) =[], -, P*(S) for limit A; furthermore,
denote by V* the Von Neumann universe of 4 (i.e. those sets in 4 for which the rank is
defined). Then, it is easy to prove the following proposition:

1.2. Proposition.

(i) ¢ : V¥ — VVa defined inductively by ¢(z) = (¢[z],1) is an isomorphism.

(ii) For every ordinal « of 4, one can define by induction on « an isomorphism ¢,
from P*(A) (in i) onto P#()(A) (in V1) by ¢o(a) = (a,0); pas1(x) = {@a(y) : y € x};
and @) ((zo 1 @ < A)) = (@a(za) : @ < A) for limit A. u

As a consequence of (i), one can say that 4 and V 4 have the same “basic mathematical
objects”, as e.g. N, R, etc.. As a consequence of proposition 1.2, to prove a certain property
about a given mathematical structure with A as underlying set, one may work without
loss of generality “as if the elements of A were atoms of the universe”.

§2. Boolean-valued universes with atoms.

We refer the reader to [12] for the general definition and basic properties of Boolean
models. Note that we will not require our Boolean models to satisfy the axiom
Vo, y)(le =yl =1= 2z =y).

Suppose now that we are given a universe W of ZF A, with set of atoms A (possibly
empty). Let B be a complete Boolean algebra of W. Define inductively W2 (a € ON)
the following way:

W =10
(2.1) WS =AUUxcws ¥B (alla € ON)
WE =(J,_, WE (all limit \ € ON),

and then define W% =, .on WE.
Now, we make the following assumption:

A is equipped with a structure of B-valued model of the equality (i.e. a map AxXxA — B,
(a,b) — Ja = b] such that for all a, b, ¢ in A, Ja = a] = 1, J[a = b] = [b = a],
[a=b]A[b=c] <[a=(]).



Then, for all , y in W2, define inductively the following Boolean values:

([1z € Yl = V.caom (12 = 2] A y(2))

1z < yll = Azcaom(a) (£(2) = 1z € yl))

(2.2)
[ = vy] (x,y € A)
le=y||=40 (e Aandy¢ A;orz ¢ Aandy e A)
( le Syl Ally S zf| (2,9 ¢ A)

Furthermore, for all z in W, define inductively & by
ad=a (alla€ A)and £ ={(g,1) :y € z} for all x € W\ A;

then, for all  in W&, define |[Wz| = Vyew llz = gl|. Here, W will be a unary
relational symbol.

Then, the basic features of these objects look very much like the ones of the classical
Scott-Solovay universe VB (see [11, chapter 18]). For instance, the definition (2.2) is indeed
well-founded. Furthermore, it defines a B-valued model:

2.1. Lemma. W5 equipped with ||_|| defined above, is a B-valued model of the
language (=, €, W). [

This allows us to define the usual way (see [11, chapter 18]) the Boolean value of
any statement of (=, €, W) with parameters from W?¥, so that the Boolean value of any
tautological statement is equal to 1. Note that we have in particular

l2 C* yl| = |(vV2)(z € 2 = z € 9

for all «, y in W5,

Let ZFA(W) be the theory ZF A in which the separation scheme and the collection
scheme are written for all formulas of (=, €, W). Then, as for the case A = (), one can
prove the following

2.2. Lemma. WP is a B-valued model of ZFA(W), i.e. for every axiom 6 of
ZFA(W), we have ||0|| = 1. Furthermore, if W satisfies the axiom of choice AC, then
|AC| = 1. u

We also have the analogue of fullness of V5:

2.3. Lemma. WB\ A is full, i.e. for every antichain W of B and every family
(T )uew of elements of WP\ A, there exists an element © of WP \ A such that

(Vue W) (u < ||z =z.|);

Thus, if W satisfies AC, then for every formula o(x) with parameters from WP there
exists a in WB \ A such that

|(Fset ) ()| = llp(a)l-



The proofs of lemmas 2.1 to 2.3 can be easily obtained from the usual case without
atoms, thus we will not show them here. We refer the reader to [11, chapter 18] for more
details.

Until now, the theory looks much like the usual well-known theory without atoms.
Is it really the same everywhere? The answer turns out to be no, as a major difference,
which will be very important for our study, will be that in the case without atoms, the
“sections” of VB (quotients of VP by a given generic ultrafilter) correspond to generic
extensions of the universe V; while in the general case with atoms, it is no longer the case:
indeed, heuristically, if G is a generic ultrafilter on B, then W2 /G has A /G rather than
A as set of atoms.

This remark is connected to the fact that Ay statements with parameters of the form
Z are not necessarily absolute. For example, one may have atoms a and b such that a # b
but ||a = b|| = 1; or an atom a and a subset X of A such that a ¢ X but ||a € X| = 1.
This leads us to the following

2.4. Definition. A formula ¢(z1,...,x,) is B-uniform when for all x4,..., z,, in W,
W E o(x1,...,z,) implies ||p(&1,...,Z,)| = 1; a formula is uniform when it is B-uniform
in every universe of ZF A and for all B.

Heuristically, a formula is B-uniform when its global satisfaction implies its local sat-
isfaction.

2.5. We will now give a “working list” of uniform or non-uniform formulas (the
adaptations of these remarks to the B-uniform case are obvious).

(1) Any XY -formula, i.e. any relativization to V of a 3;-formula, is uniform.

(2) set(x) and z € A are uniform formulas.

(3) z €y, x Cy, x =y are uniform.

(4) If ¢ and 1 are uniform, then ¢ A ¢, ¢ V1, (Vx € y)p and (3x)p are uniform.
Warning: —¢ may not be a uniform formula.

(5) The substitution of a uniform function (i.e. a uniform formula defining a function

provably in ZF A) in a uniform formula is [equivalent to] a uniform formula.

(6) The following formulas are uniform: z = {z,y}; z = (z,y); v = Uz; “z is
an ordered pair”; “z is a relation” (i.e. a set of ordered pairs); “r is a relation and
y = dom(x)”; “ x is a relation and y = rng(x)”; z = x]y (z|y denotes as usual the
restriction of x to y).

(7) z = x Ny, “ris a function” are not uniform statements. If f is a function in
W, say that f is B-uniform when ||f is a function|| = 1. Putting X = dom(f), this is
equivalent to the statement

(Vo,y € X) (2 =gl < [ f(z)" = FW)).

Thus this is in particular the case when for all x, y in X, x # y implies || = g|| = 0;
we will say that X is B-scattered. For example, elements of V are always B-scattered.
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It turns out that the obstruction to B-uniformity of ¥;-statements is exactly the lack of
scatterdness of the set of atoms.

To make this precise, define the content CONT(z) of any element x of W to be the
set of atoms that are used in the building up of x starting from ) and the atoms: formally,
CONT(a) = {a} for all a in A, and, for every set x, CONT(z) = (J{CONT(y) : y € z}.
Then we have the following proposition, whose proof is similar to the classical proof without
atoms (see [11], lemma 18.11):

2.6. Proposition. Let ¢ be a Ag-statement with k free variables of the language
(=,€,W), let ay,..., ar, in W such that Ulgigk CONT(a;) is B-scattered. Then we have

(1 (WEelan...,a)
Hga(al,...,awu—{o 2 Pl

Thus, if A is B-scattered, then ¥,-statements are B-uniform. [ ]

The following corollary will be useful:
2.7. Corollary. For all X in W and all Y in W2, we have

IV C X and Y is finite| = \/  [[Y = Z|.
Z finite CX

Proof. By proposition 2.6, ||@ is the first limit ordinal|| = 1. Thus it suffices to prove
that for every n in w and every f in W, we have

(2.3) | f is a surjection 7 — Y and Y C X|| < \/ Y =Z|.
Z finite CX

Let u be the left-hand side of (2.3), let v < w non zero. It suffices to prove that v is not
disjoint from the right-hand side of (2.3). But it is easy to construct inductively v; (i < n)
in B\ {0} and x; (i <n) in X such that vy = v and for all i < n, v;11 = v; A || F(T) = Z4]|.
Thus v, < ||Y = Z|| where Z = {z; : i < n}, which completes the proof. [

2.8. Definition. A set X in W is B-projectable when the following holds:

(Vu e B)(Vo,y € X)(Fz € X)(u < ||& = 2| and —~u < || = Z|).

It is easy to see that B-projectability of X is equivalent to the stronger property that
for every finite antichain W of B and every family (x,),ecw of elements of X, there exists
z in X such that (Vu € W)(u < || = #,]|). A stronger property is obtained by removing
the finiteness assumption on W':

2.9. Definition. A set X is W is B-full when for every antichain W of B and every
family (z,)uew of elements of X, there exists x in X such that

(Vu € W) (u < [|Z = 2,]|).
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For example, when B is non trivial and there are no atoms, the only B-projectable
(and B-full) sets are () and the singletons.

Both projectability and fullness give raise to logical properties of the Boolean universe
W5:

2.10. Lemma. Let X be a set in W which is either finite or B-projectable. Then
X is weakly B-projectable, i.e.

vy ewH)(Jy c X = \/ |y =2]).
ZCX

Proof. By 2.5, the formula z = x Uy is uniform; it follows easily that any finite
union of weakly B-projectable sets is weakly B-projectable. Since singletons are weakly
B-projectable (the verification is immediate), any finite set is weakly B-projectable. Now,
let X be a B-projectable set, let Y in WE. Put u = ||[Y C X[, v = V,cx [|IY = Z|.

It is immediate that v < u. Conversely, we have u = ug V u; where uy = [|[Y = 0| and
u;p = ||0 #Y C X||; it is obvious that uy < v, so it remains to prove that u; < v. But
u1 =V, cx Va Where we put v, = ||@a € Y C X||, so it suffices to prove that v, < v for all

ain X. Let Z={ze X :v, <|ze€Y|}.

Claim. v, <Y = Z||.
_ Proof of claim. Since [[set(Y)|| = |set(Z)|| = 1, it suffices to prove that v, < ||[Y C*
Z| and v, < ||Z C* Y'||. The second inequality is immediate by definition of Z. Conversely,
since v, < |Y C X||, it suffices to prove that for all z in X, we have v, < (||# € Y|| —

| € Z||), i.e. va A7 € Y| < ||Z € Z||. Let w be the left-hand side of this inequality.
Since x € X, a € X and w A (v, \ w) = 0, there exists, by B-projectability of X, some y
in X such that w < || = || and v, \ w < ||@ = g||. Thus v, < ||§ € Y|, whence y € Z.
Thus w < ||& € Z||, which concludes the proof of the claim. m Claim .

It follows that v, < v, which concludes the proof. [ ]

It follows immediately that if ¢ is any formula with parameters from W and X is
any finite or B-projectable set, then

1GY € X)) =\ eI,

and

I(vY € X)) = A lle(™)].
YCX

The logical property resulting from fullness is more classical:

2.11. Lemma. Suppose that W satisfies AC. Let X be a nonempty B-full element
of W, let ¢(z) be a formula with parameters from WB. Then there exists a in X such
that

1Gz € X)p()]| = lle(@)ll.

Proof. Similar to the (classical) proof of lemma 2.3. ]
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The following proposition does not have any non trivial analogue in set theory without
atoms:

2.12. Proposition. Let X be a B-projectable set. Then P(X)\{0} is B-projectable.
Furthermore, if W satisfies AC' and X is B-full, then P(X) \ {0} is B-full.

Proof. Suppose that X is B-projectable. Let W be a finite antichain of B, let
(Xu)uew be a family of nonempty subsets of X. Define Y as

Y = {xeX L (Vue W) (u < ||50€Xuy|)}.

Claim. (Yu € W)(u < ||Y = X,|)).

Proof of claim. Fix u in W. By definition, it is immediate that u < ||V € X,||.
Conversely, let z in X,,. For all v in W \ {u}, pick z, in X,; put x, = x. Since X is
B- projectable, there exists y in X such that (Vv € W)(v < ||§ = 4u]|). Thus y € Y by
definition, whence u < ||& € Y||; thus, u < || X, C Y|. Since the X,’s and Y are sets, the
conclusion of the claim follows. m Claim .

Thus we can conclude in the projectable case. The proof for fullness is similar. ]

2.13. REMARK. It is easy to see that P({0}) = {0,{0}} is never B-projectable,
unless B is trivial.

§3. Measurable functions with values in a compact Hausdorff space.
Let us start with a classical example.

3.1. ExamMPLE. Let E be the space of all Lebesgue-measurable functions from the
unit interval [0, 1] to N = N U {oco} modulo null sets. If S is the Stone space of the
random algebra B, (=the complete Boolean algebra of Lebesgue-measurable subsets of
[0, 1] modulo null sets), then it is well-known that E is canonically isomorphic to the
space C(S,N) of all continuous maps from S to N.

_ It is also well-known that elements of E can also be interpreted as B,-valued elements
of N (and that similar results also hold when replacing N by P). We shall now generalize
this fact.

In the general case, let B be a complete Boolean algebra, let K be a compact Hausdorff
space. Following the idea of the previous example, the canonical way to define the space of
all B-measurable K-valued functions is to define it as the space C(S, K) of all continuous
functions from the Stone space S = Ult(B) of B to K. Note that S is a compact Hausdorff
space, which is in addition extremally disconnected, i.e. the closure of any open set is still
open. If ¢(s) is any formula with one free variable s (and with parameters) such that
X ={s e S:p(s)} is open modulo nowhere dense in S, we shall denote by [s : ©(s)] the
unique clopen subset of S equivalent to X modulo the ideal of nowhere dense subsets of .S,
which we will identify with the corresponding element of B. Finally, equip K with the set
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& of all symmetric, closed entourages for the unique uniform structure on K compatible
with its topology.

From now on until theorem 3.10, assume that we work in a universe W of ZF A,
with all elements of K being atoms; furthermore, we equip K with the unique structure of
B-scattered structure of B-valued model of equality, i.e. [a = b] = 0 for all distinct a, b in
K (see 2.5, (7)).

We will not need the axiom of choice until corollary 3.11, where it plays an essential
role.

For technical reasons, due to the lack of fullness of the set of atoms, we will consider
K* = {{x} re K }, equipped with the uniformity basis £°® corresponding to E. Further-
more, for all a in K, we will note a® instead of {a}; for all n in w\ {0} and all R C "K,
we will note R® the corresponding subset of " K*®.

It follows immediately from proposition 2.6 that the following holds:
|E® is a basis of symmetric closed entourages for a precompact

Hausdorff uniform structure on K*®| = 1
Therefore, there is a canonical element K of W? such that

| K is the completion of K* relatively to £°|| = 1.

Let S(S, K) be the set of all elements of C(S, K) whose range is finite. For all x in
S(S, K), put

={(a,[s:x(s) =a]):a € K}.
3.2. Lemma. For all x in §(S, K) and all a in K, we have
|z =a®|| =[s:x(s) =al.

Consequently, || € K*|| = 1.

Proof. Put u, = [s: z(s) = al]. Since &(a) = u, we have u, < ||la € &||. Furthermore,
we have [|# C {a}|| = Ayeg (2(b) — [|b = a|) = Npta "Ub = uq (the last equality comes
from the fact that = has finite range), whence the conclusion follows. |

3.3. Lemma. Let n in w \ {0}, let R C "K. Then for all x; (i <n) in C(5,K), we
have

(&:)icn € R®|| = [s : (xi(s))Kn € R].
Proof. A simple calculation:

(E)ica € B2l=\/  Alléi=alll=

(as)i<cn€RI<N

= /\ [s: (a:z(s))Kn = (ai(s))Kn} = [3: (ml(s))Kn € R],

(a’i)i<neR

the second equality coming from lemma 3.2 and the third from the fact that the map
S (:cz(s))Kn has finite range. u
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Now, we shall extend the map = — & to the whole C(S, K). From 3.4 to 3.8, fix  in
C(S,K). For all € in E, put

Fre = {y €S9, K): (Vse S)((x(s),y(s)) € g)};

Since K is precompact, Fye is nonempty. Then, let X, = {(9,1) : y € Fyc}. Thus,
[ Xze € K°f| = 1.

3.4. Lemma. Let ¢ in E; put n =coe. Then || X, x X, C7*| = 1.
Proof. A simple calculation, using lemma 3.3:

[ Xae x Xoe Ci*ll = N\ (5:2) €5°)]
Y,2€F e
= N\ [s: ((s),2(9)) €1
Y,2€EF; ¢
=1.

Let F, be the canonical B-valued name for the filter on K* generated by the X,.’s,
e € &, and let F, be the canonical B-valued name for the filter on K generated by the
closures of the elements of F,.

3.5. Lemma. || F, is a Cauchy filter of closed subsets of K|| = 1.

Proof. Tt suffices to prove that ||, is a Cauchy filter on K*®|| = 1. But this results
immediately from lemma 3.4. [ ]

If X and Y are two subsets from a given uniform space, say that X is uniformly
interior to Y when there exists an entourage € such that X oe C Y, where X oe = {y :

(Fz € X)((y,z) €€)}.
3.6. Lemma. Let € in E. Then

HC](XM) is uniformly interior to CI(X:C,EOE) in [_(” =1.

Proof. Put n = e oe. Since ||K*® is dense in K|| = 1, it suffices to prove that

| X e is uniformly interior to X, in K*|| = 1.
To prove this, we prove that the following Boolean value is equal to 1:

IXec02® € Xogll = A\ (115, € 2l = la* € Xanl).

YEF e

acK
So fix y in F,. and a in K; put u = [|(y,a®) € €°||. By lemma 3.3, u = [s : (y(s),a) €
e]. Let s in u. Then (z(s),y(s)) € € and (y(s),a) € €, whence (z(s),a) € 1. Using
precompactness of K, it is then easy to find z in S(S, K) such that (Vs € u)(z(s) = a) and
(Vs € —u)(x(s), 2(s)) € n. Thus z € F,,), whence u < [a® = Z||, whence u < [|a® € Xgy ||,
which completes the proof. [ |

11



Thus, we get immediately the

3.7. Lemma. ||F, is the filter of neighborhoods of a unique point of K| = 1. n
Note that in the particular case when = € §(5, K), we have = € F,. for all £, whence

| F. is the filter of neighborhoods of Z|| = 1.

~Thus, it is consistent to denote still by @ the canonical B-valued name for the limit
of F, in K.
We will need one more lemma about the X, ’s:

3.8. Lemma. For all ¢ in E and all x in C(S, K), we have

| X .- is a closed subset of K*|| = 1.

Proof. It suffices to prove that for all @ in K, if u = ||a® € Cl(X,.)|| and v = [|a® €
X.c||, then u < wv. This is done by an easy sequence of calculations:

u= N\ V e €|

nef yekF,.
= /\ \/ [s: (y(s),a) €n] by lemma 3.3
neE yeF e
< /\ [s: (m(s),a) € 7706}
ne&
= [s: (x(s),a) € Cl(e)]
= [s: (z(s),a) € ] because ¢ is closed
—\/ Isiy(s) = d)
yEFye

Our next lemma is the analogue of lemma 3.3 for arbitrary z in C(S, K). For all n in
w\ {0} and all R C "K, denote by R the canonical B-valued name for the closure of R*®
in "K.

3.9. Lemma. Let n inw\ {0}, let R be a closed subset of "K. Then for all x; (i < n)
in C(S, K), we have

H(xz)z<ﬁ € RH = [8 . ($Z<S))Z<n € R}

12



Proof. A basic calculation of Boolean values:

1(#:)i<n € Rl = /\

(H Cl(Xxi€)> NR® # (Z)H by lemma 3.7

eefl i<n

= /\ (H X:ua) NR® # @H by lemma 3.8
eef' i<n

= AV{IGin € Bl o € T] Eoie}
eef i<n

But now, for all (y;)i<n in [],_,, Fu,e, we have, using lemma 3.3,
[s: (a:i(s))Kn €R] < |(Wh)icn € R*|| < [s: (‘%(S))Kn € Rog].
Since R is closed, the conclusion follows. [ ]

Now we can prove the main result of this chapter (to be put together with lemma

3.9):

3.10. Theorem. The map x — i is an essentially bijective map from C(S, K) to
the class of all B-valued names of elements of K. More precisely , this means that the
following holds:

() (vz € C(S, K)) (|l € K| =1);
(i) (Vo,y € C(S,K)) (|2 =9 =1 =z =y);
(iii) (Ve € WB)<||:E eK||=1= (3w €C(S,K))(|z =il = 1)).

Proof. (i) comes from the construction of the map = — &; (ii) is an immediate
consequence of lemma 3.9, with R being the diagonal of K (we use again the fact that K is
Hausdorff). Finally, let « in W2 such that ||z € K|| = 1. Let ¢ in E. By precompactness
of K, there are n in w \ {0} and z; (i < n) in K such that

1Gi <) (@) eg)| = 1.

For all i < n, let u; = |[(Z$, @) € &||; then, put v; = u; A _'(Vj<iuj>' Then (v;)i<n i8
a disjoint family of elements of B of join 1, thus there exists a unique y in S(S, K) such
that

(Vi <n)(Vs € v;)(y(s) = ;).

By construction, ||(y,x) € &|| = 1. Thus, for all € in E, the set F; of all y in C(S, K)
such that ||(y,z) € £|| = 1 is nonempty.

Claim. The set F; is closed in C(S, K).
Proof of claim. Let y in ClL(F.). For every n in E, there exists z in F. such that
(Vs € S)((y(s),z(s)) € 77), whence |(g,x) € Cl(€)|| = 1. Since ||€ is closed| = 1, the

conclusion follows. m Claim .
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It follows from the claim that the intersection of all the F.’s is nonempty. Pick z in
Nece Fe- Then [ = 2| = 1. This completes the proof of (iii). n

Thus, we may as well replace the (proper) class of B-valued names of elements of K
by the set of all & for € C(S, K). This reveals also the Boolean-valued interpretation of
C(S,K):

C(S,K) may be interpreted as the set of Boolean-valued names of elements of the
completion of K in W5,

Until now, we have worked in a universe of ZF A with every element of K being an
atom. Now, let us work in the general context of a universe i of set theory plus choice
(for example ZF(C'), and let K be a compact Hausdorff space of [, let B be a complete
Boolean algebra of 4. Put S = Ult(B). Consider the first-order language Ly obtained the
following way:

(i) The constant symbols of Lk are [identified with] the elements of K.

(ii) The relation symbols of L are [identified with] the closed subsets of finite powers
of K.

(iii) The function symbols of Lk are [identified with] the continuous functions from
finite powers of K to itself.

Of course, K and C(S, K) are models for L, the interpretations of the symbols of
Lk being obvious. We refer the reader to [5] for reference about first-order logic. Then,
3.9 and 3.10 allow us to derive easily the following

3.11. Corollary. C(S, K) is a “uniformly algebraically compact” model for L, i.e.
it is a uniformly continuous retract of each of its reduced powers.

Proof. First of all, we have to prove the
Claim. K is a uniformly algebraically compact model for Lx .

Proof of claim. Let *K = L K/F be a reduced power of K; for all a in K, identify a
with its image in *K. Consider the following system, with family of unknowns (t¢)ee-k:

(3.1) {ta:a (all a € K)

(te,)icn € A (all nin w\ {0}, A C "K closed, (&;)i<n € *A)

Then every finite subsystem (S) of (3.1) admits a solution: in fact, there is an element
J of F such that for all 4 in .J, the i*®® projections of [representatives of] the elements of
*K appearing in (S) satisfy (S).

But the set of all solutions of any finite subsystem of (3.1) is a [topologically| closed
subset of the compact XK thus the intersection of all these sets is nonempty. Let
p = (t¢)eexix be an element of this set. Then p is a retract of *K onto K. It is uniformly
continuous, as for every closed subset € of K, (x,y) € *e (where *¢ is the natural interpre-
tation of € in *K x *K) implies (p(z),p(y)) € €, in particular when ¢ is an entourage in
K. m Claim .
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Now we prove our theorem. Let F be a filter over a nonempty set I; put M = C(S, K),
let * M be the reduced power of M under F. By §1, we can assume without loss of generality
that we are working in a universe W of ZF A + AC where the set A of atoms contains K,
I and S. Equip A with the unique structure of B-scattered B-valued model of equality.
Since WP satisfies ZF A + AC, it follows from the claim that

| K is a uniformly algebraically compact model for £Lg|| = 1.

Let F be the canonical name in W2 for the filter on I generated by F. By fullness
of WB \ A, there exists a B-valued name p such that

(3.2) |p is a F-invariant Lz -homomorphism from IR to K

sending for all  in K the constant sequence with value x on x| = 1

Now, we define a map p from M to M the following way: given x = (z;);er in LM, let
(#;);c denote as usual the canonical B-valued name for the corresponding family. Then
the canonical name for P((%)@e j) is a B-valued element of K, thus, by theorem 3.10,
there exists a unique = in M such that ||# = p((#;),c;)| = 1. Let this z be the value
of p((wi)ie 1). Then it is immediate by definition that p is F-invariant, and that for all x
in M, p sends the constant sequence with value z on x. It remains to show that p is a
L -homomorphism. We prove this for relation symbols, the proof for function symbols
being similar. So let n in w \ {0}, let A be a closed subset of "K. Let x; (k < n) be in
TM such that

(Vi € I)((zki)k<n € C(S, A)),

where C(S, A) is naturally identified with the set of all (z;);<, in "C(S, K) such that
(Vs € S)((xi(s))Kn c A).
For all i in I, let §; = (&ki)k<n. By lemma 3.9, ||y, € A|| = 1, thus |(9:),c; €

TA| = 1. But ||A is a closed subset of "K|| = 1 by definition, thus, by (3.2), if we put
2 = p((zri)icr), we have ||(2;)r<n € A| =1, whence (2x)k<n € C(S, A) by lemma 3.9. =

3.12. REMARK. It is easy to prove that in fact, uniform algebraic compactness of
K with respect to L characterizes topological compactness of K (see the claim above);
thus, there is no hope to prove the uniform algebraic compactness of M = C(S, K) with
respect to the language £, (and not just Lk ), namely because the example considered in
3.1 is not topologically compact.

3.13. ExamPLES. Corollary 3.11 implies immediately that for every topologically
compact model for a first-order theory such that relation symbols interpret closed sets and
function symbols interpret continuous functions and for every extremally disconnected com-
pact Hausdorff space S, the model C(S, K) is algebraically compact, i.e. every set of atomic
formulas every finite subset of which admits a solution admits a solution. In particular,
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if G is a compact Hausdorff topological group and S is an extremally disconnected com-
pact Hausdorff space, then C(S,G) is an algebraically compact group. Or: C(S,N) is
an algebraically compact commutative monoid. We shall prove other results of algebraic
compactness in chapter 5.

§4. Case of f-rings.

The previous chapter provided us with an application to the study of a structure
(namely C(S, K)) of a universe of ZF A with a scattered set of atoms. Here and in the next
chapter, the set of atoms that we will use will no longer be scattered.

Recall that a f-ring [3, chapitre 9] is a structure (A, +,-, A, V,0, <) such that
(A, +,A,V,0, <) is a commutative ¢-group, (A, +, -, <,0) is an ordered ring (not necessarily
with an unit for -) and the following is satisfied:

(Vl"yyazzo)(x/\yzoﬁ(I/\yz:x/\zy:())),

Thus frings are exactly those lattice-ordered rings that are subdirect products of lin-
early ordered rings (see [3, chapitre 9]). However, this representation as a subdirect product
fails to carry over elementary properties of the initial structure, as e.g. the Archimedean
property (Vx,y > O)((Vn eN)(nx <y)=zx= O).

4.1. ExAMPLE. The ordered ring of all [classes modulo null sets of]| Z-valued
Lebesgue-measurable functions on the unit interval is an Archimedean fring. However, it
is easy to prove that there is no non-trivial /-group homomorphism from this structure to
the reals. Thus, its non-trivial linearly ordered components in any subdirect decomposition
are not Archimedean.

We shall now see that any fring carries a canonical structure of Boolean model, similar
to the subdirect decomposition mentioned above, but which, in contrast with the latter,
will preserve many properties of the initial fring, as e.g. the Archimedean property (lemma
4.13).

In any fring, write as usual 4 =2V 0, z_ = (—x) V0, |z| = 2V (—x). For all p, ¢ in
Ay, let p | g stand for (37°7)(r < p,q), p L q for =(p| q), and p |- q for (V7r < p)(r | q).
For every subset X of A, denote by LX = {y € A: (Vx € X)(|z| L |y|)} the polar of X;
for p > 0, call the polar [p] = L1p = 1 1{p} the carrier of p. If p(x) is any formula (with
parameters), let (V*p)o(p) (resp. (V*q < p)o(q)) stand for (v7°p)(37%¢ < p)p(q) (resp.
(v70q < p)(37°r < q)p(r)). Define the forcing relation as follows: for all p in A, and all
a, bin A, define

' plFa=b<=pLl|a—b|.

In the case where A is Archimedean — more generally, in the case where all carriers
are unbounded, it is shown in the proof of [13, theorem 6.6] that this definition of forcing

is, for positive a and b, equivalent to the one defined in [13, chapter 6] (and which, in
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addition, depends only on the ordering of A). However, if there exists a bounded carrier,
then both definitions of forcing are never equivalent.

Now, let B = B(A) be the complete Boolean algebra of polar subsets of A, ; thus
u € B if and only if u \ {0} is a regular-open subset of P = A, \ {0} equipped with its
“left-topology” (for which a basis of open sets is the set of all P, = {q¢ € P : ¢ < p},
p € P). Thus p — [p] is the natural map from P to B. For all a, b in A, put

[a <b] =V{p :p |- a<b},
(42) {ﬂa:bﬂ —\{plipl-a=b}

4.2. Lemma. Let p in A, let a, b in A. Then the following are equivalent:
(i) pl-a<b;
(ii) (V¢ < p)(a |- a < b);
(iii) [p] < [a < 0],
and the following are equivalent:
() p |- a=0b;
(ii’) (V¢ < p)(q |- a =1b);
(iii") [p] < [a = b].
Proof. Easy. [ ]

Our basic tool will be the following

4.3. Proposition. A, equipped with the Boolean-value functions defined in (4.1)
and (4.2), is a B-valued model for the language (=, +, -, A\, V, 0, <) of the theory of linearly
ordered rings. Furthermore, for all a, b in A, a < b (resp. a = b) if and only if [a < b] =1
(resp. J[a="0b] =1).

Proof. First of all, it is easy to check that for all p in A, and all a, a’, b, b/, cin A,
the following holds:

plra=a pla=b epl-b=qg
(plra=bandpl-b=c)=pl-a=q¢
(plra<bandpl-a=d andp|-b="V)=p|-a <V
plFa=d andp|Fb=0b)=p|Fa+b=d +;
plFa=d andpl|-b=0)=pla-b=d -V

(4.3)

Note that the last property listed in (4.3) uses the fact that A is a fring.

Thus, similar relations hold for the Boolean values defined in (4.2) ([a = b] = [b = a],
etc.), and A is a B-valued model of the language (=,<,+,-); thus, we can define the
Boolean value of any formula of this language (with parameters in A) in a way that
preserves truth (see e.g. [11], [12]). For A and V, we could prove similar properties as the
last two in (4.3), but they result from the following
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Claim. Let a, b in A, letc=aANband d=aVb. Then

[c = inf(a,b) for <] = [d = sup(a,b) for <] =1.

Proof of claim. Since ¢ < a,b, we have p |- ¢ < aand p |- ¢ < b for all pin A,.
Furthermore, let x in A such that p |- 2 < aand p | < b. This means that p 1 (x—a)4
and p L (x —b)4, whence p L (x —a)+ V(z —b)y = (x —¢)4, i.e. p | © < ¢. Thus the
first assertion follows. The proof for d is similar. m Claim .

Furthermore, it is easy to verify that the Boolean value of the statement saying that
the model is a partial ordering is equal to 1. Then, the claim implies that the Boolean
value of the statement saying that the model is a lattice is equal to 1. Moreover, it is easy
to check the following facts:

plFa<d andp|Fb<V)=plla+b<d+¥V
plFa<bandp|Fc>0)=(p|Fa-c<b-candpl|-c-a<c-b)
plra<bepl-Gz20(atr=0)epl-b-a=0

Thus the Boolean value of the statement saying that the model is a lattice-ordered
ring is equal to 1.

Let a, bin A, let pin A, \ {0}. If p |[# a £ b, then there exists ¢ < p non zero such
that ¢ | a < b. If on the contrary p |- a £ b, then p | (a —b)4, thus p L (b —a)4,
whence p |- b < a: thus, [a <bor b <a] =1.

It remains to check that [a < b] = 1 implies a < b (the conclusion for = follows). If
[a <b] =1 but a £ b, then there exists p < (a — b)4 non zero such that p |- a < b, i.e.
p L (a—0b);, whence p =0 since p < (a — b)4, a contradiction. Thus a < b. [ |

Note in particular that for all p in A} and a, b in A such that p | a < b, we have
p | a+ c=b where ¢ = (b — a)y: this is because [¢ = (b —a) V0] =1, but [p] < [a < 0]
whence [p] < [a + ¢ = b].

The notion of convergence that we shall present now is similar to the one in [13,
chapter 7]. Recall that a net is a family indexed by some directed set.

4.4. Definition. Let (x,),cp be a net with values in A, let © in A. Then we will

write that © = lim,ep x, when for all p in A4 \ {0} and all a, b in A, the following holds:

If p | a < z then (37% < p)(V*°)(q |- a < ,);
If p | < bthen (37% < p)(V*°v)(q |- z, < b).

It is important to note that if we work in a universe of ZF A with elements of A being
atoms and Boolean valued defined as in (4.1) and (4.2) such that D is B-scattered (see 2.5,
(7)), then = = lim,ep z, is equivalent to the statement

|z = lim z,, for the interval topology on A| = 1.
veD
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But in linearly ordered spaces, topological limit (for the interval topology) is a generaliza-
tion of [left-] directed infimum and [right-] directed supremum. The following proposition,
stated in a universe of ZF' A where elements of A are atoms, carries over this fact to our
general context:

4.5. Proposition. Let a € A and X C A nonempty. Then we have
(i) a = A X if and only if |la = \ X|| = 1;
(i) a = \/ X if and only if |ja = \/ X|| = 1.

Proof. (i) If a = A X, then [ja < X|| = 1. Let b in A, we have to show that
IIb < X|| < [[b < all. Solet pin Ay \ {0} such that [p] < ||b < X||, i.e., by lemma 4.2,
pl-b < xforall xin X. Then \/ (b — )1 is defined and equal to (b — a), thus
pL(b—a)s,i.e pl-b<a. Sowehave proved that |la = A X| = 1. Conversely, suppose
that [[a = A X|[ = 1. Then for all z in X, [ja < z|| =1, thus a < z by proposition 4.2. Let
b in A such that b < X; then ||b < X|| = 1, whence ||b < a|| = 1 by assumption, whence
b<a. Thusa=A\X.

The proof for (ii) is similar. n

4.6. Corollary. Let (z,),ep be a A-valued net, let x in A. If (x,),ep is increasing
(resp. decreasing), then x = \/,.p ., (resp. x = A\ cp ) if and only if x = lim,cp z,,. ®

Our first application of the forcing (4.1) will be the following

4.7. Theorem. Let P be a polynomial with one indeterminate t with coefficients in
a commutative f-ring A, that is, P € A[t]. Then the graph of P is closed with respect to
the previously defined notion of convergence, i.e. if (x,),ecp is a A-valued net, a and b are
in A and lim,ep z, = a and lim,ep P(z,) = b, then b = P(a).

Proof. We start by reducing the proof to the linearly ordered case; so suppose that
we are done in the linearly ordered case. In the general case, we can by §1 without loss
of generality assume that we work in a universe of ZF A with set of atoms containing A
and D (with A and D made disjoint), D being B-scattered and A being equipped with its
natural structure of B-valued model defined in (4.1) and (4.2). Then, using proposition
4.3, |a = lim,cp 2, || = [|b = lim, .5 P(,)| = 1; but ||A is linearly ordered| = 1, whence
|b = P(a)|| = 1 by assumption, whence b = P(a) again by proposition 4.3.

Now, suppose that A is linearly ordered, and let us prove directly the conclusion of
the theorem. Since A is linearly ordered, we may assume without loss of generality that
limyep 2, = 0, that z, > 0 for all v (thus 0 is not an isolated point in A), that P(0) =0
and that P # 0. Thus there are n in w \ {0} and ay,..., a, in A, with a,, # 0, such that
P(t) = ait 4 - + ant™

If A is not a domain, then there are strictly positive u, v such that uv = 0; taking
c=uAv, we have ¢ > 0 and ¢®> = 0, thus, for all  in [0, ¢, we have P(z) = a;x. Without
loss of generality, a; > 0. Since A is linearly ordered, for all v, there exists v/ > v such
that 2z, < z,,, whence 2b < 2P(x,/) = P(2x,/) < P(x,); thus 2b < b, but b > 0, whence
b = 0. So it remains to prove this conclusion in the case where A is a domain.
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For all z and y in A, say that = has magnitude less than y when (In € N)(|z| < nly|);
let T denote the magnitude of x. Put I = {i € [1, n] : a; # 0}. For each x # 0, let h(z)
be the unique element k£ of I such that

(‘v’ie[)(i<k:>m<akx’“>

(Vie])(izk:ﬂgakxk>

Claim 1. 0 <y < T implies h(y) < h(z).
Proof of claim. Put k = h(z) and | = h(y), and suppose that £k < [. Since A is
a domain, we have a; < a;y'~% and a;z'~% < @, whence a;x!'=% < a;y'~F, contradicts
y< 7T m Claim 1.

Now, let k the least element of {h(z) : > 0}, and let b > 0 such that h(b) = k. By
claim 1, h(z) = k for all z in (0, b].
Claim 2. Let N in N\ {0}. Then there exists ¢ in (0, b] such that
(Vz € (0, ])(N - |P(z) — apz’| < |akxk|).

Proof of claim. Put Q(t) = P(t) — axt®. Since h(b) = k, there exists m in N\ {0}
such that

(Vi > k) (|a:b’| < m - |agb®]).

Since 0 is not isolated, there exists ¢ > 0 such that 0 < mnNe¢ < b. Thus for all i > k
and all z in (0, ¢], we have

(mnN) - |a;z" ™% < (mnaN)""Fla;z | < |ai((mnN)c)i7k’ < |aib™F| < m - axl,

whence nN - |a;x?| < |aiz*|. But this also holds for i < k by definition of k. Thus, it
follows that

nN - |Q(z)| < (n—1) - lagz®| < n - |aga®|,
whence the conclusion of the claim follows. m Claim 2.

Now, we can assume without loss of generality that ax > 0. By claim 2, there exists
¢ > 0 such that

(Vx € (0, c])(3k+1]Q(a:)\ < akxk).

Claim 3. Let x, y such that 0 < 3y <z < c. Then P(2y) < P(x).

Proof of claim. Let z = x — 2y. Thus 3y < x = 2y 4+ 2z whence y < z, whence = < 3z.
But by definition of ¢, we have

235 1Q(z) — Q(2y)| < axa® + ax(2y)* < 2ax2® <237 - ap2F,
whence
1Q(x) — Q(2y)| < arz® < arz® — ar(2y)*.

The conclusion follows. m Claim 3.
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Claim 4. Let x such that 0 < 2x < c¢. Then 2P(2z) > 3P(x).
Proof of claim. We have

P(2x) = 2k apx® 4+ Q(2x)
=2FP(2) + (Q(2z) — 2¥Q(x)),

thus, taking N = 3%+ and by definition of c,
N - P(2z) > 2N - P(z) — 2" g a®.
But (N — 1)agz® < N - P(x), whence

(N —1)N - P(2x) > 2¥(N —1)N - P(z) — 2" N . P(2)
=2"N(N —3)- P(2)

thus (N — 1) - P(2z) > 28(N — 3) - P(x) > (2N — 6) - P(z), whence it follows easily
that 2P(2x) > 3P(x). m Claim 4.

Now we can conclude. Without loss of generality, we have (Vv € D)(0 < z, < ¢). For
all v in D, there exists v/ > v in D such that 3z, < z,,. Therefore, by claim 3, P(2z,/) <
P(z,); furthermore, by claim 4, 3P(z,/) < 2P(2x,/), whence 3b < 3P(z,/) < 2P(z,).
Thus 3b < 2b, but b > 0 thus b = 0, which completes the proof. |

4.8. ExaMPLE. Let A = R[t] be the polynomial ring with one indeterminate over R;
order A by keeping the natural order over R and by making ¢ infinitely large (with respect
to R). Put x, = 1/n for all n in N\ {0}. Then lim,cn {0} Z» = 0, while the sequence
(Tnt)nen {0} is not convergent.

4.9. EXaMPLE. Theorem 4.7 has been stated for polynomials in one indeterminate;
it is no longer valid for general /-polynomials, that is the terms of the language (+, -, A, V).
For example, let us consider the linearly ordered ring R]t| of previous example, and the
same sequence (T )npen\{o}- Put P(z) = (1 —tx) v 0. Then lim,cn 0} 2n = 0 and
limneN\{O} P(J?n) = 0, while P(O) =1.

4.10. ExAMPLE. Still for commutative linearly ordered rings, another generalization
of theorem 4.7 that does not hold is by considering polynomials with 2 variables. An
example of such a situation is the following. Let A be a positive real number which is
transcendant over Q, let K = Q[A]. Let (t,)new. be an algebraically independent over K

1
sequence of real numbers which decreases to 0, and put finally A = K [t, n —|—/\tn} where

new
t is an indeterminate. Extend the usual linear ordering of K by saying that ¢ is infinitely

large (and ordering lexicographically with respect to the increasing powers of t). Thus A
is a linearly ordered commutative ring. Say that an element « of A is infinitesimal when
(Vn € N\ {0})(Ja| < 1/n). Then it is not difficult to check that 0 is the only infinitesimal
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1
element of A. Now, for all n in w, put z,, = n + At,. Since 0 is the only infinitesimal

element of A, (z,,), and (t,), are two decreasing sequences of elements of A, with limit
0. But for all n, we have tz,, — (\t)t,, = 1 (with ¢, M\, x,,, t,, in A). Thus if P(z,y) is the
polynomial tx — (At)y, then P € Alx,y|, (), and (t,), converge to 0 in A, P(0,0) =0,
but lim,, oo P(xy,t,) = 1.

4.11. EXAMPLE. The following example shows what happens with polynomials over
a non-commutative linearly ordered ring. Let R be a ring, let 0 be a derivation on R, i.e.
an additive endomorphism of R satisfying the property

(Va,y € R)(a(x cy)=x-0(y) + 0(x) - y)

Let x denote an indeterminate over R, and equip R[z] with its usual addition; it is not
a difficult exercise to verify that there exists a unique associative multiplication on R[z]
which is distributive with respect to 4+ such that for all @ in R, ax —za = 9(a). Now, let R
be the subring of R generated by the rationals and some algebraically independent sequence
(n)new of positive numbers such that lim, o, a, = 0. Equip R with the derivation 9
defined by
o(P@) =Y 2 (q)

ncw axn

It is easy to verify that J is a derivation on R. Consider the ring R[x] as before, equipped
with the unique linear ring-ordering extending the natural ordering of R and making x
infinitely large. Put P(t) = tx — xt. Then for all n, P(a,,) = anx — oy, = day, = 1, while
lim,, 00 @, = 0 and P(0) = 0. Thus theorem 4.7 is not valid in arbitrary non-commutative
linearly ordered rings.

Still, there exists an analogue of theorem 4.7 for /-polynomials with several vari-
ables. To state it, introduce the class of positive ¢-polynomials to be the least class of /-
polynomials containing the elementary polynomials P ((;)i<n) = zja or P((2;)i<n) = ax;
(a € Ay, j < n fixed), and such that if P and @ are positive f-polynomials, then so are
P+Q,P-Q, PNQand PV Q.

4.12. Proposition. Let P((:L‘Z)Kn) be a positive {-polynomial on a f-ring A, let X be
a left-directed subset of " A such that \ X = 0 and )\ P[X] is defined. Then A P[X] = 0.

Proof. As in the proof of theorem 4.7, it suffices to prove the theorem in the case
where A is linearly ordered. Let a = A P[X]. Since P is positive, it is easy to verify that
P defines an increasing function from "A, to A4 such that for all ¥ in "A,, we have
P(2%) > 2P(Z). Now, for all & in X, the hypotheses imply that there exists ¢ in X such
that 2y < #. Thus 2a < 2P(y) < P(2y) < P(Z), whence 2a < a. Thus a = 0. u

In particular, if n € N\ {0} and a,b,c € Ay and X is any subset of A, such that
AX = band AaX" = ¢ (where aX™ = {ax™ : x € X}), then ¢ = ab™ (and similarly

for the polynomial z™a): the reason is that the polynomial (a + y)™ — a™ is a positive
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polynomial, to which the previous proposition applies, and that for all z, y in A, we have
ax™ A ay™ = a(z Ay)" (see [3]).

In the case where the ring is Archimedean, all the problems of existence of limits
vanish, since the following lemma reduces the problem to the real case:

4.13. Lemma. Let A be an Archimedean f-ring. Then ||A is Archimedean| = 1.

Proof. We have to prove that for all a, bin A, A,y |na < b]| < |la=0]. Solet p
in Ay \ {0} such that [p] is less or equal to the left-hand side. By lemma 4.2, for all n in
N, p |F na < b, whence np L (na — b);. It follows that

(np —b) A (na —b) <npA (na—>b); <0,

whence np Ana < b, i.e. n(p A a) <b. Thus, since A is Archimedean, p A a = 0, i.e.
p |- a = 0. The conclusion follows. u

4.14. Corollary. Let A be an Archimedean f-ring. Then every {-polynomial on A is
continuous with respect to the above notion of convergence, i.e. for all n in w\ {0}, every
(-polynomial P with n indeterminates, every & in ™A and every "™ A-valued net (x,),¢ep,
Z =lim,ep &, implies P(Z) = lim,ep P(Z,).

Proof. Using lemma 4.13, one sees once again that it suffices to prove the theorem
when A is linearly ordered. Then, A is isomorphic to a linearly ordered ring consisting
on an additive subgroup of R, equipped with the multiplication defined by (z,y) — cxy
for some ¢ > 0. But then P defines a topologically continuous function (for the interval
topology), whence the conclusion follows. [ ]

This result contains in particular the classical result that for all @ > 0 and all X C A
such that A X is defined, then A(a - X) is defined and equal to a - A X — it suffices to
apply corollary 4.14 to the set of finite meets of elements of X (see [3, chapitre 12]).

§5. Algebraic compactness of ordered structures.

We shall assume through this chapter that the axiom of choice is satisfied.

Let L be a first-order language, let 9t be a model for L. An atomic L-system with
parameters from 91 is by definition a set I' of atomic formulas of L with parameters from
IM; note that we put no restriction on the set I of all variables occurring in all the formulas
of I'. If M is the underlying set of M and & € M, we will say that & is a solution of
I' when for all ¢ in I', 9 satisfies p(Z); I' is solvable in M when it admits a solution
in M. We will say that 9 is algebraically compact (relatively to the language L) when
for every atomic L-system I'" with parameters from 9, if I is finitely solvable (i.e. every
finite subset of I' is solvable), then I" is solvable. This definition is similar to the classical
definition of equational compactness (see [16]), or algebraic compactness for abelian groups
(see [6]), but instead of just considering equations, we consider arbitrary atomic formulas
— a typical example is in chapter 3, for the C(S, K)’s; no extra complication arises from
this generalization. Actually, in all the cases considered in this chapter, where the ordering
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< can be defined by x < y < (32 > 0)(z + 2z = y), equational compactness and algebraic
compactness are easily seen to be equivalent.

A large part of this chapter will be concerned with algebraic compactness properties
of frings.

5.1. Definition. Let A be a commutative ¢-group. We say that A is locally full
when for every antichain W of A, and every bounded family (z,),ew of elements of A
(i.e. (Ja € AL)(Vp € W)(|zp| < a)), there exists = in A such that (Vp € W)(p |- z = z))
see (4.1)).

When every element of A is an atom of the universe and A is equipped with its
structure of Boolean model described in (4.2), local fullness of A is of course equivalent
to the fact that for every B-valued name x (where B is the complete Boolean algebra of
polar subsets of A) and every a in Ay, ||& € A|| =1 and |||z| < a|| = 1 implies that there
exists = in A such that |z = z|| = 1.

Say that a subset X of A is a direct factorin A when A = X + 1 X; this implies that
X is a polar set. Then, for each = in A, denote by x| X the projection of x on X along 1 X.
When X = 1 1p (p > 0), then just write x[p. Recall (see [3]) that A is projectable when
forallpin A, A= Lp+ 1L 1p (i.e. Lpisa direct factor in A). Say that A is conditionally
laterally complete when for every bounded antichain W of elements of A, , \/ W exists.
Local fullness admits a simple equivalent in terms of these definitions:

5.2. Lemma. Let A be a commutative {-group. Then the following are equivalent:
(i) A is locally full;
(ii) A is projectable and conditionally laterally complete;
(iii) A is conditionally laterally complete and every polar of A is a direct factor.

Proof. (i)=-(ii) Assume (i). Let a, bin Ay, b # 0. Let W be a maximal antichain of
elements of A} \ {0} such that b € W. Define families (x,)pew and (yp)pew by xp = a,
zp =0for p #b, y» =0, yp = a for p # b. By assumption, there are z and y in A such
that (Vp € W)(p | v = zp and p |- y = y,,). It is easy to verify that x € L1b, y € Lb
and x +y = a.

(ii)=-(iii) Assume (ii). Let X be a polar subset of A. Let W be a maximal antichain
of elements of A, \ {0} such that (Vp € W)(p € X or p € 1LX). Let x in Ay; then
y=V{zlp:peWnX}and z=\{zlp:pe WNLX} exist,and y € X and z € 1 X
and y + 2z = .

(iii)=(ii) is trivial.

(ii)=-(i) Assume (ii). Let W be an antichain of Ay, let a in Ay, let (x,)pew be a
family of elements of A such that (Vp € W)(|z,| < a). Then both 2’ = vpew((ajp)_i'_ p)
and 2/ = \/pew((:cp)_ Ip) exist; let @ = 2’ — 2”, then we have (Ype W)(p |-z =x,). =

In particular, every complete ¢-group is locally full. In fact, a slight modification of
the proof in [2] shows that every conditionally laterally o-complete Archimedean £-group is
projectable, thus that every conditionally laterally complete Archimedean £-group is locally

full
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The following lemma gives us a characterization of projectability of the Boolean model
associated with a given commutative -group A in terms of polar subsets of A:

5.3. Lemma. Let A be a commutative ¢-group, equipped with its notion of forcing
defined in (4.1) and (4.2); assume that the elements of A are atoms of the universe. Then
the following are equivalent:

(i) A is a projectable Boolean model (as in definition 2.8);
(ii) Every polar subset of A is a direct factor of A.

Proof. (i)=-(ii) Assume (i). Let u in B. For each z in A, there exists, by assumption,
y in A such that v < [y = 2| and —u < |ly = 0f|, i.e. y € v and x — y € Lu, whence
A=u+ Lu.

(ii)=(i) Suppose (ii) satisfied, let =, y in A and w in B. Let z = xfu + y[-u. It is
immediate that u < ||z = z|| and —u < ||z = y||. n

In particular, when A is a complete ¢-group, A is a projectable B-valued model. Thus,
we deduce the

5.4. Lemma. Let A be a complete f-ring, equipped with its notion of forcing
defined in (4.1) and (4.2); assume that the elements of A are atoms of the universe. Then
|A is a complete linearly ordered ring|| = 1.

Proof. We have seen in proposition 4.3 that |A is a linearly ordered ring|| = 1. It
remains to prove that ||A is complete| = 1. By lemma 5.4, A is a projectable B-valued
model, thus it suffices by lemma 2.10 to prove that for all X C A, we have

(5.1) HX is bounded nonempty = /\X existsH =1.

For X = () it is trivial; so suppose X # (). To prove (5.1), it suffices then to prove
that for all ¢ in A, we have

(5.2) |—a< X <al < H/\X existsH.

Let u be the left-hand side of (5.2). By proposition 2.12, there exists Y in P(A) \ {0}
such that u < ||[Y = X|| and —u < ||[Y = {0}7||. Thus || —a < Y < a|| = 1, whence
—a <Y < a by proposition 4.3. Hence Y is bounded nonempty, whence b = A\ 'Y exists.
By proposition 4.5, we have |[b = A Y| = 1, whence v < ||b = A\ X||, which completes the
proof of (5.2). u

Now we are in position to prove the

5.5. Theorem. Let A be a complete f-ring. Consider an atomic system of the
following form:

(5.3) i (%) (all i € I; the p;’s are atomic formulas of (4, —, -, A, V, <))
' |zj| <a; (all j € J;the a;’s arein Ay)
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If this system is finitely solvable, then it is solvable.
Proof. We first conclude in the linearly ordered case:
Claim. If A is linearly ordered, then the conclusion of the theorem holds.

Proof of claim. Since A is a complete linearly ordered ring, A is isomorphic to {0}, R
or Z equipped with the usual addition and the multiplication * defined by x xy =c-x -y

for some positive c. Therefore, the operations +, —, -, A, V are continuous for the interval
topology of A and < is closed. We conclude easily by compactness of the topological
product [[; ;[—a;, +a;]. m Claim .

Now we prove the theorem in the general case. Without loss of generality, A, I and J
are mutually disjoint. Furthermore, by chapter 1, we can assume without loss of generality
that all the elements of AU I U J are atoms of the universe W. Let B be the complete
Boolean algebra of polar subsets of A, and equip A with the forcing defined in (4.1) and
(4.2); extend [-] by making A\ A B-scattered, and [z =y] =0 forall z in 4, y in A\ A.

Now, for every finite I’ C I, there exists f = (z;),cs in /A such that

(Vie I')(A | »i(f)) and (V5 € J)(A = |z;] < a;).

Put g = (a;)es. By proposition 4.3, we have

This holds for all finite I’ C I. Using corollary 2.7, it follows easily that
(5.4) H(Vﬁnite I c H3f [f .J— Aand (Vie I') (A= ¢:(£))
and (vj € J)(4 = 1£()] < a0) ][ = 1
By lemma 5.4 and the claim, it follows from (5.4) that
|G [#:7— dand (vi € D(A F pu(f)) and (v) € J)(A |= 1£G)] < 90)] | = 1

(we have used here the non-trivial fact — lemma 2.2 — that W5 is a B-valued model
of ZFA+ AC).
Thus, by lemma 2.3 (fullness of WB \ A), there exists f in W such that

|f:J = Aand (vi € (A | @i(f)) and (%) € J)(A = 1£()] < 30)| = 1

But for all j in J, we have ||f(j) € A|| =1 and ||| £(7)| < a;| = 1. Since A is locally
full (lemma 5.2), there exists z; in A such that ||f(j) = z;|| = 1; thus |z;| < a;. Let
f = (zj)jes. Tt follows that || f = f|| = 1. Thus ||[A = @;(f)|| = 1 for all i € T; again by
proposition 4.3, A = ¢;(f), whence f is a solution of (5.3). [ |
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Now consider an arbitrary commutative /-group A; adjoin a positive infinite element
00, such that (Vz € A)(x < o0) and (Vz € AL U{oco})(x+ 00 = 0o+ x = 00). Note that A
itself cannot be algebraically compact (except when A = {0}), but we have the following
result:

5.6. Corollary. Let A be a complete ¢-group. Then (A U {oc}, +,V, <) is alge-
braically compact.

Proof. Put A’ = A, U{oo}. Let I" be a (+,V, <)-system with parameters from A’
with unknowns z; (j € J). Let P be the set of all finite subsets of I', and let F be the
filter on P generated by the F,, = {¢ € P :p C ¢}, p € P. Let *A’ be the reduced power
of A’ by F. For all p in P, p admits a solution, say &, = (zp;)jes. For all j in J, let
xj = [zp; :p € Pl €*A’. Then ¥ = (x;)jecs is a solution of I' in *A’.

Thus to conclude, it is sufficient to prove that A’ is a retract of *A’.

Let A = {[z,], € *A’' : 3z € Ay)({p € P : 2, <z} € F)}. Then A, can be
identified with its image in A by the natural map from A’ into *A’. In fact, we have the

Claim. Ay is a retract of A.

Proof of claim. Let K = {({,a) € Ax Ay : & < a} index a family (t,),ex of
unknowns. Consider the following system:

lap) =@ (alla < bin Ay)
(5.5) te,a) = t(e,p) all £, a, b such that (£, a) and (§,b) are in K)

(
ternatrd) = tea) Ttme (all (§,a), (n,b) in K)
0<tea <a (all (S, a) € K)

Then every finite subsystem of (5.5) is solvable in A, (by taking ¢ ) to be some
component of some representative of £ relatively to some index in a small enough set in
F'). Since the last group of inequalities in (5.5) gives bounds for the solutions, theorem 5.5
implies that (5.5) admits a solution, say (a (¢ q))(¢,a)ek- Clearly, a(¢ ) depends only on &,
and § — (¢ ) defines a retract from A to A.. m Claim .

Now, let p: A — A, be a retract. Then it is easy to verify that the map
pirA A {x|—>p(x) if z € A,

T — 00 otherwise

is a retract from *A’ to A’. The conclusion follows. m

This yields a positive answer to the question asked in [15], whether if A is a complete
¢-group, (AL U{oo}, +) is algebraically compact. Thus, by using the notations and previous
results of [15] (recall that 2-CHEP stands for “2-charge extension property”), we obtain
the following

5.7. Corollary. Let A be a partially ordered group. Then the following are equiva-
lent:

(i) A4 has the 2-CHEP;
(ii) Ay U{oo} has the 2-CHEP;
(iii) A is a complete ¢-group. [ |
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For more general structures than Ay U {occo}, we do not have a complete answer. The
proper context for this question is the following; define, as in [15], [17], a P.O.M. to be a
commutative monoid A equipped with a partial preordering < satisfying (Vz)(z > 0) and
(Vz,y,z2)(z <y =z+2 <y+2z). APOM. is minimal (resp. antisymmetric) when it
satisfies (Vz,y)(z <y < (3z)(@ + 2z =y)) (resp. (Vz,y)((z <yand y < z) = z = y)).
A class of P.O.M.’s that will be of importance to us is the class of complete P.O.M.’s.
By definition, a complete P.O.M. is a minimal, antisymmetric P.O.M. E satisfying the
following conditions (recall — see [17] — that x < y stands for z + y = y):

(VX CE) (/\X exists);

(va € B)(VX € E)( \(a+X) =a+ A\ X);
(Va,b,¢)(a+c<b+c= (Id < c)(a < b+d));
(Va € E)(VX gE)(X<<a:>\/X<<a>,

In particular, if A is a complete f-group, then A; U {oo} is a complete P.O.M..
Complete P.O.M.’s seem very short of being algebraically compact: indeed, it is proven in
[17] that injective P.O.M.’s are exactly complete and N-divisible P.O.M.’s; in addition, all
the relevant finite and infinite identities satisfied by injective P.O.M.’s are already satisfied
by complete P.O.M.’s. And furthermore, completeness is the least we have to assume to
ensure algebraic compactness, as the following proposition shows:

Proposition 5.8. Let E be a minimal, antisymmetric P.O.M. satisfying the following
finite refinement property:

(va07alab07bl)<a0+al =bo+b1 = (Eli,j<20ij)(/X\(ai = cijo+ci1) and /X\(bj = 00j+C1j))>

i<2 j<2

If (E, +) is algebraically compact, then E is a complete P.O.M..

Proof. First, (E,+, <) is also algebraically compact (because in any atomic system,
every inequality s < t, where s and t are terms, can be replaced by the equation s +x =1t
where z is a new unknown). Now, we prove that E is a complete P.O.M., in a series of
claims. We refer the reader to [17], from which we use both terminology and results.

Claim 1. Let A C E be upwards directed. Then \| A exists.

Proof of claim. Let S = {x € E: A < x}. Consider the following atomic system, with
unknown x:

a<z (alla€ A)
(5.6) {xfs (all s € S)

Since A is upwards directed, (5.6) is finitely solvable, thus solvable by hypothesis. If
x is a solution of (5.6), then x =\/ A. m Claim 1.
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Thus, for all @ in E, coa = \/{na : n € N} is well-defined.

Claim 2. Let A C E be a upwards directed, nonempty subset of E, and let a € E.
Then \/(a+ A) =a+\ A.

Proof of claim. Put b = \/(a+ A), c =\/ A. Obviously, b < a+c. Conversely, consider
the following atomic system, with unknown z:

(5.7) {u <z (all w € A)

a+x<b

Then (5.7) is finitely solvable (because A is upwards directed, and A # (), thus a < b),
thus solvable by hypothesis. Let = be a solution of (5.7). Then a + ¢ < a4+ x < b. Thus
b=a+c. m Claim 2.

Claim 3. (Va € E)(a + coa = coa = 2(c0a)).

Proof of claim. A simple calculation, using claim 2:

a—i—ooach—\/{na:nGN}
:\/{(n+1)a:n€N}

= ooa,

and
ooa+ooa:ooa—l—\/{na:n€N}
:\/{ooa-l—na:nEN}

= OOa.

m Claim 3.

Claim 4. E is a strong refinement P.O.M.. (see [17, definition 1.12] or [15, definition
1.2])

Proof of claim 4. Let a, b, ¢ in E such that a + ¢ < b+ ¢. Consider the following

atomic system, with unknown z:
a<b+zx

(5-8) {nm <b  (allmeN)

Since E satisfies the finite refinement property and by [17, lemma 1.11], (5.8) is finitely
solvable, thus solvable. Let d be a solution of (5.8). Then cod < b, thus d < b by claim 3,
and a < b+d. m Claim 4.
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Claim 5. For every subset A of E, |\ A exists.

Proof of claim. Let S = {s € E: s < A}. Consider the following atomic system, with
unknown z:

(5.9)

s<z (alls€f)
r<a (allae€ A)

Since F is a strong refinement P.O.M., it satisfies the finite interpolation property
([17, lemma 1.16,(i)]). Thus, (5.9) is finitely solvable. Let x be a solution of (5.9). Then
x=M\A. m Claim 5.

Claim 6. For alla € E and AC E, N(a+ A) =a+ \A.

Proof of claim. Put b= A\ A, ¢ = A(a+ A). It is trivial that a + b < ¢. Conversely,
consider the following atomic system, with unknown z:

(5.10) {c§a+x

x<u (all uw € A)

Then (5.10) is finitely solvable (use [17, lemma 1.16,(iv)]), thus solvable. If x is a solution
of (5.10), then c < a+x < a+b. m Claim 6.

Claim 7. Let a € E, X C E such that X < a. Then \/ X < a.

Proof of claim. Consider the following atomic system, with unknown ax:

rt+a=a
(5.11) {ugx (all w € A)

Then (5.11) is finitely solvable, thus solvable. Let x be a solution of (5.11). Then \/ X <
x < a (and E is antisymmetric), thus \/ X < a. m Claim 7.

Thus, the proof is complete. [ ]

We do not know whether the converse of proposition 5.8 holds. However, the methods
developed in this paper allow us to prove the following partial converse:

5.9. Theorem. Let FE be a complete P.O.M. satisfying the following additional
conditions:
(i) For each p in E, Lp admits a largest element, which we will denote by p=;
(i) (Vp)(p™ +p=+ = o0);
iii) (Va,b)((a\ b) A (b\ a) = 0) (Where, as in [17], a \ b is the largest = in E such that
a<b+zx).

Then (E,+,V, A, <) is algebraically compact.

Proof. We start with the linearly ordered case:

30



Claim 1. Let E be a linearly ordered complete P.O.M.. Then E, equipped with its
interval topology, is compact Hausdorff, and 4+, V, N\ are continuous; thus E is algebraically
compact.

Proof of claim. Since (F, <) is a complete chain, the interval topology on F is compact
Hausdorff (see [4]). Now, since (F, <) is a complete chain, the interval topology and the
order topology on E are the same [4], thus, to verify that the addition is continuous, it
suffices to verify that if a,b € E and D is a directed set and (z,),ep, (Yy)vep are two
convergent nets with respective limits a and b, the net (z, + y,),ep converges to a + b.
Since F is a complete chain, it suffices to consider the four cases where (x,),ep (resp.
(yy)vep) is increasing (resp. decreasing) with limit a (resp. b). Then, the distributivity of
+ on A and on \/ # () ([17, proposition 2.14]) allows us to conclude easily. m Claim 1.

Now we prove the theorem in the general case. So consider a finitely solvable atomic
system with parameters form F:

As usual, we can assume without loss of generality that E, I and J are mutually
disjoint and that all elements of AU I U J are atoms of the universe W. As in the case of
{-groups, for all p, ¢ in E, we put p | ¢ & (37°r)(r < p,q), then p L g & =(p | q), then
p |- q< (V' < p)(r| q). Furthermore, we can equip E with the following definition of
forcing: for all p, a, b in E,

Fa<b<=pLla\b,
(5.13) {g|Fa:b<:>1()plka§bandp“—b§a).

It turns out that in the context of the hypotheses (i), (ii), (iii) above, this definition
is equivalent to the general one of [13], but we will not be concerned about this here.

Then, let B be the completion (see [11]) of the partially ordered set E'\ {0}, let p — [p]
be the natural map from E \ {0} to B (and put [0] = Op). Define Boolean values as in
(4.3). Then, we have the following

Claim 2. E is a B-valued model, for the language (4,<), of the theory of linearly
ordered antisymmetric, minimal P.O.M.’s. Furthermore, for all a, b in E, |la < b|]| =1
(resp. |la = bl =1) if and only if a < b (resp. a =10).

Proof of claim. Tt suffices to check that for all p in F'\ {0} and all a, a’, b, ¥/, ¢ in A,
the following holds:

(P l-0<a;

plFa<a; (plFa<bandpl|-b<a)=pl-a=0b;
(plra<bandpl-b<c)=pl-a<q

plFa=a plla=b epl-b=a @Ela=bandpltb=c)=plla=c
(plra<bandpl-a=d andp|-b="V)=p|-a <V
plFa<dandp|Fo<V)=plla+b<d+V;

plFa=d andp|b=bV)=plla+b=ad +¥;

IfplFa<band c=b\a, thenp | a+c=0.
\(V'p)(pl-a<borp|-b<a).
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The proof of all these facts with the exception of the last one is straightforward, using easily
established facts as a\a=0,a\c<(a\b)+ (b\c), (a+b)\ (¢ +V)<(a\a)+ (b\V),
(a+ (d\a))\b=(aVb)\b=a\b. For the last of these facts, if (37 < p)(¢q |- a < b)
then we are done; otherwise, we have (V7% < p)(q |l£ a < b), thus p |- a\ b; thus p L b\ a
by the hypothesis (iii), i.e. p |- b < a. The conclusion of the first part follows. For the
second part, it suffices to give the proof for <. It is obvious that a < b implies ||a < b|| = 1.
Conversely, suppose that |ja < b|| = 1. If a £ b, then there exists p < a \ b non zero such
that p | a < b, whence p L a\ b. Thus p = 0, a contradiction. Thus a < b.  m Claim 2.

This claim allows us, once again, to define inductively the Boolean value of any formula
of (+, <) in a truth-preserving way. Furthermore, we extend the function [-] to the whole
W25 as in (2.2). To go on, the analogue of the claim of proposition 4.3 is not as easy here,
because \ is not as wieldy as — in groups. However, the following claim provides us a way
out of this slight difficulty:

Claim 3. Let X be a subset of E, let a in E. Then a \ ANX = V(a\ X) and
VX\a=V(X\a).

Proof of claim. Put b= A X, ¢ =\/(a\ X). Then ¢ < a\ b is trivial. Conversely, for

all x in X, we have a\z < ¢, i.e. a < c+x, i.e. a\ ¢ < z; thus a\ ¢ < b, whence, as before,
a\b<c Thusa\b=c.

Now, put o/ =\/ X, ¢ = V(X \ a). Thus ¢/ <¥'\ a is trivial. Conversely, for all z in
X,z\a<d,ie x<a+;thusb <a+c, whence b’ \a <. Thus b’ \a="c.
m Claim 3.

This allows us to prove the following claim, similar to proposition 4.5:

Claim 4. Leta € E, X C E. Then
(1) a = A X if and only if ||[a = \ X|| = 1;
(ii) @ = \/ X if and only if [|a = \/ X|| = 1.

Proof of claim. Similar to the proof of proposition 4.5, using claim 3 and the hypothesis
(i). m Claim 4.

In particular, when X is a pair, we find the analogue of the claim of proposition 4.3.
Claim 5. E is a projectable B-valued model.

Proof of claim. Let w in B, x, y in E. Then a = \/pgupLL and b = /\peupL are
mutually disjoint by the hypothesis (i), and a + b = oo by distributivity of the addition on
A and on \/ # (). Furthermore, b € Lu by definition; finally, we prove that a € u, using
the fact that u is regular-open, i.e. we prove that (V7%p < a)(37% < p)(¢ € u). So let
p # 0, p < a. By the hypothesis (i), there exists » in u such that p A rt+ # 0. Thus,
p Ar # 0; but u is open, thus p A r € u, which proves the fact: thus a € u.

Thus, we have proved that a € u, b € luand a+b=o00. Let z=xAa+yAb. Then
it is immediate that u < ||z = z|| and —u < ||z = y||. m Claim 5.

We can now prove the
Claim 6. ||E is a linearly ordered complete P.O.M.| = 1.
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Proof of claim. Let p, a, b, cin E such that p | a+c¢ < b+ec. Let d = ¢—c =largest =
such that z < ¢ (see [17, definition 2.21]). Put x = (a+c¢) \ (b+¢). Then a+c < b+c+ux,
thus a < b+d+ =z, i.e. a\ (b+d) < x; but p L z, whence p | a < b+ d. Thus, we have
proved that

|(Va,b,c)(a+c<b+ec= (Fd<c)(a<b+d)|=1.

Since E is projectable (claim 5), it remains, by lemma 2.10, to show that for all
X CE,||\NX exists|| =1 and forallain E, [[a + AX = A(a+X)||=1and | X < a =
\/ X < al| = 1. However, this is an easy application of claims 3 and 4. We conclude by
claim 2. m Claim 6.

Clatm 7. E 1s full.

Proof of claim. Tt suffices to prove that for every antichain W of E'\ {0} and for every
family (x,)pew of elements of E, there exists x in E such that (Vp € W)(p |- = = zp).
Using both hypotheses (i) and (i), it is clear that = \/ (7 A ptt) satisfies the given
property. m Claim 7.

Now, we can conclude as at the end of the proof of theorem 5.5, the argument being
made slightly simpler by the fact that E is full and not just locally full. |

5.10. Corollary. Under the hypotheses of theorem 5.9, E satisfies the following
infinite distributive law:

(5.14) Wae@WXQEKWﬂ[X=VMAXO.

Proof. Put b =\/ X and ¢ = \/(a A X). It is obvious that ¢ < a A b. Conversely,
consider the following atomic system, with unknown z:

(5.15) {anSC

s<z (all s € X)

By [17, lemma 1.16, (vii)], (5.15) is finitely solvable. By theorem 5.9, (5.15) is solvable;
let « be a solution of (5.15), then we have b < z and a A z < ¢, whence a A b < ¢; thus
aANb=c. [

The proof of corollary 5.10 also shows that not all complete P.O.M.’s are algebraically
compact in the language (A): this is because they would then satisfy (5.14), which is not
always the case, for example for N?>U {occ}. Note that the dual property of (5.14) is always
true (see [17, proposition 2.19]).

Note also that if F is an idem-multiple complete P.O.M., then FE is an injective P.O.M.
by [17, theorem 3.11], thus (E,+, <) is a fortiori algebraically compact (because it is a
retract of its reduced powers, see e.g. [16]). But this hypothesis seems rather to stand on
the opposite side as the one of theorem 5.9, with the same conclusion. This leads us to
the following
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5.11. QUESTION. Let E be a complete P.O.M.. Is (E, +, <) algebraically compact?
(Or, equivalently, is (E, +) equationally compact?)

A related question is the following:

5.12. QUESTION. Let E be a weak cardinal algebra [17, definition 2.2]. Is (E, +, <)
“countably algebraically compact”, i.e. every countable atomic finitely solvable system
with parameters from FE' is solvable in E7?

Again, a strong evidence for an affirmative answer to this question is provided by
[18, corollary 4.5], which states that every divisible weak cardinal algebra is “countably
injective” (thus in particular countably algebraically compact).

§6. Afterword: generalization to naive set theory.

We shall indicate here informally how all the proofs of “non set-theoretical” results
of this paper can be naturally translated into naive set theory (for example Zermelo’s set
theory Z, or ZC = Z + AC, or versions with atoms ZA, etc.), but also with potential
extension to other set theories. Although a lot of it may be already known to set theorists
(which explains our choice of keeping informal), we do not know of any publication where it
is written. At any rate, it is here that the importance of choosing to construct our models
with atoms rather than to embed Boolean models into the Scott-Solovay universe (as in
[13]) will appear fully. Unfortunately, it does not seem to be possible to avoid many more
or less cumbersome details. The probable reason for that must be that while Zermelo’s set
theory Z (or ZC') is well-adapted to what could be called “classical” mathematical practice,
it is on the contrary rather unwieldy when it comes to set-theoretical constructions; on the
contrary, there are set theories that are intuitively much weaker than Z when it comes to
classical mathematical practice (e.g. admissible set theory K P, or K PU if we want atoms
— see [1]), but much better adapted to set-theoretical constructions. We shall now draw
the lines of a “naive set theory” that still allows set-theoretical constructions as e.g. the
ones used in this paper.

A first thing to do is to modify some of the axioms displayed in §1 to adapt them to
the context of naive set theory. First, the collection scheme is simply to be suppressed.
Next, the axiom of infinity has to be changed into a weaker form (equivalent under ZF),
the point being that the class w of all finite ordinals may no longer be an object of the
universe. For example, we can take the axiom “there is an infinite set”, finiteness still
being understood as Tarski-finiteness, or, equivalently, equipotence with a finite ordinal:
if X is an infinite set, let 2 be the set of all finite subsets of X, and define the set N of
natural integers to be the quotient of {2 by the equipotence relation.

Finally, the axiom of regularity has to be changed in a more radical way, guaranteeing
that every set has finite rank (there is no contradiction with the axiom of infinity stated
above, because w may not be a set). For example, it can be stated as

(Vz)(3In € N)=(3f) <f is a function of domain [0, n]
and f(0) =z and (Vi <n)(f(i+1) € f(z)))
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Then, denote by ZA the new axiom system.

Now, let A be any set in a universe U of, say, Z. The construction of V 4 as presented
in §1 changes accordingly: namely, (1.1) is carried over for finite £, and then V4 =
Unen Va,n. Then V4 satisfies all the axioms of ZA, with the possible exceptions of the
(new) axiom of infinity (if A is finite!) and choice (the basic 4 may not itself satisfy AC!).
But of course, if A is infinite, then V 4 satisfies the axiom of infinity and if  satisfies the
axiom of choice (or even if all the P"(A)’s are well-orderable in i) then V 4 satisfies the
axiom of choice; to prove this, one can use an analogue of proposition 1.2 (ii) (for finite
Q).

Actually, in order to be able to generalize §2, we will need slightly more than the fact
that V 4 satisfies AC. A proper way to proceed is the following: let S be another set of i,
of the form N x S (so that S is canonically equipotent to N x S), infinite, disjoint from A,
such that there exists a one-to-one map from A to S (which we will abbreviate by A — 5).
Let A’ = AUS, and consider the universe V 4, constructed with the modification indicated
above. Then V 4/ satisfies the axiom of infinity, and if U satisfies AC, then V 4. satisfies
AC'. Furthermore, it is not difficult to prove that in fact, V 4. satisfies the statement

(6.1) (Vset 2)(3n € N)(z — P™(S))

Now, we must show how to change the constructions of §2. So we start within W =
V 4/; once again, the construction (2.1) is performed only at finite level. Here, A is already
given a structure of B-valued model of the equality. Then, the map [_] is extended to the
whole A’ = AU S by making S B-scattered and B-separated from A, i.e. ||z = y|| =0
whenever x # y and either z,y € Sorx € Aory € S,ory € Aand ¢ € S. Then,
the definition (2.2) is still coherent (since all ranks are finite), and the proof of lemma 2.1
does not bring any trouble. The situation for lemma 2.2 is different: all axioms of ZA
are easily proved to hold in W, except the axiom of infinity and, if W satisfies AC, the
axiom of choice. But in fact, the axiom of infinity is easily dealt with because S is infinite
and B-scattered, so it remains to prove the axiom of choice (in case W satisfies it). The
point is that to be a well-ordering is no longer uniform (definition 2.4): this is because
being antisymmetric is not a uniform formula, as easy examples show. On the other hand,
to be a well-ordering on a given B-scattered set is B-uniform, with a similar argument to
the one in the proof of the axiom of regularity in V& shown in [11, theorem 43]. And the
importance of choosing carefully S as above appears here fully: in W2, every nonempty
set is the surjective image of some set in W (by using the interpretation function [11,
chapter 18] in the classical way), thus of some P™(S) in W; but these are B-scattered and
can be well-ordered, thus, in W2, every set can be well-ordered. Thus, W?Z satisfies the
axiom of choice.

From then on, no major problem arises. This provides us with a canonical way to prove
all the results of this paper in naive set theory, without modification in the case of non
set-theoretical results and with obvious modifications in the case of set-theoretical results.
The same holds for the results in [13], as e.g. the fact that every Boolean-linear space
admits a completion. There is probably more to say about this, using e.g. admissible set
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theory rather than naive set theory, perhaps to obtain relativizations of the results shown
here. However, we have not investigated this aspect of things.
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