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QUESTIONS ON SURFACE BRAID GROUPS

PAOLO BELLINGERI AND EDDY GODELLE

Abstract. We provide new group presentations for surface braid groups which are positive. We
study some properties of such presentations and we solve the conjugacy problem in a particular
case.

1. Introduction and Motivation

Let Σg,p be an orientable surface of genus g with p boundary components. For instance, Σ0,0

is the 2-sphere, Σ1,0 is the torus, and Σ0,1 corresponds to the disk.
A geometric braid on Σg,p based at P is a collection B = (ψ1, . . . , ψn) of n ≥ 2 paths from

[0, 1] to Σg,p such that ψi(0) = Pi, ψi(1) ∈ P and {ψ1(t), . . . , ψn(t)} are distinct points for all
t ∈ [0, 1]. Two braids are considered as equivalent if they are isotopic. The usual product of paths
defines a group structure on the equivalence classes of braids. This group doesnot depend, up
to isomorphism, on the choice of P . It is called the (surface) braid group on n strands on Σg,p

and denoted by Bn(Σg,p). The group Bn(Σ0,1) is the classical braid group Bn on n strings. Some
elements of Bn(Σg,p) are shown in Figure 1. The braid σi corresponds to the standard generator of
Bn and it can be represented by a geometric braid on Σg,p where all the strands are trivial except
the i-th one and the (i+1)-th one. The i-th strand goes from Pi to Pi+1 and the (i+1)-th strand
goes from Pi+1 to Pi according to Figure 1. The loops δ1, . . . , δp+2g−1 based on P1 in Figure 1
represent standard generators of π1(Σg,p). By its definition, B1(Σg,p) is isomorphic to π1(Σg,p).
We can also consider δ1, . . . , δp+2g−1 as braids on n strands on Σ, where last n − 1 strands are
trivial.

It is well known since E. Artin ([2]) that the braid group Bn has a positive presentation (see
for instance [17] Chapter 2 Theorem 2.2), i.e. a group presentation which involves only generators
and not their inverses. Hence one can associate a (braid) monoid B+

n with the same presentation,
but as a monoid presentation. It turns out that the braid monoid B+

n is a Garside monoid (see
[8]), that is a monoid with a good divisibility structure, and that the braid group Bn is the group
of fractions of the monoid B+

n . As a consequence, the natural morphism of monoids from B+
n to

Bn is into, and we can solve the word problem, the conjugacy problem and obtain normal forms
in Bn(see [4, 6, 8, 10, 12]). These results extend to Artin-Tits groups of spherical type which are
a well-known algebraic generalization of the braid group Bn ([4, 6, 8, 10]).
In the case of surface braid groups Bn(Σg,p), some group presentations are known but they are
not positive. Furthermore, questions as the conjugacy problem are not solved in the general case.
The word problem in surface braid groups is known to be solvable (see [14]) even if algorithms are
not as efficient as the ones proposed for the braid group Bn.
In this note we provide positive presentations for Bn(Σg,p) and we address questions related to
the conjugacy problem of surface braid groups. We do not discuss the case of Bn(Σ0,0), the braid
group on the 2-sphere; this is a particular case with specific properties. For instance if Σ is an
oriented surface, the surface braid group Bn(Σ) has torsion elements only and only if Σ is the
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2 PAOLO BELLINGERI AND EDDY GODELLE

2-sphere (see [13] page 277, [11] page 255, and [19] proposition 1.5).
In Section 2 and 3 we focus on braid groups on surfaces with boundary components and without
boundary components respectively. In Section 4, we investigate the special case of B2(Σ1,0) and
we solve the word problem and the conjugacy problem for this group.
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Figure 1: some braid elements

2. Braid groups on surfaces with boundary components

In this section we investigate braid groups on oriented surfaces with a positive number of
boundary components. Our first objective is to prove Theorem 2.1:

Theorem 2.1. Let n and p be positive integers. Let g be a non negative integer. Then, the group
Bn(Σg,p) admits the following group presentation:
• Generators: σ1, . . . , σn−1, δ1, · · · , δ2g+p−1;
• Relations:
-Braid relations:
(BR1) σi σj = σj σi for |i− j| ≥ 2;
(BR2) σi σi+1 σi = σi+1 σi σi+1 for 1 ≤ i ≤ n− 1.

- Commutative relations between surface braids:
(CR1) δrσi = σiδr for i 6= 1; 1 ≤ r ≤ 2g + p− 1;
(CR2) δrσ1δrσ1 = σ1δrσ1δr 1 ≤ r ≤ 2g + p− 1;
(CR3) δrσ1δrδsσ1 = σ1δrδsσ1δr for 1 ≤ r < s ≤ 2g + p− 1 with

(r, s) 6= (p+ 2i, p+ 2i+ 1), 0 ≤ i ≤ g − 1.
- Skew commutative relations on the handles:
(SCR1) σ1δr+1σ1δrσ1 = δrσ1δr+1 for r = p+ 2i where 0 ≤ i ≤ g − 1.

The above presentation can be compared to the presentation of Bg,n given in [15] page 18.

Proof. Let us denote by ˜Bn(Σg,p) the group defined by the presentation given in Theorem 2.1. We

prove that the group ˜Bn(Σg,p) is isomorphic to the group Bn(Σg,p) using the presentation given in
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Theorem A.1. Let ψ : {σ1, . . . , σn−1, a1, . . . , ag, b1, . . . , bg, z1, . . . , zp−1} → {σ1, . . . , σn−1, δ1, · · · ,

δ2g+p−1} be the set-map defined by ψ(σi) = σi for i = 1, . . . , n − 1, ψ(ar) = δ−1
p+2(r−1), ψ(br) =

δ−1
p+2(r−1)+1 for r = 1, . . . , g and ψ(zj) = δ−1

j for j = 1, . . . , p− 1. We claim that ψ extends to a

homomorphism of groups ψ : Bn(Σg,p) → ˜Bn(Σg,p). We have to verify that the image by ψ of the

braid relations and of the relations of type (R1)-(R8) are true in ˜Bn(Σg,p). It is enough to verify
that

σ−1
1 δ−1

r σ1δ
−1
s = δ−1

s σ−1
1 δ−1

r σ1(†)

for 1 ≤ r < s ≤ 2g + p − 1 and (r, s) 6= (p + 2k, p + 2k + 1) which corresponds to the image by

ψ in ˜Bn(Σg,p) of the relations of type (R3), (R6) and (R7); the other cases are true as they are

relations of the presentation of ˜Bn(Σg,p).

The relations of type (CR3) can be written δrσ1δrδs = σ1δrδsσ1δrσ
−1
1 . From the relations of type

(CR1) we deduce that, in ˜Bn(Σg,p), the equalities δrσ1δrδs = δrσ1δrσ1σ
−1
1 δs = σ1δrσ1δrσ

−1
1 δs

holds. Hence we obtain σ1δrδsσ1δrσ
−1
1 = σ1δrσ1δrσ

−1
1 δs. From this equality, we derive that

δsσ1δrσ
−1
1 = σ1δrσ

−1
1 δs, and finally we get the relations (†).

On the other hand, consider ψ the set-map defined from {σ1, . . . , σn−1, δ1, · · · , δ2g+p−1} to

{σ1, . . . , σn−1, a1, . . . , ag, b1, . . . , bg, z1, . . . , zp−1} by ψ(σi) = σi for i = 1, . . . , n − 1, ψ(δj) = z−1
j

for j = 1, . . . , p − 1, ψ(δp+2(r−1)) = a−1
r and ψ(δp+2(r−1)+1) = b−1

r for r = 1, . . . , g. We prove

that ψ extends to an homomorphism of groups from ˜Bn(Σg,p) to Bn(Σg,p). Since braid relations

and the images by ψ of the relations of type (ER), (CR1) and (CR2) are verified, it suffices to
check that the equalities corresponding to relations of type (CR3) hold in Bn(Σg,p). We verify
that the equality a−1

r σ1a
−1
r a−1

s σ1 = σ1a
−1
r a−1

s σ1a
−1
r for (1 ≤ r > s ≤ g) holds in Bn(Σg,p). The

other cases can easily be verified by the reader. From the relations of type (R2), it follows that
a−1

r σ1a
−1
r = σ1a

−1
r σ1a

−1
r σ−1

1 ; thus we have a−1
r σ1a

−1
r a−1

s σ1 = σ1a
−1
r σ1a

−1
r σ−1

1 a−1
s σ1. Applying

relations of type (R3) we deduce that a−1
r σ−1

1 a−1
s σ1 = σ−1

1 a−1
s σ1a

−1
r and therefore the equalities

a−1
r σ1a

−1
r a−1

s σ1 = σ1a
−1
r a−1

s σ1a
−1
r hold in Bn(Σg,p). Then, the morphism ψ from ˜Bn(Σg,p) to

Bn(Σg,p) is well defined and it is the inverse of ψ. Hence, Bn(Σg,p) is isomorphic to ˜Bn(Σg,p). 2

We remark that the presentation given in Theorem 2.1 is positive and has less types of relations
than the presentation given in Theorem A.1.

Lemma 2.2. Let G be a group and let σ, δ, δ′ be in G.
(i) If (a) δ(σδδ′σ) = (σδδ′σ)δ, (b) σδσδ = δσδσ and (c) σδ′σδ′ = δ′σδ′σ then δ′(σδδ′σ) =
(σδδ′σ)δ′.
(ii) If (a) δ(σδδ′σ) = σ(δδ′σδ), (b) δ′(σδδ′σ) = (σδδ′σ)δ′ and (c) σδ′σδ′ = δ′σδ′σ then σδσδ =
δσδσ.
(iii) In the presentation of Theorem 2.1, we can replace relation (CR3) by:
(CR3′) δsσ1δrδsσ1 = σ1δrδsσ1δs
for 1 ≤ r < s ≤ 2g + p− 1 with (r, s) 6= (p+ 2i, p+ 2i+ 1), 0 ≤ i ≤ g − 1.

Proof. (i) Assume (a) δσδδ′σ = σδδ′σδ, (b) σδσδ = δσδσ and (c) σδ′σδ′ = δ′σδ′σ. Then,

δ′σδδ′σ = δ−1σ−1σδδ′σδδ′σ = δ−1σ−1δσδδ′σδ′σ = δ−1σ−1δσδσδ′σδ′ = δ−1σ−1σδσδδ′σδ′ =

σδδ′σδ′.

(ii) Assume (a) δ(σδδ′σ) = σ(δδ′σδ), (b) δ′(σδδ′σ) = (σδδ′σ)δ′ and (c) σδ′σδ′ = δ′σδ′σ. Then
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σδσδ = σδδ′σδ(δ′σδ)−1σδ = δσδδ′σδ−1σ−1δ′
−1
σδ = δσδ(σδ′σδ′σ−1δ′

−1
)δ−1σ−1δ′

−1
σδ =

δσδσδ′σδ′δ′
−1
σ−1δ′

−1
δ−1σ−1σδ = δσδσ.

(iii) is a consequence of (i). 2

Since the relations of the presentation of Bn(Σg,p) are positive, one can define a monoid with

the same presentation but as a monoid presentation. It is easy to see that the monoid we obtain

doesnot inject in Bn(Σg,p), even if we add the relations of type (CR3′) to the presentation given

in Theorem 2.1. In fact the following relations,

(CR3)k δrσ1δrδ
k
sσ1 = σ1δrδ

k
sσ1δr

for 1 ≤ r < s ≤ 2g + p− 1 with (r, s) 6= (p+ 2i, p+ 2i+ 1), 0 ≤ i ≤ g − 1 and k ∈ N∗, and

(CR3′)k δsσ1δ
k
r δsσ1 = σ1δ

k
r δsσ1δs

for 1 ≤ r < s ≤ 2g + p − 1 with (r, s) 6= (p + 2i, p+ 2i+ 1), 0 ≤ i ≤ g − 1 and k ∈ N∗, are true

in Bn(Σg,p) for each positive integer k, but they are false in the monoid for k greater than 1: no

relation of the presentation can be applied to the left side of the equalities. Then starting from

the left side of the equality for k > 1, we cannot obtain the right side of the equality by using the

relations of the monoid presentation only.

Question 1. Let B∗

n(Σg,p) be the monoid defined by the presentation of Theorem 2.1 with the

extra relations (CR3)k, (CR3′)k for k ∈ N∗. Is the canonical homomorphism ϕ from B∗

n(Σg,p) to

Bn(Σg,p) into ?

We remark that we can define a length function ℓ on B∗

n(Σg,p): if F ∗ is the free monoid based on

σ1 · · · , σn−1, δ1, · · · , δ2g, if l : F → N is the canonical length function and if w 7→ w is the canon-

ical morphism from F ∗ onto B∗

n(Σg,p) then, for each g in B∗

n(Σg,p), one has sup{l(w) | w ∈ F ∗ ;

w = g} < +∞; furthermore if we set ℓ(g) = sup{l(w) | w ∈ F ∗}, then for g1, g2 in B∗

n(Σg,p) we

have ℓ(g1g2) ≤ ℓ(g1) + ℓ(g2).

Now, let us consider the particular case of planar surfaces.

Proposition 2.3. Let n, p be positive integers with n ≥ p−1. Let I ⊂ {1, · · · , n} with Card(I) =

p− 1.

Then Bn(Σ0,p) admits the following presentation:

• Generators : σ1, · · · , σn−1 and ρi for i ∈ I;

• Relations:
(BR1) σi σj = σj σi for 1 ≤ i, j ≤ n− 1 with |i− j| ≥ 2;
(BR1)′ ρrρs = ρsρr r, s ∈ I, r 6= s;
(BR1)′′ ρrσi = σiρr r ∈ I; 1 ≤ i ≤ n− 1, i 6= r − 1, r.
(BR2) σi σi+1 σi = σi+1 σi σi+1 for 1 ≤ i ≤ n− 1;
(BR3) σiρrσiρr = ρrσiρrσi r ∈ I, i = r, r − 1;
(BR3)′ (σr−1σr)ρrσr−1ρr = ρr(σr−1σr)ρrσr−1 r ∈ I ; r 6= 1, n.
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Proof. Consider the presentation of Theorem 2.1. Let I = {r1 < r2 · · · < rp−1} and set ρrj
=

(σr−1 · · ·σ1)δp−j(σr−1 · · ·σ1)
−1. Relations (BR1)′′ are equivalent to relations (CR1) with i 6= r,

by using braid relations. Using (CR2), we get (BR1)′ ⇐⇒ (CR3). Using braid relations

(BR1) and (BR2), the relations (CR2) are equivalent to relations (BR3) by conjugation by

(σr−1σr) · · · (σ1σ2) and (σr−2σr−1) · · · (σ1σ2) when i = r−1 and i = r respectively . Now consider

the relation (CR1) for i = r. By conjugation by σr−1 · · ·σ1, we get σr−1σrσ
−1
r−1ρr = ρrσr−1σrσ

−1
r−1

and, then σr−1σrρrσr−1 = σrρrσr−1σr . It follows that the relations of type (CR1) for i = r is

equivalent to the relation σr−1σrρrσr−1 = σrρrσr−1σr. This last relation is equivalent to relation

(BR3)′ using relation (BR3):
σr−1σrρrσr−1 = σrρrσr−1σr ⇐⇒ σr−1σrρrσr−1ρrσr−1 = σrρrσr−1σrρrσr−1 ⇐⇒

σr−1σrσr−1ρrσr−1ρr = σrρrσr−1σrρrσr−1 ⇐⇒ σrσr−1σrρrσr−1ρr = σrρrσr−1σrρrσr−1 ⇐⇒

σr−1σrρrσr−1ρr = ρrσr−1σrρrσr−1.

2

Corollary 2.4. ([1] Table 1.1)

Bn(Σ0,3) is isomorphic to the Affine Artin group of type B̃(n+ 1) for n ≥ 2.

Proof. We apply Proposition 2.3 with I = {1, n}. 2

Recall that a monoid M is cancellative if the property “∀x, y, z, t ∈M, (xyz = xtz) ⇒ (y = t)”

holds in M .

Question 2. Let B+
n (Σ0,p) the monoid defined by the presentation given in Proposition 2.3, con-

sidered as a monoid presentation.

(i) Is the monoid B+
n (Σ0,p) cancellative ?

(ii) is the natural homomorphism from B+
n (Σ0,p) to Bn(Σ0,p) injective ?

For p = 1 and p = 2, the groups Bn(Σ0,p) are isomorphic to the braid group Bn and the

Artin-Tits group of type B respectively. Hence, the answer to above questions are positive. In

the case of Bn(Σ0,3), the answers are also positive (see [7] and [18]). Note that the relations of

the presentation of Bn(Σ0,p) are homogeneous. Therefore we can define a length function ℓ on

B+
n (Σ0,p) such that ℓ(g1g2) = ℓ(g1) + ℓ(g2) for every g1, g2 ∈ B+

n (Σ0,p).

3. Braid groups on closed surfaces

In this section, we consider braid groups on closed surfaces, that is without boundary compo-

nents. In particular, we prove Corollaries 3.2 and 3.3.

Proposition 3.1. Let n, g be positive integers. The group Bn(Σg,0) admits the following presen-

tation:

• Generators: σ1 · · · , σn−1, δ1, · · · , δ2g;
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• Relations

-Braid relations:
(BR1) σiσj = σjσi for |i− j| ≥ 2.
(BR2) σiσi+1σi = σi+1σiσi+1 1 ≤ i ≤ n− 1;

-Commutative relation between surface braids:

(CR1) σiδr = δrσi 3 ≤ i ≤ n− 1; 1 ≤ r ≤ 2g;
(CR4) σ1δ

2
r = δ2rσ1 1 ≤ r ≤ 2g;

σ2δ2r−1σ2 = δ2r−1σ2σ1 1 ≤ r ≤ 2g;
σ1δ2rσ2 = σ2δ2rσ1 1 ≤ r ≤ 2g;

-Skew commutative relations on the handles:

(SCR2) σ1δrδr+2sσ1 = δr+2sδr 1 ≤ r < r + 2s ≤ 2g;

(SCR3) δ2rσ1δ2s−1δ2rσ1 = δ2s−1δ
2
2r 1 ≤ s ≤ r ≤ g;

σ1δ2sδ2r−1σ1δ2s = δ22sδ2r−1 1 ≤ s < r ≤ g;

-Relation associated to the fundamental group of the surface:

(FGR) (σ2 · · ·σn−2σ
2
n−1σn−2 · · ·σ2)σ1δ1δ2 · · · δ2gσ1 = δ2g · · · δ2δ1.

Proof. Starting from the presentation of Theorem A.2, we set σi = θ−1
i , δ2r = b2rθ

−1
1 and δ2r−1 =

θ1b
−1
2r−1; we obtain easily the required presentation. 2

Corollary 3.2. Let n and g be positive integers with g ≥ 2. Then, the group Bn(Σg,0) admits the

following group presentation:

• Generators: σ1, . . . , σn−1, δ1, · · · , δ2g;

• Relations:

-Braid relations:
(BR1) σi σj = σj σi for 1 ≤ i, j ≤ n− 1 with |i− j| ≥ 2;
(BR2) σi σi+1 σi = σi+1 σi σi+1 for 1 ≤ i ≤ n− 1.

- Commutative relations between surface braids:

(CR1) δrσi = σiδr for 2 < i; 1 ≤ r ≤ 2g;
(CR4) δ2rσ1 = σ1δ

2
r for 1 ≤ r ≤ 2g;

σ2δ2r−1σ2 = δ2r−1σ2σ1;
σ1δ2rσ2 = σ2δ2rσ1;

(CR5) (δ2rσ1)(δ2s−1δ2s) = (δ2s−1δ2s)(δ2rσ1) 1 ≤ s < r ≤ g;
(σ1δ2r)(δ2sδ2s−1) = (δ2sδ2s−1)(σ1δ2r) 1 ≤ r < s ≤ g;
(δ2rσ1)(δ2r−1δ2s) = (δ2r−1δ2s)(δ2rσ1) 1 ≤ s < r ≤ g;
(σ1δ2r−1)(δ2s−1δ2r) = (δ2s−1δ2r)(σ1δ2r−1) 1 ≤ r < s ≤ g;

-Skew commutative relations on the handles

(SCR2) σ1δrδr+2sσ1 = δr+2sδr 1 ≤ r < r + 2s ≤ 2g;

-Relation associated to the fundamental group of the surface

(FGR) (σ2 · · ·σn−2σ
2
n−1σn−2 · · ·σ2)σ1δ1δ2 · · · δ2gσ1 = δ2g · · · δ2δ1.

Corollary 3.3. Let n be positive integer. Then, the group Bn(Σ1,0) admits the following group

presentation:

• Generators: σ1, . . . , σn−1, δ1, δ2;
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• Relations:

-Braid relations:
(BR1) σi σj = σj σi for |i− j| ≥ 2;
(BR2) σi σi+1 σi = σi+1 σi σi+1 for 1 ≤ i ≤ n− 1.

-Commutative relations between surface braids:

(CR1) δrσi = σiδr for 2 < i; r = 1, 2;
(CR4) δ2rσ1 = σ1δ

2
r r = 1, 2;

σ2δ1σ2 = δ1σ2σ1;
σ1δ2σ2 = σ2δ2σ1;

-Skew commutative relations on the handles:

(SCR4) δ2σ1δ1δ2σ1 = δ1δ
2
2;

-Relation associated to the fundamental group of the surface:

(FGR) (σ2 · · ·σn−2σ
2
n−1σn−2 · · ·σ2)σ1δ1δ2σ1 = δ2δ1.

Corollary 3.3 is a special case of Proposition 3.1 when g = 1. When g ≥ 2, Corollary 3.2 follows

from Proposition 3.1 using Lemma 3.4 below.

Lemma 3.4. (i) Let G be a group and σ, δ1, δ2, δ
′

1, δ
′

2 be in G such that a) σδ2i = δ2i σ for i = 1, 2;

b) σδ′2i = δ′2iσ for i = 1, 2; c) gδ′2δ2g = δ2δ
′

2 and d) gδ′1δ1g = δ1δ
′

1. Then,

(i) δ2σδ
′

1δ2σ = δ′1δ
2
2 ⇐⇒ δ2σδ

′

1δ
′

2 = δ′1δ
′

2δ2σ ⇐⇒ δ1δ2σδ
′

1 = σδ′1δ1δ2.

(ii) δ2σδ1δ2σ = δ1δ
2
2 ⇐⇒ δ2σδ1δ

′

2 = δ1δ
′

2δ2σ.

(iii) δ′2σδ
′

1δ
′

2σ = δ′1δ
′2
2 ⇐⇒ δ1δ

′

2σδ
′

1 = σδ′1δ1δ
′

2.

Proof. We prove under the hypothesis that δ2σδ
′

1δ2σ = δ′1δ
2
2 ⇐⇒ δ2σδ

′

1δ
′

2 = δ′1δ
′

2δ2σ. The other

cases are similar.

δ2σδ
′

1δ2σ = δ′1δ
2
2 ⇐⇒ δ2σδ

′

1δ2 = δ′1δ
2
2σ

−1 ⇐⇒ δ2σδ
′

1δ2 = δ′1σ
−1δ22 ⇐⇒ δ2σδ

′

1 = δ′1σ
−1δ2 ⇐⇒

δ2σδ
′

1δ
′

2 = δ′1σ
−1δ2δ

′

2 ⇐⇒ δ2σδ
′

1δ
′

2 = δ′1δ
′

2δ2σ.

2

Lemma 3.5. Let n, g be positive integers. Consider the group Bn(Σg,0) and the presentation of

Proposition 3.1. Then, for every 1 ≤ r, s ≤ g,

δ2s−1δ
2
2rδ2s−1 = δ2rδ

2
2s−1δ2r.

Proof. Let 1 ≤ s ≤ r ≤ g. From the relations of type (SCR3) and the relations of the first

type of (CR4), it follows δ2s−1δ2rσ1δ2s−1δ2rσ1 = δ22s−1δ
2
2r = σ1δ2s−1δ2rσ1δ2s−1δ2r. Hence,

δ22s−1δ2rδ
−1
2s−1 = σ1δ2s−1δ2rσ1 = δ−1

2r δ2s−1δ
2
2r and then δ2s−1δ

2
2rδ2s−1 = δ2rδ

2
2s−1δ2r.

If 1 ≤ r < s ≤ g then we proceed in the same way, using that σ1δ2sδ2r−1σ1δ2s = δ22sδ2r−1. 2

Question 3. Consider the monoids defined by the presentation given in Theorem 3.1, Corollary

3.2 or in Corollary 3.3. Are they cancellative ? do they embed in Bn(Σg,0) ?
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4. Braid group on two strands on the torus

4.1. The word problem and the conjugacy problem. In this section we solve the word

problem and the conjugacy problem for the special case when g = 1 and n = 2 by using a

presentation derived from the one obtained in the previous section.

As a consequence of Corollary 3.3 we have:

Corollary 4.1. B2(Σ1,0) admits the group presentation:

B2(Σ1,0 = 〈σ1, δ1, δ2 | δ21σ1 = σ1δ
2
1 ; δ

2
2σ1 = σ1δ

2
2 ; δ2σ1δ1δ2σ1 = δ1δ

2
2 ;σ1δ1δ2σ1 = δ2δ1〉.

Lemma 4.2. Let G be group and σ1, δ1, δ2 be in G such that a) δ21σ1 = σ1δ
2
1 ; b) δ22σ1 = σ1δ

2
2 ;

c) σ1δ1δ2σ1 = δ2δ1. Then δ2σ1δ1δ2σ1 = δ1δ
2
2 ⇐⇒ (δ21δ2 = δ2δ

2
1 and δ22δ1 = δ1δ

2
2).

Corollary 4.3. ([17], Chapter 11, Exercises 5.2 and 6.3) The group B2(Σ1,0) admits the two

following group presentations:

B2(Σ1,0) = 〈σ1, δ1, δ2 | δ21σ1 = σ1δ
2
1 ; δ22σ1 = σ1δ

2
2 ; δ21δ2 = δ2δ

2
1 ; δ22δ1 = δ1δ

2
2 ;σ1δ1δ2σ1 = δ2δ1〉.

B2(Σ1,0) = 〈a, b, c | a2b = ba2; b2a = ab2; a2c = ca2; b2c = cb2; a2b2 = c2〉.(‡)

Proof. (i) follows from Corollary 4.1 and Lemma 4.2. For ii), we set a = δ2, b = δ1 and c = δ2δ1σ
−1
1

as suggested in [17] Chapter 11, Exercise 6.3. 2

Using the presentation (‡), we are able to solve the word problem and the conjugacy problem

in B2(Σ1,0). Considering (‡), for x = a, or x = b we can define a weight homomorphism of groups

ℓx̂ : B2(Σ1,0) → Z such that ℓx̂(x) = 0 and ℓx̂(y) = 1 for y ∈ {a, b, c} and y 6= x.

In the following we denote by F (a, b, c) the free group based on {a, b, c}. We denote by W (a, b, c)

the Coxeter group associated to F (a, b, c) and defined by W (a, b, c) = 〈a, b, c | a2 = b2 = c2 = 1〉.

If w is in F (a, b, c) we denote by w its image in B2(Σ1,0). Considering (‡), there exists a morphism

p : B2(Σ1,0) → W (a, b, c) that sends x ∈ {a, b, c} on x. Note that the canonical morphism from

F (a, b, c) onto W (a, b, c) factorises through p.

We denote by La,b the set-map from B2(Σ1,0) to F (a, b, c) defined by La,b(g) = aℓ
b̂
(g)bℓâ(g) for g

in B2(Σ1,0). If w is in F (a, b, c), we write, by abuse of notation, p(w) and La,b(w) for p(w) and

La,b(w) respectively.

Proposition 4.4. (i) The center Z(B2(Σ1,0)) of the group B2(Σ1,0) is a free Abelian group based

on a2 and b2. Furthermore, for each element g of Z(B2(Σ1,0)), the word La,b(g) is a representing

element of g.

(ii) The group B2(Σ1,0) is a central extension of W (a, b, c).

In other words, the sequence 1 → Z(B2(Σ1,0)) → B2(Σ1,0) →W (a, b, c) → 1 is exact.

Proof. We remark that the presentation (‡) implies that a2, b2 and c2 are in Z(B2(Σ1,0)) and

that W (a, b, c) = B2(Σ1,0)/a
2 = b2 = 1. Since the center of W (a, b, c) is trivial, (ii) follows. As a
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consequence, we get that a2 and b2 generated the Abelian group Z(B2(Σ1,0)). Now, let g belong to

Z(B2(Σ1,0)). Each word w that represents g and written on the letters a2, b2, and their inverses,

can be modify in order to obtain La,b(g) by using the relations a2b2 = b2a2 and the relations of

a2 and b2 with their respective inverses. Hence, Z(B2(Σ1,0)) is a free Abelian group based on a2

and b2.

2

Corollary 4.5. Let w be in F (a, b, c); then w = 1 ⇐⇒ ( La,b(w) = 1 and p(w) = 1 ).

Proof. Assume La,b(w) = 1 and p(w) = 1. Since p(w) = 1, the element w is in the center of

B2(Σ1,0). But in that case, La,b(w) = 1 represents w. Then w = 1. 2

Corollary 4.6. The word problem in B2(Σ1,0) is solvable.

Proof. The word problem is solvable in the free group F (a, b, c) and in the Coxeter groupW (a, b, c).

Then the claim follows from Corollary 4.5. 2

Corollary 4.7. Let g, h be in F (a, b, c); then, g = h ⇐⇒ p(g) = p(h) and La,b(g) = La,b(h).

Proof. Assume p(g) = p(h) and La,b(g) = La,b(h). Then the element gh
−1

is in the center of

B2(Σ1,0). Since La,b(g) = La,b(h) it follows that ℓâ(g) = ℓâ(h) and ℓ
b̂
(g) = ℓ

b̂
(h). Therefore

La,b(gh
−1) = 1 and thus g = h. 2

We denote by F+(a, b, c) the free monoid based on {a, b, c}. It is a submonoid of F (a, b, c). If

w is in W (a, b, c), there exists a unique element [w] in F+(a, b, c) of minimal length such that its

image in W (a, b, c) is w. By construction, for each w in W (a, b, c) the element p([w]) is equal to

w. As a consequence, the map sending each w in W (a, b, c) on [w] is injective. For short, we will

write [w] for [w].

Corollary 4.8. (i) Let g, h be in B2(Σ1,0); then,

(∃r ∈ B2(Σ1,0), rgr
−1 = h) ⇐⇒ (La,b(g) = La,b(h) and ∃w ∈W (a, b, c), wp(g)w−1 = p(h)).

Furthermore, if the right side holds, then [w]g[w]−1 = h.

Proof. The side “⇒” is clear with w = p(r). Assume conversely that La,b(g) = L(a, b)(h) and

∃w ∈ W (a, b, c), wp(g)w−1 = p(h). Since wp(g)w−1 = p(h), we have p([w]g[w]−1) = p(h). But

La,b([w]g[w]−1) = La,b(g) = La,b(h) and [w]g[w]−1 = h by Corollary 4.7. 2

Corollary 4.9. The conjugacy problem in B2(Σ1,0) is solvable.

Proof. The conjugacy problem is solvable in each Coxeter group (see [16]). 2
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4.2. The Garside method and complete presentation. In order to solve the word problem

and the conjugacy problem in B2(Σ1,0), we can try to use the method used by Garside to solve the

word problem and the conjugacy problem, that is to find a Garside structure for B2(Σ1,0). Let us

remark that surface braid groups on surfaces of genus greater than 1 have trivial center (see [19])

and then they cannot be Garside groups. Recall that in a monoid M we say that a left-divides

b if b = ac for some c in M . We say, in a similar way, that a right-divides b when b = ca for

some c in M . An element ∆ of M is said to be balanced when its set of left-divisors is equal to

its set of right-divisors. We denote by B+
2 (Σ1,0) the monoid defined by the presentation (‡), but

considered as a monoid presentation. Then in B+
2 (Σ1,0) the element c2 is balanced. Furthermore

its set D(c2) of divisors generates B+
2 (Σ1,0). Nevertheless, B+

2 (Σ1,0) fails to be a Garside monoid

with c2 for Garside element (see [8] for a definition) because it is not a lattice for left-divisibility:

a and b have two distinct minimal common multiples, namely ab2 and ba2. Anyway, as shown in

[8] Section 8, part of the results established for Garside groups still hold, as we will see in Lemma

4.10.

Let ι : B+
2 (Σ1,0) → B2(Σ1,0) be the canonical homomorphism of monoids. By abuse of notation,

we denote by ℓâ and ℓ
b̂
the morphisms ℓâ◦ι and ℓ

b̂
◦ι respectively. We remark that z 7→ z factorises

through ι. By abuse of notation, we denote by z 7→ z and by w 7→ [w] the factorizations. Then

we have w = ι(w). As before, we write [w] for [w] ∈ B+
2 (Σ1,0). We remark that Corollary 4.5 and

4.6 still hold if we consider w in B+
2 (Σ1,0) and g, h in B+

2 (Σ1,0). As a consequence, we have the

following result:

Lemma 4.10. (i) B+
2 (Σ1,0) is cancellative and the canonical morphism ι : B+

2 (Σ1,0) → B2(Σ1,0)

is into.

(ii) ∀G ∈ B2(Σ1,0), ∃!j ∈ Z, ∃!g ∈ B+
2 (Σ1,0) such that G = c−2jι(g) and c2 doesnot divide g.

Proof. (i) Let h, g1, g2 be in B+
2 (Σ1,0) such that hg1 = hg2. Then ℓâ(hg1) = ℓâ(h) + ℓâ(g1) and

ℓâ(hg2) = ℓâ(h) + ℓâ(g2). Hence we have ℓâ(g1) = ℓâ(g2). In the same way we get ℓ
b̂
(g1) = ℓ

b̂
(g2),

and also p(g1) = p(g2) in the group W (a, b, c). Then g1 = g2. We proceed in the say way

if g1h = g2h. The other results are consequences of the Garside like structure as proved in

Proposition 8.10 of [8]. 2

In the following, we identify B+
2 (Σ1,0) with its image in B2(Σ1,0). In order to solve the word

problem in B2(Σ1,0), it is then enough to solve the words problem in B+
2 (Σ1,0). Then, using the

following proposition, we obtain another solution to the word problem.

Proposition 4.11. Let g be in B+
2 (Σ1,0); then, there exist a unique pair (h, l) in N2, and a unique

w in W (a, b, c) such that g = a2kb2l[w].

Proof. Since c2 = a2b2 and that a2, b2 are in the center of Z(B+
2 (Σ1,0)), it follows that we can

write g = a2kb2l[w] with k, l in N and w in W (a, b, c). Assume that g = a2ib2j [z] for some i, j in
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N and z in W (a, b, c). We have (1) w = p(g)z and then [w] = [z]; (2) k =
ℓ

b̂
(g)−ℓ

b̂
([w])

2 = i; (3)

l = ℓâ(g)−ℓâ([w])
2 = j. Then the decomposition of g = a2kb2l[w] is unique. 2

If we want to solve the conjugacy problem by using the idea of Garside, we need to understand

the normal form of B+
2 (Σ1,0) as defined in Definition 7.2 of [8]. This lead us to the notion of

complete presentation as defined in [9]. Let S be a finite set, and S∗ be the free monoid based

on S. We denote by ǫ the empty word. Let B be a monoid with presentation (S,R). We write

w ≡ w′ if the word w,w′ of S∗ have the same image in B. Let w,w′ be two words in (S ∪ S−1)∗,

where S−1 is a disjoint copy of S. We say that w reverses in w′, and write w y w′ if w′ is obtained

from w by a finite sequence of the following steps: deleting some u−1u for some u ∈ S or replacing

some subword u−1v where u, v are in S, with a a word v′u′
−1

such that uv′ = vu′ is a relation of

R.

Definition 1 ([9] Definition 2.1 and Proposition 3.3). Let B be a monoid with presentation (S,R).

We say that the presentation (S,R) is complete if

∀u, v ∈ S∗, (u ≡ v ⇐⇒ u−1v y ǫ).

For instance the classical presentation of each Artin-Tits monoid is complete. The definition

of complete presentation is easy to understand. Nevertheless, it is not easy to verify that a given

presentation is complete. In [9], Dehornoy gives a semi-algorithmical method in order to decide

if a given presentation is complete. Semi-algorithmical means that when the process finishes, it

gives an answer, but it is possible that it doesnot finish. We do not explain this technical method,

named the cube condition, but refer to Definition 3.1 and Figure 3.1 of [9].

Applying the cube condition process, it is quiet clear that the presentation (‡) of the monoid

B2(Σ0,1) is not complete and that we must add to the presentation the relation “b2a2 = c2 ” if we

want to expect that the presentation is complete.

Question 4. Is the presentation

〈a, b, c | a2b = ba2; b2a = ab2; a2c = ca2; b2c = cb2; a2b2 = c2; b2a2 = c2〉+(§)

a complete presentation of the monoid B2(Σ1,0) ? In other words, does this presentation verify

the cube condition ?

Question 5. Is the monoid presentation 〈a, b | ab2 = b2a; ba2 = a2b〉+ complete ? In other words,

does this presentation verify the cube condition ?

A positive answer to Question 5 seems to be crucial in order to state the interest of the method

of completeness.
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Appendix A. Presentations of surface braid groups

Theorem A.1 ([3] Theorem 1.1). Let n, p be positive integers and g a non negative integer. Let

g be a non negative integer. The group Bn(Σg,p) admits the following group presentation:

• Generators: σ1, . . . , σn−1, a1, . . . , ag, b1, . . . , bg, z1, . . . , zp−1.

• Relations:

• braid relations:
(BR1) σiσj = σjσi for |i− j| ≥ 2.
(BR2) σiσi+1σi = σi+1σiσi+1 1 ≤ i ≤ n− 1;

• mixed relations:
(R1) arσi = σiar for 1 ≤ r ≤ g; i 6= 1;

brσi = σibr for 1 ≤ r ≤ g; i 6= 1;
(R2) σ−1

1 arσ
−1
1 ar = arσ

−1
1 arσ

−1
1 for 1 ≤ r ≤ g;

σ−1
1 brσ

−1
1 br = brσ

−1
1 brσ

−1
1 for 1 ≤ r ≤ g;

(R3) σ−1
1 asσ1ar = arσ

−1
1 asσ1 for s < r;

σ−1
1 bsσ1br = brσ

−1
1 bsσ1 for s < r;

σ−1
1 asσ1br = brσ

−1
1 asσ1 for s < r

σ−1
1 bsσ1ar = arσ

−1
1 bsσ1 for s < r

(R4) σ−1
1 arσ

−1
1 br = brσ

−1
1 arσ1 for 1 ≤ r ≤ g;

(R5) zjσi = σizj for i 6= 1, j = 1, . . . , p− 1;
(R6) σ−1

1 ziσ1ar = arσ
−1
1 ziσ1 for 1 ≤ r ≤ g; i = 1, . . . , p− 1;

σ−1
1 ziσ1br = brσ

−1
1 ziσ1 for 1 ≤ r ≤ g; i = 1, . . . , p− 1

(R7) σ−1
1 zjσ1zl = zlσ

−1
1 zjσ1 for j = 1, . . . , p− 1, j < l;

(R8) σ−1
1 zjσ

−1
1 zj = zjσ

−1
1 zjσ

−1
1 for j = 1, . . . , p− 1.

Theorem A.2 ([3] Theorem A.4). Let Σ0,g be a closed surface of positive genus g. Then Bn(Σ0,g)

admits the following presentation:

• Generators: θ1, · · · θn−1 b1 · · · b2g;

• Relations:
(BR1) θiθj = θjθi for 2 ≤ |i− j|.
(BR1) θiθi+1θi = θi+1θiθi+1 for 1 ≤ i ≤ n− 2.

(R1) brθi = θibr 1 ≤ r ≤ 2g; i 6= 1;
(R2) bsθ

−1
1 brθ

−1
1 = θ1brθ

−1
1 bs 1 ≤ s < r ≤ 2g;

(R3) brθ
−1
1 brθ

−1
1 = θ−1

1 brθ
−1
1 br 1 ≤ r ≤ 2g;

(TR) b1b
−1
2 · · · b2g−1b

−1
2g b

−1
1 b2 · · · b

−1
2g−1b2g = θ1 · · · θn−2θ

2
n−1θn−2 · · · θ1.
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