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HETEROGENEOUS UBIQUITOUS SYSTEMS IN R¢Y AND
HAUSDORFF DIMENSION

JULIEN BARRAL AND STEPHANE SEURET

ABSTRACT. Let {zn}nen be a sequence of [0,1]%, {A\n }nen a sequence of pos-
itive real numbers converging to 0, and 6 > 1. The classical ubiquity results
are concerned with the computation of the Hausdorff dimension of limsup-sets
of the form S(8) = NyenUns>n B(xn, X\3).

Let p be a positive Borel measure on [0,1]¢, p € (0, 1] and a > 0. Consider
the finer limsup-set

Sulp.8,0) = U Blen An).
NEN n>N:p(B(zn,A0))~ALY

We show that, under suitable assumptions on the measure p, the Hausdorff
dimension of the sets S, (p, d, &) can be computed. Moreover, when p < 1, a yet
unknown saturation phenomenon appears in the computation of the Hausdorff
dimension of Sy (p,d, ). Our results apply to several classes of multifractal
measures, and S(§) corresponds to the special case where p is a monofractal
measure like the Lebesgue measure.

The computation of the dimensions of such sets opens the way to the study
of several new objects and phenomena. Applications are given for the Dio-
phantine approximation conditioned by (or combined with) b-adic expansion
properties, by averages of some Birkhoff sums and branching random walks,
as well as by asymptotic behavior of random covering numbers.

1. INTRODUCTION

Since the famous result of Jarnik ] concerning Diophantine approximation
and Hausdorff dimension, the following problem has been widely encountered and
studied in various mathematical situations.

Let {2, }nen be a sequence in a compact metric space E and { A, }nen a sequence
of positive real numbers converging to 0. Let us define the limsup set

S = ﬂ U B(zn, A\n),
NeN n>N

and let D be its Hausdorff dimension. Let § > 1. What can be said about the
Hausdorff dimension of the subset S(8) of .S defined by

s@ =1 U Bl ?

NeN n>N

Intuitively one would expect the Hausdorff dimension of S(d) to be lower bounded
by D/6. This has been proved to hold in many cases which can roughly be separated
into two classes:

e when the sequence {(z,,\,)}, forms a sort of “regular system” [, L],
which ensures a strong uniform repartition of the points {x, } .
1



2 JULIEN BARRAL AND STEPHANE SEURET

e when the sequence { (2, \n) }» forms an ubiquitous system [[L§, [[d, B9 with
respect to a monofractal measure carried by the set S.

Let us mention that similar results are obtained in [@] when E is a Julia set.
When dim S(6) < D, such subsets S(d) are often referred to as exceptional sets
. Another type of exceptional sets arises when considering the level sets of
well-chosen functions:

e the function associating with each point € [0, 1] the frequency of the digit
1€4{0,1,...,b— 1} in the b-adic expansion of z,

e more generally the function associating with each point = the average of
the Birkhoff sums related to some dynamical systems,

e the function z +— hy(z), when f is either a function or a measure on R% and
hy(x) is a measure of the local regularity (typically an Holder exponent) of
f around x.

It is a natural question to ask whether these two approaches can be combined
to obtain finer exceptional sets. Let us take an example to illustrate our purpose.

On one side, it is known since Jarnik’s results [B] that if the sequence { (x5, An)}n
is made of the rational pairs {(p/q, 1/¢*) },.qen+2, p<q» then for every § > 1 the subset
S(6) of [0,1] has a Hausdorff dimension equal to 1/§. In the ubiquity’s setting, this
is a consequence of the fact that the family {(p/q, 1/¢*)}, qen~2 forms an ubiquitous
systems associated with the Lebesgue measure [|L§,

On the other side, given (mo,71,...,m_1) € [0,1]® such that Zi.’;é m o= 1,
Besicovitch and later Eggleston [@] studied the sets E7™0:™1> "1 of points x such
that the frequency of the digit ¢ € {0,1,...,b — 1} in the b-adic expansion of z is
equal to ;. More precisely, for any « € [0, 1], let us consider the b-adic expansion of
z=3 " | xnb™ ™, where Vm, z,, € {0,1,...,b—1}. Let ¢; »(x) be the mapping

_#{m<n:ia, =i}
= - :

(1) T = ¢in(x)

Then E7omT-1 = {g : Vi € {0,1,...,b — 1}, lim, 400 ¢sn(x) = m}. They
b—1

found that dim E7o-mme—1 = 377 " —7; logy, ;.
We address the problem of the computation of the Hausdorff dimension of the
subsets E§"V ™! of [0, 1] defined by

3 (Pn, @n)n € (N*2)N such that g, — +o0,
EFOT T = S 0 o — pu/qn] <1/¢2° and Vi € {0,...,b— 1},

Hmn—»—i—oo (bi,[logb(q%)] (pn/Qn) =T

([x] denotes the integer part of z). In other words, we seek in this example for
the Hausdorff dimension of the set of points of [0, 1] which are well-approximated
by rational numbers fulfilling a given Besicovitch condition (i.e. having given digit
frequencies in their b-adic expansion). This problem is not covered by the works
mentioned above. The main reason is the heterogeneity of the repartition of the ra-
tional numbers satisfying the Besicovitch conditions. As a consequence of Theorems
and P.7 of this paper, one obtains
b=l log, m;
(2) dimE;U’ﬂ—l’m’ﬂ'b71 _ 21_0 51 &b iy
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The key point to achieve this work is to see the Besicovitch condition as a scaling
property derived from a multinomial measure. More precisely, the computation of
the Hausdorff dimensions of the sets E5 ™™~ proves to be a particular case of
the following problem: Let p be a positive Borel measure on the compact metric
space E considered above. Given o > 0 and § > 1, what is the Hausdorff dimension
of the set of points = of E that are well-approximated by points of {(2,, An)}, at
rate §, i.e. such that for an infinite number of integers n, |x—x,,| < A%, conditionally
to the fact that the corresponding sequence of couples (x,,, A,,) satisfies

log 1t(B(xn, An)) _

‘?
oo log(h) '

(3)

In other words, if € = (g,)n>1 1S & sequence of positive numbers converging to 0,
what is the Hausdorff dimension of

(4) Su(d,e,8) = U Bz, \0) ?

N20 >N AT <p(B(n,An)) A0 "

We study the problem in R? (d > 1). An upper bound for the Hausdorff dimen-
sion of S, (0, o, €) is given by Theorem R.9 for weakly redundant systems {(zn, An)}n
(see Definition P.1)). Its proof uses ideas coming from multifractal formalism for

.

measures
(case p = 1) gives a precise lower bound of the Hausdorff dimension

Theorem
of S,.(6, o, €) when the family {(xn, Av)}» forms a 1-heterogeneous ubiquitous system
with respect to the measure y (see Definition for this notion, which generalizes
the notion of ubiquitous system mentioned above). It can specifically be applied to
measures p that possess some statistical self-similarity property, and to any family
{(zn, An)}n as soon as the support of u is covered by limsup,, .o B(Zn, An)-

To fix ideas, let us state a corollary of Theorems P.2and .4 This result uses the
Legendre transform 7;; of the “dimension” function 7,, considered in the multifractal

formalism studied in [l4] (see Section .9 and Definition J).

Theorem 1.1. Let p be a multinomial measure on [0,1]%. Suppose that the fa-
mily {(xn, An)}n forms a weakly redundant 1-heterogeneous ubiquitous system with
respect to (u,a,T; ().

There is a positive sequence € = (p,)n>1 converging to 0 at oo such that

Vo>1, dim S,(5,a,e) =T,(a)/d.

Examples of remarkable families {(z,, A,)}n are discussed in Section [, as well
as examples of suitable statistically self-similar measures p. There, the measures
1 are chosen so that the property (E) has a relevant interpretation (for instance in
terms of the b-adic expansion of the points zy,).

The formula () defining the set S,,(d, o, ¢) naturally leads to the question of
conditioned ubiquity into the following more general form: Let p € (0,1]. What is
the Hausdorff dimension of

5)  Sulpdee)=[) U B, X)) ?
N20 >N AEFE) < B(wn,A8)) <ARE ™)

Remark that, in (E) and (E), if u equals the Lebesgue measure and if o = d, the
conditions on B(zp, ) are empty, since they are independent of z,, A, and p
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(this remains true for a strictly monofractal measure p of index «, that is such that
3C > 0, Irg such that Vo € supp(u), V 0 <r < rg, C~1r™ < u(B(z,7)) < Cr®).

Again, an upper bound for the Hausdorff dimension of S,,(p, d, o, ) is found in
Theorem for weakly redundant systems.

Theorem (case p < 1) yields a lower bound of the Hausdorff dimension of
S, (p, 6, a,€) when p < 1, as soon as the family {(z,, \,)}, forms a p-heterogeneous
ubiquitous system with respect to u in the sense of Definition P.§. The introduction
of this dilation parameter p substantially modifies Definition and the proofs of
the results in the initial case p = 1.

As a consequence of Theorem @, a new saturation phenomenon occurs for
systems that are both weakly redundant and p-heterogeneous ubiquitous systems
when p < 1. This points out the heterogeneity introduced when considering ubiq-
uity conditioned by measures that are not monofractal. The following result is also
a corollary of Theorems E and @

Theorem 1.2. Let p1 be a multinomial measure on [0,1]%. Let p € (0,1). Suppose
that {(xn, An)}n forms a weakly redundant p-heterogeneous ubiquitous system with
respect to (u,a,T; ().

There is a positive sequence € = (p,)n>1 converging to 0 at oo such that

d(1 —p)+ pt*
Vé>1, dim Su(p,é,a,s):min( ( p)5 pT”(a),T;(a)).

Under the assumptions of Theorem D, if 7;(a) < d, although ¢ starts to in-

crease from 1, dim S, (p,d, o, €) remains constant until § reaches the critical value

d(1=p)+p7, (a) d(1=p)+p7, ()
75 (o) 75 (a)

creases. This is what we call a saturation phenomenon.

> 1. When 6 becomes larger than , the dimension de-

It turns out that conditioned ubiquity as defined in this paper is closely related
to the local regularity properties of some new classes of functions and measures
having dense sets of discontinuities. In particular, Theorem E is a determinant
tool to analyze measures constructed as the measures v, . o

Vorvo = 3 AL (B(2n, A2)) 6,
n>0

where §,, is the probability Dirac mass at z,,, p € (0,1], and v, o are real numbers
which make the series converge. Conditioned ubiquity is also essential to perform
the multifractal analysis of Lévy processes in multifractal time. These objects have

multifractal properties that were unknown until now. Their study is achieved in
other works [, [L(].

The definitions of weakly redundant and p-heterogeneous ubiquitous systems
are given in Section fl. The statements of the main results (Theorems P.3 and P.7)
then follow. The proofs of Theorem P.3, Theorem P.7 (case p = 1) and Theorem
E (case p < 1) are respectively achieved in Sections E, E and E Finally, our
results apply to suitable examples of systems { (2, A, )}n and measures p that are
discussed in Section E
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2. DEFINITIONS AND STATEMENT OF RESULTS

It is convenient to endow R? with the supremum norm || - || and with the
associated distance (z,y) € R? x R? i— ||x — y||oo = maxi<i<a(|z; — yi|). All along
the paper, for a set S, |\S| denotes then the diameter of S.

We briefly recall the definition of the generalized Hausdorff measures and Haus-
dorff dimension in R?. Let £ be a gauge function, i.e. a non-negative non-decreasing
function on R, such that lim,_o+ £(x) = 0. Let S be a subset of R%. For > 0,
let us define

HS(S) = inf > (G, (the family {Ci}icr covers S)

= m
{Ci}iGI:SCUiGICi el

where the infimum is taken over all countable families {C;};cz such that Vi € Z,
|Ci| <n. As 7 decreases to 0, H§(S) is non-decreasing, and H*(S) = lim,, o H5(S)
defines a Borel measure on R?, called Hausdorff ¢&-measure.

Defining the family &,(z) = |z|* (a > 0), there exists a unique real number
0 < D < d, called the Hausdorff dimension of S and denoted dim S, such that
D = sup{a>0:H(S) = +oo} = inf{a:H*(S) =0} (with the convention
sup () = 0). We refer the reader to [Bd, ] for instance for more details on Hausdorff
dimensions.

Let © be a positive Borel measure with a support contained in [0,1]%. The
analysis of the local structure of the measure u in [0,1]¢ may be naturally done
using a c-adic grid (¢ > 2). This is the case for instance for the examples of
measures of Section E We shall thus need the following definitions.

Let ¢ be an integer > 2. For every j > 0, Vk = (ky,...,kq) € {0,1,...,¢/ —1}9,
I5) denotes the c-adic box [kic™7, (k1 + 1)) x ... X [kac™7, (kg + 1)c™7). Vo €
[0,1)¢ 1 £() stands for the unique c-adic box of generation j that contains x, and
k¢ . is the unique (multi-)integer such that If(z) = Ij(ik;im' If k = (ki,...,kq) and
k' = (k},...,k}) both belong to N, ||k — kK'| s = max; |k; — k|. The set of c-adic
boxes included in [0, 1)¢ is denoted by I.

Finally, the lower Hausdorff dimension of u, dim(u), is classically defined as
inf {dim E : E € B([0,1]%), u(E) > 0}.

2.1. Weakly redundant systems. Let {z,},en be a family of points of [0, 1]¢
and {\,}nen a non-increasing sequence of positive real numbers converging to 0.
For every j > 0, let

(6) T; = {n: 9-U+D) < ) < 2*]'}.

The following definition introduces a natural property from which an upper bound
for the Hausdorff dimension of limsup-sets () and (F) can be derived. Weak re-
dundancy is slightly more general than sparsity of [29].

Definition 2.1. The family {(z,,M)}nen is said to form a weakly redundant
system if there exists a sequence of integers (N;) >0 such that

(1) limj_o log N; /5 = 0.

(ii) for every j > 1, T; can be decomposed into N; pairwise disjoint subsets (denoted
Tj1,..., Tjn;) such that for each 1 <i < Nj, the family {B(mn,)\n) neE Tj,i} is
composed of disjoint balls.
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One has Ufi]l T;; = Tj. Since the T} ; are pairwise disjoint, any point x € [0, 1]d
is covered by at most N; balls B(x,, \n), n € T;. Moreover, for every ¢ and j,
the number of balls of Tj; is bounded by C42%, where C, is a positive constant
depending only on d. Indeed, if two integers n # n’ are such that \,, and ), belong
to Tj;, then ||z, — Ty |joc > 277,

2.2. Upper bounds for Hausdorff dimensions of conditioned limsup sets.
Let 1 be a finite positive Borel measure on [0, 1]%.
We let the reader verify that if supp p = [0, 1]¢, then the concave function

(7) Tyt ¢ lim inf —j tlog, Z 115 )1
Jj—00 ke{0,...,ci—1}d

does not depend on the integer ¢ > 2, and is consequently simply denoted 7,,. This
function is considered in the multifractal formalism for measures of [[4]. Then, the
Legendre transform of 7, at a € Ry, denoted by 7;, is defined by

(8) Th ;IellfR (g — 7u(q)) € RU{—00}.

Theorem 2.2. Let {x,}nen be a family of points of [0,1]% and {\,}nen a non-
increasing sequence of positive real numbers converging to 0. Let p be a positive
finite Borel measure with a support equal to [0,1]%. Let {e,}nen be a positive se-
quence converging to 0, p € (0,1], 6§ > 1 and o > 0. Let us define

Su(p,6,a8) = ) U B(wn, Ay)-
N2L >Nt <p(B(an,AG)) AR ™)

Suppose that {(zn, A\n) }nen forms a weakly redundant system. Then

d(l — p)+ pt*
(9) dim S, (p, 9, a,¢€) < min( ( p)é pT“(a),Tu*(a) )
Moreover, S,.(p,0,a,e) =0 if 7;(a) <0.

The result does not depend on the precise value of the sequence {e, },, as soon
as lim,—, oo €n, = 0. The proof of Theorem @ is given in Section B.

2.3. Heterogeneous ubiquitous systems. Let « > 0 and § € (0, d] be two real
numbers. They play the role respectively of the Holder exponent of 1 and of the
lower Hausdorff dimension of an auxiliary measure m.

The upper bound obtained by Theorem @ is rather natural. Here we seek
for conditions that make the inequality (H) become an equality. The following
Definitions @ and @ provide properties guarantying this equality.

The notion of heterogeneous ubiquitous system generalizes the notion of ubiqui-
tous system in R? considered in [E]

Definition 2.3. The system {(z,, An)}nen is said to form a 1-heterogeneous ubiqg-
uitous system with respect to (u, o, 3) if conditions (1-4) are fulfilled.

(1) There exist two non-decreasing continuous functions ¢ and ¢ defined on R
with the following properties:
- p(0) =9(0) =0, 7+ r~¢() and r — =% are non-increasing near 0,
- lim, g+ 7~ %) = 400, and Ve > 0, 7 — r*=¢(") is non-decreasing near 0,
- ¢ and ¢ verify (2), (3) and (4).
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(2) There exist a measure m with a support equal to [0, 1]¢ with the following
properties:

e m-almost every y € [0, 1]¢ belongs to Nys1 Unsy B(@n, An/2), ie.
(10) m ( N U B(xn,)\n/Q)) = [|m].

N>1 n>N
e One has:

(11)

For m-almost every y € [0,1]¢, 3 j(y), Vj > j(y),
V k such that [k — k§ [ <1, P](If,) holds,

where P31, (I) is said to hold for the set I and for the real number M > 1 when
(12) M—1|[|04+1/J(|1|) < M(I) < M|I|0t—1/f(|f|).

e One has:

(13)

For m-almost every y € [0,1]¢, 3 j(y), Vj > j(y),
V k such that [k — k5, |lc <1, D{*(I5)) holds,

where D7} (1) is said to hold for the set I and for the real number M > 0 when
(14) m(I) < M|I|P=¢UD),

(3) (Self-similarity of m) For every c-adic box L of [0,1)¢, let f;, denote the
canonical affine mapping from L onto [0,1)¢ . There exists a measure m” on L,
equivalent to the restriction m; of m to L (in the sense that m|;, and mL are
absolutely continuous with respect to one another), such that property (@) holds
for the measure m” o f I ! instead of the measure m.

For every n > 1, let us then introduce the sets
Vj>mn+log, (|L|7'), V k such that ||k — kS oo <1,

c B—«p(u;—’k‘)
mL(I}:,k) S (‘I‘JLI‘(‘) [L]

The sets EZ form a non-decreasing sequence in L, and by (B) and property (3),
U,,>1 EE is of full m*-measure. One can thus consider the integer

Ef={zxelL:

n

ny = inf {n >1: mL(Eﬁ) > HmLH/Q}
If z € (0,1)¢ and j > 1, let us define the set of balls
Bj(x) = {B(xn,)\n) tx € B(xn,)\n/Q) and A\, € (C_(j"'l),c_j]}.

Notice that this set may be empty. Then, if 6 > 1 and B(z,, A\n) € B;(z), consider
B(zn, A%). This ball contains an infinite number of c-adic boxes. Among them, let
B? be the set of c-adic boxes of maximal diameter. Then define

5 _ §
Bi(z) = U B!.
B(xn,An)EB;(x)

(4) (Control of the growth speed nz, and of the mass ||[m?||) There exists a subset D
of (1, 00) such that for every § € D, for m-almost every = € limsup,,_, o B(l‘n, )\n/Q),
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there exists an infinite number of integers j for which there exists L € B9 (x) such
that

(15) ny <log, (IL|" )e(IL]) and |L[PIED < [Im"].

Remark 2.4. 1. (1) is a technical assumption. In (2), ([J) provides a lower bound
for the lower Hausdorff dimension of the analyzing measure m. (@) yields a control
of the local behavior of y1, m-almost everywhere. Then ([Ld) is the natural condition
on m to analyze ubiquitous properties of {(x,,A,)}n conditioned by p. (3) is a
kind of self-similarity needed for the measure m, and (4) imposes a control of the
growth speed in the level sets for the “copies” m® o fr L of m. The combination
of assumptions (3) and (4) supplies the monofractality property used in classical
ubiquity results.

2. If p is a strictly monofractal measure of exponent d (typically the Lebesgue
measure), then (1-4) are always fulfilled with o = 8 = d and p = m as soon as ([L0])
holds. In fact, in this case, (1-4) imply the conditions required to be an ubiquitous
system in the sense of [@, @]

3. For some well-chosen measures m, property (4) automatically holds for any
system {(2n, An)}neny and D = (1,00). This is due to the fact that a stronger
property holds: (4”) There exists J,, such that for every j > J,,,, for every c-adic
box L = If,, (L) holds. The first two classes described in Section 6.9 verify (4”)
(see [).

The use of the weakened property (4) is needed for the last two examples devel-
oped in Section [.d and for other measures constructed similarly (see [[LJ]). Indeed,
for these kinds of random measures, it was impossible for us to prove the stronger
uniform property (4’), and we are only able to derive (see ]) that, with proba-
bility 1, (4) holds with a dense countable set D.

4. Property (4) can be weakened without affecting the conclusions of Theo-
rem R.7 below as follows: weak (4) There exists a subset D of (1,00) such that
for every ¢ € D, for m-almost every = € limsup,, .. B(zn, An/ 2), there exists an
increasing sequence jy () such that for every k, there exists B(xp, , An,,) € Bjy, (2)()
as well as a c-adic box Ly, included in B(zy, , AJ, ) such that (3) holds with L = Ly;

log | L]
log An .

moreover limg_, o = J. This weakening, necessary in [E], slightly compli-

cates the proof and we decided to only discuss this point in this remark.

In order to treat the case of the limsup-sets (f]) defined with a dilation parameter
p < 1, conditions (2) and (4) are modified as follows.

Definition 2.5. Let p < 1. The system {(zn, An)}nen is said to form a p-
heterogeneous ubiquitous system with respect to (u, a, 3) if the following conditions
are fulfilled.

(1) and (3) are the same as in Definition P.3.

(2(p)) There exists a measure m with a support equal to [0, 1]¢ such that:

e There exists a non-decreasing continuous function x defined on R such that
x(0) = 0, r — r~X(") is non-increasing near 01, lim, o+ r X(") = 400, and
Ve, 0,7 > 0, r — re=9¢()=7x(") ig non-decreasing near 0.

Moreover, for m-almost every point y, there exists an infinite number of integers
{ji(y) }ien with the following property: the ball B(y,c ?()) contains at least



HETEROGENEOUS UBIQUITOUS SYSTEMS AND HAUSDORFF DIMENSION 9

I W)(d1=p)=x(™*") points 2, such that the associated couples (2, Ap) all satisfy
Ap € [eH W+ c=di@)A=x(e )]

for every n’ # n, B(z),,A\,) [ B(zn, An) = 0.

° (EI) and (E) in assumption (2) are also supposed here.

(16)

(4°) There exists J,, such that for every j > Jy,, for every c-adic box L = I{y,
(L5) holds. In particular, (4) holds with D = (1, +00).

Remark 2.6. 1. Heuristically, condition (E) ensures that for m-almost every y, for
infinite many numbers j, approximatively ¢/*(1=#) “disjoint” couples (2, \,,) such
that A, ~ ¢77 can be found in the neighborhood B(y,c™?7) of y. This property is
much stronger than ([Ld).

2. Again, the uniform property (4’) (the same as in item 3. of Remark @)
could be weakened into: (4(p)) There exists a subset D of (1,00) such that for
every 0 € D, for m-almost every y, the sequence j;(y) of (2(p)) can be chosen
so that for every B(z,,\n) invoked in ([Ld), among the c-adic boxes of maximal
diameter L included in B(z,, %), at least one satisfies (B)

Nevertheless, we kept (4’) because we do not know any example of system
{Zn, A\n}nen and of measure m such that (2(p)) and the weak form of (4’) hold
but such that (2(p)) and (4”) do not.

Before stating the results, a last property has to be introduced. Let p < 1. For
every set I, for every constant M > 1, Py (I) is said to hold if

(17) MY Tt F2ax(1D) < (1) < MYT|e= P 0ID=2ex(IT),

The dependence in p of P§,(I) is hidden in the function x (see ([Ld)).

It is convenient for a p-heterogeneous ubiquitous system {(z,, )} (p € (0,1])
with respect to (p, i, 3) to introduce the sequences eh, = (g4, )n>1 defined for a

constant M > 1 by €}, = max(efy , sﬁ’\fn), where
+
(18)  An i = MT(2),)2EV@A)E20x(2) (hy convention x = 0 if p = 1).

2.4. Lower bounds for Hausdorff dimensions of conditioned limsup-sets.
The triplets (u, «, 3), together with the auxiliary measure m, have the properties
required to study the exceptional sets we introduced before.

Let 6 = (6,)n>1 € [1,00)N, E= (64)n>1 € (0,00)Y, p € (0,1], M > 1, and

(19) S’ (p,0, ) = ﬂ U B(zp, \on),
N=>1 n>N: Q(Ty An,p,0,En) holds
where Q(xy, A\n, p, a, p,) holds when Aﬁ(a+€") < ,u(B(acn, )\fl)) < )\Z(afg"). So, if 5

is a constant sequence equal to some § > 1, the set §u(p, g, «, ) coincides with the
set Su(p, 9, o, ) defined in ) and considered in Theorem

Theorem 2.7. Let p be a finite positive Borel measure whose support is [0,1]%,
p € (0,1] and a, B > 0. Let {zy}nen be a sequence in [0,1]¢ and {\,}nen a non-
increasing sequence of positive real numbers converging to 0.

Suppose that {(Tn, A )}neN forms a p-heterogeneous ubiquitous system with re-
spect to (u,a, 3). Let D be the set of points & of R which are limits of a non-

decreasing element of ({1} UD) (in the case of p <1, D = (1,+00)).
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There exists a constant M > 1 such that for every § € ’ZS, one can find a non-
decreasing sequence 6 converging to § and a positive measure m, s which satisfy

Mp.s (§M(p, g,a,efw)) >0, and such that for every x € S, (p,6 a,eh,), (recall that
X =0if p=1 and the definition of 4, @)

(20) lim sup ﬂ;p o (Blz.))

D D@00 6 s () OO

Yo (0,1), D(3,p,5) = min (LD 1L2 ),

Vr >0, &s(r)=(4+d)p(r)+x(r).

5 can be taken equal to the constant sequence (0)n>1 if 0 € {1} UD.

where

For the two first classes of measures of Section @ (Gibbs measures and products
of multinomial measures), (4’) holds instead of (4) and D = (1,4+0c0), and thus
Theorem E applies with any p € (0,1]. To the contrary, as soon as p < 1, Theorem
E does not apply to the last two classes of Section @ (independent multiplicative
cascades and compound Poisson cascades).

Corollary 2.8. Under the assumptions of Theorem |2 there exists M > 1 such
that for every 0 € D there exists a non- decreasmg sequence 5 converging to § such
that H§P5(S (p,0,a EM)) > 0. Moreover, 6 = (§)n>1 if 6 € {1} UD.

In particular, dim Su(p,é,a,EM) > D(B,p,9).

When p < 1, D(8,p,d) remains constant and equal to S when ¢ ranges in

11, W]. This is what we call a saturation phenomenon. Then, as soon as

W < 4, we are back to a “normal” situation where D(f3, p,d) decreases as

1/ when ¢ increases.
When p =1, D(8,p,8) = 3/, thus there is no saturation phenomenon.

Corollary 2.9. Fiz € = (e,)n>1 a Sequence converging to 0 at oco. Under the
assumptions of Theorem @ and Theorem @, if the family {(xn, An)}nen both
forms a weakly redundant and a p-heterogemeous ubiquitous system with respect
to (w,a,7;(a)), then there exists a constant M > 1 such that for every § €

[%W,Jroo) N ﬁ, there exists a non-decreasing sequence 5 converging to
i
0 such that
dlm (S#(p,(;,oz,{—:?w)) = dlm (Sﬂ(pvavaveﬁ/[>\ U Sﬂ(pv 5’70475))
8’ >48

= D(7;(a), p,9).
Moreover, § can be taken equal to (0)n>1 if d € {1} UD.

Remark 2.10. 1. Corollary @ is an immediate consequence of Theorem @

2. In order to prove Corollary P.9, let us first observe that if § > 1 and 5 is
a non-decreasing sequence converging to § when n tend to oo, S (p,5 a,ef,) C
Su(p, 0, a,eh,) for all 6" < 4. Theorem @ gives the optlmal upper bound for

dim (S (p,(5 o EM)). Again by Theorem P.2 , if 6 > %, for &' > ¢, the

sets Su(p,d’,a,eh,) form a non-increasing family of sets of Hausdorff dimension
< D(7(a),p,8). This implies H*5 (Uys s Su(p,0',,)) = 0. Then the lower
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bound for dim (S (p, 0, e \U5,>5 u(p, 0, ., €)) is given by Corollary R.g This
holds for any sequence & converging to zero.

When § = 1, one necessarily has p =1 and 5= (1);,>1. The arguments are then
similar to those used for § > 1.

3. The previous statements are still valid if property (4) is replaced by property
(4(p)) of Remark P.4, and in Section .9, the measures considered are such that
either D = (1,00) or D is dense in (1, 00).

3. UPPER BOUND FOR THE HAUSDORFF DIMENSION OF CONDITIONED
LIMSUP-SETS: PROOF OF THEOREM P.9

The sequence {(z,, A\n)}n is fixed, and is supposed to form a weakly redundant
system (Definition @ We shall need the functions Vj > 1

Tupg(0) = =3~ " ogy Z B(xn, A7) ) and 7,,,(q) = h}glggf e, (@),
neT}

with the convention that the empty sum equals 0 and log(0) = —c0.
In the sequel, the Besicovitch’s covering theorem is used repeatedly

Theorem 3.1. (Theorem 2.7 of ]) Let d be an integer greater than 1. There
is a constant Q(d) depending only on d with the following properties. Let A be a
bounded subset of RY and F a family of closed balls such that each point of A is the
center of some ball of F.

There are families F, ..., Fo) C F covering A such that each F; is disjoint,
i.e.

Q(d)
Ac |J | Fand VP, F € F; with F # F', FOF = .
i=1 FEF;

Let (IV;);>1 be a sequence as in Definition m and let us consider for every j > 1
the associated partition {1} 1,...,T; n,} of T;. For every subset S of T}, for every
1 < i < Nj, Theorem @ can be used to extract from {B(:cn, AM):n E iji N S}
Q(d) disjoint families of balls denoted by T, x(S), 1 <k < Q(d), such that

Q(d)
(21) U B c U B, ).
neT; ;NS k=1 neT;; r(S)

Let us then introduce the functions

Tupi(@) = —j7 logy §u¥ Z H’(B(‘Tna)"rpz))q (=1
CTj .
nelUr, U9 150009

and 7, ,(q) = liminf;_. 7, ,,(g). Recall that 7, is defined in (ff).
Lemma 3.2. Under the assumptions of Theorem @, one has
(22) Tup > d(1 —p)+p1  and T, > pTy.

Proof. e Let us show the first inequality of (@)
First suppose that ¢ > 0. Fix j > 1 and 1 < ¢ < N;. For every n € T},
B(zn,A2) N]0,1]? is contained in the union of at most 3¢ distinct dyadic boxes of



12 JULIEN BARRAL AND STEPHANE SEURET

generation j, := [jp] — 1 denoted Bi(n),..., Bsa(n). Hence

M(B(:En,)\” (Z,u ) §3dqiu(3 n

Moreover, since the balls B(z,, An) (n € T};) are pairwise disjoint and of diam-
eter larger than 2-U+1) | there exists a universal constant Cy depending only on d
such that each dyadic box of generation j, meets less than C;241=P)i of these balls
B(zp, \2). Hence when summing over n € Tj,; the masses u(B(z,,\))", each
dyadic box of generation j, appears at most Cy2¢(1=*)J times. This implies that

(23) Y n(Blan, A))" < 3102 YT ()
nET]‘-; kE{O,...,QjP—l}d

(24) and Z B(wn, \0) q < 3qude2d(1fp)j Z M(Ij,k)q-
neT; ke{0,...,29p —1}4

Since log N; = 0(j), one gets 7,,,(q) > d(1 — p) + p1u(q).

Now suppose that ¢ < 0. Let us fix j > 1 and 1 <7 < Nj. For every n € T ;,
B(x,,\) contains a dyadic box B(n) of generation [jp] + 1, and p(B(zn, )"
M(B(n))q. The same arguments as above also yield 7, ,(¢) > d(1 — p) + p7.(q)-

e We now prove the second inequality of @)

Suppose that ¢ > 0. Fix j > 1 and S a subset of T}, as well as 1 < 7 < Nj
and 1 < k < Q(d). We use the decomposition (21)). Since the balls B(x,,\?)
(n € Tj;x(S)) are pairwise disjoint and of diameter larger than 2-U+1V? there
exists a universal constant Cj, depending only on d, such that each dyadic box of
generation j, meets less than C/; of these balls. Consequently, the arguments used
to get (B3) yield here

>0 nBln X)) < 8C; 3 L)
n€Ty ; k(s) ke{0,...,270 —1}4
and Z 1(B(zn, A2)) < 3%ChQ(d)N; Z (1 5c) "
neUrd, XD 155 1(8) ke{0,...,277 —1}4

The right hand side in the previous inequality does not depend on S, hence

sup Y. u(Blaa, X)) <3UCQAN, Y uLx)
SCTj neui\’:leQ(d) Tj.ik(S) ke{0,...,29p —1}d
and the conclusion follows. The case ¢ < 0 is left to the reader. (I

Proof of Theorem R.4. e First case: o < 7, 1,(07). Hence 7;(a) = infy>0(aq—7,(q))-

o
Let us first prove that dim S, (p,d, o) < M‘&
Fix n > 0 and N so that ¢, < n for n > N. Let us introduce the set

Su(N,n,p,6,0) = UnzN:AZ,(””)S;L(B(ITL,/\Q)) B(z,,X%). This set is also written

S#(Nanvpv(sao‘) = U U B(:Cn,Afl)

iZinfn>n 108y () ety A <pu(B(wn )
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Let us fix D > 0. Remark that S, (p,d,a,€) C S,(N,n, p,d,a). We use this set as
covering of S,,(p,d, o, €) in order to estimate the D-dimensional Hausdorff measure
of Su(p, 9, €).

Fix ¢ > 0 such that 7,(q) > —oco. Let j; be an integer large enough so that

J 2 Jq implies 7, , ; (q) > TIMP(q) —n. For jxy = max (jqainfnzNIng()‘ﬁl))a one
gets that for some constant C' depending on D, d, o, n, p and ¢,

H22 JN5(SH(pa67aag)) < Z Z ‘ (xn’)\zi)’

JZiN neTy: AZ(Q+H)SM(B($n,7>\£L))

< ST ST B XA, 0D (B, M)

j>jn neT;
< 3 (2279%) Pl Dar(etm g =i (@)
J2inN
< C Z 9=3(Dé—ap(a+n)+7u,0(0)=1)
J2iN

Therefore, if D > %w H2 - JN(;(S#(p,é,a,?:)) converges to 0 as N —
. . atn)—Tu.p(@)+
oo, and dim S, (p,d, @, &) < D. This yields dim S,(p,d, e, &) < w

which is less than di=p)Feaa= T“( N+@e+n 1 Temma B.3. This holds for every

n > 0 and for every ¢ > 0 such that 7,(¢) > —oo. Finally, dim S,(p,d,a,€) <

d(1—p)+pinfg>0 aq—7.(q) _ d(1=p)+p7;(a)
5 = 5 :

Let us now show that dim S, (p,d,a,€) < 7;(a). This time, for j > 1 we define
Sj={neTlj: Aplet) < 1(B(zn,A2))}. By (R1), we remark that
N; Q(d)

Su(p,d,a,€) C U U U U B(xp, A2).

Jj2in i=1 k=1 n€Tj;r(S;)

By definition of 7,, ,(¢), a computation mimicking the previous one yields

H§D2 pin (Su(p8,0,8) < C Z 9—i(Dp=ap(atn)+7u,p(a)=n)
J2iN
Hence dim S, (p, 6, o, &) < w, for every n > 0 and every ¢ > 0 such

that 7,(¢) > —oo. The conclusion follows from Lemma B.J.

Finally, if 7;(a) < 0 and S,(p,d,,€) # 0, the previous estimates show that
Hgg vin (Su(p; 6, , €)) is bounded for D € (7;(a),0) (one can formally extend the

definition of H4P to the case D < 0). This is a contradiction.
e The proof when o > 7,,(07) follows similar lines. O

4. CONDITIONED UBIQUITY. PROOF OF THEOREM P.7 (CASE p = 1)

We assume that a 1-heterogeneous ubiquitous system is fixed. With each couple
(zn, A\n) is associated the ball I,, = B(zy, \,). For every 6 > 1, L(f) denotes the
contracted ball B(z,,\3). The following property is useful in the sequel. Because
of the assumption (1) on ¢ and %, one has
(25) 10 > 1, Vo< r<s <1, 5720 < Op=2() and s~ < Op¥()

We begin with a simple technical lemma
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Lemma 4.1. Let y € [0,1]%, and let us assume that there exists an integer j(y)
such that for some integer ¢ > 2, ) and (@) hold for y and every j > j(y).

There exists a constant M independent of y with the following property: for
every n such that y € B(zn, \n/2) and log, A1 > j(y) +4 , D7 (B(y,2\,)) and
Pi(B(xn, \y)) hold.

Proof. Let us assume that y € B(z,,\,/2) with X, < ¢ 7®~4 Let jy be the
smallest integer j such that ¢=7 < ), /2, and j; the largest integer j such that
c¢™7 > 2\,. One has jo > —log. A\, > j1 > j(y). One thus ensured by construction
that jo —4 < —log. A\, <1 +4.

Let us recall that I;(y) is the unique c-adic box of scale j which contains
y, and that k;, is the unique k € N? such that y € It = I;(y). One has

I5 (y) € B(xn, An) C Ul\k—k§1,y||oo§1 I which yields (I} (y)) < p(B(zn, An)) <
> (I x)- Applying (L) and () yields

Hk—k?l,y lloo <1

e |2t e™D < y(B(2n, An)) < 3%t (o™
Combining the fact that jo — 4 < —log, A, < j1 + 4 with (@) and (E) gives

1,4+
a+€M’n

— 1’7
= MU AN < (B, An)) S M2A [TV EN) = X

for some constant M that does not depend on y.
Similarly, one gets from ([[J) and ([4) that Dy} (B(y,2X,)) holds for some con-
stant M > 0 that does not depend on y. O

of Theorem @ in the case p = 1. All along the proof, C' denotes a constant which
depends only on ¢, a, 3, 4, ¢ and .

The case § = 1 follows immediately from the assumptions (here m; = m).

Now let M > 1 be the constant given by Lemma @ Let 6 € DN (1,400), and
let {d,}n>1 be a non-decreasing sequence in D converging to d (if § € D, d,, = §
for every n). For every k > 1,7 > 1 and y € [0, 1]¢, let

B(@a, An) € By (y) }

(dk‘) : — -/ .
26 k) = inf A <c’, 3>
26) gy =in {” e {3 L e B, ([J) holds

We shall find a sequence 5 = (0j)j>1, converging to d, to construct a generalized

Cantor set K in :S'\#(l,g, a,el;) and simultaneously the measure ms on Ks. The
successive generations of c-adic boxes involved in the construction of Ky, namely
G, are obtained by induction.

- First step: The first generation of boxes defining K is taken as follows.

Let Lo = [0,1]%. Consider the first element d; of D of the sequence converging
to 6. We first impose that d; := dy, for every j > 1.

Due to assumptions (2), (3) and (4), there exist E*0 C Eﬁgo such that m(E0) >

[m]|/4 and an integer n}, > nr, such that for all y € ELo:
-y € ﬂN21 UnzN B(zn, An/2),
- for every j > n/,_, both ([]) and ([3) hold,

- there are infinitely many integers j such that ([L§) holds for some L € B;-ll (y)-
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In order to construct the first generation of balls of the Cantor set, we invoke
the Besicovitch’s covering Theorem @ We are going to apply it to A = E*° and
to several families F1(j) of balls constructed as follows.

For y € E%o, let us denote nff by n;,. Then for every j > n’LU + 4, let us
define F1(j) = {B (y,2X\,,,) : y € E*}.

The family F; () fulfills the conditions of Theorem B.1. Thus, for every j > n'p,+
4, Q(d) families of disjoint balls Fi(j), ...,.7-'1Q(d) (4), can be extracted from Fi(j).
Therefore, since m(A) = m(EL0) > ||m]|| /4, for some i one has m( U ka) >

F{  €Fi()
lm||/(4Q(d)). Again, one extracts from Fi(j) a finite family of pairwise disjoint

balls G1(j) = {B1, Ba, ..., By} such that
[[m]|

BreG1(j)

By construction, with each Bj, can be associated a point y, € EL° so that By, =

B(yk,QAnjwyk). Moreover, by construction (see (@)), In;,, = B(xnj,yk’)‘"j,yk) C
B(yx:2Mn, ) = Br. Thus I{}!) = B(xn,, Al ) is included in By. Finally,

Lemma [£.1] yield Pr(B(xn;, s An,,, ) and Dy;(Bg).
Let Ji be the closure of one of the c-adic boxes of maximal diameter included in

1™ and such that both (9) holds for J. Such a box exists by (). Moreover,

nj,yk b)
by construction one has |Ji| < |I,(,jhy)k| < C|J| for some universal constant C.

We write By, = Ji. Conversely, if a c-adic box J can be written B for some
larger ball B, one writes B = J. Therefore, for every closed box J constructed
above one can ensure by construction that

(28) CTHI < [J1M < Cl],
where C' depends only on the fixed given sequence {d, },,. We eventually set
(29) G1(j) ={Bx : Br € G1(5)}-

We notice the following property that will be used in the last step: By construction,
if I; and I belong to G1(j) then their distance is at least max;e(1,2}(|1;|/2 —

(|I_i|/2)d1), which is larger than max;cq 2y |I;|/3 for j large enough (d; > 1 by our
assumption).

On the algebra generated by the elements of G (j), a probability measure ms is
defined by 3
_ m(I)

2 seci6) Mk)

Let I € G1(j). By construction, D% (I) holds. Using consecutively this fact,
(BY) and (BF), one obtains

m(T) < M[T|P~°U1D < 1|8/ T|=°UI) < |1 )/ |~ (ID,
Moreover, by (27), and remembering the definition of G1(j) (R9), one gets
-+ [l
m(Jg) = m(Byg) > .
> m(h) > m(By) 50(d)

JLEG1(H) BreG1(j)

m(s(I)
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As a consequence, ¥ I € G1(j), ms(I) < 8Q(d)C|lm| " [1]%/|1)=#11D.
By our assumption (1), we can fix j; large enough so that

V1eGi(h), 8Q(d)C|m| ™" < |1]7#U1D.

We choose the c-adic elements of the first generation of the construction of K as
being those of G1 := G1(j1). By construction

(30) VIeGy, ms(I) < |I|f/d=2el1D),

One knows that by construction, for every I € (i1, there exists y; € E%o such
that B(xn;, , s Ay, 4, ) C 1= Bk, 2\, ,, )

As a consequence, for every y € (J req, I, there exists an integer n such that
A < e |z —y| < A0, and P}, (1) = Piy(B(zn, A\n)) holds.

- Second step: The second generation of boxes is obtained as follows. Consider

da, the second element of the sequence {d, },, converging to §. Let n; be the largest

integer among the nfly)k, I € G;. For every j > nq, one imposes §; := da.

Let us focus on one of the c-adic boxes L € GG;. The selection procedure is the
same as in the first step. Due to assumptions (2), (3) and (4), one can find a
subset EX of EL, such that m”(E%) > |[m”| /4 and an integer n, > ny, such that
for all y € EL:

-y € ﬂN21 UnzN B(2n, An/2),

-V j>n) +log, (|L|_1),
mEof? c c
(31) Vk k=K [lo <1, D" T2 (fL(I5y)) and P}(I5,) hold.,

- There are infinitely many integers j such that ) holds for some L € B?Q (y).
We again apply Theorem B.1|to A = E and to families F»(j) of balls constructed
as above. Hence, for every j > n; + log, (|L|_1) +4, Fo(j) = {B(y,2)\n<d2>) TS
3.y

EL} (ngd;) is defined in (2)). We set n;, := n®2).

3y
The family F(j) fulfills the conditions of Theorem @ and covers EX. By Theo-
rem B.1), for every j > n/, +log, (|Z|=*) +4, Q(d) families of pairwise disjoint boxes

F1 (), - ,.7:2Q(d) (), whose union covers EL| can be extracted from F3(j). In par-
ticular, since m%(A4) = mY(EY) > ||m*¥||/4, there exists one family of disjoint boxes

Fi(j) = {Fis i, -} which satisfies m® (Upy ey i) = Im*Il/4Q(a).
As in the first step, one extracts from Fi(j) a finite family of disjoint balls
GY(j) = {B1, Ba, ..., By} such that

(32) mL< U Bk)zég(d).

BLEGE(j)

As above, with each By, is associated a point i € EL so that By = B(ys, 2, ),
and I T

Njyp Mg,y

C By,. Now, notice that Lemma [i.1] applies with m” o f; ! in-

'ml‘ofgl

stead of m and with the same constant M. It follows that D,, (fL(Bg)) and
77]1\4(171].% ) hold. Let Jj, be the closure of one of the c-adic balls of maximal diameter

included in I\ such that (L5) holds for .Jj.

Nj,yp
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We then define the notation By = Ji, and conversely B = Ji. One also has
(BY) (for the same constant C). We eventually define
(33) G (j) = {Bx : B € G5 (5)}.

On the algebra generated by the elements I of G&(j), an extension of the re-
striction to the ball L of the measure mg is defined by

_omm
- Xsecriy M) (D)

L p—1 _
Let I € G%(j). Since D}, °Je (fr(I)) holds, one has

m(s([)

1|

.- |1| s-o (1) 5/da1 15 E —o (1)
md) < M<|L|> < O <|L|)

C|1|%/%|L| =P |1|~#ID,
where () has been used. Moreover, by (B2) and (BJ),
Yo mfUn = Y mM(BY) = mhI/8 Q).

JREGE () BreGk ()

IN

Consequently, since ms(L) can be bounded using (), one gets
mall) < Sma(L)Q@)m |11 L] 1))
< 8Q(d)|mE| O\ L)/ B B2 (LD |8/ d2=eT),

By (1), one can choose j3(L) large enough so that for every integer j > ja(L), for

every c-adic ball I € GL(j), 8Q(d)CHmL||71|L|ﬁ/d1_5_29”(|L|) < [1]7¢D. Then,
taking j» = max {j2(L) : L € G1}, and defining

G2 = U G% (jQ)a
LeG
this yields an extension of m; to the algebra generated by the elements of G1 | G
and such that for every I € G1JGa, ms(I) < |I|8/42=2¢1D) (indeed if I € G
|T|%/dr < |1|8/42 because dy > dy).
Notice that by construction, for every I € Ga, |I| < maxjeq, 2(c™4|I])%.

- Third step: We end the induction. Assume that n generations of closed
c-adic boxes Gi,...,G, are found for some integer n > 2. Assume also that a
probability measure m; on the algebra generated by | J; <p<n G, is defined and that
the following properties hold (the fact that this holds for n = 2 comes from the two
previous steps):

(i) For every 1 < p < n, the elements of G, are closed pairwise disjoint c-adic
boxes, and for 2 < p < n, maxeq, [I| < 2¢c4dp maxreq,_, |T|dr.

For every 1 < p < n, with each I € G, is associated a ball I such that
IcC 1. There exists a constant C' > 0 depending on {d,}, such that C~!|I| <
|I|*» < C|I|. Moreover, if I; and I belong to G, then their distance is at least
max;e (1,2 | ;| /2 — (|I_Z-|/2)dp. Moreover, the I's (I € G,) are pairwise disjoint.

(ii) For every 2 < p < n, each element I of G}, is included in an element L of
Gp-1. Moreover, I C L, log, (|I|7*) = np +log, (|L|™) and TN EL +#0.
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(iii) There exists a sequence & = {§,}4>1 such that V1 < p < n and I € G,,
there is an integer ¢ such that I C Lgé") = B(xq,)\g") c I, Pi;(1,) holds, and
dq = dp. Moreover, the sequence J is non-decreasing, and Vg, 64 < 6.

(iv) For every I € U, <,<,, Gp, ms(I) < |T|P/dn=2¢(11)

(v) Forevery 1l <p<n-—1, L € Gp, and I € Gpy1 such that I C L,

m*(I)
[[m ™

ms(I) < 8Q(d)ms(L)

(vi) Every L € U, <<, Gp satisfies (L5).

The constructions of a generation G,,4+1 of c-adic balls and an extension of ms
to the algebra generated by the elements of |, <, 1, Gp such that properties (i)
to (vi) hold for n 4+ 1 are done in the same way as when n = 1.

By induction, and because of the separation property (i), we get:

- a sequence (Gp)p>1 and a non-decreasing sequence ¢ converging to d,
- a probability measure ms on o(: I € U,~; Gy)
such that properties (i) to (vi) hold for every n > 2. We now define

Ks=() U I

n>1 I€G,,

By construction, ms(Ks) = 1 and because of property (iii), one has Ks C
§#(1,g, a,e};). The measure ms can be extended to B([0,1]%) by the usual way:
ms(B) := ms(B N Ks) for B € B([0,1]%). Finally, since &, < § for every n > 1,
property (iv) implies that for every I € {J,>, Gy,

(34) ms(I) < |]|ﬁ/5*2w(|1|)_

- Last step: Proof of (0). If I € G, we set g(I) = n.

Let us fix B an open ball of [0,1]¢ of length less than the one of the elements
of G1, and assume that BN Ks # (. Let L be the element of largest diameter in
U,>1 Gn such that B intersects at least two elements of Gy(r)41 included in L.
Remark that this implies that B does not intersect any other element of Gz, and
as a consequence mgs(B) < ms(L).

Let us distinguish three cases:

e If | B| > |L|, one has by (B4)
(35) ms(B) < ms(L) < |L|ﬁ/5*2w(|L|) < C’|B|ﬂ/5’2“"(‘3|).

o If [B| < ¢™"=73|LJ, let L1,..., L, be the elements of Gyry41 that intersect B.
We use property (v) to get

” 8QU) N~ 1T
(36) ms(B) =Y ms(B N L;) <ms(L) | > mH(L).

i=1 i=1
Let jo be the unique integer such that ¢=7% < |B| < ¢~ *!. Assume B intersects for
instance the boxes L;, and L;,. Then, by (i), one has |B| > max(|L;, |, |Li,|)/3 when
jo is large enough. Hence, if | B| is small enough, one has |B| > (max;—1, ., |L:|)/3
and the scale of the boxes L; (defined as [—log, |L;|]) is always larger than j, —
[log, 3] > jo — 2.
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By property (ii), for each i € {1,...d}, one has EX NL; #0. Let y € EL NL;
for some ¢, and let us consider the c-adic box If 5
ly — 2| < ¢~ One deduces that

T c
L;C U If o
ki [[k—kjj;—2,ylleo <1

For every z € L;,

jo—2y "

The ball B intersects L;, thus the distance between y and B is at most ¢~(0=2),
As a consequence, if Ly # L;, the distance between y and L;/ is lower than ¢~ (o =3),
This implies that
(37) Lc U I e
1 ki [[k—kj—3,yllec<1

-

(2

Since y € EY, and jo > —log, |L| + ny + 3, assumption (3) ensures the control
of the m-mass of the unions of all the balls that appear on the left hand-side of
(B7) by the sum of the masses of the 3¢ c-adic boxes IZ sy Ik —kjo—3yllc < 1.
These boxes all satisfy

15 .
‘J0*3wk‘ |B|

; —o(Z) ~o (4
it g0 < (Mol ) co(12l)’ (12

where C depends only on . Injecting this in () and using that the L; are pairwise
disjoint, one obtains that for |B| small enough

ma(B) < mo(1)T DS (T

|B]

< mJ(L)TP?Q”L(LdH) 31C <%)ﬁ <%) (i)

c (BN’ ._
< =i »(B)
—WWWWQJB"

where C takes into account all the constant factors. We then use consecutively
two facts. First, by (B4), ms(L) < |L|?/°|L|=2¢UED < ¢|L|%/%|B|~2¢UBD | which
implies, since r — r?(1=1/9) is bounded near 0,

|B| B(1-1/6) C
L) <
|L|> = lmE|

mwmﬁ%wwwww(
m

|B|ﬁ/6|B|—3w(\BI)_

Second, (vi) allows to upper bound ||mL||71 by |L|~#"), which yields
(38) ms(B) < C|L|—w(\L\)|B|ﬁ/6|B|—3w(IB\) < C|B|ﬁ/6|B|—4w(\BI).
e c "7 3|L| < |B| < |L|: one needs at most c?("++4) contiguous boxes of diam-

eter ¢+ 73|L| to cover B. For these boxes, the estimate (B) can be used. Also
one knows by (vi) that ¢t < |L|~¢(F), so for |B| small enough

m5(B) < Cenr+4) (CfnL*B|L|)5/674ap(0*nL—3\L\) < CcdnL|B|ﬁ/5*4<P(|B\)
< C|L|fd90(|L|)|B|ﬁ/674tp(\B|) < C|B|ﬁ/67(4+d)¢(|B\)-
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Remembering (BJ) and (BY), and using assumption (1), one gets a constant C
such that for every non-trivial ball B of [0,1]? small enough, one has mgs(B) <
C|B|P/9| B|~(4+D)e(B) | This yields (0). 0

5. DILATION AND SATURATION. PROOF OF THEOREM @ (CAsSE p< 1)

The introduction of the condition ([Ld) induces a modification in the construction
of the Cantor set with respect to the case p = 1, in the selection of the couples
(Zn, An). The following lemma is comparable with Lemma Q

Lemma 5.1. Let y € [0,1]%, and assume that ([{1) and ([13) hold for y when
j > j(y) for some integer j(y). There exists a constant M independent of y with

the following property: for every integer j such.that Jj— X(c’j)) > W, for
every integer n such that \, € [c=911 ¢=10=x(¢")] gnd

(39) B(y, (¢” — 1)c¢77?) C B(xn, \) C B(y, cijﬂ(l*X(Cﬂ))),

then Py, (B(xn, A2)) holds. Moreover, the same constant M can be chosen so that
DY (B(y,r)) holds for r € (0,c~7W~1),

Proof. Let us fix j such that (Bd) holds, and let us denote j; the integer [jp] + 2
and jo the integer [ip(1— x(c™7))] — 2. By definition of j; and j» ,@) implies that
I5 (y) C B(an, M) C UHk_k§2 <1 If, - Combining this with ([L1]) yields

S
(40) (™)) < (B, A2)) < 3¢y veT),
One has ¢ < 2X\2 = |B(z,, \2)| < 2¢772, but by (@) one also has
(41) C~1(26792)Txe D) < 2\ < O(2¢ 1) 1)

for some constant C independent of y and j. Hence, using the monotonicity of
ri— =) (B0) and () yields the two inequalities

o Tt (2)\17X(c*j))
M (23g) TR AT (2] < (Bl X))

(2A2)PA0) - < (QA;;MPC*J'))w(%l”‘(”“)

for some constant M > 1 also independent of y and j. Eventually, since x(r) — 0
when r — 0, one has ﬁ < 1+2x(c77) for j large enough. As a consequence,
for the same constant M one can write

M7H(2X) HRXEADTVEA) < u(B(wn, AR)).
The upper bound of (@) is treated with the same arguments, and one obtains
w(B(zp, A2)) < M(2X0) = XEAD)=v (AL Hence P?,(B(zn, \2)) holds.

To prove that D7 (B(y,r) holds for some M > 0 independent of y and r €
(0,c=7W=1Y it is enough to write that B(y,r) C Ullk—k§f,y|\oc§1 I% ., where j is the

largest integer such that ~ < ¢~/ and then to use ([[J). O

If y, j and (z,,,)\,) satisfy ([1d), then they also satisfy (B9). This ensures that
the Cantor set we are going to build is included in S, (p, d, o, €4;).
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of Theorem @ in the case p < 1. Here again, the case § = 1 is obvious and left to
the reader. Since D = (1, 00), we deal with the sets S, (p, (0)n>1, @, €’,), which are
equal to the sets S, (p, 6, o, eh,).

Let § > 1. As in the proof of Theorem P.7, we construct a generalized Cantor
set K5 in S, (p,d, o, eh;) and a measure m, s on Kj.

- First step: The first generation in the construction of Ky is as follows:

Let Ly = [0,1]¢. Using assumption (2(p)), there exist a subset EL0 of Eﬁgo
of m-measure larger than |m/||/4 and an integer n} > nr, such that Vy € E*o,
Vj >nf,, () and (L3) hold. There is a subset ELo of ELo of m-measure greater
than ||m||/8 such that for every y € EXo, ([Lg) holds.

Once again we are going to apply Theorem @ to A = ELo and to families B, ()
of balls built as follows. Let y € ELo. We define

(42)  njy,, =inf {n em=x(€) < o= and ([L6) holds with j;(y) = n} .
Then for every j > n/ , let us introduce the family

Bi(j) = {B(y,Sc_’mf'yvp) RTRS ELU} )

For every j > n7, , the family B;(j) fulfills conditions of Theorem @
Hence, Vj > n} , Q(d) families of disjoint balls Bi(j), ...,B?(d)(j) can be ex-
tracted from Bi(j). The same procedure as in Theorem P.7 allows us to extract

from these new families a finite family of disjoint balls él(j) ={By,Bs,...,Bn}
such that

[[m|]
(43) m( J Br)=—o
(U 2)>50a

Remember that with each Bj can be associated a point gy € ELo so that
Br = B(yg,3c ""wer). Let us fix one of the balls By = B(yg, 3¢ "vkr).

By construction, one can find [c”fvykvp(d(l_P)_X(cfnj’yk’p))] points x, in the ball

B(yg, ¢ P"vie) such that ([Lg) holds. We denote S(By) the set of these points
Zn. The corresponding balls B(z,, A,) are pairwise disjoint. By construction, for
each of these points z,, € S(By), one has

(44) B(yk, (¢” — 1)¢™PMiwer) € B(an, \2) C B(yk,C*pnj,yk,p(lfx(f"j’yk'p)))_

Therefore each point x,, € S(By) such that ([Id) holds verifies the conditions
of Lemma f.1 Thus P§,(B(zn,\,)) and D}y (By) hold for some constant M in-
dependent of the scale and of x. This constant M is the one chosen to define
Su(p,(s,a,{:"])w).

Let us now consider Ir(fs) = B(xn, )\fl). Let J,  be the closure of one of the
c-adic box of maximal diameter included in I%"). Since |By,| = 6¢=P™wioe | one has
|Bi| < C|Jp.x|P/? for some constant C' depending only on 4.

We write By, = J,,,. Conversely, if a closed c-adic box J can be written B for
some larger ball B, one writes B = J. Pay attention to the fact that a number

equal to #S(By) > [c"fvykvp(d(l_p)_"(cinj’yk’p))] of c-adic boxes J, , can be written
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as By, for the same ball By. For every c-adic box J such that there exists k& with

By, = J, one ensured by construction
(45) 7] < Clap
for some constant C' depending on 4. Moreover, the c-adic box J is included in a
contracted ball I = B(x,,, \3) such that P{,(B(z,, ) holds.
Since |By| = 6¢= " wir, there is C' > 0 independent of k and p such that
(46) HS(By) > [me(@1=p)=x(c )] 5 o=l g =52 px(Bel)
We eventually define
(47) G1(3) = {Jn : Tuk € G1(5)}-
We notice that I; and I belong to G1(j) and_l_1 #* T then the distance between Iy
and I is by construction at least max;e 1,23 1i/3.

On the algebra generated by the elements of G1(j), a probability measure ms,,
is defined by
m(f)
#S)
mps(l) = .
’ EBk €G1(j) m(Bk)

Since D7} (T) holds for the measure m, by (i) and (RF), we have

m(T) < M|T|P~2UID < o|11P8/3T)=°ID < ¢|1|PB/%| 1|~ (ID.
Then, one also has by (q) and ([4)

d(l—p)

#SM)™ < O I < 0T D < o,
Moreover, by () and the definition of G1(5) (RY), one gets
[[ml
— 16 Q(d
o) Q(d)
Thus, ¥ I € G1(j), mps(I) < 16 Q(d)C]|m| =" 1|=#WD 7|0 7 "5 By

our assumption (1), we can fix j; large enough so that
VI eGi(jr), 16Q(d)C|m| ™" < [1]7#0D.

We choose the c-adic elements of the first generation of the construction of K as
being those of Gy := G1(j1). By construction

(48) VIeGy, mys(I) < || 757 —2eU=x(1),

and for every x € UleG1 I, there exists an integer n so that \, < ¢~ 5/7,
20 — 2]l < A, and P§,(B(x,, L)) holds. Moreover, maxreg, |I| < 2¢75%/7.

- Second step: The second generation is built as in the case p = 1, by focusing
on one c-adic box L of the first generation. We give the essential clues to obtain
this second generation.

Using assumption (2(p)), there exist a subset EX of EL  of m*-measure larger
than ||m’||/4 and an integer n, > ny such that for all y € EL, for every j >
n’, +log, (|L|~1), (B1) holds. Then, there exists a subset EL of EL of mE-measure

greater than ||m”||/8 such that for every y € EL, (LLd) holds.
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One more time we apply Theorem @ to A= EL and to families of balls B5 ().
Let y € E*. For every j > n/, +log, (|L|™'), we define the family

Ba(j) = { Bly,3c7ms0e) s ye BV},

The family By(j) fulfills conditions of Theorem B.1|. Hence, Q(d) families of disjoint
balls B3 (), ..., Bg(d) (7) can be extracted from Bz (j). Moreover, one can also extract
from these families one finite family of disjoint balls G%(j) = {B1, Ba, ..., Bx} such
that

“l

(49) mL( U Bk)21|(|amT@z)‘
BreGa(j)

Each of these balls By can be written B(yg,3c¢™?"vkr) for some point y; €
EL and some integer nj,, ,. Moreover, by ([[f]), with each By can be associated
[c”]‘,yk’P(d(lfp)*X(Cinj'yk’p))] points z,, in B(yy,c P wkr) such that ([L§) holds. As
above, §(By,) denotes the set of these points x,. The corresponding balls B(zy, \y)
are pairwise disjoint.

By construction, (fi4) holds for each of these points x, € S(By). Moreover,
Lemma @ holds with the measure m’ o f; ! instead of m and with the same
constant M. Consequently, each point z,, € S(By) such that ([Id) holds is such

LO —1
that P4, (B(zn, A2)) and Dy /% (f1(Bx)) hold.

We then consider In6 = B(xn,)\i), and we denote by J, ; the closure of one
c-adic box of maximal diameter included in I3, Again one has ([f).

We write By, = Jp,,. Conversely, if a closed c-adic box J can be written B for
some larger ball B, one writes B = J. We eventually set

(50) GE() = {Ju : Tup € GEG)).

On the algebra generated by the elements of G&(j), an extension of the proba-
bility measure m,, s is defined by
m™ (1)
#S(I)
myp,s(1) =myps(L) :
g . ZBkgézL(j) mb(By)

mloft
Since Dy, “'* (fr(Bk)) and () hold, one gets

T

s <|%||)M(T)S cr¥ L (%ﬂ

=

™

\
< OI|% |||+,
where the monotonicity of 2 — z~#(®) of assumption (1) is used. Then (f§) applied

to T and ([i9) yield
16 Q(d)C

[l

d(1—p)

|]|%|L|—ﬁ|]|—w(lll)|]| 5| 1)U,

mps(I) < mps(L)

and using () finally gives

d(1=p)+pB _ 5 _ _
16 Q(d)C|L| BITPE _B—2¢(|L)) X(|L|)|I|W7¢(|[|)7X(m)

mps(I) <
P [[md]|
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By assumption (1) one can choose ja(L) large enough so that for every integer
j > ja(L), for every I € G¥(j),

16 Q(d)CHmLH_l|L|wfﬁ72w(lLl)*x(\L\) < |10,

Then, taking jo = max {j2(L) : L € G1} and defining G = Ureg, G5 (j2), this
yields an extension of m, s to the algebra generated by the elements of G |JGa.
One has for every I € G1|JGa, m,s(I) < |I|m%w_2‘/’(m)_><(|”).
Remark that by construction if J € Gy and I € G4 verify I C J one has
m? (1
S mpslr) < 16Q(m, ()7

‘o i
I'€Go, T'=1

Also notice that by construction, |I| < maxjeg, 2(¢™°|J|)%/? < (2¢7%9/7)2 for

every I € Go. Moreover, I is contained in some I such that |L(16)| < C|I|, where
C' is a constant which depends only on c.

- Third step: Assume that n generations of closed c-adic boxes Gi,...,Gy
have already been found for some integer n > 2. Assume also that a probability
measure m, s on the algebra generated by Ulgpgn G, is defined and that:

(i) The elements of G,, are pairwise disjoint closed c-adic boxes, and for 1 < p <
n, maxzeg, |[I| < (2¢759/7)".

For every 1 < p < n, with each I € G, is associated a ball T such that I C I.
There exists a constant C' > 0 which depends only on J such that (@) holds. More-
over, if I; and I, belong to G and I; # I, their distance is at least max;e 1,2} 14/3.
Moreover, the I's (I € G,) are pairwise disjoint.

(ii) For every 2 < p < n, each element I of G, is a subset of an element L of
Gp—1. Moreover, I C L, log, (|I|7') > n +1log, (|L|7!) and I N EX, # 0.

(iii) For every 1 < p < n and I € G,, there exists an integer ¢ such that
I C Blag, ) = I < T and P (B(z,, ) holds, and |[I{”| < C|I| for some
constant C' which depends only on c.

(iv) For every I € U, <<, Gp, mp,s(I) < |I|M§W—2w(\f\)—x(lll).

(v) Forevery 1 <p<n-—1, L € Gp, and I € Gpy1 such that I C L,
m*(I)
[mE]

Yo mus(I') < 16Q(d)mys(L)

I'eGpy1, T'=1

The construction of a generation G,,11 of c-adic boxes and an extension of m, s to
the algebra generated by the elements of (J,,,,,; Gp such that properties (i) to
(v) hold for n 4+ 1 are done as when n = 1.

Then, by induction, we get a sequence (Gp)n>1 and a probability measure on
o(I : I € U,>;Gj) such that properties (i) to (v) hold for every n > 2, and
K,; = ﬂ U I. By construction, m, (K, s) = 1 and because of (iii) K,s C

n>1 I€eG,
Su(p,8,,€f,). Finally, the measure m, s is extended to B([0,1]9) in the usual way:
mp.s(B) :=m,s(BNK,;s) for every B € B([0,1]%).

- Last step: Proof of (R0). If I € G,,, recall that we set g(I) = n.
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Fix B an open ball of [0,1] of diameter less than the one of the elements of G1
such that BN K, 5 # 0. Let L be the element of largest diameter in Un21 G, such

that B intersects at least two balls L; such that L; belongs to Gg(ry+1 and L; is
included in L (hence m, s(B) < m, s(L)).

o If |B| = |L],
M5 (B) <my (L) < |L|“=F2 20 (LD~XULD < | p| =822 ~2e(1B)—x( B).

o If B] < ¢t 73|L|, let Ly,..., L, be the c-adic boxes in Gy(z)41 such that Vi L;
intersects B. Property (v) yields

16Q(d) , +

L
m”~(L;).
[[m*|

ms(B) =3 Y ms(BAL) <Y mys(L)

i=1 LeGyryt1, L=L;
Let jo be the unique integer so that ¢=7 < |B| < ¢7/*1. Because of (i), one has
|B| > max; |L;|/3. As a consequence — log,. |L;| > jo — [log. 3] > jo — 2.
The same arguments as in the proof of Theorem P.7 (Case p = 1) yield that
there exists an index ip and a point y € EﬁL N L;, such that one has J_, L; C
Uk k—kjo -3,y /oo <1 I3, 5 - Hence

(51) SmCy< Y mE ),

ki [[k—kjo—3,yllcc <1
and by definition of Ef, , one can bound m*(If _4,) by

‘Iq—Sk‘

c B— ]UT’ _ ‘—f‘
k(12 3k><<|fjo-s,kl> o )<C<|B|>ﬁ<|3|> o)
T =\ L] IZ]

There are 3¢ such pairwise disjoint boxes in the sum (@), hence

|B]

. Mm . @ B @ *W(m)
at8) < s () ()

16 Q(d)34C BN\"?,
|7§{L>| mpa(L) <%) (B,

By (iv), one obtains
mps(L) < || 20D -x(E) < || "8 g -2e(1B)-x(B)),

which yields

d B
m,.s(B) < %ILIW (%) | B|~3#(BD=x(B),
m
. . L 71
Then, the second property of ) in assumption (4) allows to upper bound ||m™||

by |L|~#ULD, which is lower than |B|~¢(5D and thus

i B
(52) m, 5(B) §C|L|d( DESY. (%) |B|~4¢(BD-x(B])
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Finally, if § > 20=2%28 " F3) yields
B— d(17§)+pﬁ

aa-p)+e8 [ |B| _ _
C|B* (W) |B|-4#B)-x(B)

< OB BB -x(BD),

mp,s(B)

IN

If § < 2=ptel | (FF) yields

m,s(B) < C|BJP|L| 52 -8| B4 BD-XUBD) < ¢|B|?|B|~Le(IBD=x(BD)
In both cases, if D(3, p,d) = min(g, 1_*%@),
(53) m,.5(B) < C|B[PG#9)|g|~4e(1BN-x(B,

e ¢c "t 73|L| < |B| < |L|: one needs at most c¢*"2+4) contiguous c-adic boxes of
length ¢~ =3|L| to cover B. For these boxes, (53) can be used to get

_ c—nL—3 —y(c—nL—3
mps(B) < Celtnntd)(emne=s|p))PUesmiele TR T LD
< Ocdne|BPBd)| g|=4¢(IB)-x(IB])
< C|L|’dW(|L|)|B|D(57975)|B|f4¢(|B\)*x(IB\)
< C|B[PBr9)| g~ (4+de(IB)-x(IBI),
This shows (@) and ends the proof of Theorem @ when p < 1. 0

6. EXAMPLES

Section [6.] exhibits several families {(2n, An)}n which satisfy ([[]) or (Lg) for
any measure m, and form weakly redundant systems. Then Section @ provides
examples of triplets (,u, a, T, (a)) leading to p-heterogeneous ubiquitous systems. It
also gives relevant interpretations to property Py, .

6.1. Examples of families {(z,, \,)}nen. Let us notice first that, to ensure ([[(]),
it suffices that
(54) (N U Bz, An/2) = [0,1]%

N>1n>N

e Family of the b-adic numbers.

Fix b an integer > 2. Let us consider the sequence {(kb=7,2b=7)}, for j € N
and k = (ki,ka,...,kq) € {0,...,b7 — 1}4. By construction, for every j > 2,
Uxke{o,....pi -1} B(kb™7,b7) = [0,1]%. Hence (B4) is satisfied, (L) holds for any

measure m and the family is weakly redundant.
e Family of the rational numbers.

By Theorem 200 of @], any point = (r1,...,24) € [0,1]% such that at least one
of the z; is an irrational number satisfies for infinitely many p = (p1,p2,- .., Pd)
and ¢ the inequality ||z — p/q|leo < g~ (+1/d)  As a consequence, the sequence

p/q,2q~ /D)) for ¢ € N* and p = (p1,p2,...,pa) € {0,...,q — 1}% fulfills
({é) Here again, @) holds for any measure m.

To ensure the weak redundancy, one must select only the rational numbers
{(p/q,2q_(1+1/d))} such that at least one fraction p;/q is irreducible. But (54)
is no more satisfied. Indeed, the rational numbers p/q themselves do not belong to
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the corresponding limsup-set (each rational number belongs only to a finite num-
ber of balls B(p/q,2q*(1+1/d)). Nevertheless, as soon as the rational points are
not atoms of m (for instance if dim(m) > 0), both (L0) and ([L) hold. In this case,
by Theorem 193 of []], the same holds with {(p/a,2/V5¢*)} when d = 1. This
family is used to prove (f).

e Family of the {({na},1/n)}

Let us focus on the case d = 1 to introduce another family. Let a be an irrational
number. For every n € N, we denote by {na} the fractional part of na. If z ¢
Z+ oZ, one has [na — x| < 1/2n for an infinite number of integers n (see Theorem
ILB in [[[§] for instance). Hence

R\(Z+aZ)C (] |J B({na},1/2n).

As soon as m (Z + aZ) = 0, ([[Q) is satisfied for the family {({na},1/n)},>1. We
do not know the measures m for which (@) holds. However the following property
concerning the redundancy holds:

neN’

Proposition 6.1. {({na},1/n)}n>1 forms a weakly redundant system if and only
if inf{&: #{(p,9) eNxN": la—p/q| <q*} =00} =2.

One knows that every irrational number is approximated at rate & > 2 by the
rational numbers. But the system {({na},1/n)}, is weakly redundant if and only
if the approximation rate by rational numbers of « is exactly equals 2.

Proof. Notations of Definition %I are used.

Remark that 7} (defined by (f)) contains exactly 27 integers.

Suppose that the family is not weakly redundant. For every partition of T}
into N; subsets, one has lim supj_,+ooj_1log N; > 0. Let us fix such a partition.
There exists € > 0 such that for infinitely many integers j, one can find a real
number z € [0, 1] such that more than 25 among the {B(z,, An)}ner; contain x.
Since these integers n belong to T}, the corresponding ), belong to (2~U+1 277].
Consequently, these 257 integers n all verify [{na} — z| < 277.

By a classical argument, there are two integers n and n’ of T such that

(55) n#n', |n—n'| <27 and |{na} — {n'a}| <2.2790+),
We deduce from (FF) that there exists p € N such that lln —nla—p| < 2-
279042 < 2ln — n/|[~(1F9) . Hence | — p/|n — n/|| < 2|n — /|79, Since (B3)
holds for infinitely many j, |n — n/| cannot be bounded as j goes to co. This yields
&o=inf {&: #{(p,q) e Nx N*: ’a—p/q‘ <qg ¢} =o00}>2

Conversely, if £, > 2, fix € € (0,&, — 2). For infinitely many (p,q) € N x N*
one has |a —p/q| < ¢~?*9). For such an integer ¢, one has {nga} < 1/qn for
every n € [l,tf/2 . For ¢ large enough, let j, be the largest integer j so that
[, j+1] C [logy(q), (1 + £/2)1ogy(q)]. Consider then T}, . By construction, the point
0 belongs to at least 217« balls B(x,,, \,) such that n € T}, . Hence N;, > 2Jac/4,
Since this holds for infinitely many j’s, the conclusion follows. (I

e Poisson point processes.

Let S be a Poisson point process with intensity A ® v in the square [0, 1] x (0, 1],
where A denotes the Lebesgue measure on [0,1] and v is a positive locally finite
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Borel measure on (0,1] (see [B4] for the construction of a Poisson process). Let us
take the family {(z, \,)}n equal to the set S. Let ¢ be an integer > 2. Then for
J > 1, let us introduce the quantities 77 = {n : Ut < )\, < ¢}, as well as
B; = j Hog, v((¢c™¥™Y ¢=0=2)]) and £ = limsup 3.
j—oo

One has § = limsupjﬁoojfllogb E(#T;_2) for b € {2,c}, but we use a basis ¢
rather than 2 in order to discuss property (IE) In fact, it is a general property
that the number limsup;_, . j ~og, # T7 itself does not depend on c. We group
the information concerning ([[0]), ([Ld) and weak redundancy:

Proposition 6.2. (1) Suppose fo 1) €XP (2 f[t 1 v((2y,1)) dy) dt = +oo. This
implies in particular f > 1. With probabzlzty 1, @) holds.
(2) Fiz p € (0,1). Let x be a function defined as in Definition @ If there
exists an increasing sequence (jn)n>1 such that Bj, > 1 — x(c79") + 4/ jn,
then with probability 1, (@) holds for any measure m.
(3) {(zn, A\n)}n is weakly redundant almost surely if and only if § < 1.

As a consequence, if v(d\) = yd\/A\? with v > 1/2, with probability 1, the
system S is weakly redundant and (54) holds. In addition, if 7 is large enough,
with probability 1, () holds for any measure m.

Proof. (i) Tt is a consequence of Shepp’s theorem (see [£2 and [[L3)).
(ii) We shall need the following lemma.

Lemma 6.3. Lety € (1, 2, 1). Let N be a Poisson random variable with parameter
M. Forallp>1, one hasP(N <M —M")=0(M™?) (M — ).

The proof of Lemma uses the identity >, _, eXp(—M)%k = v 1:1, e vdu
(M >0, n € N) as well as Laplace’s method for equivalents of integrals.

For j > 1and 0 < k < cUPl — 1, let I[ ok be the subset of I[ ok obtained by

keeping one over ¢ of the consecutive c-adic subintervals of I[;,] ;. of generation j—2,
that is I[J'p],k = U I]C 2.ci—2— 3] bt ok -
k/=0,...,c7~l3p1 =8 _1

sets S = {n A € (c_(j_l),c_(j_Q)], Ty € f[i-p]ﬁk}, and the random variables
N =#S; . The Nj}’s are mutually independent Poieson random Avariables with
parameter M; equal to the product of V((c_(J_l),c_(3_2)]) with ‘I[Z'p] k‘, that is
M; = P e~ linl—1

Fix v € (1/2,1) and let E; _{vo<k<cb‘Pl —1, Njx > M; — Mj'} for j > 1.

One has P(E;) = (P(Nj,0 > M; — M’Y)) . Moreover, by definition of j,, one has
lim, .o M, = oo. Consequently, using the form of M; and Lemma . one has
lim,, o P(E;,) = 1. Since the events Ej;, are 1ndependent by the Borel-Cantelli
lemma one has P(limsup,,_,., E;,) = 1.

A computation shows that M; — M] > cBin=P)in=% for n large enough. It
follows that with probability 1, there exist infinitely many j, such that for all
0< k< clinel — 1, Nj, x> cJ”(1 p=x(c™Im), Moreover, by construction, the balls
B(2n, \y) for n € S, are pairwise disjoint, and if y € [0,1], B(y, ¢ "*) contains

Let us also define the random

at least one of the Ij; , 1’s. The conclusion follows.
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(i) If 8 < 1, the fact that {(2,, )}, forms almost surely a weakly redundant
system is a consequence of the estimates obtained in the proofs of Lemma 5 and 8
of B for the numbers N, = #{n € T; : z, € k277, (k + 1)277]}.

If § > 1, computations patterned after those performed in proving (ii) show that
if e € (0,8 — 1), with probability 1, there are infinitely many integers j such that
forall k € {0,...,¢/ =1}, #{n e Ty : anI;7k}ZCjE. O

e Random family based on uniformly distributed points.

Let {x,}n be a sequence of points independently and uniformly distributed in
[0,1]¢ and {)\,}, a non-increasing sequence of positive numbers.

We do not know conditions ensuring that (E) holds for some non-trivial measure
m. The following Proposition concerns (E) and weak redundancy.

Proposition 6.4. Let § = lim supj_,ooj_llog2 #T;.

1. Suppose that limsup,, _,, (ZZ:l )\p/2) —dlogn = 4+oo. This implies 3 > 1.
With probability 1 (54) holds.

2. Suppose that § < 1. With probability 1, {(n, An)}n is weakly redundant.

As a consequence, if A, = 7/n for some v > 2d then, with probability 1,
{(@n, An)}n is weakly redundant and (F4) holds.

Proof. (i) Tt is Proposition 9 of [B1].
(ii) The estimates of [P invoked in the proof of Proposition p.9(iii) also concern

]VNC =#{neT;: x, € [k277,(k + 1)277]} for the example we are dealing with
(i.e. (zp) is a sequence of i.i.d. uniform variables) when d = 1. In particular, when
d = 1, a sufficient condition for the system to be weakly redundant is 8 < 1. Since a
random variable with uniform distribution in [0, 1]¢ is a random vector in R? which
components are independent uniform random variables in [0, 1], the same property

holds in dimension d if 8 < 1. O

6.2. Examples of measures ;i and m, Interpretations of the property Py,.
We give interpretations only for P}, since P4, contains similar information.

Given the measure p and the exponent o > 0, there is typically an uncountable
family of values of 3 > 0 such that properties (L), (13), (3) and (4) of Definition P.3
hold for many systems {(2,, An)}n. Consequently, one seeks for the largest value
of 8. It follows from the study of the multifractal nature of statistically self-similar
(including the deterministic) measures we deal with that, in general, this optimal
value is given by 3 = 7;(«) (see formulas (@) and §)).

We select four classes of measures to which Theorem @ is applicable. Other
examples can be found in [@, E, E, E, @] We keep in mind item 3. of Remark @

For the rest of this section the sequences {z,}nen and {\, }nen are fixed, and
we assume that (0,1)? C limsup,,_, . B(xn, A\ /2).

For C,k,r > 0 and v > 1/2, let pc(r) = C|log(r) (log10g|1og(r)|)1/2,
Be(r) = (log|log(r)[) ", and ¢, (r) = C|log(r)|~"/*(log| log(r)])".

e Product of d multinomial measures and frequencies of digits

|—1/2
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Let (ﬂ'(()i), D ), 1 <i < d, be d probability vectors with positive components

» fe—1
such that Zlcz_ol 71'](-1) =1,V1<:<d. Forl <i<dlet u(i) be the multinomial mea-
sure on [0, 1] associated with (W(()i), L ), and g = puM @ @ pD the product

» Me—1
measure of the p() on [0,1]%. One has 7, (q) = — log, z;é(w,(;))q and 7,(q) =
2?21 7, (). It is convenient to take o = 7/,(¢) for some given ¢ € R. Let us then

define 8 = 7; (@) = q7,,(¢) —7(q), and p1g = u,(;l) ®- - ~®u,(;d), where u,(]i) is the multi-

nomial measure associated with the vector (c»" @ (plya  Tu @ (wf_’l)‘I).

It is proved in [[L1] that each measure () satisfies properties ([L1), (L), (3) and
(4”) with the exponents o; = Tl:(i) (¢) and 3; = qTL(i) (@) =T, (q), and with m equal
to ut(;). This requires some work, because the masses of the c-adic boxes and of their
immediate neighbors need to be controlled. One can choose m! o f;° Lem= ut(;),
and (3) and (4°) do not matter. Moreover, (p, ) is of the form (¢c, ).

Now, in terms of conditioned ubiquity, it is interesting to recall the well-known
interpretation of the conditions ([L]) and (L), which hold for each x(?, in terms of
c-adic expansions (recall Section 1 and the definition () of ¢y, ;): For p-almost

every point x; € [0,1], for every 0 < k < ¢— 1, for all y € Lik,,—1 ULk, U
L, 41 T g 613 (y) = €7@ ()1,

The previous remarks yield the following result, which implies (E)

Proposition 6.5. Let g € R. The measure j satisfies properties (@), ), (3) and
(4°) with a = 7/,(q), B = 7} (c), (0,9 of the form (9, ¥y), andmiofit =m = pq
forall I €1.

Moreover, there exists a sequence €, "\, 0 such that, when applying Theorem @,
property Q(xn,)\n,l,a,s}mn) mn (@) can be replaced by the following condition
in terms of c-adic expansion: for every 1 < ¢ < d, for every 0 < k < ¢—1,

@@ (ﬂ,(f))q < &, where Ty, = (Tn1,.-- s Tnd)-

¢k,[logc(>\;1)] (@n.)
e Gibbs measures and average of Birkhoff sums

Let ¢ be a (1,...,1)-periodic Hélder continuous function on RY. Let T be
the transformation of [0,1)? defined by T((zl, .. .,zd)) = (czy mod 1,...,cxq
mod 1). For k € N, let T* denote the it iteration of T (T° = Idjg,1)a). For every
z € [0,1)¢ and n > 1, let us also define the n*l Birkhoff sum of =, Sn(@)(z) =
Yico O(T*(x)) as well as Dy (6)(x) = exp (Sa(9)(x)).

The Ruelle Perron-Frobenius theorem (see [@]) ensures that the probability
measures fi,, given on [0, 1]¢ by 1, (dx) = D,,(¢)(x) dx/f[o 1) Dy, (¢)(u) du converges
weakly to a probability measure p which is a Gibbs state with respect to the
potential ¢ and the dynamical system ([0, 1)?, T'). The multifractal analysis of y is
performed in [@, @ for instance. With ¢ is also associated the analytic function
L: q€ R~ dlog(c) + lim j~! log/ D, (q¢)(u) du, which is the topological

n—oo [071)(1
pressure of g¢. One has 7,(¢) = %ZCL)(‘D. For ¢ € R, let 14 be the Gibbs measure
defined as p, but with the potential g¢.

Then, the structure of p combined with the Holder regularity of ¢ and the law
of the iterated logarithm (see Chapter 7 of [[1]}) yield
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Proposition 6.6. Let ¢ € R. The measure u satisfies properties @, ), (3)
and (4’) with a = 7/,(q), B8 = 7,;(a0), both @ and 1) of the form pc, and mlofi! =
m = pq for all I €1

There exists C' > 0 such that, when applying Theorem @, mn @) property

Oz, A\n, 1, E}wm) can be replaced in terms of average of Birkhoff sums by: |L’(q)—
A[\logc(kn)\](xn)’ < oc(An), where Ap(x) := Sp(d)(x)/p.

e Independent multiplicative cascades, average of branching random walks

For these random measures, the situation is subtle. Indeed, the study achieved
in [[lZ) concludes that property (4) can be satisfied for some systems {(zn, An) Yn>1,
while the strong property (4°) fails because of the unavoidable large values of ny,
for some c-adic boxes L.

Let us recall that these measures p are constructed as follows. Let X be a real
valued random variable. Let us define L : ¢ € R +— dlog(c) + logE(e?X), and
assume that L(1) < oo. For every c-adic box J included in [0, 1]¢, let X ; be a copy
of X. Moreover, assume that the X ;’s are mutually independent. The branching
random walk is then

(56) Vzel0,1)¢, Vn>1, S,(z) = > X;.

JEIL, c—n<|J|<c 1, zeJd

The measure p is obtained as the almost sure weak limit of the sequence p,, on
[0, 1] given by u,(dz) = (E(e’)) TS (@) g,

Let0: g e R %ZCL)(‘Z). In [B3, B3, it is shown that 6’(17) > 0 is a necessary
and sufficient condition for p to be almost surely a positive measure with support
equal to [0, 1]¢. The multifractal nature of y or of variants of 1 has been investigated
in many works [@, @, @, , , @, E] We need to consider the interior J of the
interval {g € R: 0'(q)q — 6(q) > 0}.

For every q € J and every c-adic box I in [0,1)?, let us introduce the sequences
of measures jig, and m!, defined as follows: g, is defined as ju, but using
X;(q) := ¢X; instead of X in (@), and mé,n is defined as pq,, but with ¢X
instead of X;(¢) in (F6).

It is shown in [E] that, with probability 1, Vg € J, the measures p4 ,, converge
weakly to a positive measure p, on [0, 1]¢; In addition, V ¢ € J, for every c-adic box

J
o converges weakly to a measure

e

I of generation > 1, the sequence of measures m
m} on [0,1]%, and 7,(q) = 0(q) on J.
The following result is a consequence of Theorem 4.1 in [[LF].

Proposition 6.7. Suppose that limsup,, .. B(z,, \n/4) D (0,1)%.

For every q € J, with probability 1 (and also with probability 1, for almost
every q € J), u satisfies properties @), @), (3) and (4) with the exponents
a=1,(q) and B = T7;(a), (p,9) of the form (P, 1Vy), m = pg, m!o fl_l = mé for
alT€l, and D=QnN(1,00).

There exists v > 1/2 such that, when applying Theorem , mn ) property
Oz, A\n, 1, E}wm) can be replaced in terms of average of branching random walks

by: | L' (q) — Afjrog, 0] (Tn)] < 14 (2An), where Ap(z) == Sp(x)/p.

e Poisson cascades and average of covering numbers in the case d = 1.
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Let £ > 0 and S a Poisson point process in R x (0,1) with intensity A given by
A(ds dX) = &dsd)/2)*. For every c-adic box I of [0, 1], define Sy = {(f; *(¢), [I|~'A) :
(t,A) € S, A <|I|}. The point process S; is a copy of S.

For every t € [0,1] and € € (0, 1], the covering number of ¢ at height & by the
Poisson intervals {(s — A, s + A) : (s, A) € S} is defined by

NE() = > sy =#{(s,) €S: A >e, te(s—As+ M)}
(t,N)ES, A\>¢e

The measure p on [0, 1] is the almost sure weak limit, as ¢ — 0, of
(57) pe(dt) = (E(eNES(t)))fleNfs(t) dt = 8D eNEW gy,

Let L:geR—¢ 1 +e?—1,andlet : g€ R— &(gL(1) — L(q)).

In [, it is shown that 6’(17) > 0 is a necessary and sufficient condition for p
to be almost surely a positive measure supported by [0,1)¢. Let J = {q € R :
0'(q)g — 0(q) > 0. It is also shown in [ff that, with probability 1, for all ¢ € 7,
the measures pg.. on [0, 1] given by g .(dt) = 8(e" =D eaNZ (1) gt converge weakly,
as ¢ — 0, to a positive measure g on [0,1]; moreover, for every ¢ € 7, for every
c-adic interval I of generation > 1, the family of measures méﬁg constructed as fiq .
but with N5 (t) instead of N5(t) in (57]) converges weakly, as ¢ — 0, to a measure
m} on [0,1]; finally, one has 7,(¢q) = 6(¢) on J.

The same conclusions as in Proposition @ hold if Q(zp, An, 1,04,5}\47”) is re-

placed by |L'(¢q) + m]\f,\n (xn)| < ¥y(2An).
More on covering numbers and related questions can be found in [ﬂ, ﬂ]

6.3. Example where dim (limsup,,_.. B(%y,A,/2)) < d. Let us return to the
example of Gibbs measures p in Section @ Let ¢o > 0. Fix K a subset of R such
that 7/, (K) N (7/,(q0), 7,,(—q0)) = 0. Define the system

(oA} = { (G 1/2)070, %) B BLH D) ¢y

Let S = limsup,,_, . B(Zn, An/2). For every ¢ € K, one has 14(S) = 1 and dim S <
max (7, (7,(—q0)), 7:(7/,(90))) < d.
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