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QUESTIONS ON SURFACE BRAID GROUPS

PAOLO BELLINGERI AND EDDY GODELLE

ABSTRACT. We provide new group presentations for surface braid groups which are positive. We
study some properties of such presentations and we solve the conjugacy problem in a particular
case.

1. INTRODUCTION AND MOTIVATION

Let ¥4, be an orientable surface of genus g with p boundary components. For instance, ¥
is the 2-sphere, ¥ is the torus, and ¥ ; corresponds to the disk.

A geometric braid on ¥, , based at P is a collection B = (¢1,...,%y) of n > 2 paths from
[0,1] to ¥, such that ¢;(0) = P;, ¥;(1) € P and {¢1(¢),...,¢¥n(t)} are distinct points for all
t € [0,1]. Two braids are considered as equivalent if they are isotopic. The usual product of paths
defines a group structure on the equivalence classes of braids. This group doesnot depend, up
to isomorphism, on the choice of P. It is called the (surface) braid group on n strands on X,
and denoted by B,,(2,,,). The group B, (Xo,1) is the classical braid group B,, on n strings. Some
elements of By, (X, ) are shown in Figure 1. The braid o; corresponds to the standard generator of
B, and it can be represented by a geometric braid on X, , where all the strands are trivial except
the i-th one and the (i + 1)-th one. The i-th strand goes from P; to P;4+1 and the (i + 1)-th strand
goes from P;, to P; according to Figure 1. The loops d1,...,0p424—1 based on P; in Figure 1
represent standard generators of w1 (X, ). By its definition, B1(X, ;) is isomorphic to m (Xg,,)-
We can also consider dy,...,0pt29—1 as braids on n strands on X, where last n — 1 strands are
trivial.

It is well known since E. Artin ([2]) that the braid group B,, has a positive presentation (see
for instance [17] Chapter 2 Theorem 2.2), i.e. a group presentation which involves only generators
and not their inverses. Hence one can associate a (braid) monoid B with the same presentation,
but as a monoid presentation. It turns out that the braid monoid B, is a Garside monoid (see
[8]), that is a monoid with a good divisibility structure, and that the braid group B, is the group
of fractions of the monoid B;I. As a consequence, the natural morphism of monoids from B, to
B,, is into, and we can solve the word problem, the conjugacy problem and obtain normal forms
in By, (see [4, 6, 8, 10, 12]). These results extend to Artin-Tits groups of spherical type which are
a well-known algebraic generalization of the braid group B, ([4, 6, 8, 10]).

In the case of surface braid groups B, (X, ), some group presentations are known but they are
not positive. Furthermore, questions as the conjugacy problem are not solved in the general case.
The word problem in surface braid groups is known to be solvable (see [14]) even if algorithms are
not as efficient as the ones proposed for the braid group B,.

In this note we provide positive presentations for B, (X, ,) and we address questions related to
the conjugacy problem of surface braid groups. We do not discuss the case of By, (X0,0), the braid
group on the 2-sphere; this is a particular case with specific properties. For instance if ¥ is an
oriented surface, the surface braid group B, (X) has torsion elements only and only if 3 is the
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2-sphere (see [13] page 277, [11] page 255, and [19] proposition 1.5).

In Section 2 and 3 we focus on braid groups on surfaces with boundary components and without
boundary components respectively. In Section 4, we investigate the special case of By(X1 ) and
we solve the word problem and the conjugacy problem for this group.

Figure 1: some braid elements

2. BRAID GROUPS ON SURFACES WITH BOUNDARY COMPONENTS

In this section we investigate braid groups on oriented surfaces with a positive number of
boundary components. Our first objective is to prove Theorem 2.1:

Theorem 2.1. Let n and p be positive integers. Let g be a non negative integer. Then, the group
B, (2,,p) admits the following group presentation:
e Generators: 01,...,0p—1,01, "+ ,02g4p—1;
e Relations:
-Braid relations:

(BR1) oi05=0j0; for |i —j| > 2;

(BR2) 0;0i4+10; = 0441070441 fOT 1 S 7 S n—1.
- Commutative relations between surface braids:

(CRY) 60, =00, Jori£1;1<r<29+p—1;

(CR2) 57«0'157«0'1 10'157«0'157« 1 §T§29+p*1,

(CR3) 6,016,0501 = 01605010, for1 <r <s<2g+p—1 with

(r,s)# (p+2i,p+2i+1),0<i<g—1.

- Skew commutative relations on the handles:
(SCR1) 010,41010,01 = 8,;010,41 for r = p+ 2i where 0 <i < g—1.

The above presentation can be compared to the presentation of By , given in [15] page 18.

Proof. Let us denote by B, (X,,,) the group defined by the presentation given in Theorem 2.1. We

e~

prove that the group B, (X, ) is isomorphic to the group B, (X, ;) using the presentation given in
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Theorem A.1. Let ¢ : {o1,...,0n-1,01,...,G4,01,...,bg,21,. .., 2p—1} — {01,...,0n-1,01," ",
Sag+p—1} be the set-map defined by ¢(o;) = o; for i = 1,....,n — 1, ¥(a,) = 5;;2(%1), Y(b,) =
5;;:2(%1)“ forr=1,...,9 and ¢¥(z;) = 5;1 for j =1,...,p— 1. We claim that ¢ extends to a

homomorphism of groups ¢ : B, (2,,,) — Bn(Z,,). We have to verify that the image by ¢ of the

e~

braid relations and of the relations of type (R1)-(R8) are true in B, (X, ). It is enough to verify
that

() o710 o6 =670 oy

for 1 <r<s<2g+p—1and (r,s) # (p+ 2k,p+ 2k + 1) which corresponds to the image by

¥ in B, (X, ) of the relations of type (R3), (R6) and (R7); the other cases are true as they are
relations of the presentation of B, (2,,).
The relations of type (CR3) can be written §,010,05 = 019,501 5T01_1. From the relations of type

(CR1) we deduce that, in B,(X,,,), the equalities 6,010,d5 = 8,010,0107 165 = 010,010,075,
holds. Hence we obtain Jlérésolérol_l = oléraléraflés. From this equality, we derive that
550157«0;1 = 015TJ;155, and finally we get the relations (}).

On the other hand, consider ¢ the set-map defined from {o1,...,05,-1,01, -+ ,0294p-1} tO
{01, On1,a1, .y Ay b1, by 21,y 2p—1} Dy (o) = oy for i = 1,...,n — 1, (5;) = zj_l
forj=1,...,p—1, E(@H_Q(T_l)) = a; ! and E(5P+Q(T_1)+1) = bt forr =1,...,9. We prove
that 1) extends to an homomorphism of groups from B, (X,,) to By, (2,,,). Since braid relations
and the images by v of the relations of type (ER), (CR1) and (CR2) are verified, it suffices to
check that the equalities corresponding to relations of type (CR3) hold in B, (X,,). We verify
that the equality a, 'o1a; la;toy = o1a,; tag ora; ! for (1 <r > s < g) holds in B, (X,,). The
other cases can easily be verified by the reader. From the relations of type (R2), it follows that

St ! ! Lot thus we have a; ! Lo 1 ! lorta; ey, Applying

a, oia, = 016G, 01Q, o1a, ag 01 = 014, 0104,
o1a; " and therefore th liti
1G,. ~ an erefore the equalities

relations of type (R3) we deduce that a 'y a ! !

—-1
o1 =0, ag

a;tora;ta;toy = orata;ora; ! hold in B, (%,,). Then, the morphism 1 from B, (%, ,) to

—

B, (2,,p) is well defined and it is the inverse of . Hence, By, (2,,p) is isomorphic to By, (X4,). O

We remark that the presentation given in Theorem 2.1 is positive and has less types of relations
than the presentation given in Theorem A.1.

Lemma 2.2. Let G be a group and let 0,0,0" be in G.

(i) If (a) 6(c68'c) = (668'0)d, (b) cbéod = dodo and (c) c6'cd = §'cd'o then &'(cdd'c) =
(066'0)d’.

(i) If (a) 6(c6d’c) = 0(66'00), (b) §'(00d8'c) = (600'0)d’ and (¢) 0d'cd’ = 8'0d’o then cdod =
dodo.

(iii) In the presentation of Theorem 2.1, we can replace relation (CR3) by:

(CRSI) 530’16T650'1 = 0‘16,«650'1(58
for1<r<s<2g+p-—1with(r,s)#(p+2i,p+2i+1),0<i<g-—1.

Proof. (i) Assume (a) dodd’'c = 06d’'0d, (b) 0dod = dodo and (c) 06’cd’ = 6’0é’c. Then,
§'06d'c = 67107 088’060’ = 6 o7 6068 0’0 = 5 o 60608 08" = 6o 008 0 =
gdd'ad’.

(ii) Assume (a) 6(cdd’c) = a(8d’cd), (b) §'(06d'0) = (068 0)d and (¢) 0d’'0d’ = 6'0d’o. Then
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0606 = 066'06(8'08) " 06 = 6066’06 o8’ 08 = 06(c8' 08'c 8 N6 o s =
50606'06'8' o7 6 o 66 = Sodo.

(iil) is a consequence of (i). O

Since the relations of the presentation of B, (X, ,) are positive, one can define a monoid with
the same presentation but as a monoid presentation. It is easy to see that the monoid we obtain
doesnot inject in By (X,,p), even if we add the relations of type (CR3’) to the presentation given

in Theorem 2.1. In fact the following relations,
(CR3)y 6,016,001 = 016,0%016,
for1<r<s<2g+p—1with (r,s) # (p+2i,p+2i+1),0<i<g-—1and k € N*, and
(CR3) 0,01086,01 = 016%0,010,
for1<r<s<2g+p—1with (r,s) # (p+2i,p+2i+1),0<i<g—1and k € N* are true

in B,(X,,p) for each positive integer k, but they are false in the monoid for k greater than 1: no
relation of the presentation can be applied to the left side of the equalities. Then starting from
the left side of the equality for £ > 1, we cannot obtain the right side of the equality by using the

relations of the monoid presentation only.

Question 1. Let B} (X, ,) be the monoid defined by the presentation of Theorem 2.1 with the
extra relations (CR3), (CR3')y for k € N*. Is the canonical homomorphism ¢ from B} (X,,) to
B, (3,,p) into ?

We remark that we can define a length function £ on B} (X, ,): if F'* is the free monoid based on
01 ,0p—1,01,+,02g, if | : F' — N is the canonical length function and if w — w is the canon-
ical morphism from F* onto B};(X,,) then, for each g in B} (%, ), one has sup{l(w) | w € F* ;
W = g} < +oo; furthermore if we set ¢(g) = sup{l(w) | w € F*}, then for g1, g2 in B} (X,,) we
have £(g1g92) < £(g1) + £(g2)-

Now, let us consider the particular case of planar surfaces.

Proposition 2.3. Let n,p be positive integers withn > p—1. Let I C {1,--- ,n} with Card(l) =
p—1.

Then By (Xo,p) admits the following presentation:

e Generators : 01,-++ ,0,—1 and p; fori € I;

e Relations:

(BR1) oi05=0j0; for1<i,j<n-—1with|i—j| >2;
(BR1)'  prps = pspr rsE€l, r#s;

(BR1)"  proi = o0ipr rel;1<i<n-—1,i#r—1,r.
(BR2) 0;0i410; = 0441040441 fOT 1 S ) S n — 1,’

(BR3)  0iproipr = proipro; rel,i=nrr—1;

(BR3)  (07—10:)prOr—1pr = pr(0r—107)pror—1 1T €I ;7 #1,n.
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Proof. Consider the presentation of Theorem 2.1. Let I = {r; < ry--- < rp_1} and set p,, =
(0p—1+++01)0p—j(0r_1---01)" . Relations (BR1)" are equivalent to relations (CR1) with i # r,
by using braid relations. Using (CR2), we get (BR1) <= (CR3). Using braid relations
(BR1) and (BR2), the relations (C'R2) are equivalent to relations (BR3) by conjugation by
(0p—10) -+ (0102) and (0y—20,-1) - - - (0102) when ¢ = r—1 and i = r respectively . Now consider
the relation (C'R1) for ¢ = r. By conjugation by o,._1 - - - 01, we get 0’T_10‘T0‘T__11p7« = pTaT_laTUT__ll
and, then o,_10.p,0,—1 = 0rpro.—10,. It follows that the relations of type (CR1) for i = r is
equivalent to the relation o,_10,p,0,—1 = 0,pro,—10,. This last relation is equivalent to relation
(BR3)’ using relation (BR3):

Or—10rPrOp—1 = OpPrOr—10y <= Op—10pPrOp—1PrOr—1 = OpPrOr—10pPrOr—1 <
Or—1070r—1PrOr—1Pr = OpPrOpr_10pPrOp—1 <> OpOr_107Pr0r_1Pr = OpPrOp_10pPrOp_1 <>

Or—10rPrOr—1Pr = PrOr—107rPrOr—1.

O
Corollary 2.4. ([1] Table 1.1)
B, (30,3) is isomorphic to the Affine Artin group of type B(n +1) formn>2.
Proof. We apply Proposition 2.3 with I = {1,n}. ]

Recall that a monoid M is cancellative if the property “Va,y, z,t € M, (zyz = xtz) = (y =1t)”
holds in M.

Question 2. Let B;f (Xo,,) the monoid defined by the presentation given in Proposition 2.3, con-
sidered as a monoid presentation.
(i) Is the monoid B;f (X0 ,) cancellative ?

1) 18 € natura omomorpnism Jjrom 0 0 Dy 0 INJECLIVE ¢
i) is the natural h hi BF(30,) to By (Xo,p) injective ?

For p = 1 and p = 2, the groups B,(X¢,) are isomorphic to the braid group B, and the
Artin-Tits group of type B respectively. Hence, the answer to above questions are positive. In
the case of B, (Xo.3), the answers are also positive (see [7] and [18]). Note that the relations of
the presentation of B, (3¢,,) are homogeneous. Therefore we can define a length function ¢ on
B;}(X0,,) such that £(g1g2) = €(g91) + £(g2) for every g1,92 € B}F (X0,).

3. BRAID GROUPS ON CLOSED SURFACES

In this section, we consider braid groups on closed surfaces, that is without boundary compo-

nents. In particular, we prove Corollaries 3.2 and 3.3.

Proposition 3.1. Let n,g be positive integers. The group B, (X,,0) admits the following presen-
tation:

o Generators: o1+ ,0p—1,01, " ,02g;
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e Relations
. . (BR1) oy05=o0j0; for |i —j| > 2.
-Braid relations: (BR2) 01014105 = 0111010531 1<i<n—1;

-Commutative relation between surface braids:

(CR1) 06, =0y 3<i<n—1;1<r<2g;
(CR4) 0’153 = 530’1 1 S T S 29,’

020,102 = Ogr_102017 1 <1 < 2g;

010202 = 202,01 1<r<2g;

-Skew commutative relations on the handles:

(SCR2) 010,80y 42501 = dp4250r 1 <1 <r+2s < 2¢;

(SCR3) 62,01025_102,01 = 825103, 1 < s <r < g;
0102502710102 = 03,02,—1 1 < s <r < g;

-Relation associated to the fundamental group of the surface:
(FGR) (02 0p_202_10p_2-+02)010102 - - 02401 = O+ - - 62071.

Proof. Starting from the presentation of Theorem A.2, we set 0; = 0, L 6oy = bgrﬁ

01 b2T7 1; we obtain easily the required presentation.

Corollary 3.2. Let n and g be positive integers with g > 2. Then, the group By (3,
following group presentation:

o Generators: o1,...,0p-1,01,  ,02g;

e Relations:

-Braid relations:
(BR1) oi05=0j0; for 1 <i,j<mn-—1with|i—j| > 2;
(BRQ) 0;0;410; =0i4+10;0;41 f07“ 1 < ) <n-— 1.
- Commutative relations between surface braids:
(CR1) 6,04 =06, for2 <i; 1 <r<2g;
(CR4) %01 = 0162 for1 <r <2g;
002,102 = 02p_10201;
0102,09 = 020201

(CR5) (527«01)(52571525) (025—1025)(02r01) 1<s<r<y;
(01025 )(025025—1) = (025025—1)(01027) 1<r<s<yg;
(02r01)(02r—1025) = (d2r—1025)(d2r01) 1<s<r<y;
(01020-1)(025—102) = (d25—102;)(0102r—1) 1<7r <5< g5

-Skew commutative relations on the handles
(SCRQ) 015T5T+250'1 = 57"—}-2561“ 1<r<r+2s<2g;
-Relation associated to the fundamental group of the surface

(FGR) (O’Q e O'n,QJZ_lO'n,Q e 0'2)0'15152 e 6290'1 = 529 e 5251.

and 527« 1=
O

0) admits the

Corollary 3.3. Let n be positive integer. Then, the group B, (X1,) admits the following group

presentation:

e Generators: 01,...,0,-1,01,02;
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e Relations:

-Braid relations:
(BR1) oi05=0j0; for |i —j| > 2;
(BR2) 0;0i4+10; = 041030441 fOT 1 S 7 S n—1.
-Commutative relations between surface braids:
(CRY) 6,0, =00, for2<i;r=1,2;
(CR4) 5?0‘1 = 0’1(53 r = 1, 2,’
020109 = 0102071 ;
010209 = 0202071;
-Skew commutative relations on the handles:
(SCR4) 520’151520’1 = 515%,’
-Relation associated to the fundamental group of the surface:

(FGR) (0’2 R Un_gdgl_ldn_g N '0'2)0’151520‘1 = 5251.

Corollary 3.3 is a special case of Proposition 3.1 when g = 1. When g > 2, Corollary 3.2 follows

from Proposition 3.1 using Lemma 3.4 below.

Lemma 3.4. (i) Let G be a group and o, 01,092,067, 8% be in G such that a) 06? = 620 fori=1,2;
b) 05’? = 5’?0 fori=1,2; ¢) gohdag = 0205 and d) gd191g = 6107. Then,

(i) 82081020 = 8103 <= 6208,05 = 0165020 == §10200) = 08;0102.

(ii) 62081020 = 6105 <= 6206105 = §164020.

(iii) 8400, 8ha = 8,0'5 > 818400, = 60,6,0).

Proof. We prove under the hypothesis that d001d20 = 8705 <= 62006,5, = §,8,020. The other

cases are similar.

520’5’1520' = 5/155 < 520’5’152 = 5/1550'71 < 520’5’152 = 5’10'7155 < 520’5’1 = 5/10'7152 <
52068, = 80" 1828) <= 6206, = 88,620,
O

Lemma 3.5. Let n,g be positive integers. Consider the group B, (X40) and the presentation of

Proposition 3.1. Then, for every 1 < r,;s <g,
625—1657«623—1 = 627‘63571627“-

Proof. Let 1 < s < r < g. From the relations of type (SCR3) and the relations of the first
type of (CR4), it follows 525,1527«0'1525,1527«0'1 = 5%8—1557‘ = 0152571527«0152571527«. Hence,
5%5_1527«52_5171 = 0'152571527«0'1 = 52_7}525,1557“ and then 525,1557“525,1 = 52T5%S—152T'

If 1 <r < s < g then we proceed in the same way, using that o12502, 101025 = 05,02, 1. O

Question 3. Consider the monoids defined by the presentation given in Theorem 3.1, Corollary
3.2 or in Corollary 8.3. Are they cancellative ? do they embed in By, (24,0) ¢
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4. BRAID GROUP ON TWO STRANDS ON THE TORUS

4.1. The word problem and the conjugacy problem. In this section we solve the word
problem and the conjugacy problem for the special case when ¢ = 1 and n = 2 by using a
presentation derived from the one obtained in the previous section.

As a consequence of Corollary 3.3 we have:

Corollary 4.1. By(X1,0) admits the group presentation:
BQ(ELO = <O’1,51,52 | (S%O’l = 015%;5501 = 0'153;520'151520'1 = 5155;0’151520’1 = 5251>.

Lemma 4.2. Let G be group and 01,081,082 be in G such that a) 6301 = 0163 ; b) 6301 = 0163 ;
C) 0’1(51(520‘1 = (52(51. Then (520‘1(51620’1 = (515% < ((5%52 = (52(5% and (53(51 = (51(5%)

Corollary 4.3. ([17], Chapter 11, Ezxercises 5.2 and 6.3) The group Bs(31,0) admits the two

following group presentations:

BQ(ZL()) = <O’1,51,52 | (S%O’l = 0'15% ;5%0’1 = 0'153 ,5%52 = 525% ,5%51 = 515% ;0'151520'1 = 5251>.
1) By(21,0) = {(a,b,c| a®b = ba?;b*a = ab*; a*c = ca’®; b%c = cb*;a*b?* = c?).

Proof. (i) follows from Corollary 4.1 and Lemma 4.2. For ii), we set a = &, b = §; and ¢ = d20,07 *

as suggested in [17] Chapter 11, Exercise 6.3. i

Using the presentation (I), we are able to solve the word problem and the conjugacy problem
in B(X1,0). Considering (f), for = a, or x = b we can define a weight homomorphism of groups
0z : Bo(X10) — Z such that £z(x) = 0 and €;(y) = 1 for y € {a,b,c} and y # x.

In the following we denote by F(a, b, c) the free group based on {a,b,c}. We denote by W(a, b, c)
the Coxeter group associated to F(a,b,c) and defined by W (a,b,c) = (a,b,c | a® = b* = 2 = 1).
If wis in F(a, b, c) we denote by w its image in Bs(X; ). Considering (i), there exists a morphism
p : Ba(X1,0) — W(a,b,c) that sends = € {a,b,c} on z. Note that the canonical morphism from
F(a,b,c) onto W(a,b, c) factorises through p.

We denote by L, the set-map from Ba(310) to F(a,b,c) defined by L, ;(g9) = a’@btal9) for g
in Ba(X¥1,0). If wis in F(a,b,c), we write, by abuse of notation, p(w) and L, ,(w) for p(w) and
L »(W) respectively.

Proposition 4.4. (i) The center Z(B2(X1,0)) of the group B2(X1 ) is a free Abelian group based
on a® and b2. Furthermore, for each element g of Z(Bs(X1,0)), the word L, (g) is a representing
element of g.

(i) The group Ba(X1,0) is a central extension of W(a,b, c).

In other words, the sequence 1 — Z(B2(31,0)) — B2(21,0) — W{(a,b,c) — 1 is exact.

Proof. We remark that the presentation (1) implies that a?, * and ¢ are in Z(B2(X1,0)) and
that W(a,b,c) = Ba(X1,0)/a? = b* = 1. Since the center of W (a,b,c) is trivial, (ii) follows. As a
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consequence, we get that a? and b? generated the Abelian group Z(B2(21,0)). Now, let g belong to
Z(B3(%1,0)). Each word w that represents g and written on the letters a2, b2, and their inverses,
can be modify in order to obtain L, (g) by using the relations a?h? = b%a? and the relations of
a? and b? with their respective inverses. Hence, Z(Ba(X10)) is a free Abelian group based on a?
and b2

O

Corollary 4.5. Let w be in F(a,b,c); thenwW =1 < ( Lyp(w) =1 and p(w) =1).

Proof. Assume L, ,(w) = 1 and p(w) = 1. Since p(w) = 1, the element W is in the center of
B3(X1,). But in that case, L, p(w) = 1 represents w. Then w = 1. a

Corollary 4.6. The word problem in BQ(ZLO) is solvable.

Proof. The word problem is solvable in the free group F'(a, b, ¢) and in the Coxeter group W (a, b, c¢).
Then the claim follows from Corollary 4.5. O

Corollary 4.7. Let g, h be in F(a,b,c); then, g=h <= p(g) = p(h) and Lap(9) = Lap(h).

Proof. Assume p(g) = p(h) and Lqp(9) = Lap(h). Then the element EEA is in the center of
By(¥1,0). Since Lqp(g) = Lap(h) it follows that £3(g) = €a(h) and £;(g) = ¢;(h). Therefore
Lasp(gh™) =1 and thus g = h. O

We denote by F(a,b,c) the free monoid based on {a,b,c}. It is a submonoid of F(a,b,c). If
w is in W (a, b, ¢), there exists a unique element [w] in F*(a,b,c) of minimal length such that its

image in W(a,b,c) is w. By construction, for each w in W(a,b, ¢) the element p([w]) is equal to

w. As a consequence, the map sending each w in W (a, b, ¢) on [w] is injective. For short, we will

write [w] for [w].
Corollary 4.8. (i) Let g, h be in B2(X1); then,

(3r € Ba(S1,0),rgr™! =h) <= (Lap(g) = Las(h) and 3w € W(a,b, ), wp(g)w™" = p(h)).
Furthermore, if the right side holds, then [w]g[w]™! = h.

Proof. The side “=" is clear with w = p(r). Assume conversely that L, ;(g) = L(a,b)(h) and
Jw € W(a,b,c), wp(g)w™' = p(h). Since wp(g)w~=* = p(h), we have p([w|g[w]~*) = p(h). But
Lo ([w]glw]™) = Lap(g) = Lap(h) and [w]glw]™! = h by Corollary 4.7. O

Corollary 4.9. The conjugacy problem in B2(21 ) is solvable.

Proof. The conjugacy problem is solvable in each Coxeter group (see [16]). o
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4.2. The Garside method and complete presentation. In order to solve the word problem
and the conjugacy problem in By(31,0), we can try to use the method used by Garside to solve the
word problem and the conjugacy problem, that is to find a Garside structure for B2(31,0). Let us
remark that surface braid groups on surfaces of genus greater than 1 have trivial center (see [19])
and then they cannot be Garside groups. Recall that in a monoid M we say that a left-divides
b if b = ac for some ¢ in M. We say, in a similar way, that a right-divides b when b = ca for
some ¢ in M. An element A of M is said to be balanced when its set of left-divisors is equal to
its set of right-divisors. We denote by By (X1 0) the monoid defined by the presentation (1), but
considered as a monoid presentation. Then in By (31 0) the element ¢? is balanced. Furthermore
its set D(c?) of divisors generates By (£1,0). Nevertheless, By (31 o) fails to be a Garside monoid
with ¢? for Garside element (see [8] for a definition) because it is not a lattice for left-divisibility:
a and b have two distinct minimal common multiples, namely ab? and ba?. Anyway, as shown in
[8] Section 8, part of the results established for Garside groups still hold, as we will see in Lemma
4.10.

Let ¢ : By (£1,0) — B2(X1,0) be the canonical homomorphism of monoids. By abuse of notation,

we denote by £; and ¢; the morphisms £; o and £; o1 respectively. We remark that z +— 7 factorises

through ¢. By abuse of notation, we denote by z — Z and by w — [w] the factorizations. Then
we have W = «(W). As before, we write [w] for [w] € By (£1,0). We remark that Corollary 4.5 and
4.6 still hold if we consider w in By (X1,0) and g,h in By (X1,0). As a consequence, we have the

following result:

Lemma 4.10. (i) B (31,0) is cancellative and the canonical morphism v : Bf ($1,0) — B2(21,0)
15 1nto.
(1) VG € Ba(X1,0), 3§ € Z,3g € B ($1,0) such that G = ¢~ %1(g) and ¢* doesnot divide g.

Proof. (i) Let h,g1,g2 be in By (£1,) such that hg; = hgs. Then {4(hg1) = a(h) + £a(g1) and
la(hg2) = La(h) 4 La(g2). Hence we have £5(g1) = a(g2). In the same way we get £;(g1) = €;(92),
and also p(g1) = p(g2) in the group W(a,b,c). Then g1 = g2. We proceed in the say way
if ggth = g2h. The other results are consequences of the Garside like structure as proved in
Proposition 8.10 of [8]. |

In the following, we identify By (X1) with its image in B2(21,). In order to solve the word
problem in B(X1 ), it is then enough to solve the words problem in By (£1,). Then, using the

following proposition, we obtain another solution to the word problem.

Proposition 4.11. Let g be in By (X1,0); then, there exist a unique pair (h,1) in N2, and a unique
w in W(a,b,c) such that g = a®*b* [w].

Proof. Since ¢? = a?b? and that a2, b2 are in the center of Z(Bjy (X1,)), it follows that we can

write g = a?*b? [w] with k,l in N and w in W(a, b,c). Assume that g = a?'b%/[2] for some i, j in
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N and z in W(a,b,c). We have (1) w = p(g)z and then [w] = [z]; (2) k = Mf@([“’]) = i; (3)
l= M = j. Then the decomposition of g = a?*b?'[w] is unique. O
If we want to solve the conjugacy problem by using the idea of Garside, we need to understand
the normal form of By (X1) as defined in Definition 7.2 of [8]. This lead us to the notion of
complete presentation as defined in [9]. Let S be a finite set, and S* be the free monoid based
on S. We denote by e the empty word. Let B be a monoid with presentation (S,R). We write
w = w' if the word w,w’ of S* have the same image in B. Let w,w’ be two words in (S U S™1)*,
where S~! is a disjoint copy of S. We say that w reverses in w’, and write w ~ w’ if w’ is obtained
from w by a finite sequence of the following steps: deleting some v~ 'u for some u € S or replacing
some subword u~'v where u, v are in S, with a a word v/u/~" such that uv’ = v/ is a relation of

R.

Definition 1 ([9] Definition 2.1 and Proposition 3.3). Let B be a monoid with presentation (S, R).
We say that the presentation (S, R) is complete if

Vu,v € S*, (u=v <= u v ).

For instance the classical presentation of each Artin-Tits monoid is complete. The definition
of complete presentation is easy to understand. Nevertheless, it is not easy to verify that a given
presentation is complete. In [9], Dehornoy gives a semi-algorithmical method in order to decide
if a given presentation is complete. Semi-algorithmical means that when the process finishes, it
gives an answer, but it is possible that it doesnot finish. We do not explain this technical method,
named the cube condition, but refer to Definition 3.1 and Figure 3.1 of [9].

Applying the cube condition process, it is quiet clear that the presentation (I) of the monoid
B3(X0.1) is not complete and that we must add to the presentation the relation “b%a® = ¢* 7 if we

want to expect that the presentation is complete.
Question 4. Is the presentation
(8) {a,b,c| a®b = ba®;b*a = ab®;a’c = ca®; b?c = cb?;a*b? = *;b%a® = )T

a complete presentation of the monoid Ba(21,0) ¢ In other words, does this presentation verify

the cube condition ?

Question 5. Is the monoid presentation (a,b | ab®> = b%a; ba® = a?b)™ complete ? In other words,

does this presentation verify the cube condition ¢

A positive answer to Question 5 seems to be crucial in order to state the interest of the method

of completeness.
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APPENDIX A. PRESENTATIONS OF SURFACE BRAID GROUPS

Theorem A.1 ([3] Theorem 1.1). Let n, p be positive integers and g a non negative integer. Let
g be a non negative integer. The group B, (X, ,) admits the following group presentation:
o Generators: 01,...,0p—1,01,...,0g,b1,...,bg,21,...,2p_1.
e Relations:
e braid relations:
(BR1) oi0; =0j0; for|i—j| > 2.
(BR2) 0i0i410; = 05410041 1<i<n-—1;

o mized relations:
(R1) a,o0; = o;a, for1<r<g;i#1;
bro; = oiby for1<r<g;i#1;
(R2) Ul_larol_lar = arol_larol_l for1 <r<yg;
oy tbeo b, = bpoy theoyt for1<r <yg;

(R3) o0y aso1a; = apoy G501 for s <r;
aflbsale = bTal_lbsal for s <r;
Uflasalbr = braflasol fors<r
Uflbsalar = aral_lbsol fors <r
(R4) oiltayo;tb, =beoytaror  forl1<r<g;
(R5) 2j0; = 0425 fO?“’L';él,j:L...,p—l;
(R6) Uflziolarzaraflziol for1<r<g;i=1,...,p—1;
oflziale:bTJflziol fori<r<g;i=1,...,p—1
(R7) o7tzjo12 = 2oy tzj00 forj=1,....p—1,j<I;
(R8) Ul_lzjal_lzj:zjal_lzjol_l forj=1,....,p—1.

Theorem A.2 ([3] Theorem A.4). Let ¥ 4 be a closed surface of positive genus g. Then By, (Xo,q)
admits the following presentation:
e Generators: 01, 0,1 by ---bag;
e Relations:
(BR1) 6:6; =0,0; for2 <|i—j|.
(BR1) 6;0;410; = 0,410,60;11 for 1 <i<mn-—2.
(R1) b,.0; = 6;b, 1<r<2g;i#1;
(R2) b.07'b,07" = 010,070, 1<s<r<2g;
(R3) 007007 =07 0,07, 1 <r<2g;

(TR) biby " -+ bag_1by) by by -+ by 1bog =01+ 0202 160r_o---65.
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