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Abstract

Shape optimization amounts to find the optimal shape of a domain which minimizes a given
criterion, often called a cost functional. Here, we are interested in the case where the criterion
is computed through the solution of a partial differential equation, the so-called state equation,
which makes the optimization problem non-trivial. We use a general parameterization of the
unknown boundary in order to preserve the physical general information and we prove the
continuity of the cost functional.

1 Introduction

Varying domains constitute an important type of inverse problems which appear in connection
with a variety of phenomenon in different fields. Shape Identification, free or moving boundary
problems, phase change or elastic contact problems fall into the class of such inverse problems
with a priory unknown domains. Some problems that lead to boundary inverse problems are: the
dam seepage problem [14]; Riabouchinsky flow past circular disks [21]; Falling droplets [35, 32, 38];
the Alt-Caffarelli or Bernoulli problem [4]. The common structure of these problems is that there
are elliptic equations for m unknowns and m + 1 mixed Dirichlet-Neumann conditions on the
unknown surface. Many more problems also fall into this general category, with applications to
aluminium production by electrolytic reduction [13]; groundwater flow [25, 29]; free surface waves
[9]]; semiconductors [2, 16]; electromagnetic casting [33, 31]; the Dam and Bernoulli problems
10, 37, 28, 22, 17].

There is no previous analytic theory covering this general class of boundary inverse problems,

although there has been progress on individual problems.



A variety of techniques exist for numerically solving boundary inverse problems, see [14, 26,
16, 1, 11] and the references therein. Among this, shape optimization technique is a useful method
for solving the type of problems mentioned above. This is a variational approach, minimizing an
integral functional over the variable domain having an unknown boundary. For an introduction to
shape optimization, cf [23, 36] and some examples of its use are given in [5, 8, 15, 18, 34].

A general formulation of such optimal shape approaches can be expressed as follows

{ Minimize J(€,u) (1)

subject to Q € ©4q and u € U(Q?),

where U(2) denotes the set of solutions of a given partial differential equation on the domain 2
(state equation on ) and ©,4 is a set of admissible domains.

In order to show the existence of a solution for this type of problems, a widely used method is
to show that the space F = {(Q,u) , Q€ Ouq, u € U(N)} is compact with a suitable topology on
F which is induced from topologies on 0,4 and U(£2), and that the cost functional J is lower semi
continuous on F [23].

In this paper, we are interested in the continuity of cost functionals that can be associated to
the determination of the location, size and shape of an unknown portion I'; of the boundary 952
of a domain ©Q C R?, from given, Dirichlet and Neumann, boundary conditions on this unknown
part of the boundary. More precisely, we consider the boundary cost functional J defined by
J(Qu) = / (u— g)? do, which is associated with problems where a condition of the type u = g has
to be imposed on I'. The function g is given and u is the solution of a partial differential equation
on 2. In the case where the unknown boundary I' is the graph of a function, continuity results for
this type of functionals with a suitable topology on F have been obtained in [6, 10, 24]. However, in
many physical problems this assumption on the unknown boundary is too restrictive. The situation
where the unknown boundary can not be the graph of a function occurs in many engineering
problems such as, for example, the dam problem in non-homogeneous porous media [10, 19, 22],
the Stefan problem [20], optimal insulating and electro-chemistry [3, 17] and the semiconductor
problem [27, 16]. Here, we use a general parameterization of the unknown boundary in order to
preserve the physical general information on this boundary. The topology we use on 0,4 is just
that associated to the C'!' convergence of the parameterizations.

The main result of this paper is the continuity of the trace operator from H"(€2) (1 > r > 3)
to L?(T") with a constant independent of T'. This is proved in section 3. At this stage, it should be
noted that, in the case of a family of domains with parallel boundaries, a similar result has been
obtained by Lions and Magenes in [30]. The continuity of the cost functional J on the space F is

established in section 4. Actually, we prove the continuity of a more general functional.

2 Notations and definitions

Let D be a fixed C! open connected bounded subset of R?. An admissible domain € will be an
open subset of D. The boundary 02 of 2 is assumed to consist in two parts 02 = I'g UT" such that
ToNT =0, meas(Ty) > 0 and meas(T") > 0, where I is the free boundary part defined by

I'=T(p) = {e(t) = (1 (t), pa(t)); t€[0,1]},



¢ :[0,1] — R? is a parameterisation and I' is assumed to have its endpoints on the boundary of D
(see figure 1). In fact, in this general setting, the curve I'(¢) can divide D into two open subsets.
This is the case for example when D is simply connected. We have then to choose €2. We can make
for example the following choice : We follow the natural orientation given by the parameterisation
and take the open set whose exterior unit normal boundary vector is on the left.

We shall also write 2 = Q(¢p) to indicate the dependence on the parameterization ¢.

D

Lo
Figure 1: An example of the considered domain £ = Q(yp).

We shall denote by v(x) the exterior unit normal vector to 9D at = € dD.
Define Vg4 to be the set of vector functions ¢ € C* ([0, 1], R?) satisfying the following conditions :

lp(t)] < Co, VEe0,1],

Cilt =t < lo(t) — ()] < Colt = '], Vt,' €0,1],

©([0,1]) € D and, fort =0or 1, ¢(t) € OD,

for ¢ = 0 or 1, [1((£).'(5)] = o 2)
and, for all ¢ € [0,1], d(¢(t),0D) > €1 t(1 — 1), (3)
where Cy, C1, Cs, €9 and € are positive fixed constants, d(¢(t),0D) is the distance of the point ¢(t)

from the boundary 0D, and we are using the standard notations |(a,b)| = Va2 + b2, (a,b).(a’, ) =
aa’ +bb'. Note that the assumptions (2) and (3) are made to insure that the curve I'(p) touches the
boundary 9D only two times (with the endpoints) and in a transverse manner. The consequence
of this is that the domain Q(¢p) is Lipschitz regular.

Clearly, V4 is a closed and bounded subset of C1([0, 1], R?).



Now, the set U,q of admissible functions will be any compact subset of V4. In other words,
U,q is a subset of V,4 whose elements and their derivatives are equicontinuous as it follows from
Ascoli-Arzela theorem. An example of such a set U,q is that of a closed subset of V,4 which is
bounded in C* ([0, 1], R?) for some d such that 0 < § < 1.

The space of admissible domains is then defined by :
@ad:{Q:Q((p) CD; @eUad}'

Note that the elements of ©,4 are uniformly Lipschitz open sets of R? and so they satisfy the
uniform cone property [34].

Assume that v = u(Q2) € H(Q) is the solution of a well posed problem such as

Lou=f in Q
Losogu=h on 01,

where 2 € ©,9 and L and Ly are partial differential operators on {2 and 0f2 respectively.

The cost functional J we are interested in is then defined on the set
F={(Q2p),u(); Qp) € Oqg and u() solves (4) on Q(p)}

by
IO u) = [ (w0) g do,

where g is a given function on D having essentially the same regularity as u(€2). For simplicity and
without any restriction on our study, we shall assume that g = 0.

Now, the customary problem of shape optimization or optimal shape design is
to minimize J(Q,u) on F. (5)

As we have already said, this minimization problem is usually solved by endowing the set F with
a topology for which F is compact and J is lower semi-continuous. Let us therefore define the
topology we shall work with. First, we define the convergence of a sequence (¢y,)n, C Ugq by

©n — ¢ uniformly on [0, 1]

$Yn — P { (6)

¢, — ' uniformly on [0, 1]

that is, iff ¢, — ¢ in the C! topology. Then, the convergence of a sequence (£,,), C ©4q, such
that ©,, = Q(py), to Q@ = Q(p) € Oy is simply defined by

Q — QO = o, — o (7)

Denote by u the uniform extension of u from 2 to an open smooth bounded domain B (a disc, for
example), such that D C B (see [12]). We define the convergence of a sequence (uy,), of solutions
of (4) on Q(p,) to u the solution of (4) on Q(p) by

Uy — 4 == Up — U weakly in H'(B). (8)



Finally, the topology we put on F is the one induced by the convergence defined by

Q, — Q

Up, — U.

(Qn, un) — (Qu) { (9)

Thus, the compactness of F with respect to this topology depends on the type of the state problem
(4) and on the compactness of ©,4 with respect to the convergence (7). At this stage, we have to
say that it is not our objective here to prove the compactness of F, the setting being too general.
But since U,q is compact, one can obtain the compactness of F from the continuity of the state
problem (4), which is based on the following (reasonable) condition : There exists a constant C' > 0
such that ||u(Q)[1.0 < C, VQ € BO4. Anyhow, the chosen topology is rather natural, is used in
many applied problems and, as we shall see, it allows to prove the continuity of the cost functional

J and even the continuity of more general boundary functionals (see section 4).

3 Continuity of the trace operator

In this section, we give a proof of the trace theorem which allows us to estimate the norm of the

trace operator by a constant independent of the free boundary I'.

Theorem 1 Let u be in H"(B), 1 > r > 3, and Q(p) € Ouq. Then, there exists a constant K
independent of ¢ such that
ullo,rp) < K ullr,z

where || - [lo,r(p) is the L*(T(¢))-norm and || - ||,,p is the H"(B)-norm.

The proof of this result is based on the following constructions and techniques.

Let ¢ € Uyq. By using standard techniques, we can construct a continuous extension operator
from C' ([0,1],R?) to C* ([~1,2],R?) = {p € C' (R,R?); supp(p) C [~1,2]}, such that the
extension ¢ of ¢ to R satisfies

1&" [l ooy = 11"l oo 0,17 (10)
where || - ||p is the L>-norm.

Now, let x € D(R) such that y > 0, / xdx =1 and supp(x) C [—1,1]. We define the function
Y = (Y14, Y2k), K €N, on R as a regulélfrized function of @, that is,

Yr(t) = /R B(t — 7) x (k) k dr.

Note that
Ut = [ Ft=7)x(kr) k.

Since ¢’ is continuous, it is well known that 1)}, converges uniformly to ¢’ on any compact subset

of R as k — o0. In particular,
1' 4 - ! oo = 0
im0, = @l L o))
In fact, we can show that for any € > 0, there exists k. € N* independent of ¢ such that, for k > k.,

It — @'l oo (jo,1)) < €-



Indeed, we have
WO -F 01 = | [ (@)= F®) x(kr)kdr]
< [WFe-D-FOlxin)dr

Since the extension operator is continuous from C' ([0,1],R?) to C' ([~1,2],R?), the functions
¢, are equicontinuous and uniformly continuous when ¢ describes U,q. So, for € > 0, there exists

~. > 0 independent of ¢ such that
Vt,t' €R, |[t—t| <~v. implies that |@'(t) — @' ()| <&, Vo € Uyg. (11)

Hence, for k£ such that ? <

<7 and all t € R,

| =

(8 — @(8)] < / ex(r)dr = .

1
So, we can take k. = [—] + 1, where [-] denotes the integral part.

Ve

Now, to the given ¢ € U,q, we associate the function ® € C* ([0, 1] x R, R?) defined by

D(t,s) = p(t) + sy (1), sER, (12)

where we are using the notation (a,b)* = (—b,a). In what follows, we shall omit the index k. and
write v instead of vy,_.

The following lemma is basic for the proof of Theorem 1.

Lemma 1 There exists a small enough so > 0 such that sg is independent of ¢ € Uyq and the
following three assertions hold.
(i) The Jacobian, J®, of ® is such that

1
|JP| > 5012 on [0, 1] X [—so, so] - (13)
(ii) There exists C5 > 0 independent of ¢ such that
|(I)(t7 8) - CI)(tla 8/)| < CE’) |(t - tlv §—= 5/)|a V(tv 8)7 (t/¢ 5/) € [07 1] X [_507 80]‘ (14)

(iii) @ s injective in [0, 1] X [—so, So], and, more precisely,

yémsyxw&yﬂszcuu—yﬁ—sm, (t,s), (,8) € [0,1] % [=s0,50].  (15)

where C is the same constant as that in the definition of Ugyq.

Proof :
(i) We have that

@,_< o —svy )
Po+ syl U



So,

J® =det(®) = )Y+ oy vh + s (W] Py — Pl Py)
= [WP+¢ W—p) —sy’ Pt

It follows from the definition of 1) = ¢;_ that
19 oo o1y < 19 o) < 1@ || Lo (my /RX(kET) ke d7(| @' || oo jo,17) < C2 (16)
and
19" | e o) < 19" lzoomy < 1B Nl oo () K2 /}R’X/(ksTﬂdT < Co ke /R\X/(T)\dT = Chk.. (17

Using equations (16), (17) and the inequality C1 < [[¢'||gec(j0,1) < Ca2, which follows from the

definition of U,4, we obtain
|J®| > O — Cye — |s| Co Chke > CF — Cy (e + 59 Chkz), Vs, |s| < so.
Finally, choosing € and sg so small that
Oy (e + 50 Chk.) < éCf,

we obtain .
78] = 5CEon [0,1] x [0, 50].

(ii) We have, for all (t,s) € [0,1] x [—so, So],

A

')+ 5" < N oy + s 19 | (o,1)
< 02 + S0 Cékaa

and
') < 1Y | o) < Co
Hence, if C5C%(1 + sok:||x’||11), we obtain, by Taylor formula,
|B(t,s) — B, 8| < Cs|(t—t,s—5),

for all (¢,s), (t',s") € [0,1] x [—s0, So]-
(iii) Let us now show that ® is injective in [0, 1] x [—so, So], for so small enough and independent

of ¢. To this end, we shall show that there exists a constant M such that
|B(t,s) — @, s")| >M|t—-t,s—5)|, Vts) (', s)e€l0,1]x [—so,s0]
Let (t,s), (t',s") € [0,1] x [—s0, so]. We have

O(t,s) = O(t',s") = @(t) —p(t') + s/ (1) — sV (t)"
= o(t) = () + (s =) V') + ' (W)~ (t)7). (18)



Now, we discuss two cases :

First case, if [s — /| <nlt —t'|, n small enough, we have

|®(t,s) — ®(t',s")] > Cilt—t'| —=nlt —t'[|¥]| oo(o,1)) — 50 19" | oo o1y [t = 1]
> (Cr—=nllY' oo (o)) — 0 19" | oo o) [t — ¢']
> (C1 —nCy—sg C§k5)|t—t/|
1
> (C1 =5 Ch — 50 Chk.) (; t— P+ % 7712 s — s’P) .

Assuming that n <1, we obtain

[®(t,5) = @(t', )| > —= (C1 =1 Ca — 50 Cake) (¢ — t, s — §').

1
V2
Second case, if |s — s'| > n|t —t/|, we can rewrite the terms ¢(t) — (t') and (s — s') ¢/ (t)* in
(18) as
o)~ 90) = =00+ (1) [ (47019~ (0) dr
and
(s =)0 (0) = (s = ) ()" + (s = ) (') = @)
We know that
9" = @'l (o)) < €
and, from (11), that there exists 7. > 0 independent of ¢ such that

[t —t'| <~v. implies that |Q'(t+7(t—1t)—¢'(t)| <e, Vrel0,1]. (19)
Hence,
1
|s —s'| <nv. implies that |/ (Y t+7t—t")— ¢ (1)) dr| <e. (20)
0
Thus, for sg < %77% , we have

’(I)(tv 5) - (I)(tlﬂ Sl)‘

> | = t—t)dB) + (s =)&) | —elt—t|—els — | = sol[¥" | Lo It — ¥
1

> (=PI +]s =PI OF)7 = (2 + 50 Che) |t~ 5 — )]

> (Cy —2e—s9Chke)|(t —t',s =5

The constants €, n and sy can be chosen such that, for example,
c C 1
77C’2+300§k5§71, 25+5005k5§?1and 50§§17ny,

Hence, it suffices to take

n:&, z-::landso:min{
4 Cy 8

C17e Cs }
802 ’SCQICEHXHIA ’

This shows that there exists sg independent of ¢, such that ® is injective in [0, 1] X [—sp, So] and

/3

|B(t,s) — ®(t,s")] > TQCl |t —t,s—38)], VY(,s), (¥, s") €0,1] x [—so, s0]-

8



Proof of theorem 1 :
Let us denote by Z =0, 1[ and J =] — so, so[ and let us consider u € H"(B) (1 < r < 1). We have
that

u(@(t)) =4Ureo° SO(t), vt e [0’ 1]7
and, on the other hand,
u(<p(t)) = u((b(tv 3))\5:0 = U(t7 5)\s=07 Vit € [07 1]7

where @ is the function defined in (12) and v = wo ®. From the above lemma, we have that ® is a
C' diffeomorphism from Z x J onto an open set of R? which is some tubular neighborhood of T,
and thus v € H"(Z x J). Now,

[ullo,r(p) < = Oy ||v(t, 8)js=ollo.z,

and, according to the standard result on the continuity of the trace operator from H"(Z x J)

to L?(Z x {0}) (for 7 > 1), there exists a constant (3, independent of v, such that [[v|s=ooz <

Bllv||lrzxs for all v € H"(Z x J). Hence,

[ullo,rp) < Co2Bl[vllrzxg-

Next, there exists a constant Cy independent of ¢, such that

[0llrzx7 < Calullr,p-

Indeed, we have

// D(t,s) ]2dtds—// lu(z, ) |det (DY) (2, y)| dz dy
I><;7
where Q = ®(Z x J) and (z,y) = ®(t,s), and it follows from Lemma 1 that

//IXJ D(t,s) \2dtds = //\uxy[ detq)/(dxdy( I

< & S R

2 e
< oz lullg &

Thus,

2
2 2
[uo®lgzxs < c? lullg &

On the other hand, setting f =7 x J, we have from Lemma 1

\uofbts —uo®(t,s)|? , ,
dtdt dsds
//L{XL{ _( )‘21"—1-2

u\x, — u\x 2 ! /
/ [ ' ) s det((®71 o) et (0| oy
Iu z y)—U(w y)I°

< dx dx’ dy dy',
e //Qxﬂ |d-1 O,y )P+ v




Since @ is Lipschitz of constant C3, we have that
1 - .
(@7 (z,y) — @@y = - l@ =2y =y Vlzy), (@y) € Qx Q. (22)
3

Therefore,

<I>t —uod(t,s
// |“° 8) L § . O g at as as
uxu _( )|r+

2
= QXQ‘ (& y)‘2r+2 rax ayay

4 C2+2T’
< ull? (23)
or Il

(21) and (23)imply the theorem when r < 1.

When r = 1, we estimate the partial derivatives of in the same manner (one can also estimate

Now, as a consequence of Theorem 1, we state and prove the following convergence result which

.B). This achieves the proof of the theorem. |

essentially says that u|p, — u|p. It will also be needed in next section.

Corollary 1 Let (¢n)n C Usq be a sequence such that ¢, — ¢ in the sense of (6), that is for the
C' convergence, and let u € H*(B). Then

lim wogu,uow in L*([0,1]).

n—-auoQo

Proof :
First, it follows from the density of D(B) in H'(B) (see [?]) that, for a given & > 0, there exists
v. € D(B) such that

l|ve —

g
< -
ull1,5 < 3VCK

where K is the constant of Theorem 1. Next, we can write

|[uopn —uo SOHO,[O,H luopn —veopn+ve0py —vz0p+ 100 —uo SOHO,[O,H

IN

w0 @n — ve 0 pnllo,o,1 + |ve © on — ve 0 0llo,j0,1)

+{[ve 0 o — w0 pllo,0,1]- (24)
Now, by Theorem 1,

1
1 2
o060~ uogalloon = ([ [006al®) o pa)Pdt)” < VO oz~ uln

and according to the Lebesgue convergence theorem, we have

1
1 2
lim v o gn — ve 0 llo oy = lim (/0 |vsogon<t>—vsoso<t>|2dt) —0

n—-:o0 n—-—:uo0

Thus,

[SIE

1 5
Jo- 060~ uogalogon = ([ 10-09n) —uopn®Pit)” < VEK oo~ ulhz < 5,

10



1
1 3 c
Jo-op = uoglopy = ([ locop®) ~uop®Pdt) < VAK oo —ulp< s, (20
and there exists IV € N* such that n > N implies
1 , I
Jo- 0 6n = ve 0 @logo = ([ feeoion(®) — veop®P ) < 5. (27)

Hence, for n > N,

1

1 2
oo = ([ o wn(® —uowPar)” <, (29

lwown —uogp

which ends the proof of the corollary. ]

4 Applications

We now apply Theorem 1 to study the continuity of the boundary cost functional

T(9,u) :/ lu|?do
N

which appears in many problems of optimal shape design, often as a shape optimization formulation
of the Dirichlet type condition of a free boundary problem. Of course, Theorem 2 below can also

be considered as a continuity result for the trace operator with respect to the couple (u,I").

Theorem 2 The functional J is continuous on F with the topology induced by the convergence

defined in (9).

Proof :
Let {(Qy,un)}n be a sequence of F, such that Q, = Q(¢y), @ = Q(p) and

(U, up) — (Qu) asn — 0.

In what follows, the functions under consideration are of course the extensions u, @, € H'(B),

but for simplicity we shall drop the “~”. To show that J(Qy,u,) — J(Q,u), let us prove that

J(Qnyun) — /J (2, u). We have:
VI Q) — /I (Q,u)

1 1
= |llwn o &hlZ ooy = lleo @~ 112 ooy
< Junown- bt —uop- @)
= n O Pn - |Pn 2 0,00,1]
1 1
< fnoen—uoen) lgnlz||  + o en—uop) ez |
1 1
Huow (lent =119) |
]. 1 1
< up, —u + VO ||[(wo @, —uo + ——=lullo,r sup ||y, |2 — [¢'|2
lin = wlor, + V2l (0 on = w0 )lo o + =l [071]\\son| ¥l
1
<l =l + V2o o = o Dl + 57 lullor suplh = (29)

11



% < r < 1, by Theorem 1. The theorem follows from Corollary 1 and the compactness of the

injection of H'(B) into H"(B). ]

Last, we establish the following more general continuity result. It concerns a general boundary

cost functional of the form

T(Q, ) = /F fz,u(z))do (30)

where f is a real continuous function defined in R? x R (or R? x C if u is allowed to take complex

values) such that

[flzuw)] < C(1+ |uf?) (31)

for all z and u, C being a positive constant. Note that it follows from (31) that J is well defined
on F.

Theorem 3 Under the above assumptions, J is continuous on F with the topology induced by the
convergence defined in (9).

Proof :

Taking the same sequence (€2, u,,) as in the beginning of the proof of Theorem 2, we can write
J(Qn, up)1(n) + Iz(n) + J(Q,u)

where

1) = [ 1 Gon(®).unon(0) = 0. uliolO))] 4,0
B = [ 7ot ule®) (0] - 1¢0)) .

I5(n) is easy to estimate. Indeed, obviously,

1
LI <€ [0+ O plel .
S0,
im Ix(n) = 0.
To treat I;1(n) , we need the following lemma which improves Corollary 1.

Lemma 2 Let (p,) C Uyq be a sequence such that ¢, — @ € Uyq in the sense of (6), and let
u, up, € HY(B) such that u,, converges weakly to w in H'(B). Then, uy, o ¢, — wo ¢ in L*([0,1]).

Proof :
We have
[un 0 on —uo ‘PHo,[o,l] < lupopn —uo ‘Pn”o,[o,u + luopn —uo ‘PHo,[o,l]
< =l + I )l
—— |y, —u UO Y, —UO
= Jo; 0.y Pn ¥)1lo,[0,1]
K
< \/7071 [un — “HT,B + l(uo@n —uo ‘P)Ho,[og} )

12



Iy = T'(en), % < r < 1, by Theorem 1. Thus, the lemma follows from Corollary 1 and the

compactness of the canonical injection of H'(B) into H"(B). |

End of proof of Theorem 3: Since u, o ¢, — uo ¢ in L?([0,1]), there exists a subsequence
Un,, © ¢n, and v € L%([0,1]) such that (see[7])

Uny, © Pn, — UO @, a.e.and |uy, o on, | < v, ae. (32)

Consider now I;(ny). We have :

o [f (pni (1), uny (o, (1)) — f (0(2), ulep(£))) ] lsph, (B)| — O, ace.
® 1 f (@ (8)s tny (00, (1)) = f (0(t), ulp())] [ion, (D] < C2C(2 + v(t)? + Ju(p(t) ), a.e.

So, it follows from the Lebesgue convergence theorem that I1(ng) — 0. However, this does not al-
low us to conclude. Therefore, consider limJ (£2,,, uy,). Since (J (25, uy)) is a bounded real sequence,

this limit exists and is equal to lim J (£, , u,, ) for some subsequence. Now,
HmJ(Qy,, up) = Um J(Qy,, , up, ) = lim J(Q”kz , unkl)

where (ny,) is such that the subsequence Uny, © Pny, satisfies (32). Hence, by the argument given

above,

LmJ (Qn, up) = Hm J (O, uny, ) = J(Q, u).
Of course, the same argument works for imJ (2, u,), and this proves the theorem. [
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