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RENEWAL OF SINGULARITY SETS OF STATISTICALLY
SELF-SIMILAR MEASURES

JULIEN BARRAL AND STEPHANE SEURET

ABSTRACT. This paper investigates new properties concerning the multifrac-
tal structure of a class of statistically self-similar measures. These measures
include the well-known Mandelbrot multiplicative cascades, sometimes called
independent random cascades. We evaluate the scale at which the multifrac-
tal structure of these measures becomes discernible. The value of this scale is
obtained through what we call the growth speed in Holder singularity sets of a
Borel measure. This growth speed yields new information on the multifractal
behavior of the rescaled copies involved in the structure of statistically self-
similar measures. Our results are useful to understand the multifractal nature
of various heterogeneous jump processes.

1. INTRODUCTION

This paper investigates new properties concerning the multifractal structure of
statistically self-similar measures. The class of measures to which our results apply
includes the well-known Mandelbrot multiplicative cascades [@], sometimes called
independent random cascades. The case of another important class, the random
Gibbs measures, is treated in [[[5.

Multifractal analysis is a field introduced by physicists in the context of fully de-
veloped turbulence [@] It is now widely accepted as a pertinent tool in modeling
other physical phenomena characterized by a wild spatial (or temporal) variabil-
ity [@, @, @] Given a positive measure ;1 defined on a compact subset of R?,
performing the multifractal analysis of 1 consists in computing (or estimating) the
Hausdorff dimension d,(c) of Holder singularities sets EX. These sets E! are the
level sets associated with the Holder exponent

L logp(B(t,7))

h,(t) =
u(t) r—ot  log(r)
(whenever it is defined at ¢). Thus
(1.1) Ef ={t:h,(t) =a}.

Of course, these limit behaviors are numerically unreachable, both when simulating
model measures or when processing real data. Nevertheless, this difficulty can
be circumvented since the Hausdorff dimension d,(a) of E¥ can sometimes be
numerically estimated by counting at scale 277 the number of boxes B (in a regular
fine grid) such that u(B) ~ 277%. This number can formally be defined, for any
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scale j > 0, >0 and a > 0, by
N;(a) = #{[ c Ij . b*j(aJrs) < M(I) < b*j(afs)}’

where b is an integer > 2 and Z; stands for the set of b-adic cubes of generation j
contained in the support of 4. Then when some multifractal formalisms are fulfilled,
it can be shown that, for some « > 0, one has

. log Nj(e)
(1.2) dy(a) =lim lim —L—~

e—0j—+o0 log?2J
This is the case for instance for the multifractal measures used as models [ft1]. In
this frame it is thus natural to seek for theoretical results giving estimates of the
first scale from which a substantial part of the singularity set E¥ is discernible when
measuring the p-mass of the elements B of the regular grid. In other words, we
search for the first scale J > 0 such that for every j > J, one has N]‘?(a) ~ 2Jdu(a)
This is of course important for numerical applications and modelisation.

The properties studied in this paper and in [@] rely on this question. We provide
new accurate information on the fine structure of multiplicative cascades, which
bring some answers to the above problem. This study also shows that Mandelbrot
measures and Gibbs measures have very different behaviors from the statistical
self-similarity point of view, while they cannot be distinguished by the form of
their multifractal spectra. Finally, our results are critical tools for the Hausdorff
dimension estimate of a new class of limsup sets (see ([L.6))) involved in multifractal
analysis of recent jump processes [E, @, )

A definition of statistical self-similarity. Let us now specify what we mean by
statistically self-similar measure in the sequel. Our point of view takes into account
a structure which often arises in the construction of random measures generated by
multiplicative processes.

Let Z be the set of closed b-adic sub-hypercubes of [0,1]¢. A random measure
p(w) on [0,1] (d > 1) is said to be statistically self-similar if there exist an integer
b > 2, a sequence @, (t,w) of random non-negative functions, and a sequence of
random measures (u!)rer on [0,1]¢ such that:

1. For every I € Z and g € C([0,1]¢,R) one has (% means equality in distribution)
d
[ st £ [ gt @)
[0,1]¢ [0,1)¢
2. With probability one, for every I € 7 and g € C(I,R) one has
(1.3) /Ig(v)M(W)(dv) =) /1 Qn(v,w) g(v)u' (w) o f7 ' (dv),

where f; stands for a similitude that maps [0,1]¢ onto I and X is the Lebesgue
measure.

Property 1. asserts that the measures ! and p have the same probability dis-
tribution. Property 2. asserts that, up to the density @,, the behavior of the
restriction of u to I is ruled by the rescaled copy u! of p.

Of course, the random density Q,(t,-) plays a fundamental role, both in the
construction of the measure p, which is often equal to the almost sure weak limit
of Qn(t,-) - A, and in the local behavior of pu.
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We restrict ourselves to measures with support equal to [0,1]?. Up to technical
refinements, our point of view can easily be extended to measures which support is
the limit set of more general iterated random similitudes systems ([@, @, @, El, E])

Two main classes of measures illustrate conditions 1. and 2. The first one ap-
pears in random dynamical systems as Gibbs measures [B1), @, . The other one
consists in some [0, 1]%-martingales (in the sense of [P§, BJ]) considered in [[]. This
second class of measures is illustrated in particular by independent multiplicative
cascades [, BQ] as well as compound Poisson cascades [§] and their extensions [, fl].
As claimed above, these two classes are quite identical regarding their multifractal
structure in the sense that any measure in these classes is ruled by the so-called
multifractal formalisms @, @] However, the study of their self-similarity prop-
erties reveals the notable differences that exist between them. These differences
are consequences of their construction’s schemes: For random Gibbs measures, the
copies ! only depend on the generation of I while they are all different for [0, 1]9-
martingales (they depend on the interval I).

This difference is quantitatively measured thanks to a notion which is related
with the multifractal structure, namely the growth speed in the ! Holder singular-
ities sets Egl (see Theorem A and B below). This quantity is precisely defined and
studied in the rest of the paper for independent random cascades. It yields an esti-
mate of the largest scale from which the observation of the p!’s mass distribution
accurately coincides with the prediction of the multifractal formalism.

New limsup-sets and conditioned ubiquity. As claimed above, the growth
speed in Holder singularities sets naturally appears in the computation of the Haus-
dorff dimension a new type of limsup-sets, which are themselves related to some
heterogeneous jump processes. Particular cases of the jump processes considered in
[L0l, [4] are for instance the sum of Dirac masses D j50 20<k<bi—1 372 (kb= (k+

1)b=9])6p-s, and the Lévy process X in multifractal time u defined as (X o
£([0,2]) o< p <y

Let p be a statistically self-similar measure whose support is [0,1]. Let {z,}
denote a countable set of points and (A, ), >1 be a sequence decreasing to 0 such that
limsup,, ., B(Tn, An) = [0,1]. Typically we think as {z,} as being the sequence
of jump points of the processes of [E, B] It appears that the multifractal nature
of these processes is closely related to the computation of the Hausdorff dimension
of the limsup-sets K («, &) defined for a > 0 and £ > 1 and for some sequence (g,,)
converging to 0 by

(14) K8 =) U [ = A, 2+ XS],

NZ21 0>1: p([@n—AnyTn+An]) =200

Heuristically, K («, &) contains the points that are infinitely often close to a jump
point z,, at rate £ relatively to A, upon the condition that v([x,, — An, zn + An]) ~
A%, This condition implies that v has roughly a Holder exponent « at scale A\,,. One
of the main results of [[Ld, [LT] (see also [[[J]) is the computation of the Hausdorff
dimension of K(a,&). The value of this dimension is related to the free energy
function 7, considered in the multifractal formalism for measures in [@, B] For
every ¢ € R and for every integer j > 1, let us introduce the quantities

1 o
(1.5) Tu;(q) = ~3 log, Z p(I)? and 7,(q) = hjrglolgfmyj(q).

IeT;
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The Legendre transform 7,; of 7, at a > 0 is defined as 7 = infyer aq — 74(q).
Under suitable assumptions on (), ), we prove in E‘ @ that, for all o such
that T;(a) > 0 and all £ > 1, with probability one, (dim stands for the Hausdorff

dimension)
(1.6) dim K(a,§) = 7, () /€.

This achievement is a non-trivial generalization of what is referred to as “ubiquity
properties” (see [R0] and references therein) of the resonant system ([ff]) {(zn, An)}
. The main difficulty here lies in the fact that g may be a multifractal measure
and not just the uniform Lebesgue measure. Results on growth speed in Holder
singularity set are determinant to obtain estimate ([Lg).

Growth speed in p/’s Hoélder singularity sets. Let 1 be a statistically self-
similar positive Borel measure as described above. As we said, multifractal analysis
of i [@, @, E, @, @, El, E] usually considers Holder singularities sets of the form
(1) and their Hausdorff dimension d,(a), which is a measure of their size. The
method used to compute d,, () is to find a random measure . (of the same nature
as p) such that p, is concentrated on EN N EM: () This measure p, is often

referred to as an analyzing measure of p at a. Then, by the Billingsley lemma
(7 pp 136-145), one gets d,(a) = 7:(a), and the multifractal formalism for
measures developed in [@] is said to hold for u at «. Finally, the estimate ()
is a direct consequence of the multifractal formalism ([ig]) for the large deviation
spectrum. Thus the existence of 1, has wide consequence regarding the possibility
of measuring the mass distribution of u at large enough scales.

In this paper we refine the classical approach by considering, instead of the level
sets E¥, the finer level sets E” and E” defined for a sequence ¢,, going down to 0
by

a7 B, = {t €0,1]":V n>p, b7 < (1, (1)) < b_"(a_an)}
(1.8)and EF = U B!,
p=1

It is possible to choose (g,,)n>1 so that with probability one, for all the exponents
a such that 7 (a) > 0 one h~as Lo (BR) = ||tal- N

Since the sets sequence { E },>1 is non-decreasing and pio (EY) = [|ptall, we can
define the growth speed of Egyp as the smallest value of p for which the p,-measure

of Egm reaches a certain positive fraction f € (0,1) of the mass of u,, i.e.

GS(pa) = inf {p: pa(BL,) > flpal -

For each copy p! of p, the corresponding family of analyzing measures pl, exists
and are related with u! as po is related with p. The result we focus on in the
following is the asymptotic behavior as the generation of I goes to oo of

(1.9) GS(u! ) =nt {p: ul (BL,) > f Ik}

This number yields an estimate of the number of generations needed to observe a
substantial amount of the singularity set Egj. Let

N ) = #{J € T, s b= <yl () < prlemem ),
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As a counterpart of controlling G'S(u!, ), we shall also control the smallest rank
n from which A, (!, o) behaves like 5"7+(®). This rank is defined by

GS' (!, a)=inf{p ¥ n > p,b" a2 < N (uf ) < pTa(@IFe0)

and yields far more precise information than a result like ([L.2).

A simplified version of the main results. In this paper, we focus on the one-
dimensional case and deal with a slight extension of the first example of [0, 1]-
martingales introduced in [[t], called independent random cascades (see Section B.1]).
Let us give simplified versions of the main results detailed in Section E We start
with a recall of the theorem proved in [[L9].

Theorem A. Let p be a random Gibbs measure as in (in this case p! = p’
if I and J are of the same generation). Suppose that 7, is C*. Let 8 > 0. There
exists a choice of (en)n>1 such that, with probability one, for all a > 0 such that
(o) >0, if I is of generation j large enough, then GS(u',a) < expy/Blogy.

The fact that GS(u!, ) behaves like o(5) as j — oo is a crucial property needed
to establish ([L.g) for random Gibbs measures.

Theorem B shall be compared with Theorem A. Under suitable assumptions,
we have (see Theorem [)

Theorem B. Let i be an independent random cascade. Let n > 0. There exists a
choice of (en)n>1 such that, with probability one, for all oo > 0 such that (M (o) >0,
if I is of generation j large enough, then GS(u!, o) < jlog” j.

Consequently we lost the uniform behavior over Z; of GS(u!, ) like o(j), which
was determinant to get ) In fact this “worse” behavior is not surprising, since
Theorem B controls simultaneously ¥’ distinct measures u! at each scale j, while
Theorem A controls only one measure at each scale. Nevertheless, this technical
difficulty can be circumvented, by using a refinement of Theorem B (see Theoremﬂ
and f), which is enough to get ([L.4).

Theorem C. Let u be an independent random cascade. Let 1 > 0. There exists a
choice of (en)n>1 such that for every a > 0 such that 7, (o) > 0, with probability

one, for p-almost every t, for j large enough, GS(u%® o) < jlog™"j.

The paper is organized as follows. Section E gives new definitions and establishes
two general propositions useful for our main results. In Section B independent
random cascades are defined in an abstract way. This makes it possible to consider
Mandelbrot measures as well as their substitute in the critical case of degeneracy.
Then the main results (Theorems [l, fl and ) are stated and proved. Theorem [ is a
counterpart of Theorem B in terms of G.S'(u?, o). Theoremﬁ deals with a problem
connected with the estimate of the growth speed in singularities sets, namely the
estimation of the speed of convergence of 7, ; towards 7,. Eventually, Section H is
devoted to the version of Theorem [] needed to get ([L.6).

The techniques presented in this paper can be applied to derive similar results
for other statistically self-similar [0, 1]-martingales described in [§, [, .
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2. GENERAL ESTIMATES FOR THE GROWTH SPEED IN SINGULARITY SETS

2.1. Measure of fine level sets: a neighboring boxes condition. Let (22, B, P)
stand for the probability space on which the random variables in this paper are
defined. Fix an integer b > 2.

Let A= {0,...,b—1}. For every w € A* = {J;5 A’ (A := {0}), let I, be the
closed b-adic subinterval of [0, 1] naturally encoded by w. If w € A7, we set |w| = j

Forn > 1and 0 < k < b" — 1, I, 5, denotes the interval [kb~", (k + 1)b=™). If
t €10,1), ky, ¢ is the unique integer such that ¢ € [k, 0", (kn++1)b~™). We denote
by w(™ (t) the unique element w of A" such that I, = [kntb™", (knt + 1)07"].

With w € A’ can be associated a unique number i(w) € {0,1,...,6’ — 1} such
that I, = [i(w)b~7, (i(w) + 1)b=7]. Then, if (v,w) € A7, §(v,w) stands for |i(v) —
i(w)].

Let 1 and m be two positive Borel measures with supports equal to [0, 1].

Let € = (en)n>0 be a positive sequence, N > 1, and o > 0.

We consider a slight refinement of the sets introduced in () For p > 1, define

> n (n) <
(2-1535,,)(1\7,5) - {t e [o, 1]:{V” > p, Yw € A™ such that §(w,w'™ (1)) < N,}

V v € {—1,1}, one has bY™(@=7en) 4 (1,)7 < 1
@) BN, 2) = | B (N,)
p>1

This set contains the points ¢t for which, at each scale n large enough, the p-measure
of the 2N + 1 neighbors of I,, 1, belongs to [b="(#*n) p=3(5=¢n)]. The information
on neighboring intervals is involved in proving ([L.g).

For n > 1 and &,n > 0, let us define the quantity

23)  SYmpa)= S eSS ()
ye{-1,1} v,weEA": §(v,w)<N

The following result is already established in [E], but we give the proof for com-
pleteness.

Proposition 1. Let (n,)n>1 be a positive sequence.
If 0, oy SNEmmn (m, p, o) < 400, then EX(N, ) is of full m-measure.

Remark 1. Similar conditions were used in [ to obtain a comparison between the
multifractal formalisms of [B] and [@]

Proof. For v € {—1,1} and n > 1, let us define

Y w € A" such that 6(w,w™ (t)) < N,
one has bY™@=7en) 1 (I,)7 < 1

(2.4)  E*(N,en,y) = {t €[0,1]: {

For t € [0,1], if there exists (a necessarily unique) w € A™ such that i(w) —
i(w™(t)) = k, this word w is denoted w,g")(t). For v € {-1,1}, let S,,, =

Z—Ngng my, with
my = m ({t € [0,1] - i(w) — i(w™ (1)) = k = b@=E0) 4 (1,)7 > 1}) .
One clearly has

(2.5) m((BE(N, 20, 1)) BEN,E, 1)) < St + St
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Fix 9, > 0 and —N < k < N. Let Y (t) be random variable defined to be equal to

bW(a—an)%u(Iwm)(t))wn if w,(cn) (t) exists or 0 otherwise. The Markov inequality
k

applied to Y (¢) with respect to m yields my < [Y(t)dm(t). Since Y is constant
over each b-adic interval I,, of generation n, we get

me < Z bn(aﬂsn)vnnm(]v)ﬂ(]w)wn.
v,weA": i(w)—i(v)=k

Summing over |k| < N yields S,, —1 + Sp1 < SN 2% (m, o). The conclusion
follows from (R.5) and from the Borel-Cantelli Lemma. O

2.2. Uniform growth speed in singularity sets. Let A be a set of indexes, and
Q* a measurable subset of 2 of probability 1. Some notations and technical assump-
tions are needed to state the general result that we shall apply in Section E These
assumptions describe a common situation in multifractal analysis. In particular the
measures in the following sections satisfy these requirements.

e For every w € Q*, we consider two sequences of families of measures, namely
({Nz{]})\el\) 4 and ({m&"},\e/\) M (indexed by A*) such that for every w €

weA* weA*

A*, the elements of the families {u¥ }rea and {mY¥}rea are positive finite Borel
measures whose support is [0,1]. For v € {u,m}, {?}en is written {v)}rea.

e We consider an integer N > 1, a positive sequence € = (g,,)p>1, and a family

of positive numbers (ay)yea. Then, remembering (@) let us consider for every
j >0, we A and p > 1 the sets

(2.6) B p(N,2) = () B4} (N,en, —1) N ER (N, en, 1).

nzp

The sets {Eﬁ;;n(N ,€)}n form a non-decreasing sequence. We assume that mY is
concentrated on limy, 4 oo E42 »(N, ). One defines the growth speed of E5} (N, &) as

(2.7) GS(mY, Y, ax, N,&) = inf {p >1: m}’f(Eg;*‘ip(N,E)) > 1/2}.

This number, which may be infinite, is a measure of the number p of generations
needed for E43 ,(IV, €) to recover a certain given fraction (here chosen equal to 1/2)
of the measure mYy. Since u¥ (limy— 400 Ear p(N,€)) = 1, GS(mY, u¥, ax, N, E) <
0.

e We assume that for every positive sequence 77 = (Uj)jzoa there exist a ran-
dom vector (U(77),V (7)) € Ry x RY and a sequence (U™, V™),ca~ of copies of
(U(m), V(1)) and finally a sequence (¢;(77)) >0, such that for P-almost every w € Q*,

U® <infrea [my],

N.en,nn
Vfr;w ZSUP,\EA Sn Enmt (m?vﬂg\uao@\)v

(2.8)  YVw e A*, Vn = i, (1), {

where SN:#nn (mY | i, ary) is defined in (R.3)) (if w € A, remember that |w| = j).
This provides us with a uniform control over A € A of the families of measures
(mi)a M,S\U)UIE.A* .
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Proposition 2 (Uniform growth speed in singularity sets). Assume that two
sequences of positive numbers 11 = (n;);>0 and (p;);>o0 are fized.
Let (S;);>0 be a sequence of integers such that S; > ;(7). If

(2.9) Zbﬂ‘P(U(ﬁ) < b"’f) <ooand Y b S E(Vk(?ﬁ) < 0,

>0 >0 k>S;
then, with probability one, for j large enough, for every w € A7 and X € A, one has
Gs(mg\uvﬂg\uaa)\a]vag) < Sj'

Proof. Fix j > 1 and w € AJ. As shown in the proof of Proposition m, for every
n > 1 and every A € A, one can write

ot (A5 (N, —1)° U (BES (V.20 1)) < S50 (o f 00).
Thus, using (P.§), one gets
(2.10) m;v( U (Eg;f(N,gn,_n)cu(Eg;i’(zv,gn,n)c) <Y v
n>8; n>§;
Let us apply the “statistical self-similar control” (@) combined with the Borel-
Cantelli lemma. On the one hand, the left part of (2.9) yields ijlP(El w €

Al UY < b’Pi) < oo. Hence, with probability one, for j large enough and for all
w e A,
(2.11) sup [my|| ! < (U")7! < b1,

AEA

On the other hand, the right part of (2.9) yields
ZP(EI we A, b 3V 1/2) < 221;%%1&( 3 V,f}) < .
j=1 n>S§; j=1 n>S§;
This implies that with probability one, b? an S5 V¥ < 1/2 for every j large enough
and for all w € AJ. .
Thus, by (R.11), supyca Z]fﬂ%”ﬂ < 1/2. Combining this with (2.10) and (2.7),
one gets that for every A € A, GS(mY, u¥, ax, N, &) < ;. O

3. MAIN RESULTS FOR INDEPENDENT RANDOM CASCADES

3.1. Definition. Let v = (v1,...,v},) € A*. We need the following truncation
notation: For every k € {1,...,|v|}, v|k is the word (vi,...,v;) € A*, and by
convention v|0 is the empty word 0.

We focus in this paper on the measures introduced in [[lﬂ and more recently
in [{]. A measure p(w) is said to be an independent random cascade if it has the
following property: There exist a sequence of random positive vectors (W(w) =
(Wo(w), ..., Wb—l(w)))weA* and a sequence of random measures (u*),e.a- such
that
o (P1) for all v,w € A*, p(Lyw) = ¥ (L) [Ty Wonrs (0]k) (19 = 1),

o (P2) the random vectors W(w), for w € A*, are i.i.d. with a vector W =
(Wo, ..., Wp_1) such that S 0_t B(Wj,) = 1,

o (P3) for all v € A*, (Mv(lw))weA*
the measures p¥, v € A7, are mutually independent,

= (“(Iw))weA*' Moreover, for every j > 1,
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e (P4) for every j > 1, the o-algebras o (W (w) : w € Up<p<;j—1.A%) and o(u* (1) :
veE A, we A*) are independent.

Let (W (w)) be as above. For ¢ € R define the function

weA*
b—1

(3.1) 7ula) = —log, B( S_W¢ ) € RU {~o0}.
k=0

The two classes of measures we deal with are the following.

Non-degenerate multiplicative martingales when ?[L(lf) > 0. With proba-
bility one, Vv € A", the sequence of measures {1} };>0

du? it
(3.2) d—Z(t) = [[ Wip, (v tlk)
k=0

defined on [0, 1] converges weakly, as n — oo to a measure p®. For u = pP:

(1) Properties (P1) to (P4) are satisfied;

(2) If 7,(17) > 0, the total masses [|u"| are almost surely positive, and their
expectatlon is equal to 1 . @]

The modified construction in the critical case TH( ~) = 0. Suppose that
7,(17) = 0 and 7,(h) > —oo for some h > 1. Then, with probability one, for all

v € A*, the function of b-adic intervals

(3.3)
lw|+j—1 lw|+j—1
p (L jhjﬁlo N Z ( H W u)k+1 (wu|k))) log H Wiwuyiga (v(wu|k))
u€AI k=0

is well deﬁned and yields a positive Borel measure whose support is [0, 1] E @
For pn = p?,

(1) properties (P1) to (P4) are satisfied;

(2) E(ljul") < oo for h € [0,1) but E(|u])) = o0

3.2. Analyzing measures. In both above cases we define J as the interior of the
interval {¢g € R : 7,,(¢)g — Tu(q) > 0}. One always has (0,1) C J and J C (—o00,1)
if 7,(17) = 0. We assume that:
-If7,(17) > 0, J contains the closed interval [0, 1],
-If7,(17) =0 then 0 € J.

Forge J,ve A% j > 1,let uy ; be the measure defined as p? in (B-2) but with
the sequence (Wy(v-w) = (b7 @DWy(v - w)?,... b7 DW,_; (v - w)q))w instead of
(W(v- w))w It is proved in [[J] that there exists a subset Q* of Q of probability 1

such that Vw € %, Vv € A* and V¢ € J, the sequence g ; converges weakly to a
positive measure u};

If one denotes uq = g, Yy = ||/Lq|| and Yy (v) = ||ug|l for v € A*, it is proved
in . ﬂ] that with probablhty one the mappmgs g € J — Y,(v) are analytic and
positive. Moreover, E] proves that 7, =7, on J almost surely

Eventually, one can see that J D Ry (resp. R_) if and only if 7, (hq) —h7,(¢q) > 0
for all ¢ € R4 (resp. R_) and h > 1, which amounts to saying that V¢ € R (resp.
R_), E(Y,") < 0o and h > 1 (see the proof of Lemma )
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3.3. Main results. Recall that for an independent random cascade p, if ?;L(l_) >
0 we assume that J contains [0,1], and if 7,,(17) = 0 then J C (—o0,1), and we
assume that 0 € J.

Theorem 1. Let u be an independent random cascade. Let N be an integer > 1
and € = (ep)n>1 @ sequence of positive numbers going to 0. Assume that Vo > 0,
the series Y, <, nb="*<n converges.

Then, with probability one, for every q € J, 7,(q) = 7,(q), and the two level sets

EfZ(Q)q—m(Q)( ,€) and EY .(q )(N,a are both of full ji,-measure.

Remark 2. The conclusions of Theoremﬁ hold as soon as
(3.4) In > 0 such that for every n, e, > n~?log(n)t/>",

Theorem 2 (Growth speed in Holder singularity sets). Under the assump-
tions of Theorem [, assume that (en)n satisfies @) and that there exists A > 1
such that with probability one A=Y < W, (resp. W; < A) for all0 <i<b—1. Let
K be a compact subinterval of JNR4 (resp. JNR_).

Then, with probability one, forj large enough, for all ¢ € K and w € A7,

max (GS (', 1, 74, (a), N, ), GS (1 71 (0)a — 7u(@), N,E)) < S

with S; = [exp ((j log(j)”)m)]
If there exists 1 > 0 such that for every n, e, > log(n)~", the above conclusion
holds with S; = [j log(j)”/}, for any ' > 2n.

Remark 3. In Theorem IQ, the first choice of €, corresponds to the “best” choice for
the speed of convergence €, and the growth speed S; is very slow. To the contrary,
the second choice for €y, is “worse”, but as a counterpart S; is improved.

We assume that the number of neighbors N is fized. In fact, it is not difficult to
consider a sequence of neighbors N,, simultaneously with the speed of convergence
en. This number N,, can then go to oo under the condition that log N,, = o(ne?).
Another modification would consist in replacing the fixed fraction f in ) by a
fraction f; going to 1 as j goes to oo. The choice f; =1 —b7% with s; = j is
convenient. These two improvements yield technical complications, but comparable
results are easily derived from the proofs we propose.

The growth speed obtained in Theorem E can be improved by considering results
valid only almost surely, for almost every ¢, p, almost-everywhere.

Recall that if t € [0,1) and j > 1, w9 (t) is the unique element w of A7 such
that t € [i(w)b=7, (i(w) + 1)b=7).

Theorem 3 (Improved growth speed). Under the assumptions of Theorem I],
fir k > 0 and assume that @) holds. For j > 2, let §; = [j log(j)’“}.

(1) For every q € J, with probability one, the property P(q) holds, where P(q) is:
For pgq-almost every t € [0,1), if j is large enough, for w = w(j)( ) one has

max (GS(“ZJU’ 7). N.8),GS (ng s g, 7. (@)a — Tu(a N,g)) < ;.
(2) With probability one, for almost every q € J, P(q) holds.
Forwe A*, n>1and ¢ € J, let
(3.5)  Nau(p", o, eq) =#{b-adic box I of scale n:|I|**e" < p*(I) < [I]*7=" }.

Remember that 7, = TH on J.
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Theorem 4 (Renewal speed of large deviations spectrum). Under the as-
sumptions of Theorem I], let us also assume that ) holds, J =R (in particular
7, (1) > 0) and there exists A > 1 such that with probability one A~" < W; < A
for all 0 < i < b—1. Let S; be defined as in Theorem @ Let K be a compact
subinterval of R and 8 =1+ maxgex |q|.

Then, with probability one, for j large enough, for all ¢ € K and w € A7, and
for all n > S, one has

qubn(ﬁ(Q)qfh(q)fﬂsn) <N, (Mw,;lb(q>,€n) < qubn(?,;(q)q*h(Q)Jrﬂsn),

For w € A*, n > 1 and ¢ € R, let us introduce the functions (T,g associated with
u? = 11 is simply denoted by 7,)

1
7 (0) = ——log, Y u(L)"
vEA™

The speed of convergence obtained in Theorem E provides precisions on the
estimator of the function 7, discussed in d, 7).

Theorem 5 (Convergence speed of 7 toward 7,,). Under the assumptions of
Theorem , let K be a compact subinterval of R. There exists 6 > 0 and 6 € (0,1)
such that, with probability one,

1. for j large enough, ‘?H(q) - Tj(q)‘ < |10gl7 Y;Z‘j_l +0log(5)i Y
2. for j large enough, for every n > j°, for every w € A7, |7~'M(q) — T#}(q)| <
’ log,, qu’ n~' 4 0log(n)n™", with [log Y,°| < 0log(j).

3.4. Proof of Theorem [|. Fix K a compact subinterval of J and 17 = (n,)n>1

a bounded positive sequence to be specified later. For w € Q* and ¢ € K, let us
introduce (recall (£.3))

(3.6) Fula) = 837" (ng, 11,7, () and Gr(q) = S (g, tiq, 71, (0)a—7,,()) -
We begin by giving estimates for E(H,(q)) and E(H),(¢)) for H € {F,G}.

Lemma 1. Under the assumptions of Theorem [, if ||7jl|oo is small enough, there
exists Cx > 0 such that if H € {F, G},

(3.7) Vg € K, max (E(Hn(q)),E(HL(q))) < Crnb~"Ennn+0wm)),
where O(n?) is uniform over q € K.

The proof of this lemma is postponed to the next subsection.
Let qo be the left end point of K. Since sup,¢ i Hn(q) < Hn(qo) + [ |H},(q)] dg,
one has

(3.8) E( sup Hn(Q)) < CK(l + |K|)nb—n(8n’ﬂn+0(”7i))_
ge K

Choosing 1, = £,/A with A large enough yields £,1, +O(n2) > 2 /2A. Using the
assumptions of Theorem [I], we get the almost sure convergence of > n>15UPge e Hn(q)
for H € {F,G}. We conclude with Proposition fi
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3.5. Proof of Lemma m e The case H = F: For v,w € A", q € J and
v € {—1,1}, one can write
n—1
pa(L) ()™ = Y)Y (w) 5O T W, (0lR) TV
k=0

e (w[R)TT

Moreover, it follows from estimates of [[f] that for ||7j]|oe small enough, the quantities

d
Cr(m) = sup (E(‘d—Yq(U)Yl(w)'mn ) +E(Yq(v)Y1(w)W"))
a€ K, ve{-1,1} q
n>1, v,we A"
E(| LW,,,, (0]k)I W, , (w]k)m
and C}/((ﬁ) _ sup (|dq k+ ( | 3 k+ ( Ln) |)
g€K, ye{-1,1} E(Wﬂk+1 (’U) ka+1 (’LU) ")

n>1, v,we A", 0<k<n-—1

are finite. Hence, due to the definition of F,(¢) and the fact that 7 is continuously
differentiable on J, there exists a constant Ck(7) such that for every ¢ € K,

max (E(F,(q)),E(F}(q))) < Cx(1)Tn(q), where

n—1
Tn(q) = nbn(q) Z H E(Wﬂk+1 (v|k>qW’wk+1 (w|k)777n),
ye{—1,1}, k=0
v,weA”, §(v,w)<N
where b, (q) = b (T (@700 (T (@) =72n)) - Lot us make the following important remark.

Remark 4. Ifv and w are words of length n, and if v and w stand for their prefizes
of length n — 1, then §(v,w) > k implies 0(v,w) > bk. It implies that, given two
integers n > m > 0 and two words v and w in A" such that b1 < §(v,w) < b™,
there are two prefires v and w of respectively v and w of common length n—m such
that §(v,%w) < 1. Moreover, for these words v and W, there are at most b™ pairs
(v,w) of words in A™ such that T and @ are respectively the prefizes of v and w.

Due to Remark [ and the form of T},(q), there exists a constant C' such that
forallge K and n > 1

n—1
Tn(q) S C}(nbn(q) Z H E(Wﬂk+1 (U|k)wak+1 (w|k)777n)_
ve{-1,1}, k=0
v,weA”, §(v,w)<1

The situation is thus reducible to the case N = 1. Now Ty, (q) < n(T,1(q)+Tn,2(q)),

Tr@=bale) S0 ] E(Wars, (lR)m),

ve{~1,1},ve A" k=0

where ol
Tn,Q(Q) = bn (Q) Z H E(W'uk+1 (/U|k)wa)€+l (w|k)'y77n) )
v€{-1,1},v,we A", k=0
§(v,w)=1

One immediately gets
Thi(q) = Z bﬂ(m(tz)-irvnn(TL(q)—vsn)—m(quwn)) — 2b_77/(5n77n+0(77i)),
ye{-1,1}

where O(n?2) is uniform over q € K if |||« is small enough (the twice continuous
differentiability of 7,, has been used).
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Let gr and dj, respectively stand for the word consisting of k consecutive zeros
and the word consisting of k consecutive b—1. The estimation of T}, 2(q) is achieved
by using the following identity:

(3.9) O U U {(u.r.dn_l_m,u.(r—i— 1).gn_1_m)},

m=0 ucA™ re{0,...,b—2}

One has T, 2(q) = T,,(¢, —1) + 7,,(¢, 1) where for v € {-1,1}

'];L((L’y) = Z H E(W, Uk+1 ka+1(w|k/,)’y77n)
v,we A" k=0
6(11,111):1

q) i Z i@n—l_m(T) ]f[ E(W,,,, (ulk)TH7m)
k=0

m=0 ue A™ r=0

n—1 b—2
= ) Y b 370, ()
m=0 r=0

and where O,,(r) is defined by
Om(r) = E(WIWIL)(EWL))" BWF™)™
HEW W) (EVS)) ™ (EW, 7)™
All the components of W are positive almost surely. Thus, by definition ()
of 7,(q) = 7.(g), there is a constant cx € (0,1) such that for all ¢ € K one
has max (E(W{),E(W{_,)) < cxb™™@. Moreover, if [[7]]|s is small enough,
max (E(W)"),E(W,")) < (ci'+1)/2 (this maximum goes to 1 when |||l — 0).
This yields (since cx(ci' +1) = cx + 1)
Om(r) < (E(WIWH) + @MW W) ((ex +1)/2)" b= mm@
< Cgk ((CK + 1)/2)mb7m'ru(¢1).

Consequently we get

To(g,7) < CKbn(Tu(q)Jr'mn(f’(Q)*'yen))b*(nfl)m(quvnn)

Z CK+1 /2 bm(m(q-i-wn)—m(Q))

m=0

IN

Ccb™Entn+O() Z ((cxe + 1)/2) b Tulatym) =mu(@)

m=0

The function 7, is continuously differentiable. Hence the sum an;lo((c;( +1)/2)™
b (Tulatymn)=7.(9)) i uniformly bounded over n > 0 and ¢ € K if ||7]]|oo is small
enough. Finally, if ||7]| is small enough we also have 7,,(q,y) < Ccb(Ennnt+0D).
Going back to T}, (q), we get T, (q) < Crnb~™Enmm+0) g € K. This shows (B.7).

e The case H = G: The proof follows similar lines as for F;,(¢). The only new

point it requires is the boundedness of SUPge K¢ E(Y,” h) for some h > 0. In fact, we
shall need the following stronger property in the proof of Theorem E
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Lemma 2. 1. For every compact subinterval K of J, there exists h > 0 such that
IE( SUDge i Yq_h) < 00.

2. Assume that there exists A > 1 such that with probability one, A=t < W; (resp.
W; < A) for all0 < i <b—1. Then, for every compact subinterval K of J NR;
(resp. J NR_) there exist two constants depending on K, Cx > 0 and vk € (0,1)
such that for all x > 0 small enough,

. o
P(inf Yy < ) < exp (= Ciea™/0770)),

Proof. 1. Fix K a compact subinterval of J NRy (resp. JNR_). For w € A*
one can define Zx(w) = infoex Yy(w) (Zx(0) is denoted Zg). We learn from
, ﬂ] that this infimum is positive since ¢ — Y, (w) is almost surely positive and
continuous.

Let us also define Wk (w) = infgek 0<i<b—1 We,i(w) (Wi (D) is denoted Wi).
Since we assumed that J contains a neighborhood of 0, there exists h > 0 such that
the moment of negative order —h of this random variable Wi (w) is finite.

Moreover, with probability one, V¢ € J one has Y, = 300 W, ;(#)Y,(i), hence

b—1
(3.10) Zie > Wk Y Zk(i).
i=0
By construction, the random variables Zk (i), 0 < i < b — 1, are i.i.d. with Zg,
and they are independent of the positive random variable Wx. Consequently, the
Laplace transform of Zg, denoted L : t > 0 +— E(exp(ftZK)), satisfies the
inequality
b—1
(3.11) L(t) < ]E( II L(WKt)) (t>0).
i=0

Then, since E(leh) < 00, using the approach of [{d] to study the behavior at co
of Laplace transforms satisfying an inequality like (B.11)) (see also [f] and []]) one
obtains E(Z;") < oc.
2. It is a simple consequence of the proof of Theorem 2.5 in [@ (see also the proof
of Corollary 2.5 in [R7) and of the fact that in this case, the random variable W
in (B.11) is lower bounded by a positive constant.

[

3.6. Proof of Theorem E Fix K a compact subinterval of J. The computations
performed to prove Theorem Elyield () Thus there are two constants C' > 0 and
>0 as well as a sequence N= Nn)n>1 € ]le such that for every j,n>1,qgc K
and w € A7,

) B (sup §V 0 (i, 7 (0)) < %
qeK
In order to apply Proposition ], let us define
e A=K, {(mz{]a/ﬁ)ﬁ))}wEA*’)\eA = {M;Uaﬂw}wEA*vqu and {a/\})\EA — {T;/A(Q)}qua
e Forwe A*and n > 1,

wo__ w wo_ N,en,Nn w w !
(3.13) U* = inf [lugll and Vg 2;1[135 (g1, 7,(9)),

e For every j > 1, 4;(17) = 1 and p; = log(j)' .
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e Fix n > 0 and 7/ > 21. For every j > 1, we set S; = [exp ((jlog(j)7) )] if
log(j)™" > &; > j~'/?1og(j)1/**" and 8; = [j 108;(3')"/} if e; > log(j)~".
Now, on the one hand, Lemma E.Q implies that

TK

(3.14) uj = VPUY < b)) < b exp (— Crebtx (%87

(14n)

Moreover, ;- uj < 0o. On the other hand, for some a > 0, for any w € A* one
has
vi= Y EB(VE) < Y Cnb e = 0(biles0),
n2$] n2$]

The sequence p; has been chosen so that > i>1 b bPiv; < oo. Consequently, Proposi-
tion E yields the desired upper bound for the growth speed G.S (ug’, w,7,(q), N, ?:))

Changing the measures {(m{’, i) bwear qex into {py, g bwea- qerc and the
exponents {7/,(q) }qex into {7/,(¢)q — 7.(q) }¢e i, the same arguments yield the con-
clusion for GS(MZJ, tg s 7 (@)q — Tu(q)), N, 5)

3.7. Proof of Theorem E We only prove the results for the control of
GS(py, 1, 7.,(q), N, g) by S;, since GS(MZZU, g 7(0)q — 1u(q)), N, £) is controlled
by using the same approach.

(1) Recall that (2, 8,P) denotes the probability space on which the random
variables in this Section [ are defined. Let us consider on B® B([0, 1]) the so-called
Peyriere probability Q4 [B(]

Q) =E( [ L) (AcBeB(01)

It is important to notice that by construction Qg-almost surely means P-almost
surely, fiq(w)-almost everywhere.

Fix 7 as in the proof of Theorem E Also, for j > 1 let p; = log(j)**", and
let S5 = [j log(j)*"”"]. Now, for j > 0 and n > 1 define on © X [0,1) the random
variables

UD(w,t) = [l Ow)].
and VO (w,8) = SN (02 O (), 1" O (w), 7, (q)).

We can use the proof of Proposition Eto claim that it is enough to prove that

I he(0,1], ZQq(U(i) < b—Pj) < 0o and ZbﬂjhEQq(( Z Vg))h) < 0Q.

320 >0 n>Ss;

The main difference with the proofs of Proposition E and Theorem E is that here
we do not seek for a result valid uniformly over the w of the same generation j, but
only for a result valid for w?)(¢), for p-almost every t. As a consequence we must
control only one pair of random variables (U(j),V(j)) on each generation instead
of . This allows to slow down S;.

Fix h € (0,1). Since z +— " is sub-additive on R, one has

o (£ V0)) = X ra(99)1)
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Forw € 9%, j > 1 and n > 1, by definition of the measures y, and y;’, and since
) j
(ng ’ (t)(w),/ﬁ”(])(t) (w)) does not depend on t € I,,, one has

(VD (w, )" 11g(w) (dt) Z/ (VD (w, )" g (w) (dt)

[0,1]

we A 7 Tw
= % TVl [ (V00) e 57
we A k=0
- 3 (H W (wlk)) (Vi) " |
weAi k=0
where V¥ = SIVenin (12 (w), u* (w), 7, (¢)) is defined as in the proof of Theorem B

The above sum is a random variable on (€2, B,P). In addition, in each of its terms,
the product is independent of (V% )h [|125[|- Moreover, the probability distribution
of (V,}” )h [|125|| does not depend on w. Consequently, using the martingale property

of ||ptq.nll, one gets
Eo, ((V)") =E (V)" luyll) -

where w € A7. Let p = 1/(1 — h). The Hélder inequality yields

E (V)" g l) < E(Vi)" E(lual?) "
Finally, p is fixed close enough to 1 so that E(||z4]|?) < oo (see the proof of Lemma ]
for the existence of such a p). Then (B.19) yields > i1 brih Don>s, (E (Vn“’))h < o0,
hence the conclusion.
Similar computations as above show that for every j > 1,
Q, (U(j) < b_”f) — ]E(l{yq<b,pj}yq) < b PIP(Y, < bFY).

It follows from Lemma [.1 that for some h > 0 one has P(Y, < z) = O(z") as
2 — 0. This implies 2321 9, (U(j) < b*”j) < 0.

(2) The proof is similar to the one of (1). It is enough to prove the result for a
compact subinterval K of J instead of J. Fix such an interval K. The idea is now
to consider on (K x Q2 x [0, 1], B(K)® B®B([0, 1])) the probability distribution Qx

Ox(A) = [ (Bo,ala.w.t) G (A€ B(K)© B B(0.1)).

Then UY) (¢, w, t) and v (¢, w, t) are redefined as UY) (¢, w, t) = g w® (1) )(w)]| and
VO (q,w,t) = SNenn (uw“)(t)( ) 1 O (w), 7 ().

T
Since there exists p > 1 such that M = sup,e sc E(]|pq ]| ) < o0 (see the proof
of Lemma E the computations performed above yield

S S Eo, ( Vi) ) < |K|MY b 3 (E(V,;“))h < o0.
7>0 n>S; ji>1 n>S;

Finally, >>., Qi (UL < b=ri) < IK|3 51 b=PiP(infex Yy < b7P7), which is
finite by item 1. of Lemm E -
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3.8. Proof of Theorem E We assume without loss of generality that K contains
the point 1. Define qx = max{|g| : ¢ € K}. Recall that for j > 0 and n > 1, if
(w,v) € A7 x A" and q € K then

i () Y (wv)?
()9 = p®(L,)b " ()
P (L) = pg (L) ¥, (w0)
As a consequence,
~ Y q w
(3.15) Yy (w)b=" (@ inf Wo)? _ pnr (@)

€K veA™ Yo (wv)
w - Y q
(3.16) and b~ (@ < Y, (w)b""(@  sup (wo)?
qgeK,veA™ Y¢1(UW)

Let us fix § € (0,1) and § > 0 such that the conclusions of Propositions fJ and
E below hold. Then, with probability one, for j large enough, for every w € Al
q € K and n > j°, one has b= (@) <V, (w)b~"7u(@nlax+10 This yields

N, 7(q),2n) < b (@0 @ rson(aaen)
< Y, (w)p (FL@a—Tu@tsan(@aen)  (axc 410

On the other hand, due to Theorem E and Proposition E, there exists # > 0 such
that, with probability one, for j large enough, for all w € A* and ¢ € K

w w My w
1 (B 5, 0.8 (VY ES ams, (0:8)) = /2,

which equals Y, (w)/2. Thus b™(7u(@9=Tu(@=en)y, (1)) /2 < No(1®,7,,(q),€n) for
every n > S;. Moreover, for j large enough one has §° < Sj, and then for n large
enough sup ¢ x sgn(q)gen + (gx + 1)0log,(n)/n is controlled by (1 + gr)en. The
conclusion follows.

3.9. Proof of Theorem [§. Let us begin with three technical lemmas.

Lemma 3. Let us assume that J = R. For every compact subinterval K of R,
there exist Ck,cx > 0 such that
for every x > 1, sup P(Y, > x) < Ck exp ( — CKX).
qeK

Proof. Let us begin with the following properties involved in the proofs of several
statements of Section E: it is known (see [, @]) that if ¢ € J and h > 1 one has
E(Y,)") < oo if and only ifE( Zf;é thl) < 1, that is 7,,(¢h)—h7,(gq) > 0. Moreover,
one deduces from the proofs of Theorem IILB. and Theorem VI.A.b. of [{]: for
every compact subinterval K of J, there exists i > 1 such that sup ¢ IE(Yqh) < oo.

The property J = R is equivalent to the fact that the mapping ¢ — 7,(¢)/q is
increasing on R* and R%. As a consequence, one has 7,(qh) — h7,(q) > 0 for all
g € Rand h > 1, that is E(Y]") < co. Also, one has ||[W, [l <1 for all ¢ € R and
0<i<b—-1.

Let us now fix K a compact subset of R. Let us then introduce t(q) = E(Y,F)/k!
for ¢ € K and k > 1, and to(¢) = 1. The proof of Theorem 4.1 (a) in [BY] yields
that for every k > 2, for every q € K,

b—1
te(g) < cx > [T,

(kg ..... kb,l):OSkiSkfl and ko+---+kp_1=k =0
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where cx = SUp ¢ j¢ SUDy>2 (17b_?ﬂ(k‘”+kﬁ(q>)fl. One sees that cx = supye g (1—

b‘ﬁ<2q>+2ﬁ(‘”)_1 < 0o. Hence, if t}, = SUp,e ¢ tk(q), one has

b—1
VkZQ, t~k§ CK Z l_[t~kI

(Ko kp—1): 0<k;<k—1 and ko+ - +kp_1=k i=0

- o~ 1
Since tg = t; = 1, Lemma 2.6 of [@] yields limsupy_, ., tf < oo. This implies the
existence of a constant C' > 0 such that

Vk>1, supE(Y,)) < CFkL
qeK

Now, fix cx € (0,C~1). For x > 0 one has

o0

sup P(Y, > z) < e “K% sup E(eCKY‘?) < e KT ZC%SUP E(qu)/k!

qeK qeK k=0 qgeK

(1- cxC) temexe,

IN

O

Remark 5. We are not able to control P(sup,c Yy > x) at oo. This is the reason
why next Lemmas | and E are needed to prove Proposition

For n > 1 let @, be the set of dyadic numbers of generation n.

Lemma 4. Let K be a compact subinterval of J. Let n > 0. There exists a € (0, 1)
and 0 € (0,1) such that, with probability one,

1. for j large enough, ¥V w € A7,V n > [j11"],V q,¢ € Q,, such that |q—¢'| =27",
one has |Y," — Y7/ <l¢d —ql*

2. for j large enough, Vn > j°, ¥V w € AJ, Yu € A", ¥ m > [n't"], for all
q,q" € Qm such that |¢' —q| =27™, one has ‘qu” — YqW”| <l¢ — q|*.

Proof. By Theorem VI.A.b. i) of [[f], 3 2 > 1, Cx > 0 such that
(3.17) for all (¢,¢') € K2, E(|Y, — Yy|") < Cklg— "

For n > 1, let Q,, be the set of pairs (q,q") € @y such that |g — ¢'| =27, and let
a € (0, (h —1)/h). Using (B-17) and the Markov inequality, one gets

o= P(3(0.0)€Qn 1Yo~ Yol >la—qI%)
< Y P(M Yyl 2l 1) < 2RO
(0,4))EQn

Let us fix n > 0 and 6 € ((1+7n)~1,1). dis1 b Enz[jlﬂ]pn < oo implies item 1.
of Lemma [l by the Borel-Cantelli lemma. Also, item 2. follows from the fact that
2321 v an_jJ b" Zmz[nun] Pm < 00. [l

Lemma 5. Under the assumptions of Theorem , let K be a compact subinterval
of J =R. Letn > 0. There exist 6 € (0,1) and 0 > 1 such that, with probability
one, for j large enough,

1. Vwe A, SUPGeqQ 14 K Yy < 5?.

5 j 0
2.¥n>j° V(v,w) € A" x A7, SUPGEQ,, 110, NK Yor < onf



RENEWAL OF SINGULARITY SETS 19
Proof. Fix § > 1+17. For g € K and j > 1 define p;(¢q) = P(Y, > j?). By Lemma

Vi>1, ]P’( sup Y;Zj‘)) < > pile)

1€Qp14mNK 9€Q 1+ NK
14 .
< p;j:=2Ck|K|2 nexp(—cKJBK).

We let the reader verify that -, b/p; < oo and 37,5 037 o s b"pn < o0 if
§ € (07", 1). This yields items 1. and 2. of Lemma B O

Let us now finish the proof of Theorem [. It is a consequence of (B.19) and of
the next Propositions E and E

Proposition 3. Under the assumptions of Theorem E, let K be a compact subin-
terval of JNRy (resp. JNR_). There exist @ > 0 and ¢ € (0,1) such that, with
probability one, for j large enough

1. Y we A, one has inf ek Y > j0.

2. VYn > j‘s, Ywe A, Yve A%, one has infgex qu” > p 0,

Proof. Fix 6 > 1 such that g = 911:1( > 1, where vk is as in Lemma E Let us
also define p; = P (infqu Y, < j’e).
We let the reader verify, using Lemma f, that dois1 bp; < ocandifd € (05, 1)

then Y~ b/ 32, 5 s b"pn < oo. This yields 1. and 2. O

Proposition 4. Under the assumptions of Theorem , let K be a compact subin-
terval of J. There exist 0 > 0 and § € (0,1) such that, with probability one, for j
large enough

1.Y we A, one has sup e V¥ < j°.
2.Yn> 3%, Vwe A, Yve A", one has Supge e Yy < n?.

Proof. We assume without loss of generality that the end points of K are dyadic
numbers.

It is standard (see the proof of Kolmogorov theorem in [BJ]) that Lemma
implies that there exists a constant Cx > 0 such that, with probability one
1. for j large enough, ¥ w € A%,V ¢,¢ € K such that |¢ — ¢/| < 2-U"""]
Y — Y% < Cklg — g™
2. for j large enough, ¥n > j°, V (v,w) € A" x A7, for all ¢,¢ € K such that
¢’ — q| <27 one has [Yor — v 5| < Cklg' —ql*

Then, Lemma E concludes the proof. O

, one has

4. THE VERSION OF THEOREM [ NEEDED TO GET ([L.6])

Now, let {(zn, An)}n>1 be a sequence in [0, 1] x (0, 1] such that lim, . Ay, = 0.
For every t € (0,1), k> 1 and r € (0,1) let us define

Biw(t) = {B(xn, M)+ t € B(wn,mAn), Ay € (b7 p7F]}
(B(y,r) denotes the closed interval centered at y with radius r). Notice that this
set may be empty. Then, if £ > 1 and B(2n, A\n) € By 1/2(t), let Bi(t) be the set of

b-adic intervals of maximal length included in B(z,,\$). The next result is key to
build a generalized Cantor set of Hausdorff dimension > 7 () /€ in the set K (v, )

()2
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Theorem 6. Suppose that limsup,,_, . B(Zn, An/4) = (0,1). Let u be an indepen-
dent random cascade. Fiz k > 0. For j > 2 let S; = jlog(j)™" and p; = log(j)~
with a > 1. Assume that ([3.4) holds.

For every q € J and £ > 1, with probability one, the property P(&,q) holds,
where P(§,q) is: For pg-almost every t, there are infinitely many k > 1 such that
Bi1/2(t) # 0 and there exists u € {fv e A*: 3T € Bi(t), I =1,} such that

(41) GS(MZaMZaT;L(Q)q _TH(Q)aNag) < S\u|a and ||MZ|| > b1l

Remark 6. The control of GS(MZZU, w,7.(q), N, £) is not useful in deriving (4).

The result in ] concerning ubiquity conditioned by Mandelbrot measures in-
vokes a slightly different version of Theorem ﬂ The proof of this other version is
easily deduced from that of Theorem B’

Proof. For k > 1 and w € A**3, notice that By 1/a(t) C By,1y2(s) for all t,s € I,.
Let Ry = {n : 3t € Iy, B(xzn,\n) € By 1/a(t)}. Define n(w) = inf{n : z, =
min{z,, : m € Ry}} if Ry # 0 and n(w) = 0 otherwise.

If ¢ > 1 and n(w) > 0, let u(w) be the word encoding the b-adic interval of
maximal length included in B(z,, \§) and whose left end point is minimal. If £ > 1
and n(w) = 0, let u(w) be the word of generation [¢|w|] with prefix w and its
[¢|w|] — |w]| last digits equal to 0.

Now, w/)(t) being defined as in the statement of Theorem E, we prove a slightly
stronger result than Theorem E: For every g € J and § > 1, with probability one,
the property P(&,q) holds, where P(&,q) is: For pg-almost every ¢, if j is large
enough, for all k > j such that n(wy43(t)) > 0, u = u(wy43(t)) satisfies (fL.1)).

In the sequel we denote u(wiy3(t)) by ug.e(t).

We fix £ >1and g € K.
For j > 0 and n > 1 define on  x [0,1) the random variables

UD(w,t) = Juy<D(w)].
and VO (w,t) = SNt (ug< W0y, g <™ (w), g7l () — 7).

We can use the proof of Proposition Eto deduce that it is enough to prove

(4.2) 3 Qq({EI k>, Wimeot ST v (1) > 1/2}) <

jz1 nZ8uy, (1)
(4.3) and Z Qq({§| k> 7, U(j)(w,t) < pPluk @ }) < 0.
j=1

Since there exist ¢ > ¢/ > 0 such that €k < |uge(t)] < &k for all ¢, denoting
k = [c€k] + 1 and k = [¢/¢k], in order to get () and ([£3), it is enough to show

that
_ k
T =% 101 iy Q0% ¥ s, VI (w,8) > 1/2) < o0,
T = is1 Yoks; QU <b7r1) < oo,
Notice that 7 < 2" 3" 3" > v Eq, (V)" ) if h € (0,1).
J>1k>jn>S;
Mimicking the computations performed in the proof of Theorem , one gets

k—1

/[0 1] (V#"’f(t)(w))h Ha(w)(dt) = Z ( ]._.[ Wa.wiir (wlk)) (V#(w))h 121l

weAF+T3 k=0
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Using the independences as well as p and h as in the proof of Theorem E, one
obtains

Eo, (VI)") < BVEO) " E(|u2|P)"”

where w is any element of A*. Then our choice for p; and S; ensures that 7 is
finite.

Now, for any A’ >0 one has 7/ < > .o > 25 b=r " Eqg, ((U(k))_h ). A compu-
tation similar to the previous one yields, with the same h and p, Eg, ((U(k)) " ) <

(E (Yq“(w)) " /h)h(||u}1“||p) YP for any element w of A*. If A’ is chosen small enough,
by Lemma P the right hand side is bounded independently of £ and the conclusion
follows from our choice for p;. O
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